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PREFACE TO PART I. 


The work, of wliicli tlio part now issued is a first instal¬ 
ment, lias been compiled from notes made at various periods 
of tlie last fourteen years, and cliiefiy during tbc engagements 
of teaching. i\Iany of the ablireviated methods and mnemonic 
rules are in the form in which I originally wrote them for my 
pupils. 

The general object of the compilation is, as the title 
indicates, to present within a moderate compass tho funda¬ 
mental theorems, foianula?, and processes in tho chief branches 
of pure and applied mathematics. 

The work is intended, in the first place, to follow and 
supplement the use of tl,ic ordinary text-books, and it is 
arranged witli the view of assisting tlie student in the task of 
revision of book-work. To this end I have, in many cases, 
merely indicated the salient points of a demonstration, or 
merely referred to the theorems by wliich the ])roposition is 
jiroved. I am convinced that it is more beneficial to the 
student to recall demonstrations with such aids, than to read 
and re-read them. Let them be read once, but recalled often. 
The difference in the effect upon the mind between reading a 
mathematical demonstration, and originating one wholly or 
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partly, is very great. It may be compared to the diilerence 
between the pleasure experienced, and interest aroused, when 
in the one case a traveller is passively conducted through the 
roads of a novel and unexplored country, and in the other 
case he discovers the roads for himself with the assistance of 
a map. 

In the second place, I venture to hope that the work, 
when completed, may prove useful to advanced students as 
an aide-memoire and book of reference. The boundary of 
mathematical science forms, year by year, an ever widening 
circle, and the advantage of having at hand some condensed 
statement of results becomes more and more evident. 

To the original investigator occupied with abstruse re¬ 
searches in some one of the many branches of mathematics, a 
work which gathers together synoptically the leading propo¬ 
sitions in all, may not therefore prove unacceptable. Abler 
hands than mine undoubtedly, might have undertaken the task 
of making such a digest ; but abler hands might also, perhaps, 
be more usefully employed,—and with this reflection I have the 
less hesitation in commencing the work myself. The design 
which I haA^e indicated is somewhat comprehensive, and in 
relation to it the present essay may be regarded as tentative. 
The degree of success Avhich it may meet Avith, and the 
suggestions or criticisms which it may call forth, will doubt- 
Ic: i have their effect on the subsequent portions of the work. 

AVhth respect to the abridgment of the demonstrations, I 
may remark, that Avhile some diffuseness of explanation is not 
only allowable but A^ery desirable in an initiatory treatise, 
conciseness is one of the chief requirements in a work intended 
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for tlio jnir})osos of revision and reference only. In ord(T, 
llO^A'eve^, not to sacrifice clearness to conciseness, inucli more 
]a])Oiir lias been expended upon this part of the snbject-niatter 
of tlic l)ook than Avill at first sight 1)C at all evident, ddio only 
])al])able result being a compression of the text, the result is 
so far a negative one. The amount of compression attained 
is illustrated in the last section of the present })art, in which 
more tlian the number of propositions usually given in 
treatises on Geometrical Conics are contained, together with 
the figures and demonstrations, in the si)aco of twenty-foui‘ 
pages. 

The foregoing remarks have a general ap})lication to the 
work as a whole. With the view, however, of making the 
earlier sections more acceptable to beginners, it will bo found 
that, in those sections, important principles have sometimes 
been more fully elucidated and more illustrated by examides, 
than the plan of the work would admit of in subsequent 
diWsions. 

A feature to which attention may be directed is the uni¬ 
form system of reference adopted throughout all the sections. 
AVith the object of facilitating such refereucc, the articles have 
been numbered progressively from the commencement in 
large Clarendon figures; the breaks which will occasionally 
be found in these numbers having been ])urposely made,in order 
to leave room for the insertion of additional matter, if it should 
be required in a future edition, without disturbing the original 
numbers and references. AVith the same object, demonstrations 
and examples have been made subordinate to enunciations aiul 
furmuliv, the former being printed in small, the latter in bold 
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type. By these aids, the interdependence of pj’opositions is 
more readily shown, and it becomes easy to trace the connexion 
between theorems in different branches of mathematics, with¬ 
out the loss of time which would be incurred in turning to 
separate treatises on the subjects. The advantage thus gained 
will, however, become more apparent as the work proceeds. 

The Algebra section was printed some years ago, and does 
not quite correspond mth the succeeding ones in some of 
the particulars named above. Uuder the pressure of other 
occupations, this section moreover was not properly revised 
before going to press. On that account the table of errata 
will be found to apply almost exclusively to errors in that 
section; but I trust that the list is exhaustive. Great pains 
have been taken to secure the accuracy of the rest of the 
volume. Any intimation of errors will be gladly received. 

I have now to acknowledge some of the sources from which 
the present part has been compiled. In the Algebra, Theory 
of Equations, and Trigonometry sections, I am largely in¬ 
debted to Todhunter’s well-known treatises, the accuracy and 
completeness of which it would be supertluous in me to dwell 
iq)On. 

In the section entitled Elementary Geomctiy, I have added 
to slmi)ler propositions a selection of theorems from Town- 
send’s i\Iodern Geometiy and Salmon’s Conic Sections. 

hi Geometrical Conics, the line of demonstration followed 
agrees, in the main, with that adopted in Drew's treatise on the 
subject. I am inclined to think that the method of that 
author cannot be much inq)roved. It is true that some im¬ 
portant properties of the ellipse, which are arrived at in 
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Drc'wV Clonic Sections through ])ro|)osi- 

tious, ciin be (hMliiood at onc(‘ from the circl(‘ by the iiiotliod of 
oi'thogoiial projection. Ibit the internKnbate propositions can¬ 
not on that account be dis])ensed with, for they are of value in 
tluuusi'lves. i\Ior(^over, the method of projection ai»plicd to 
the hyperbola is not so successful; because a pi*op(Tty which 
has first to be proved true in the case of the equilateral 
hvperbola, might as will be proved at once for the general case. 
1 have introduced the method of projection but sparingly, 
always giving preference to a demonstration which admits of 
being applied in the same identical form to tho ellipse and to 
the hyperbola. The remarkable analogy subsisting between 
the two curves is thus kept prominently before the reader. 

The account of the C. G. S. system of units given in tho 
preliminary section, has been compiled from a valuable con¬ 
tribution on the subject by Professor Everett, of Eelfast, 
jniblished by the Physical Society of London.* This abstract, 
and the tables of idiysical constants, might perhaps have found 
a more appropriate place in an after part of the work. I have, 
however, introduced them at the commencement, from a sense 
of the great importance of the refonu in the selection of units 
of measurement which is embodied in the C. G. S. system, 
and from a belief that the student cannot be too early 
familiarized with the same. 

The Factor Table which follows is, to its limited extent, a 
reprint of Eurckhardt's “ Tahirs <Jrs dlvisrars,'' published in 


'* “Illustrations of the Ccnlimetrc-Grammc-Second System of Units.” 
London: Taylor and Francis. 1875. 
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1814-17, which give the least cli\asors of all numbers from 1 
to 3,030,000. In a certain sense, it may be said that this is 
tho only sort of purely mathematical table which is absolutely 
indispensable, because the information which it gives cannot 
be supplied by any process of direct calculation. The loga¬ 
rithm of a number, for instance, may be computed by a 
formula. Not so its prirao factors. These can only be 
arrived at through the tentative process of successive divisions 
by tho prime numbers, an operation of a most deterrent kind 
when the subject of it is a high integer. 

A table similar to and in continuation of Burckhardt’s has 
recently been constructed for the fourth million by J. AV. L. 
Glaisher, F.R.S., who I believe is also now engaged in com¬ 
pleting the fifth and sixth millions. The factors for the seventh, 
eighth, and ninth millions were calculated previously by Base 
and Bosenberg, and published in 18G2-G5, and the tenth 
million is said to exist in manuscript. The history of the 
formation of these tables is both instructive and interesting.^ 

As, however, such tables arc necessarily expensive to pur¬ 
chase, and not very accessible in any other way to the majority 
of persons, it seemed to me that a small portion of them 
would form a useful accompaniment to the j)rcsent volume. 
I have, accordingly, introduced the first eleven pages of Burckh¬ 
ardt’s tables, which give the least factors of the first 100,000 
integers nearly. Each double page of the table here printed is 


* See “ Factor Table for the Fourth ^^iIUon.” By James Glaitshcr, F.lv.S. 
London: Taylor and Francis. 1880. Also Camh. J'hil. Soc. Proc., Vol. III., 
Pt. IV., and Nature, No. 542, p. 402. 
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ail exact rej)i' 0 (liiclioii, iu all but the typo, of a niiiglc ipiarto 
page of Burckliardt’s great work. 

It may be noticed liero that Prof, kcbesquc constructed 
a table to about tliis extent, on the plan of omitting tbo 
multiples of seven, and thus renbicing tlie size of the table 
by about one-sixth.** But a small calculation is reipiired in 
using the table which counterbalances the advantage so gained. 

The values of the Gamma-Function, pages 30 and 31, have 
been taken from Legendre’s table in his “LVrrciCcs dc Calcnl 
Integral ” Tome I. The table belongs to Part II. of this 
Volume, but it is jdaced here for the convenience of having 
all the numerical tables of Volume I. in the same section. 

In addition to the authors already named, the following 
treatises have been consulted—Algebras, by AYood, Bourdon, 
and Lefebure de Fourcy ; Snowball’s Trigonometry; Salmon’s 
Higher Algebra; the Geometrical Exercises iu Potts’s Euclid; 
and Geometrical Conics by Taylor, Jackson, and Renshaw. 

Articles 200, 431, oGO, and very nearly all the exain])les, 
arc original. Tlic latter have been framed with great care, in 
order that they might illustrate the propositions as completely 
as possible. 

G. S. 0. 

IJahley, Middlesex ; 

Mujj 23 , 


• “Tiiblea divcrscs pour la clocomposition dea uonibrcs cn lours faetcurs 
premiers.” Par V. A. Lobesque. Ptiris. IbOl. 
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TXDi:X TO PROrOSITlOXS OF EUCLID 


REFEREED TO IX THIS WORK. 


Tho references to Euclid are made in Roman and xVrubic numerals ; c.g. (VI. 19). 


BOOK T. 

I. 4.—Triangles arc equal and similar if two sides and tho included 
angle of cacdi arc equal each to each. 

I. 5.—The angles at the liase of an isosceles triangle are equal. 

1. 0.—The convcr.se of 5. 

T. 8.—Triangles arc equal and similar if the throe sides of each are 
equal each to each. 

1. Id. —The exterior angle of a triangle is greater than tho interior 
and oppo.sito. 

I. 20.—Two sides of a triangle arc greater than the third. 

1. 2(3.—Triangles arc equal and similar if two angles ami one corre.s- 
ponding side of each are equal each to each. 

I. 27.—Two straight lines arc parallel if they make equal alternate 
angles with a third line. 

I. '29. —The converse of 27. 

]. 32.—The exterior angle of a triangle is equal to the two interior 
and opposite; and the three angles of a triangle are equal 
to two right angles. 

(’nu. 1.—The interior angles of a polygon of n sides 
= (n — 2) TT. 

(Nut. 2.—1'he exterior angles = 27r. 

I. 3.“) to 38.—Parallelograms or triangles upon tlic .same or equal 
bases and between the same parallels arc equal. 

I, 43.—The complements of the parallelogmins about the diameter 
of a parallelogram are equal. 

T. 47.—The s piarc on the hypotenuse of a right-angled triangle is 
e<jual to the squares <m the other sides. 

1. IS,—The converse of 47. 
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IXPEX TO PEOrOSITTOXS OF EUCLID 


BOOK II. 

II. 4.—If a, h arc the two ])arts of a right line, {a-\-hy = + 1ah-{-h^. 

If a riglit lino be bisected, and also divided, internally or 
externally, into two nnequal segments, then— 

TI. 5 and 0.—The rectangle of the unequal segments is equal to the 
ditlercnce of the squares on half the line, and on the line 
between the points of section; or {a-\-h) {a — h) = a^ — 1?. 

II. 9 and 10.—The squares on the same unequal segments arc together 
double the squares on the other parts ; or 

la + hy-]-{a-hy = + 

II. 11.—To divide a right line into two parts so that the rectangle 
of the whole line and one part may be equal to the square on 
the other part. 

II. 12 and 13.—The square on the base of a triangle is equal to tlie 
sum of the squares on the two sides plus or minus (as the 
vertical angle is obtuse or acute), twice the rectangle under 
cither of those sides, and the projection of the other upon it; 
or 4- c“ — 26c cos A (702). 


BOOK III. 

III. 3.—If a diameter of a circle bisects a chord, it is perpendicular to 
it; and conversely. 

III. 20.—The angle at the centre of a circle is twice the angle at the 
circumference on the same arc. 

111. 21.—Angles in the same segment of a circle are equal. 

III. 22.—The opposite angles of a quadrilateral inscribed in a circle 
arc together equal to two right angles. 

111. 31.—The angle in a .semicircle is a right angle. 

HI. 32.—The angle between a tangent and a chord from the point of 
contact is equal to the angle in the alternate segment. 

111. 33 and 34.—To d(scribe or to cut a segment of a circle which 
shall contain a given angle. 

III. 35 and 30.—The rectangle of the segments of any chord of a 
circle drawn through an interiud or external point is equal 
to the .square of the semi-chord perpendicular to tho 
diameter through the internal point, or to the square of the 
tangent from the external point. 

Ill. 37.—The eonverso of 3«). If the rectangle be etpial to the scpiare, 
the line which meets the circle touches it. 
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BOOK IV. 

IV. ‘2.—To iiiscril)c a triangle of given form in a circle. 
IV. 3.- 'J'o tlescrlbo the same about a circle. 

IV. 1.—'J’o inscribe a circle in a triangle. 

IV. 5.—To ilc.scribe a circle about a triangle. 

IV. IH.—To construct two-llftlis of a right angle. 

IV. 11.—To construct a regular pentagon. 


BOOK VI. 

VI. 1.—Triangles and parallelograms of the same altitude are 
proportional to their bases. 

VI. 2. —A right line parallel to the side of a triangle cuts the other 
sides proj)ortionally ; and conversely. 

VI. 3 and A. — The bisector of the interior or exterior vertical angle of 
a triangle divides the base into segments proportional to 
the sides. 

VI. 4.—Biiuiangular triangles have their sides projjortional homo¬ 
logously. 

VI. 5.—The converse of 4. 

0.—Two triangles are equiangular if they have two angles equal, 
and the sides about them proportional. 

\ 1. 7. —Two triangles arc equiangular if they have two angles equal 
and the sides about two other angles pro}H)rtional, provided 
that the third angles are both greater than, both less than, 
or both equal to a right angle. 

A T 8.—A right-angled triangle is divided by the perpendicular from 
the right angle ujwu the hypotenuse into triangles similar 
to itself. 

VI. 14 and 15. — Kcjual lyaralleloijrajns, or triamjles which have two 
angles equal, have the sides about those angles reciprocally 
j)roportional; and conversely, if the sides arc in this pro- 
])ortion, the figures arc ccjual. 

VI. IH. — Similar triangles are in the duplicate ratio of their homo¬ 
logous sides. 

^ I. 2H, — Likewise similar pt)lygons. 

VI. 23. — JOqiiiangular parallelograms are in the ratio compounded of 
the ratios of their sides. 

VI. B. — The rectangle of the sides of a triangle is equal to the square 
of the bi.scctor of the \ertical angle the rectangle of 

the segments of the base. 
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INDEX TO PROPOSITIONS OF EUCLID. 


VI. C.—The rectangle of the sides of a triangle is cqnal to the rect¬ 
angle under the perpendicular from the vertex on the 
base and tlie diameter of the circumscribing circle. 

VI. D.—Ptolemy’s Theorem. The rectangle of the diagonals of a 
quadrilateral inscribed in a circle is equal to both the 
rectangles under the opposite sides. 


BOOK XI. 

XI. 4.—A right lino perpendicular to two others at their point of 
intersection is perpendicular to their plane. 

XI. 5.—The converse of 4. If the first line is also perpendicular to a 
fourth at the same point, that fourth line and the other 
two are in the same plane. 

XI. 6.—Right lines perpendicular to the same plane are parallel. 

XI. 8.—If one of two parallel lines is perpendicular to a plane, tho 
other is also. 

XI. 20.—Any two of three plane angles containing a solid angle are 
greater than the third. 

XI. 21.—The plane angles of any solid angle are together less than 
four right angles. 
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IMIKFACE TO PART II. 


Apologies for the iion-complctioii of this volume ;it an 
earlier period are due to friends and enquirers. The labour 
involved in its production, and the pressure of other duties, 
must form the author’s excuse. 

In the compilation of Sections VIII. to XIV., the 
following works have been made use of: — 

Treatises oa the Differential and Integral Calculus, by Bertrand, 
Hymer, Todhnnter, Williamson, and Gregory’s Examples 
on the same subjects; Salmon’s Lessons on Higher Algebra. 

Treatises on the Calculus of Variations, by Jellett and Tod- 
hiinter; Boole’s Differential Equations and Su])plement; 
Carmichael’s Calculus of Operations; Boole’s Calculus of 
Finite Differences, edited by Moulton. 

Salmon’s Conic Sections; Ferrers’s Trilinear Coordinates; 
Kempe on Linkages {Froc. of lioij. Soc., Vol. 23); Frost 
and Wolstenholme’s Solid Geometry ; Salmon’s Geometry 
of Three Dimensions. 

Wolstenhohne’s Problems. 

The Index wliich concludes the work, and which, it is 
hoped, will supply a felt want, deals with 890 volumes of 
32 serial publications: of these publications, thirteen belong 
to Great Britain, one to Xew South Wales, two to America, 
four to France, five to Germany, three to Italy, two to 
Russia, and two to Sweden. 

As the volumes only date from the year 1800, the 
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important contributions of Euler to the “ Transactions of 
the St. l^etersburg Academy,” in the last century, are 
excluded. It was, however, unnecessary to include them, 
because a very complete classified index to Euler’s papers, 
as well as to those of David Bernoulli, Fuss, and others in 
the same Transactions, already exists. 

The titles of this Index, and of the works of Euler 
therein referred to, are here appended, for the convenience 
of those who may wish to refer to the volumes. 

Tableau general des publications de FAcademie Iraperiale de 
8t. Petersbourg depuis sa fondation. 1872. [B.M.C. ;* ll.li. 
2050, c.] 

I. Cominentarii Acadeinifu Scientiarum Imperialis Petropolitana3. 

172G-1746; 14vols. [B. M. C.: 431,/.] 

II. Novi Oommontarii A. S, I. P. 1747-75, 1750-77 ; 21 vols. 
[B. M. C.: 431,/. 15-17, p.1-16, hA, 2.] 

III. Acta A. S. I. P. 1778-86; 12 vols. [B. M. C : 431,/j.3-8 ; or 

T.C. 8, a. 11.] 

IV. Nova Acta A. S. I. P. 1787-1806; 15 vols. [B. M. C.: 431, 

A.9-15, ^.1-8; or T.C. 8, a.23.] 

V. Leouliardi Euler Opera minora collecta, vel Comrnentationes Aritli- 
meticae collecta3; 2 vols. 1849. [B. M. 0.: 853 1, ec.] 

VI. Opera posthuma mathematica et pliysica; 2 vols. 1862. [B.M.C.: 
8534,/.] 

VII. Opuscula analytica ; 1783—5; 2 vols. [B.M.C.: 50,7.15.] 
Analysis iufinitorura. [B. M. C.: 529,Z>. 11.] 


FN’dslkigh Gardens, 
London, N.W., 18SG. 


G. S. C. 


* liriiish jMusoiiui Cutilogiu'. 
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MATHEMATICAL 'I'AIILES. 


INTRODUCTION. 


The Ceiifi)nefre-(irtnn)}ie-Seeon(l ,st/sf('nt nf units. 

Notation. —The decimal measures of length are tlie /t7o- 
mrin\ hectometre, decnnietre, metre, decDuetre, centimetre, 
millimetre. Tlie same prefixes are used M'itli the litre and 
ejramme for measures of capacity and ytdtHmr: 

Also, 10^ metres is denominated a metre-^o’cen; 10“^ metres, 
a seventh-metre ; 10'*^ grammes, a (jritninie-fijteen ; and so on. 

A p^ramme-mi41km is also called a metfogramme; and a 
millionth-gramme, a micrograninie; and similarly Avith other 
measures. 

Definitions. —The C. G. S. system of units refers all phy¬ 
sical measurements to the Centimetre (cm.), the Gramme (gm.), 
and the tdecond (sec.) as the units of length, mass, and time. 

The (piadrant of a meridian is appi’oximately a metre- 
seven. Alore exactly, one metre = 3*280601) 1 feet = 3l)*37U i<32 
inches. 

The Gramme is the Unit of mass, and the weight of a 
gramme is the Unit of weight, being approximately the weight 
of a cubic centimetre of water; more exactly, 1 gm. = 
15*432310 grs. 

The Litre is a cubic decimetre: but one cubic centimetre 
is the C. Cr, S. Unit of redwme. 

1 litre = *035317 cubic feet = *2200007 gallons. 

The Ihjne (dn.) is the Unit o/'/mrr, and is the force Avhich, 
in one second generates in a gramme of matter a velocity of 
one centimetre ])er second. 

31ie AVy is the Unit eg’ icorl: and energg, and is the work 
done by a dyne in the distance of one centimetre. 

The absolute Unit of atmospheric jnu ssnn' \s. one nu'gadymv 
per squaiv centimetre = 7 kOO l cm., or 20*511 in. of mercurial 
column at 0” at London, Avhere g = 081*17 dynes. 

Elasticitij of Vedume = /.*, is the ju’cssurc per unit area 
upon a body divided by the cubic dilatation. 

15 
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Tiigidltij = n, is the shearing stress divided l)y the angle 
of the slioar. 

Young's ModnJ)is = d/, is the longitudinal stress divided 
by the elongation ])roduced, = \.)nk A- 

Tenacitij is the tensile strength of the substance in dynes 
per square centimetre. 

The Gramme-degree is the Unit of heat, and is the amount 
of heat required to raise by 1° C. the temperature of 1 gramme 
of water at or near 0°. 

Thermal capacitg of a body is the increment of heat 
divided by the increment of temperature. When the incre¬ 
ments are small, this is the thermal capacity at the given 
temperatir’e. 

Sperific heat is the thermal capacity of unit mass of the 
body at the given temperature. 

The Electrostatic unit is the quantity of electricity which 
repels an equal quantity at the distance of 1 centimetre vuth 
the force of 1 dyne. 

The Electromagnetic unit of quantity = 3 X 10^® electro¬ 
static units approximately. 

The Unit of potential is the potentml of unit quantity at 
\init distance. 

The Ohm is the common electromagnetic unit of resistance, 
and is approximately = 10^ 0. G. 8. units. 

The Volt is the unit of electromotive force, and is = 10® 
0. G. 8. units of gjotcntial. 

The iVeher is the unit of current, being the current due to 
an electromotive force of 1 Volt, with a resistance of 1 Ohm. 
It is = - 1 ^ C. G. 8. unit. 

Resistance of a ]Vire = 8pecific resistance X Length A-8ection. 

Physical constants and Foruudcc. 

In the latitude of London, g = 3-'19084- feet per second. 

= 981'I? centimetres per second. 

In latitude A, at a heioht li ahovc the sea level, 

g = (980't>65G —2-r>U:i8 eos 2\ —-OOUGOo/») eentimetres per second. 
Seconds ])endulurn = (90‘3502 — *2530 cos 2\ —'UOOUOOo li) centimetres. 

THE /LI /i'77L-Semi-polar axis, 20,85 1-89.:) feet* = 0-3.yH I x lUV>entims. 
!Nfcan semi-ef[uatorial diameter, 20,9-()202 „ * = ti 3782 I x 10*^ „ 

Quadrant of meridian, 39‘37778G X inches* = I'UUOIOG X lO^nielrcs. 
A'olumc, 1‘08279 cubic centimetre-nines. 

^Iinss (with a density 5^) = Six gramme-twenty-sevens ncarl}'. 


* Thefio Uinionsions aro t;dicn frjiii Ciurko's “ Geodrsy,” 1880. 






.V. 1 Til IJMA TIC A L TA UL US. 


s 


^'clocity ill orhit = 21>330<l() ccntiins per sec. Oblitjuity, 23'^ 27' 10".* 
Ani^iilar velocity of rotation = 1-r-13713. 

I’reees.sion, 5u"'*20.* Pro^'ression of Ap.se, 1 l"2o. Kecent ricity, e= *01070. 
Centrifugal force of rotation at tlio Cfinator, 3*3012 dynes ])er grainmo. 

Force of attraction upon moon, *2701. Force of sun’s atiraetion, *o830. 
llatio of (/ to centrilugal force of notation, g rJ* — 2'^0. 

{Sun’s horizontal paralla.x, 8"*7 to 0'.* Aberration, 2o"*ll to 2')"'70.* 
Serni-diametcr at earth's mean distance, Itf r'*S2.* 

Approximate mean distance, 02,(100000 miles, or 1 *-18 centinietre-thirtcen.s.t 
3'ropical year, 3do ‘2-1-2210 days, or 3l,5o0027 seconds. 

Sidereal y<*ar, o()0"2o()374 ,, 31,7>.-»8loO ,, 

Anomalistic year, 30o’250.j 1-4 days. Sidereal day, SOlOt seconds. 

THE MOON. —Mass = Earth’s mass x 'OlFlO t = 0*08 !(J^ grammes. 
Horizontal parallax. From 53'5(»" to Gr21".’‘^ 

Sidereal revolution, 27d. 7h. 43m. 11*4()S. Lunar month, 20d. I2h. 41m. 2'87s. 
Greatest distance from the earth, 2ol7o0 mile.s, or f'Oo centimetre-tens, 

Least „ „ 225(300 „ 3*o3 „ „ 

Inclination of Orbit, 5° O'. Annual regre.ssion of Xodes, 10^20'. 

Ki’LK .—{The }5'ur+ l)-=- 10. The romainthr /s Ihe Ouhlen JS umber. 

{The Uohhn Number —\ ) X 11-4-30. The remainder is the Ejmet. 

6'ii-4 ri!Z’Ar/0A".— Attraction between mas.scs )_ mm' _clvuc.<? 

?», 7n' at a distance I ) /- x 1*543 X 1</ ^ 

The mass which at unit distance (1 cm.) attracts nn ei^ual mass with unit 
force (I dn.) is = 1*^0 8“* = 

Density at O^C., unity ; at 4^, 1 OOOOlo (Ivupffer). 

Volume ela.Nticily at 15°, 2*22 X lO"’. 

Compression for 1 megadyne per sq. cm., 4*51x10“® (Amaury and 
Descamps). 

The heat required to raise tlie temperature of a mass of water from 0° to 
is proportional to <-|-*00002^^-1-(J000003i® (Regnault). 

CASES. —Expansion for 1° C., *003065 = 1-4-273. 

Specitic heat at constant prcs.sure _ 1-408 

Speeitic heat at constant volume 

Density of dry air at 0° with Bar. at 70 cm. = *0012032 gni. perch, cm. 
(Regnault). 

At unit pres, (a megadyne) Density = *0012759. 

Density at press, p = j* x I *2759 X l0“®. 

Dcusity of saturatcil steam at /°, with p taken 7 _ *793<’(i9'^y) 

from Table IL, is approximately j ”” (l-f UUdOO/) I'f"’ 

SOUND .—Velocity = ^^{elasticitii of medium — densifit). 

Velocity in tlry air at /° = 33210 v/(l + 00300/) centimetres per second. 
Velocity in water at (J° = 143U00 ,, ,, 

LIGHT. —Velocity in a medium of absolute refrangibility p 
= 3*004 X 10"*-4-p (Cornu). 

If P bo the pres.sure in dynes per sq. cm., and / the temperature, 
p—1 = 2903xl0 *'‘i'-4-(l-h *0(43(30/) (Biot A .Vrago). 


• Tin so dllta .'no from the “Niintic.'tl .\linniiack” ('»r iss i. 
f 'iruioiil of N'enus, It?? I, “ Aatroiii. c. Not.tLS,’ \ ola. ^7, JiS. 






4 


MATnUMATICAL TABLES. 


Table I. 


Various Measures and their Equivalents in C. G. S. units. 


Dimensions. 

1 inch = 2-5400 cm. 

1 foot = 30-4707 „ 

1 mile = 160933 „ 

1 nautical do. = 185230 „ 

1 sq. inch = 6-4516 sq. cm. 

1 sq. foot = 929'01 ,, 

1 sq. yard = 8361-13 „ 

1 sq. mile = 2-59x10'®,, 

1 cb. inch = 16-387 cb. cm. 

1 cb. foot = 28316 „ 

1 cb. yard = 764535 ,, 

1 gallon = 4541 „ 

= 277-274 cb. in. or the vo¬ 
lume of 10 lbs. of -water 
at 62° Fall., Bar. 30 in. 

Mass. 

•06479895 gra. 
28-3495 
453-5926 „ 

1,016047 „ 

2-204G2125 lbs. 

7000 grains 
5760 ,, 

Velocity. 

1 mile per hour = 44-704 cm. per sec. 
1 kilometre „ = 27-777 „ 


1 grain = 

1 ounce = 

1 pound = 

1 ton = 

1 kilogramme = 
1 pound Avoir. = 
1 pound Troy = 


Pressure. 

1 gm.persq. cm.= 981 dynes per sq.cm. 
1 lb. per sq. foot = 479 „ 

1 lb. per sq. in. = 68971 „ 

76 centimetres^ 

of mercury [ = 1,014,000 „ 
at 0° C. ) 

lbs, per sq. in. ^ ^ 1 

gms. per sq. cm. -014223 


Force of Gravity. 

upon 1 gramme = 981 dynes 


„ 1 grain 

= 63-56777 „ 

„ 1 oz. 

= 2-7811x10* „ 

„ 1 lb. 

= 4-4497x10® „ 

„ 1 cwt. 

= 4-9837x10^ „ 

„ 1 ton 

= 9-9674x10® „ 


TFor^ (^ = 981). 

1 gramme-centimetre = 981 ergs. 
1 kilogram-metre = 981 X 10^ „ 

1 foot-grain = 1-937 x 10® ,, 

1 foot-pound = 1*356x10" „ 

1 foot-ton =3-04x10'® ,, 

1 ‘horse power’ p. sec. = 7-46 X 10® „ 

Jleat. 

1 gramme-degree C. = 42 x 10® ergs. 
1 pound-degree = 191 X 10® „ 

1 pound-degree Fab. = 106 x 10® „ 


Table II. 

J'ressure of Aqueous Vapour in 
(hjnes per square cent ini. 


Temp. 

ITessiire. 

IVmp. 

Pressure. 

— 20° 

1236. 

40° 

73200 

-15° 

1866 

50° 

1226.00 

-10° 

2790 

6)0° 

198500 

- 5° 

4150 

80° 

472900 

0° 

6133 

100° 

101 looo 

5° 

8710 

120° 

1938000 

10° 

12220 

M0° 

3626000 

15° 

16930 

160° 

6210000 

■ 20° 

23190 

180° 

10060000 

25° 

3 MOO 

200° 

156O0OO0 

30'" 

42r>50 




Table III. 


Values for theprineiqnilLines of 
the Spectrum in air at 1G0°(7. 
u'ith Ear. 76 cm. 



Wave-length 

No.of vibrations 


ill centim.'^. 

per second. 

A 

7-60t X lO-® 

3-950 X 10'* 

B 

6-867 „ 

4-373 „ 

G 

6-56201 „ 

4-577 „ 

]> (mean) 
E 

5-89212 „ 

5 097 „ 

5-26913 „ 

5-700 „ 

F 

1--86072 ,, 

6 179 „ 

a 

4-30725 „ 

6-973 „ 


3-96801 „ 

7-569 ’’ 

JL 

3-93300 „ 

7-636 „ 
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Specific 
Iksistance 
at 0 C. 

— 

X' i-H ^ r>» o O 

I{jite of 
Comluction 
j of Sound 

in cm. per sec. 

-p-rrss - 

II 

ca -H Cl X CO >.c 

Relative 

Conduc- 

tivitv. 

g| lllsiS m Hi 1 

Specific 
11 cat be¬ 
tween 0 
k 100 C. 

>c 'O CJ 00 o 

iiiiili i|i Ip 

iiiili'iiiliiil 


Tenacity. 

^ s s :: s s E 

1 1 1 X 1 X 1 1 

Cl ^ ^ rC ^ )C 

Elasticity 
of volume 
k. 

O :: s ;; 

Id* 

o s :: :: n :: 

111111,. 

4 '3 ^ 

:c o i’-- x» c 1 


o s s ^ E r r 

'' 'i'iiill' 'i 

II' 

Sp4?piii|i2S 

^c^rCf-^ ox xi^i^i-i-i^ci 


Platinum 

Gold 

Alercuiy 

Lead 

Silver 

C opper 

15ra.s.s, drawn 
Iron, cast 

Iron, wrought 
Steel 

Tin, cast 

Zinc, cast 
Glas.s, flint 


Density. 

c‘i o o o 1 - ?i ^ L: c' 
ociori^oooob 

1 

r; c o.- = a - 

CO CO 

H 

Ii=gflfi3 

Time of 
Rotation. 

* ^ cj ^ 

1 1 

X 5 ?i Vi Vi vi *' 2 
*x 

Inclination 
of Orbit 
to Ecliptic. 

' X ^ o c X o ^ 

' i =g5 

o CO ^ 01 

Jit 

9=85455“ 

I'isSliMI 

i 

iv ^ 5 X '£ '1 

z. ?l 

lil^ 


Orcatot d 
from S 
Earth’s 
di.staiice 

'4 
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MATUEMATICAL TABLES. 


Table YI .—Functions of n and r. 


TT = .3-1415923 

TT-* = 

-3183099 

e = 2-71828183 

TT^ = 9-8393044 

7r-2 = 

-1013212 

e® = 7 38905311 

tt" = 31-0032731 

7r-» = 

-0322515 

e-' = 0-3378794 

^TT = 177-24539 

200^-;-7r = 

33*^-3319772 

e-2 = 013.533.53 

logioTT = 1-4971499 

180° ■^7r = 

57°-2957795 

logio^ = 0-434-29448 

loge ’T = 0-l:h>79358 


203234"-8 

log, 10 = 2-302.58509 

1 '' ’ V j'' 

Table YIT. 



Table YIII, 


A5 

logio N. 

log:, A. 

2 

-3010300 

-39.314718 

3 

-4771213 

1-09831229 

5 

-3989700 

1-30943791 

7 

-84.50980 

1-94591015 

11 

1-0413927 

2-397895-27 

13 

1-11.39434 

2-53494933 

17 

1-2304489 

2-833-21334 

19 

1-2787533 

2-94443898 

23 

1-3317278 

3-13549422 

29 

1-4323980 

3-337-29583 

31 

1-4913317 

3-43398720 

37 

1-5382017 

3-31091791 

41 

1-3127839 

3 71357207 

43 

1-3334385 

3-73120012 

47 

1-3720979 

3-85014730 

53 

1-7242759 

3-97029191 

59 

1-7708520 

4-07753744 

31 

1-78.53-298 

4-11087383 

37 

1-8230748 

4-2043923-2 

71 

1-85P2583 

4-23237988 

73 

1-8333229 

4-29045944 

79 

1-8973271 

4-33944785 

83 

1-9190781 

4-41884031 

89 

1-9493900 

4-48833337 

97 

1-9837717 

4-57471098 

101 

2-0043214 

4-31.5P2052 

103 

2-0128372 

4-33472899 

107 

2-0293838 

4-37282883 

109 

2-0374235 

4-39134788 


No. 

Square root. 

Cube root. 

2 

1-41421.33 

1-2599210 

3 

1-7320508 

1-4422493 

4 

2-0000000 

1-5874011 

5 

2-2330380 

1-7099759 

3 

2-4494897 

1-8171203 

/ 

2-3457513 

1-9129312 

8 

2-8284271 

2-0000000 

9 

3-00O0000 

2-0800837 

10 

3-1322777 

2-1544347 

11 

3-3133-248 

2-2239801 

12 

3 4341013 

2-2894283 

13 

3-30.5.5513 

2-3513347 

14 

3-7413574 

2-4101422 

15 

3-8729833 

24332121 

13 

4-0000000 

2-5198421 

17 

4-1231053 

2-5712813 

18 

4-2423407 

2-3207414 

19 

4-3588989 

2-3384013 

20 

4-4721330 

2-7144177 

21 

4-.582.57.57 

2-7589243 

22 

4-3904158 

2-8020393 

23 

4-79.58315 

2-8438370 

24 

4-8989795 

2 8841991 

25 

5-001)0000 

2-9240177 

23 

5-0990195 

2-9324930 

27 

5-1931.524 

3-0(JOOOOO 

28 

5-291.5023 

3-0335889 

29 

5-3851348 

3-07-23138 

30 

5-47722.53 

3-1072325 


Note. —The authorities for Table IV. are as follows:—Columns 2, 3, aiul 
4 (Alereury ex'cepted), Kverett’s ex])oriinents (Phil, Trans., 1837); tj is hero 
taken = 1)8T4. The densities in these eases are those of the spceiniens 
employed. Cols. 5 and 7, Jhinkine. Col. 3, Watt’s Diet, of Chemistry. 
Col. 8, Dulonj' and Petit. Col. 10, Wertheim. Col. 11, Alatthiesscu. 

Table V. is ahridgial from Loomis’s Astronomy. 

The values in Table III. are Angstrom’s. 













RURCKirAIlUT’S FACTOR TARLFS. 

For all numleks eko.m 1 to 99000. 


FxrLAXATiox. —The tables give tlie least divisor of every 
number from 1 up to 99000: but numbers divisible by 2, d, 
or 5 are not ])rinted. All the digits of the number whoso 
divisor is sought, excepting the units and tens, will be found 
in one of the three rows of larger figures. The two remaining 
digits will be found in the left-hand column. The least divisor 
will then be found in the column of the first named digits, and 
in the row of the units and tens. 

If the number be prime, a cipher is printed in the place of 
its least diWsor. 

The numbers in the first left-hand column are not conse¬ 
cutive. TlK)se are omitted which have 2, 3, or 5 for a divisor. 
Since 2“.3.5“ = 300, it follows that this column of numbers 
null re-appear in the same order after each multiple of 300 is 
reached. 

J\[oDE OP USING THE Tables. —If tlio number whose prime 
factors arc required is divisilde by 2 or o, the fact is evident 
upon inspection, and the dinsion must be effected. The 
quotient then becomes the number whose factors are required. 
If this number, being within the range of the tables, is yet 
not given, if i’s clivifyible by 3. Finding by 3, we reft‘r to the 
tables again for the new quotient and its least factor, and so on. 

Examplks. —Required tlie prime factors of 3101 •'>5. 

Dividing by A, tlio quotient is G'JOoL. This number is within the ranj^o 
of the tables. Rut it is not found ))rinted. 'I’hereforc 3 is a divisor of it. 
])ividing by 3. the quotient is ‘JOt577. T’lie table gives 23 for the hast factor 
of 2('r)77. Dividing by 23, the quotient is 

The table gives 2t* for tlie least factor of HpO. l^ividing by 20, the quo¬ 
tient is 31, a ])riino nuinber. Tlierefore 31'>17)5 = 3.5.231.20.31. 

Again, required the divisors of 02S.st. The table gives 203 for the least 
divisor. IJividing by it, the (piolicnt is 317. Referring to the tables for 31 7, 
a cipher is founil in the place of the least divisor, and this signifies that 317 
is a prime number. 

Therefore 02^^1 = 203x317, the product of two jirimc.s. 

It may be remarked that, to have resolved 02.“^^! into these factors with¬ 
out the aid of the tables by the method of Art. oGO, would have iuvolvcd 
hftj-niuo fruitless trial divisions by prime numbers. 
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08027 

10211 

11408 

12788 

14082 

15378 

1.82 

10078 

17081 

10287 

20500 

21008 

23224 

24542 

25804 

27180 

28517 

1.83 

2084s 

31182 

32520 

33800 

35204 

30551 

37000 

302.54 

40(310 

41000 

184 

43331 

44007 

40005 

474:17 

48812 

50100 

51571 

520.55 

54342 

55 / 331 

1.85 

57120 

58522 

50022 

01.325 

027.3(J 

04140 

05551 

00000 

083184 

00805 

1.80 

712:30 

72057 

74087 

75521 

7 (1057 

78307 

70830 ' 

812.85 

82734 

841.^0 

1.87 

85040 

87008 

885.50 

00023 

01400 

02000 

04433 ' 

05010 

3>7:181> 

08871 

1.88 

0.080O350 

01844 

0,3:335 

04830 

00327 

07827 

003311 

11(J.837 

12.34(3 

13850 

1.80 

15374 

10803 

18414 

10030 

21400 

22000 

24530 

! 20000 

27000 

20148 

1.00 

30003 

;32242 

33703 

35:348 

.30005 

:1840.5 

40028' 

41.505 

43104 

44730 

1.01 

40311 

47800 

40471 

51 (.>55 

52042 

542.32 

.5.5.82,5 

.57421 

5i>o20 

01 >022 

1.02 

02220 

<338.34 

<354-1,5 

070,58 , 

, 08075 

70204 

71017 

7.3542 

75170 

70802 

1.03 

78430 

80073 

81713 

83.350 i 

8.5002 

8(3051 

88.302 1 

80057 

01014 

03275 

1.04 

04038 

000( (5 

08274 

00040 

01021 

n3200 

("4080 ' 

0(3(303 

08.350 

T(X>30 

1.05 

0.00117:32 

1:3427 

15125 

1(382<3 

18530 

20237 

21047 i 

2:i050 

25.375 

27003 

1.00 

28815 

30530’ 

322(30 

3300.5 

35728 

37404 

33>202 

4(,>043 

42(388 

•44135 

1.07 

40185 

47037 1 

40003 

51451 

.5.321.3 

54077 

50744j 

.58513 

00280 

02002 

1.08 

03840 

05621 

074(J,5 

00102 

70082 

72774 

74570 

70308 

781(30 

70072 

1.00 

81770 

83588 

85401 

87210 

80034 

00854 

02078:04504 

003133 

0810.5 


tho ono nearest to the true value whether in excess or defect. This table, and 
the table of Least Factors, have each been subjected to two conn»leto and in¬ 
dependent revisiona before tinally printing ofl‘. 
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FACTO 1{S. 

1 (r — lr‘ = {ii— b) {(i-\-h). 

2 = (a-6) {n^+ab + fr), 

3 + {(i^ — nb-{-bi"). 

And generally, 

4 —= {(i^b) + always. 

5 //* = + it’ n be even. 

6 (i''-{-b'' = {n-\-b) —a”"-6+...+ 6“"^) if n be odd. 

7 (.!•+«) (.r+i) = .('^+(«+6) .r+«i. 

8 (.»■+«) (.i'+/'') O’+f) = .i’“+(«+^A'‘) 

9 {n + hy = <r-\-’lab^h\ +(/,c + m+«/;),r+«ir. 

10 (— /v)’^ = —2 + />G 

11 — (i^-{-**y(rb-{-\\(ilr-{'b^ = (i^-\-b^-\'Vu(b {(i-{-b^. 

12 {a —by = (i^—\\(rb-\-?>(ib- — f)^ = (i^ — b^'—\\(tb{(i — by 

Generally, 

{a±by zzza'^ + 

Xewton’s Ifnle for forming the coellicients : Mnlfipltj (injf 
coefficient by the imlcx of the leading qnanfity, a ail ihnile by 
the number of tenn.s to that place to obtain the eoetficient of the 
term next following. Thus 21 X a-j-d gi\'es 2).j, the following 
coefficient in the example given above. See also (125). 


To square a polyiiomial : Aihl to the square of each term 
twice the qyroduct of that term and crery term that follows it. 
Thus, (fi + 5 + e+^/)“ 

= (r+2a {b+c+(l) + b-^+2b{c+(l) + r+'‘^r(l+d~- 
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13 = {(t-+ab-\-h^) {a^ — (ib-\-b‘^), 

14 a^+b^ = {a^+ab \^2+b^) {a^-ab V2+b^). 

15 (.,+ i)’=,.-*+^+2. (,..+i)-=..»+^+3(.,+ i 

16 {a+b-\-cf = a^+b‘^+&-\-2bc-\-2ca+2ab, 

17 + = n^+b^ + c^+*^ {b^c+bc^+(^(i + ca'^ 

-\-(rb-\-ab^) +6abc. 

Observe that in an algebraical equation the sign of any 
letter may be changed throughout^ and thus a new formula 
obtained, it being borne in mind that an even power of a 
negative quantity is positive. For example, by changing the 
sign of c in (16), we obtain 

{a-\-h—cf = a^ -\-W c^ — 2hc — 2ca-\-2ah. 


18 = {u-\-bf—c‘^ = (a+^+c) {a+b—c) 

by (1). 

19 a^ — bi^—c^+2bc = —(6—c)^ = (a + ^ —c) (a—6+c). 

20 = (^^+6 + e) {a^+b^+c^--bc-ca-ab). 

21 bd^ + b^c + ca^ + c^a + afr + a-b + (d-\- b^-\- 

= («+^+c) (rt^+6^+C^). 

22 I/c + ccr-fc^a + ab^ + (rb + Dabc 

= (^^+^+c) (bc + ca + ab). 

23 bc^+b^^e+(ud+d^a + ab^^+(db+2abc={b+c){c + a^^^^ 

24 bc^ + b~c + (ud + c~n + ab'^+(rb — 2a be — (d—b^—d^ 

= {b + c—a) {e+a — b) {a-\-b—d). 

25 be'^—1re-\-c(d — c^a + afj^—(rb = {b — c) {c^a) {a—b). 

26 2lrc^-f 2dhd+2tdU^-a^-~U^-c^ 

= + + {b + c—a) {c-\-a — b) (ja+b — c). 

27 .r«+2.rV+2cr/+// = 0^+//) (a^ + .n/d-//). 

Generally for the division of (tU + y)” — (<r” + y") by ^-\-xy -\-y^ 
see (545). 




MULTIPLJOATIOX AXD DIVISIOX. 35 

-r- 

I 

MUhTIPLICATIOX AXD DIVISTOX, 

BY-THE METHOD OF DETACHED COEFFICIENTS. 

28 Ex. 1: + 

1+0-3+2+1 

l+U-2-2 

1+0-3+2+1 

-2-0+6-4-2 
_2-0 + 6-^4-2 

1+0-5+0+7+2-G-2 
Result a^-5a-^6* + 7a»6' + 2a-6»- Ga6«~26^ 


Ex. 2 : 5 .t;» + 7aj’ + 2a;*- Gj; - 2) (a;* -3a;* + 2a; +1). 

14-0-34-2 + 1) 1+0-.5 + 0 + 7 + 2-6-2 ( 1+0-2-2 

-1-0+3-2-1 


0-2-2+G+2-6 

+2+0-6+4+2 

-2+0+G-4-2 

+2+0-G+4+2 


.•Result a;’—2.r—2. 


^ 7 / nt/ictir I) i c /a i (t n. 

Ex. 3: Employing the la.st example, the work stands thus, 
1+0-5+0+7+2-G-2 
-0 O+O+O+O 
+ 3 +3 + 0 — G — G 

-2 -2+0+4+4 

-1 - 1 + 0 + 2+2 

1 + 0 - 2-2 

Result a‘’-2.r—2. [See also (24S). 

Note that, in all operations with detached coeflieients, the result mn.st he 
written out in suecessive powers of tlje quantity whi(;h stood in its successive 
powers in the original expre.-sion. 
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INDICES. 


29 


Multiplication : a" X = a" = 
a^Xa”= a”' "= fC"”, or 


a% or 


Division : 

a' 

Involution : 
Evolution : 


2 i 2_i 1. 6 / 

cG-^a- = ft" =zz ft«, or v^ft; 

or V^. 

(ft^)^ = ^ z= or Vu. 

l/a^ = or ^ft'^ 



HIGHEST COMMON FACTOR. 


30 Rule. —To find the highest common factor of two ex¬ 
pressions : Divide the one which is of the highest dimension hij 
the other, rejecting first anij factor of either expression which 
is not also a factor of the other. Operate in the same manner 
upon the remainder and the divisor, and continue the p>rocess 
until there is no remainder. The last divisor ivill he the 
highest common factor recpdred. 


31 Example. —To find the H. C. F. of 

3.v*-10.c’'+15.« + 8 and - LV-G.«H LcH13.c + G. 

1- 2- G+ 4 + 13+ G 3 + 0-10+ 0 + 15+ 8 3 

3 _3_,_0 + 18-12-39-1S 


1 3- G-18 + 12 + 39 + 18 

-3- 4+ G + 12+ 5 
2 ) -10-12 + 24 + 44 + 18 

- 5- 0 + 12 + 22+ 9 
3 

5 -10-18 + 3G + GG + 27 

+ 15 + 2()-.3O-G0-25 

2 ) 2+ G+ 0+ 2 
1 + 3 + 3 + 1 


2)G+ 8-12-24-10 
3+ 4- G-12- 5 

_3_ 9_ 3 

- 5-15-15- 5 
+ 5 + lo + l.')+ 5 

Result IT. C. F. = a;’ + 3.r+ 3.« +1, 
















IIVOLUTIOS, 




32 Otlierwiso. — To fonii tlio IL C. F. of two or more 
algebraical ex|)ressioHs : Sc/mrate the e.r/tressioiis into then' 
simjilcst faciori<. The II. ( \ T\ irlll be the produet of the 
factors common to all the eupressions, taken In the loicest 
poicers that ocenr. 


LOWEST COM.MON .MULTIFJ.E. 


33 The L. C. M. of tiro quantities is equal to their product 
diruled hij the TI. G. T\ 

34 Otller^nsc. — To form the L. C. M. of two or more 
algebraical ex])ressions : Separate them into their simplest 
factors. 'The L. G. M. will he the product of all the factors 
that occu}\ taken in the highest powers that occur. 


Example. —The H, C. F. of a^(b — xydd and a*(6—a*)'c‘e is a"(6— 
and the L. C. M. is a^{h — xydde. 


EVOLUTlOiV. 


To extract the Square Root of 

3\/a , 41a , , 

““ i> " 2" + It; +*• 

Arranging according to powers of a, and reducing to one denominator, the 

. , lGa2-21a’-f-41a-24ai + 16 

expression becomes 

35 Detaching the coeflicients, the work is as follows;— 
l()-24 + 41-24 + 10(4-3-h4 
IG 


8-3 I 
-3 I 
8 — 0 4" 4- 


-24 + 41 
24- 9 


32-2 (.+ 1G 
-32 + 24-IG 


4a-3al + 4 
4 


= Cl — 


Result 
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To extract the Cube Root of 

37 8a;®— 36a;® -f 66a;‘y — SSx^y y/y + SSx^y^—9x^ y/y + y^. 

The terms here contain the successive powers of x and -y/y, therefore, 
detaching the coefficients, the work will be as follows:— 

I. II. III. 

8-36 + 66-63 + 33-9 + 1 ( 2-3 + 1 
-S 


-36 + 66-63 + 33-9+1 
+ 30-54 + 27 

12-36 + 33-9 + 1 
-12 + 36-33 + 9-1 


Result 2x^—3xy/y + y. 


6-31 12 

-63 -18+ 9 

6-9 + 1 12-18+ 9 

+ 9 

12-36 + 27 

6-9 + 1 

12-36 + 33-9 + 1 


Explanation. —The cube root of 8 is 2, the first term of the result. 

Place 3x2 = 6 in the first column I., 3 x 2^ = 12 in column II., and 2®= 8 
in III., changing its sign for subtraction. 

— 36-hi2 = — 3, the second term of the result. 

Put—3 ini.; (6—3)x(—3) gives —18 + 9 for II. 

(12 —18 + 9) x3 (changing sign) gives 36 —54 + 27 for III. Then add. 
Put twice (—3), the term last found, in I., and the square of it in II. 
Add the two last rows in I., and the three last in II. 

12-hi2 gives 1, the third term of the result. 

Put 1 in col. I., (6 — 9 + 1) xl gives 6 — 9 + 1 for col. IT. 

(12—36 + 33 — 9 + 1) X 1 gives the same for III. Change the signs, and 
add, and the work is finished. 


The foregoing process is but a slight variation of Horner’s 
rule for solving an equation of any degree. See (533). 


Transformations frequently required. 


38 

39 


If .^ = then 
b d 

If 

and x—y = h) 


a-\-h _ c+d 
a—b c—d 



\((i-b). 


[ 68 . 


40 

41 


= 2 0r+/). 
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EQUATIONS. 39 


{X—I/Y = 


Examples. 


2 ya‘ —6’+ y c^ — x‘ _ Sya* —— 

2 ya‘—— yc'—ic’* ‘Ss/d' — — Vc‘ — (1‘ 


yTT^ _ 

^Is/d^-h^ 3v/a^-6'‘‘ 

9(c'-ic’^) = 4(c2-d-), 

a- = y.vTi^. 


[38. 


To simplify a compound fraction, as 


cd — ah-\-h“ n^-\-ab-\-b^ 

~~T 1 

a^—ab + b^ a} + ab + b^ 


multiply the numerator and denominator by the L. C. of all the smaller 
denominators. 


Result 


(a’H-a/> + 6') + (a»-a6 + 6®) 
(a^-\-ab-{-b^)—{a^ — ab \-b^) 


QUADRATIC EQUATIONS. 


45 

46 


If «.y+^.i’+c* = 0, 




If (i.v^+2bd -\-c = 0; tliat is, if tlic coefficient of x be 


an even number, .v 


— b±\/fr—(ic 


a 


47 Method of solution without the formula. 

2y-7a; + 3 = 0. 



Ex.: 

Divide by 2, 
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Complete the square, 
Take square root, 




(I) = 


49 
16 

(c— - = d= ., 
4 4 

7±5 o 

X = —— = 3 or 
4 


3 

o 


1 ^ 

2 * 


25 

16’ 


48 Rule for “completing the square” of an expression like 
cT^—^x : Add the square of half the coefficient of x. 


49 The solution of the fore 


—■h ± 4ac __ 7 ± y49 — 24 __ 7 rfc 5 

2a 


^ equation, employing formula (45), is 


= 3 


THEORY OF QUADRATIC EXPRESSIONS. 


If a, /3 be the roots of the equation + + c = 0, then 

5 0 (laA + ho) + c = a {d^—a) {x—B). 

51 Sum of roots a+/8 = — —. 

a 

52 Product of roots = A. 

a 

Condition for the existence of equal roots— 

53 W—A:(ic must vanish. 

54 The solution of equations in one unknown quantity may 
sometimes be simplified by clianging the (pnintity sought. 


Ex.(l): 


3.C+1 ^Ga.“ + .5.c-l 

6:tr -f 5.e — 1 ^ 6(3.r+l) _ 
Sx +1 6.r -f 5^5 — 1 

_ 6.C® + 5.fl — I 


(!)■ 




Put 


( 2 ). 
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thus ^ = 11'- 

y 

y' — \Ay-\-G = 0. 

y having beeu dcteriiiiiied from this quadratic, x is afterwards found from ('2). 


55 Ex. 2: 


»*+ = 4. 

(-/r-( 4 )=«- 


Put 


.r + — = y, 
X 


and solve the quadratic in y. 


56 Ex, 3: 


Put \''2x^-j-x + 2 


y■^Ji‘+x+2 = ^ + l 

2.r + a- + 3 + a; + 2 = 2, 

2x* + a* + 2 + 3 v/2.«‘ + a; + 2 = 4. 

= y, and solve the quadratic 

2/“ + = 4. 


57 Ex. 4: 


A quadratic in 



IG 

A 


a"". 



IG 

3' 


2u 



58 To find Maynnn nnd Minima ralucs hi/ nu ans of a 
Q a a d ra t i c Equ a t i o u. 


h]xGiven y = 3.6® + Ga + 7, 

to find what value of x will make y a maximum or minimnm. 
Solve the quadratic equation 

3.f* + Ga: + 7 —t/ = 0. 


Tiius 



[4G. 


In order that .r maj be a real quantity, we must have 3y not less than 12 ; 
therefore 4 is a minimum value ot y, and the value of x w'hich makes y a 
minimum is — 1. 


O 
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SIMULTANEOUS EQUATIONS. 


General solution with two unknoicn quantities. 
Given 

59 a^a+h^y = c^') _ eih^^cJji ^ _ c^a., — c.ia^ 

a.iJ'-^h.Af = e.^^ ^^1^2 hiU.^ 

General solution with three unknown quantities. 

60 Given (GA^-^h^y+e^z = 

f/2cr+/>2?/+^2- = ^4 : J 
a,.v-\-h^y-\-e.x = d.J 

_ di{l).^C3—h^eo) + d2 {hsei—biC^) + ds (^> 1 ^ 2 —^2^^) 

«i {b.2C3 — bsCo) + ao {b3Ci — bA'3) + fh (^U*2 —^>G)’ 
and symmetrical forms for y and 


Methods of solving simultaneous equations between two 
unknown quantities .v and y. 


61 I. By substitution. — Find one unknown in terms of the 
other from one of the tico equations^ and substitute this value 
in the remaining equation. Then .solve the resulting equation. 

Ex.: a: + r)7/ = 23. { 1)1 

7y = 28.(2) 5 • 

From (2), y = Substitute in (1) ; thus 

.r-h20 = 23, .r = 3. 

62 IL By the method of Multipliers. 

Kx.: 3.« + 57/ = SG.(1) ) 

2.^^-%= 5. (2)i‘ 

Eliminate .v by multiplying eq. (1) by 2, and (2) by 3; thus 
6x + 10y = 72, 

6.7;— Oy = 15, 

19y = 57, by subtraction, 
i/= 

X = 7, by .sub.stitution in cij. (2 . 



















EQUATIONS. 


03 III. chtin^'in^' thr sDu^ht. 


Kx. 1: ^-y- -. 

.r-if + x-\-i/ = :^0 . 

Let ^i‘ + y = «. —= 

Substitute these values iu (1) and (2), 

r= ‘2j. 
uv -\-n ~ .30 3 



= 30, 
u = 10 ; 

.a' + ^=10, 

x—y= 2. 

From wliieh a; = 6 and y = 1. 


64 Kx. 2 : 


O 

''x-y 


4 . 10 *'^= 9 

x-\-y 

+ 7^" = C1‘ 


Substitute z for iHjiJ/ iu (1) ; 
x-y 




From which 


From which 
Substitute iu (2) ; thus 
or 


2i'-92+10 = 0. 
* = — or 2 , 


xAy _ o 

x—y 


or 


o ‘ 


x = Sy or — y. 


y = 2 and x = 6, 

y = and x = 2 >/7. 
v/7 


65 Ex.;{: 

;!j'+5^ = 

: xy... 


ir + 7j = 

: 3.ry ... 

,...(•2)5 

Divide each <iuantity by xy ; 




!/ » 

= 1 ... 

...(3)) 


- + ^ 

y X 

= 3... 

... (-1) ) 


Multiply (3) by 2,. and (1) by 3, and by subtraction y is eliminated. 
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66 IV. % siibstituthi-: // = td\ when the equations arc 
homogeneous in the terms which contain w and y. 


Ex. 1: 52.c* + 7.ry = hif .(1) | 

rxc-3// = 17 .(2)3 ■ 

From (1), 52aj^-f= htix? .(3) 7 

and, from (2), —3 /.ij = 17 .(4) 3 

(3) gives 52 + 7i = 

a quadratic equation from whicli t must be found, and its value substituted 
in (4). 

X is thus determined; and then y from y = tx. 


07 Ex. 2: 2ccH.r?/ + 3//“ = 16.(1)7 

Sy-2x=^ 4. (2)3* 

From (1), by putting y = tx, 

+ t + = 16.(3)7 . 

from (2), x{St — 2)= 4.(4) 5 

squaring, (9i^ —12i + 4) = 16; 

9t^-l2t + 4^ = 2 + t + dt\ 
a quadratic equation for t. 

t being found from this, equat'on (4) will determine x ; and finally y = tx. 


RATIO AND PROPORTION. 


68 li a : b :: c : d ; then ad = be, and ^ ^ ; 

a+b _c + d ^ a — b_ c—d , a + b __ c+d 
~1) (7~’ b ~ d ^ a’—b c^d' 


69 


If 


a __ e 

T~~~d 





General theorem. 


70 



e 

~d 



k = 


= c^c. = k say, then 


where p, q, r, kc. are any quantities whatever, 
ill (71). 


Proved as 
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71 Rtle. —To verify any equation between such proportional 
quantities: Substitute for a, r, c, tJteir equivalents kb, kil, 
kf, respective I If, in the given equation. 

Ex.—If a : h :: c : df to show that 

^a---b \/a—\/h 

c — d V y/ d 

Put kb for a, and kd for c ; thus 

\/a—b Skb—b S b \/k — 1 \/b 

y/ C — d y/kd — d \^dy/k — 1 “Sd 

. Va— \^h y/kb — Sb y/b {Vk—\^ y/b 

v/c- y/d ~ ^kd- y/d a/ 7( v/^- 1 j “ y/d' 

Identical results being obtained, the proposed equation must bo true. 


72 \ta:h-.c:d: e &c., forming a continued proportion, 

then a : c :: (r : the duplicate ratio of a : h, 

a : d\: the triplicate ratio of a : h, and so on. 

Also V'a : is the subduplicate ratio oi a : b, 

a' : is the sesquiplicate ratio of a : b. 


73 The fraction is made to approach nearer to unity in 


value, by adding the same quantity to the numerator and 
denominator. Thus 

is nearer to 1 than ~ is. 
b-{-x b 


74 Def. —The ratio compounded of the ratios a : b and c : tl 
is the ratio ac : bd. 

75 \i a \ b :: c : d, and a : b':: c : d' ; then, by compound¬ 
ing ratios, aa' : bb':: cc : dd',. 

VARIATION. 

76 If a a c and a r, then {a + b) oc c and v /ab a c. 

77 If a oc I ,1 , ; y a h 

• * ^ A, then ac a bd and — ^ “t* 

and c<xd) c d 

78 If a cch, we may assume a = mb, where m is some constant. 
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ARITIBIETICAL PROGEESSION. 


General form of a series in A. P. 

79 a+2(l, « + (>?-—l)f/. 

a = first term, 

d = common difference, 

/ = last of n terms, 
s = sum of n terms; then 

80 /=«+(n-l)^/. 

81 s = («+/)-|. 

82 s= {2a-\-{n — l)d}^. 

Proof.— By writing (79) in reversed order, and adding both series 
together. 


GEOMETRICAL PROGRESSION. 


General form of a series in G. P. 

83 «j (tr, ar‘^, ar^y . 

a = first term, 

r = common ratio, 

I = last of w terms, 
s = sum of n terms; then 

84 / = ar^-\ 

OK 1 1-r^ 

?—1 1 —r 


If r be less than 1, and n be infinite, 

86 s= r—i since 7*” = 0. 

1 —r 

Proof. — (85) is obtained by mnltiplying (83) by r, and subtracting one 
scries from the other. 










rEimUTATIOXS AND COM HI XATIOXS. 


•17 


HARMONlCAIi l»ROc;UESSiON. 


87 are in Harm. Prog, when the reciprocals 

\ \ -Vj arc in Arith. Prog., 

a 0 c d 

88 Or when a : h il a^h : h — c is the relation subsisting 
between any three consecutive terms. 

ah 


89 term of the series = 


[87, SO. 


(n-l)a-(n-2) 

90 Approximate sum of n terms of the Harm. Prog. 
^ Ac., when d is small compared with a, 


u+cP a-\-2d* a + otP 


_ (a + dy^-n^ 

(I{a + dr * 


Proof, —By taking instead the G.P. 


1 


T. + 


a + il (a-^iiy {a + d)' 




91 Arithmetic mean between « and f> = * ■ 

92 (i cometric do. 

93 Harmonic do. 


= v/ ah. 
2a h 


a-^h 


The three means are in continued proportion. 


PIHAMUTATIOXS AND COMBINATIONS. 


94 The number of permutations of n things taken all at a 
time = n (n —1) (/<—2) ... o . 2 . I = n ! or 

Proof i«y Induction. —Assume the formula to 1)0 true for n things. 
Now take + l things. After each of these the remaining n things maybe 
arranged in ii ! ways, making in all n X a! [that is (»+]) IJ permutations of 
ti+1 things; therefore, Ac. See also for the mode of proof by 

Induction. 
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95 The number of permutations of n things taken r at a 
time is denoted hy P {n, r), 

P (n, r) = n («— 1) {n — 2) ... (n—r+l) = 

Proof. —Bj(94); for (?j—r) things are left out of each permutation; 
therefore P(w, r) = n\ -v- (w—r)!. 

Observe that r = the number of factors. 


96 The number of combinations of n things taken r at a 
time is denoted bj C {n, r). 

nr,, ,.'1 _ « («-l) (h-2) ... («-»’+!) _ 

’ ''-i.2.a...»- = 7T 


. - = C {n, n-r). 

r I {)i—r )! 


For every combination of r things admits of r ! permuta¬ 
tions; therefore 0 (n, r) = F (n, r) -f- r ! 


97 greatest when r = \n or ^ according 

as n is even or odd. 


98 The number of homogeneous products of r dimensions 
of n things is denoted by H{n, r). 

U („__ M ()i + 1)(m + 2) ... (»+»—!) _ (x+r-l)*'' * 

When r is > n, tliis reduces to 

99 (r+1) (r-|-2) ... (^/ + > 0 


Proof. — 11 (w, r) is equal to the number of terms in the product of the 
expansions by the Bin. Th. of the n expressions (1 —ar)“\ (I — 

(1—CvP) ’, &c. 

Put a = h = c •=■ etc. = 1. The number will be the coeflBcieut of in 
(1-*)-". (128, 129.) 













rEiniUTATIOXS AND COMfUXArWNS. 


AM 


100 The Jinmber of poriiuitations of n thinnrs taken all to¬ 
gether, when a of them are alike, b of them alike, c alike, &c. 

(i\b \ c \ ... etc.* 

For, if the a things were all different, they would form a! 
permutations where there is now but one. So of 6 , c, &c. 


101 The number of combinations of n things r at a time, 
in which any of them will always be found, is 

= C{)I-P, r-p). 

For, if the p things be set on one side, we have to add to them 
T’—p things taken from the remaining n—p things in every 
possible way. 


102 Theorem : C (n— 1 , r —1) + C (n —1, r) = C (n, r). 

Proof by Induction ; or as follows : Put one out of n 
letters aside; there arc G{n — l,r) combinations of the re¬ 
maining n—1 letters r at a time. To complete the total 
C{n, r), we must place with the excluded letter all the com¬ 
binations of the remaining n—l letters r —1 at a time. 


103 If there be one set of F things, another of Q, things, 
another of E things, and so on; the number of combinations 
formed by taking one out of each set is = FQE ... &c., the 
product of the numbers in the several sets. 

For one of the P things will form Q combinations with 
the Q things. A second of the J* things will form Q more 
combinations; and so on. In all, PQ combinations of two 
things. Similarly there will be PQE combinations of three 
things; and so on. This principle is very important. 


104 On the same principle, if j), 7 , r, Ac. things be taken 
out of each set respectively, the number of combinations will 
be the product of the numbers of the separate combinations ; 

that is, = C{Pp). r{Qq).C{nr) ... Ac. 
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105 The uuinber of combinations of n things taken m at a 
time, when p of the n things are alike, q of them alike, r of 
them alike, &c., will be the sum of all the combinations of 
each possible form of m climensionSj and this is equal to the 
coefficient of in the expansion of 

(1 + ... -f ojP) (1 ... -]-x'^){l-\-x+x^-\-... -\-x'') — 


106 The total number of po.ssible combinations under the 
same circumstances, when the n things are taken in all ways, 
1, 2, 3 ... at a time, 


= (P+l) ((?+l) (>-+1) ••• -!• 


107 The number of permutations when they are taken m 
at a time in all possible ways will be equal to the product of 
m ! and the coefficient of aj”* in the expansion of 




3! p 


5 }{ 


l+»+^ + |y + - + 


i!!l 


.&c. 


SURDS. 


108 To reduce \/2808. Decompose the number into its 
pi-ime factors by (3GO) ; thus, 

V2808 = 13 = 6 ViS, 

VuFb^^ = a” 6’*" c’ = a'* lA c* 6’ c‘ = 14*^ c' v V. 


109 To bring 5^3 to an entire surd. 

h y3 = t/'f/. 3 = Vl^>, 

.f* y' z'‘‘ = 2’" = 2*'’. 


110 To rutionoUsc fractions havin^x surds in their 
denominators. 

1 1 ^ y49 _ y-j.o 

s^7 7 ’ y? l 7\W 7 
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111 

since 

112 


—+ = 3(9 4.^80), 

‘J-v/80 bl-8U 

(9-^80) (D-8^80) = 81-80, by (1). 


I 


= l-t-2v/3+v /2 ^ 1 +2v/3+ v/‘2 
l+2y3-v/2 (1-82 v/3)^-2 114--K/3 

^ (l + 2v/3+ y2) (11-4^3) 

73 


1 


1^3 y3-y2 3*-2‘' 

Put 3' = a*, 2* = y, and take 6 the L.C.M. of the denominators 2 and 3, then 
_i_ ^ +^>^ y+T,/+ , , 

x-y x^-if 


therefore 


1 _ 3* + 3* 2* + 3* 2^ + 3^ 2*+ 3* 2^4- 2* 


3^-2* 3*-2* 

= 3y9 + 3y72-f6 + 2yG4S + 4y3p4v/2. 


114- —— - . Here the result will be the same as in the last examnlo 

y3+v/2 


if the signs of the even terms be changed. 


[See i 


115 A surd cannot be partly rational; that is, y/a cannot 

be equal to v Proved by squaring. 

116 T he product of two unlike squares is irrational; 

x/7 X y/S = y/2\, an irrational quantity. 

117 T he sum or difference of two unlike surds cannot 

])roduce a single surd; that is, cannot be equal 

to \/c. By squaring. 

118 If u-f-v/w = h-}-y/n; then a = h and ni = n. 

Theorems (115) to (118) are proved indirectly. 

119 If \/u-|- s^if, 

then \/a — 

By squaring and by (1 IS). 
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120 To express in two terms \/7 + 2\^6. 

Let ^/7+2y6 = yx+ ; 

then x-{-y = 7 . by squaring and by (118), 

and x-y = v/7*-(2y6)“ = ■/49-24 = 5, by (119) ; 

a; = 6 and y ■= 1. 

Result v/6-}-l. 

General formula for tlie same— 

121 \/«± \/b = 6)4:\/—\/a^—5). 

Observe that no simplification is effected unless a^ — h is a 
perfect square. 


122 To simplify X/a-\- Vh. 

Assume \/rt+ .v-\- 

Let c = V d^—h. 

Then x must be found by trial from the cubic equation 

and y = d^—c. 

IS^o simplification is effected unless o}-~h is a perfect cube. 


Kx. 1 : ^7 + 5^2 ^y. 

c= ^49-50 = -1. 
4.(;H3-c= 7; nj= 1, y = 2. 
Result 1 -f v/2. 


Ex. 2: 
Cubing, 


y9 ya— 11 V 3 = y.T4- \/y» two different surds. 

9y3— 11 v/2 = a;yaj + 3.eyy4*3y v/;c + y yy ; 

9v/3 = (.Tb3y) v/a;) 

liy2 = (3.r + y)yy) ’ ^ ^ 

X = a and y = 2. 




















BisoMiAL TiH':oRt:yr. 


53 


123 To 8iin].lify y(12 + 4y3+ iv/r) + 2v/15). 

Assume v/(l- + 4v/3 + 4v/5 + 2yi5) = ya'+v/y+v'z. 

Square, and equate corresponding surds. 

Result v/34-v^4+v/5. 


124 To express '\/A+B in the form of two surds, where A 
and B are one or both (piadratic surds and n is odd. Take q 
such that q />*“) may bo a perfect power, say p”, by 
(361). Take s and t the nearest integers to "y/q{A-\-B)'^ 
and 'Vq{A—BY^ then 

VA + Ii =-pb' {'^•*+<+-7>± v/s+<—2/)}. 

'2vq 


Example : To reduce ^89^3 +109^2. 

Here ^ = 89^3, B = 109^2, 

— .\p = l and (/= 1. 

Vq {A-j-By = 9 +/ \ f being a proper fraction ; 
Z/q(A-By= l-/i ’ s=9, <=1. 

Kesult i (n/ 9 + 1 + 2 ± v/9 + 1-2) = ^3 + v/2. 


BINOMIAL THEOREM. 


125 {a+l>)- = 

u"+>Kt’‘-'b+ ■— -1)^+ — 1)(>i — 2) ^0 

126 General or (r-f-l)*'’ term, 

» (n —I) (>i—2) ■■■ (» — )•+I) 

r! 

127 or ■ 

(n —r) ! r! 

if n be a positive integer. 
If 6 be negative, the signs of the even terms will be changed. 
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If n be negative the expansion reduces to 

128 («+6)-” = 

129 General term, 

( (H + l)(>t+2) ■■■ (H+f- [Seo98. 


Euler's proof .—Let the expansion of (l+a?)", as in (125), 
be called/(/i). Then it may be proved by Induction that the 

equation / (m) X/ {n) = / {m + 71 ) .(1) 

is true when m and n are integers, and therefore universally 
true ; because the form of an algebraical product is not altered 
by changing the letters involved into fractional or negative 
quantities. Hence 

f &C,.) = f {u^ "Xf i 2 ^)i &c. 

Put m = n^p = &c. to Ic terms, each equal and the 


theorem is proved for a fractional index. 

Again, put —n for m in (1); thus, whatever n may be, 
/(-»)X/(n)=/(0) = l, 
which proves the theorem for a negative index. 


130 For the greatest term in the expansion of take 

... ln-l)h 

r = the integral part of — or - j—, 

° ^ a-{-o a — o 

according as n is positive or negative. 

But if b be greater than u, and 11 negative or fractional, 

the terms increase without limit. 


Examples. 

/ 2.r.V^ 

Required the 40th term cf j • 

Hero r = 30 ; a = 1 ; b ; ii = l ii. 

By (127), the term will he 












BINOMIAL TIIKOUEM. 


Requirod the 31st term of (a—xY*. 

Here r = 30 ; b = —x; 7i = — 4. 

13y (129), the term is 

, .J}1. 32.33 = 31.32.33 ^ 

' 1.2.3...30 ^ 1.2.3 'a” 


by (08). 


131 


Required the greatest term in the expansion of 


1 


when x = -J J. 


1 

(1 -H-rl 


therefore 


(1 +ar)’*. Here n = 6^ a = 1, b = x in the formula 

(n-l)b ^ 5x|t ^ 03 , . 
u-b I—if 

r = 23, by (130), and the greatest term 
- -7 _24.25 /M\” 

^ 1.2.3...23U7/ 1.2.3.4 \17/ ‘ 


132 Find the first negative term in the expansion of (2a-|-3?<)^*'. 

We must take r the first integer which makes n—r + 1 negative; there¬ 
fore r> 7 i-i-l = -V + l = 0* j therefore r = 7. The term will be 

17 It 11 R 5 8/_iN . 

ys ^ (2aYH^by by (126j 

__ 17.14.11.8 .5.2.1 bY_ 


rt . . . /2-}-.3.r\* 

133 Required the ooefBoient of .»** in the expansion of . 

g^=(2 + 3.V(2-3..)-»=(2-f^y(l--^.)-’ 

= (l.3..1.*);i.2(|).-(-)V. 

.(•‘^1)"+ 3t )”+ 3.> (1)”+ ic.j , 

the three terms last "written being those which produce after multiplying 

by the factor (I+Sjj+ ^x*) ; for we have 

JJ»*x33 (•■^j)”+3.rx.34 ( 0 ")”+ ^ ^ (I)"’ 

giving for the eoelTicii nt (d in the result 

>0^(1)% 33(1)"= 30., (;:)“. 

The coefficient of a-" will in like manner be 0/t 
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134 To write the coefficient of in the expansion of - 

The general term is 

(2» + I)! 1 ^ (2 n + l)! 

(271 + 1 —r)!r! ' (27i+1 —rj ! r! 

Equate 47i—4r + 2 to 3m+ 1, thus 

_ An — 3771 + 1 

^ 4 • 

Substitute this value of r in the general term; the required coefficient becomes 
_ (27^+l)! _ 

[i(47i + 3m + 3)] ! [4(47t-377t + l)] !* 

The value of r shows that there is no term in unless jg 

integer. ^ 


135 An approximate value of (l+^r)”, when x is small, is 
l-\-nx, by (125), neglecting and higher powers of x. 


136 Ex.—An approximation to v^y99 by Bin. Th. (125) is obtained from 
the first two or three terms of the expansion of 

(lOOO-l)i = 10-i.l000-*= 10-^= 9|^f nearly. 


MULTINOMIAL THEOREM. 


The general term in the expansion of («-l-^7<r + c,r^ + &c.)” is 
ql rl si ... 

where -h ^ + 5+&c. = n, 

and the number of terms q, r, Ac. corresponds to tlie 
number of terms in the given multinomial. 

p is integral, fractional, or negative, according as n is one 
or the other. 

If n be an integer, (137) may be written 

138 -r - A - a”!,•’c”<h... .r'>+2'-+’’. 

p\ 7 ! r ! .V ! 


[Deduced from the Bin. Thcoi*. 
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lOx. 1.—To \vrit(‘ lli<‘ roolUcicnt of a%c^‘ in tlie {•X])iinaioM of (n -f 6 r f (/)’“. 
11(*ro ])nt »> = 10, .r = \ , p = 1], q = \ , y z:z Ti, .v = 0 in (I.’IS). 

Kesiilt = 7.8.0. la 


Ex. 2.—To obtain the eoetlieicoit of a** in the expansion ol 

Hero, comparing with (137), we have o= 1, b = ~2, c= 3, (/ = —f, 
2> A- q + r A- = K 
q A- 2/' + 3.’ = 8, 


1 

0 

1 

2 1 

0 

2 

0 

2 

1 ^ 

i 

2 

1 

0 

0 

4 

0 


Tlie niiinhers 1, 0, 1, 2 are particular values of p, ry, r, s respectively, 
w’hich satisfy the two equations given above. 

0, 2, 0, 2 are another set of values which also satisfy those equations ; 
and the four rows of numbers (ronstitute all the solutions. In forming these 
rows always try the highest i)ossible numbers on the right tirst. 

Now substitute each set of values of y?, q^ r, s in formula (138) succes¬ 
sively, as under: 

i|li(_o)0;i'(_4)= = .57G 

,^1 

Result 190r. 


Ex. 3.— Required the coellicient of .<■* in (1 +2.6’—l.r' —2.r®) \ 

Here «= I, /7 = 2, r = —4, d = —2,+t=: — ; and the two ecpintions are 

pA-qA- ^'+ &■ = —. 1 , 

q + 2r + 3.S’ = I-, 

1 0 1 

— I 0 2 0 

, 2 1 0 I 

— ® ' 4 n 0 
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Employing formula (137), tlie remainder of the work stands as follows: 

4! (- 2) (- 2) (-1) (-|)l-*2‘(-^)«(-2)»= 

Result 221 

139 The number of terms in the expansion of the multi¬ 
nomial to 01 terms)** is the same as the number of 

liomogeneous products of it things of r dimensions. See (97) 
and (98). 


The greatest coefficient in the expansion of (a + 6 + c + 
to m terms)", it being an integer, is 

140 / l^»,/ - 'i iW) ’ '/»»+/'■ = «• 


Proof. —By making the denominator in (138) as small as possible. The 
notation is explained in (96). 


l.OGAEITHMS. 

142 h)g„ xY = .r signifies that = N, or 

Def. — The logarithm of a ntnnher is the j^otcer to irliich thr 
hose must he raised to produce that vtimber, 

I<>g««=l, log -1 = 0 . 
log MX = log l/+log X. 

. 1 /.. 


143 

144 
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145 


1 


That is —Thr loijavithm of a ninohrr to ooif Jxisc /.s* (>(puil lo 
the logarithm of the numher dlrided hi/ the logarltinn of the 
base, the two last naineil logarithms being takcm to any the 
same base at pleasure. 


PuooF.— Let \og^.a = .v 

\_ j_ 
c = rt* = /i"; 


and y 

a = />", 


tlicnrt = C’^, h = c’'. Lliininate f. 

that is, \oyr,^a = \ 

y g. e. d. 


146 






Put (• = u ill (1I5). 


11 ^^,= "'*-''"'’ 

is called the modulus of the common system of logarithms ; 
that is, the factor which will convert logarithms of numbers 
calculated to the base e into the corresponding logarithms to 
the base 10. See (15 t). 


EXPON E NIAL Id I E() K E.M. 


149 u- = I + + ‘to., 

where c = (^— 1) — i (c — 1)" + i {(f — 1 Y— 

Proof. rp = {l+(a — 1)]-^. Expand tliis by liinomial Theorem, and 
colleet the coetlicients of .r ; thns c is ohlained. As.snine r.j, c,, Ae., as the 
coeflieients of the succeeding powers of .v. and with this assumption write 
out the expansions of a*’, and I^'orm the product of tlie lir-^t two 

series, wliich product must be equivalent to the third. Tlierefore e(|uate 
tlie coeflicient of a; in this product witli that in tlie expansion of In 

the identity so obtained, equate tlie coellicicnts of tlie successive |)owers of 
y to determine Cj, c,, t^c. 
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Let e be tliat value of a wliich makes c = 1, then 

150 1 + •^’ + -^ + 

151 = ^ + ’ + in+jli+*''' 

= 2-718281828 ... [Se« (2y5). 

Proof.—B y making x = l in (150). 


152 By making x=l in (149) and x = r in (150), we obtain 
a = e""; that is, c = log^ a. Therefore by (149) 

154 = {(i—l) — }j{n — iy+l{a — iy—&c. 

155 log (1+U-) = 

156 loK (1 -.1') = - 4 - ^ -&C. [154 

'J, »> 4 

157 U>ii\±^=2\., + ^ + ^+&c.\. 

1—.?’ ( .» o } 


Put \ for , 1 ’in (157); thus, 

i)i +1 


158 logi. 2 +C^c.(. 

I 0/ -j” 1 ** “k 1 ' “k 1 ^ ^ 


Put for ,r in (157); thus, 

2n + 1 


159 Iog(^i + l)—log;/ 

^5 _L_ +_!„_ + _i_+&C ^ 

" ?2«+i ^:!(2»+iV‘^r.(2» + i)'‘^ ‘i 











('ONTIMI':!) FRArriOXS. 


<n 


CONTlXrEl) FIlAl^riONS AND CONVFFGFNTS. 


160 Hnd convergonts to dG IdT)!) = 
in the rule for 11. (h F. 


7 

loOOOO 

311159 

3 

The continued fraction is 


1)91 Id 

300000 


3 + 1 

1 

S87 ! 

14159 

15 

7 + 1 


854 

887 


15 + &C. 

1 

3d 

5289 


or, as it is more conve 


29 

4435 


niently written. 

4 

4 

854 

25 

0.1 1 i- 


4 

Of) 


<•) + ^ <.Vc. 

7+ 15 + 



194 





165 





"29 

7 




28 




1 


The convergents are formed 

as follows :— 


3 7 

1,-) 1 25 

1 

7 

1 

3 22 

;]55 0208 

9563 

761 19 

314159 

r 7’ 

lUO’ 113’ 20:51’ 

3011’ 

24239’ 

100000' 


161 ItULE. —Write the (|notients in a row, and tlie first two 
convergents at sight (in tlie cxainj)le ‘1 and d-j- l). ^lnltij)ly 
the numerator of any convergent the next (jnotient, and 
add the previous nnmei’ator. The result is tlu' numerator of 
the next convergent. Froceed in the same wa} to dct('rmine 
the denominator, ddie last convergent should be the original 
fraction in its lowest terms. 


162 Fnnnnlii for forttiin^ f/ir 

It' are any consecutive convergents, and 

7«-i 7.i 1 7n 

the corresponding (piotieiits; then 
/>« = l + = ^b.7n-l+V«-2- 
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The 11 ^^' convergent is therefore 

Pn _ ff^nPn-l+Pn -‘2 ^ y/ 

q>i (lnqn-l-\~qn -‘2 

The true value of the continued fraction will be expressed 

by 

^0^ yv^ _ pn--l~\“ pn-'l 

'/«-!+ (ln-2 

in which is the cora])lete quotient or value of the continued 
fraction commencing with 


164 yhd/«-i— = ± 1 alternately, by (162). 

The convergents are alternately greater and less than the 
original fraction, and are always in their lowest terms. 


165 The difference between F,, and the true value of the 
continued fraction is 

< —-— and > ■■ t -- 

Ym ^n+1 q n {q }tl q n + l) 

and this difference therefore diminishes as qi increases. 

Proof.— By taking the difference, (163) 

q„ (iqn.i + q>i 

Also F is nearei^ the true value than any other fraction 
with a less denominator. 

166 /'«+i is greater or less than F'^ according as is 
greater or less than 


Gournil Theori/ af ConflHuctl Erartion.s. 


167 First class of continued 
fniction. 


Second chiss of continued 
fraction. 


/,’ _ 

e 1 "b ^^2"l“ 



U;j —&e. 


(q, /q, See. arc tak('n as positive (piaiitities. 















rOXTIX l nn) FliA (^TIONS, 


C.li 


aiv tonn(‘<l roonnHicuts oF llu' coiitimiod Frnc- 

(fi a., 

tioii. if the C()ni|)()iieiits be infinite in number, the continued 
Fraction is said to be iuliiiite. 

Jjet the successive convergeiits be denoted by 

/?, hi ]>., hi h., hi />., h., i 

Yi if-2 fh ifi\ 

168 'riio law of formation of tlio convergents is 
hor l\ For F, 

( l>„ = + /'»-•> (, /'» = «» l — • 

I •/» = V» -1+/-'« 7» - 2 ( U« — "« 7« -1—7»-2 

[Proved by Induction. 

The relation between the successive differences of the 
convergents is, by (168), 

109 + l _ l>n _ _/'-'y 

7»+i 7« 7«+i V 7 -. 7»-i' 

Take the — sign for F, and the for F. 

170 Pn<]n-\—Vn-\<ln = ( “ I >>n- 


171 The odd coiiveigcnts for /•', i—, , kc., continually 

Vi 

decrease, and the even convergents, , -F tl'c., contiinially 

7-' 7i 

increase. 

Every odd conv(‘rgent is greater, and t‘very evtm con¬ 
vergent is less, than all following convergents, (1<‘)0) 


172 Dkf.- if the diffei-enec betweim consecutive eonver- 
gents diminishes without limit, the infinit(‘ continued fraction 
is said to be (h'jhu’tc. If the same dilTenmci' lends to a fi-xcul 
value greater than zero, the infinite continued Fraction is in- 
drjlnifr ; the odd convergents tending to oik' value*, and the 
even convergents to another. 
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173 /’ is definite if tlie ratio of every quotient to tlie next 
comj)onent is greater tlian a fixed quantity. 

Proof. —Apply (109) .succes.sively. 

174 F is incoinrnensurable when the components are all 
proper fractions and infinite in number. 

Proof. —Indirectly, and by (168). 

175 If a be never less than /^-fil, the convergents of V are 
all positive proper fractions, increasing in magnitude, and 

also increasing with n. By (167) and (108). 

176 If, in this case, V be infinite, it is also definite, being 

= 1, if a always while h is less than 1, (17b); and 

being less than 1, if a is ever greater than h-^l. By (ISO). 

177 V is incommensurable when it is less than 1, and the 
components are all proper fractions and infinite in number. 


180 If in the continued fraction F(167), we have a„ = 
always; then, by (168), 

+ + ••• lo n terms, and = 7\i + l- 


181 If, in the continued fraction F, and are constant 
and equal, say, to a and h respectively; then and q,i are 
respectively equal to the coefficients of F ^ in the expansions 


of 


h 

1 —as — hdt^ 


and 


Cl -|“ 

1 — ax — lhc^' 


Proof. — q^^ are the terms of two reeiiiTiiig serie.s. See (108) 
and (251). 


182 vnnrvrt (i Srrirs into a Conthmcd Fraction. 

1 r F r" 

The series —+ —+ -^—+...+-^— 

a Ui n., Un 

is (‘(|ual to a continued fraction T (16>7), with ;^4-l com¬ 
ponents; th(3 first, second, and components being 

1 u'',r III i-r 

?/’ iii+iiF ■■ 

(Proved by Induction. 







coxrrxjTKj) fra crinxs. 


()5 


183 Tiio scries 


is equal to a coiitiiiuod fraction V (1G7), Avntli compo¬ 

nents, the first, sccoiul, and + components bein^ 

^ ^ LuzllL., [Proved ])y Induct ion. 

r' i\+d'’ . f'n+d' 

184 The sio'n of ,r may be changed in eitlicr of the state¬ 
ments in (IS'i) or (18G). 

185 Also, if any of these series are eonvergent and infinite, 
the continued fractious become infinite. 


186 To find flir rolnr of a (ontinnrd fraction with 
recurring quotients. 


Let the eontinued fraction be 


*2 _ 

«[+ ... + "»+.'/ 


where // = 


dn+l+ +//|M ,« + .'/ 


SO that there are ni recurring quotients. Form the eon¬ 
vergent for and the fnr //. niuai, by substituting tin* 
complete (piotieuts u„-f// for n„, and e„+„, -p.V ^er in (IfiN), 
two equations an' obtaiiu'd of tlu' forms 


_ ^<//+ 

('q + / > 


and 


// 


d" I' 

(h/+ir 


from which, by eliminating //, a (juadratic e(piation for de¬ 
termining is obtailu'd. 


187 Ff 


/q h„ 

... + + 


bt' a eontinui'd fraction, and 














GG 


A LG EUR A. 


tlio corresponding first n convergents; tlien developed 

V » 

by (1G8), ])roduces the continned fraction 

^ _ K-i ^ fh 

<tn + ^Gi-2+ ... + ^<2 + 

tlie quotients being the same but in reversed order. 


INDtJTt^RMINATE EQUATIONS. 


188 Given (Lv-]-b// = r 

free from fractions, and a, (3 integral values of x and // wnich 
satisfy the equation, the complete integral solution is given by 

,v = a—bt 

y = 

where t is any integer. 


Example.— Given hx + ^>/y = 11 

Then X — 20, y = 4 are values ; 

X = 20 —'M I 
y = i + T)/ i 

The values of x and y may be exhibited as under: 

^=-2 -1 0 1 2 .S 4 5 6 7 

26 26 20 17 14 11 8 5 2 -1 

7/ = -6 -1 4 0 14 19 24 29 64 69 

For solutions in positive integers t must lie between “ 3 " = 6 “ and —^ ; 
that is, t must be 0, 1, 2, 6 , 4, 5 , or 6 , giving 7 positive integral solutions. 


189 J f tlie etpiation be 

ILV — blf = c 

the solutions are given by 

= a + bf 


!/ = 13+at. 








rxDT:TT:n^^I ^\i te eqea tioxs. 


0’ 


Fj XA >I I'L K : t-l* — '^.V = 1 • 

Here .k = 10, y = " satisfy (lie equation ; 

.710-1-tl^ I fnrni.sli all the solution^. 
y= 7+17 t 

The simultaneous values of /, .r, and y will bo as follows :— 

/=_5 —1 -o -‘2 -I 0 1 2 

.f = -,5 -2147 10 1:3 10 in 

7/ = -1:3 -9 -5 -1 :3 7 11 lo 19 

The number of positive in(e‘,n’al solutions is infinite, and the least positive 
integral values of x and y arc given by the limiting value of /, viz., 

< > — and t> -^; 

that is, t must be —1, 0, 1, 2, 3, or greater. 


190 If two values, n and /3, cannot readily be found by 
inspection, as, for example, in the etpiation 

17./j + l:3y = 14900, 

diridr hi/ thr least rot'flirienf, and equate lice reniaiiiinq frac¬ 
tious to /, an inteqer; thus 

.'/ + ■<■+{ 3 = 11 Mi+ .O' 

-ti—= i;w. 


Ui'peat tlic process; thus 




Pat 


i + 2 = 4ft 
u = 1, 
t = 2, 

1 : 3 /+ 2 


= 7 = « ; 


and y + .r + /=lM(), by(l), 

y = 114(5-7-2 = 11:37 = /3. 
The general .solution will be 

X = 7— i:3i, 

y = 11 : 37 - 1 - 17 /, 

Or, changing the sign of / for eonvenitMUM*, 

.r= 7 + 1 : 3 /, 

y = 11:37-17/. 
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Here the number of solutions in positive integers is equal to the number of 
integers lying between — and ^ 5 

or — and GCyv-; that is, 67. 


191 Otherwise.—Two values of x and y may be found in 
the following manner :— 

17 

Find the nearest converging traction to ~ . [By (160). 

This is By (164) we have 

17x3-13x4 = -!. 

Multiply by 14000, and change the signs; 

17 (-44700) +13 (59600) = 14000 ; 

which shows that we may take I ^ 

1/3 = 50600 

and the general solution may be written 

a? = -44700 + 13/, 

7/= 50600-17/. 

This method has the disadvantage of producing high value.s o(’n and /8. 

192 'I die values oi' x and y, in positive integers, which 
satisfy the equation ax + by — c, form two Arithmetic Pro¬ 
gressions, of which h and a are respectively the common 
differences. See cxam])les (188) and (189). 

193 Abbreviation of the method in (169). 

Example: 11a;—18y = 63. 

Put x = 9::, and divide l)y 9; then proceed as before. 


194 Vb obtain interval tatlutions of a.v-\-bjf+rx = il. 
AVrite the equation thus 

ax-\-hy = d — c::. 

Put successive integers for and solve for x, y in each case. 









UEinrcTiox of a QtJAVUATic sri:D. 


00 


TO RKDrC’K A grADRATK' SURD TO A 
coxTi x\UE 1 ) K R A (rr I OX. 


195 Exami'I.e : 


v/20= 5+v/20-r,= 5+^ 



^ '20 + 5 = 10 + V 20-5 = 10 + 


v/20 + 5' 


O'lie (jiiotieiits 5, 2, 1, 1, 2, 10 arc tlio o-reatest integers 
contained in the quantities in tbe first column. The ({uotients 
now recur, and the surd \/20 is e(|uivalent to tlic continued 
fraction 

]_ 1 1 1 1 1111 

5+2+ 1+1+ 2+ 10+ 2+ 1+ 1+ 2 + c^c. 

The convergents to v/20, formed as in (IGO), will be 

5 11 IG 27 ^ 727 152T 2^ ^775 0801 

T’ 2’ 2’ 5’ Id’ ld5’ 28d’ 118’ 701’ 1820' 

196 Xotc that tlie last quotient 10 is the greatest and twice 
the first, that tlic second is the first of the recurring ones, and 
that the recurring quotients, excluding the last, consist of 
pairs of equal terms, (piotients ecpii-distant from the first ami 
last being e(|ual. d'hese properties are universal. (See 2()1 
- 210 ). 


7V> /or/n A/g// eon recu r nfs rojddhf 
197 Suppose m the number of recurring (juotients, or any 
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multiple of that number, and let the convergent to \/Q be 
represented by then the convergent is given by the 

formula F„„ = i J by (203) and (210). 


198 For example, in approximating to \/20 above, there are five recurring 
quotients. Take = 2x5 = 10; therefore, by 


■ 1 * "0 - 




29 ] 


Therefore 


— —the 10^^^ convergent. 
1820’ 


1^0 = 


! 


9801 

1820 


+ 29 X 


1820 } 
9801 ) 


192119201 

35075640 


the 20^^' convergent to \/29 ; and the labour of calculating the intervening 
convergents is saved. 


GENERAL THEORY. 


199 T he process of (174) may ])e exhibited as follows :— 


^Q+(\ 

ri 




i 2 




200 Then 


'' Q+(i„ _ . r,.ti 

I_I_1_ 

'^Q = <l>+»- 2 + ":l+ «i+>tc. 


44ie tpiotieiits u.,, U 3 , Ac. are the integral parts of tho fi’ac- 
tions on the left. 
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201 <‘tln:'tioiis roniu'ctiniif tli(' riMuainin.L," (plantiti(‘S arc 

r. = (» '•, = I 


r, = c, 


r.. = —r, 


_ (j — r, 

_ Q-'i 


r = 

” i'n 1 


202 


[By Inclnction. 


Tlio convcrgoiit to \/Q will be 

Pn _ Pn-2 

(]n (tn^n-l + Qn-^l 

Tlic true value of v/Q is what this becomes when we 
substitute for u„ the complete quotient of which a„ 

^ n 

is only the intcgi'al ]iart. This gives 


203 


^'Q = 




( + '/» l + 2 


I5y tlie relations (I'JD) to (::*':>) Hio following theorems are 
demonstrated:— 

204 2\11 the quantities a, r, and r are positive integers. 

205 ' rile greatest c is i'.,, and i‘., = d,. 

206 No (I or )' can be gn-ater than 2d,. 

207 If r„=l, then (■„ = d,. 

208 1' or all values of » greater than 1, d— <•„ is <r„. 

209 The number of ipiotients cannot be Eti’^^'Jher llian 
^rhe last rpiotient is 2ai, and after tliat tlie teians repiait. 

The first completes cpiotient that is rejieated is ", and 

Ud, ?* 2 , Cd commence each cycle of repeated terms. 
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210 Let r„^ be the last terms of the first cycle ; then 

L«-i respectivel}- equal to U 2 , /’o, (‘ 2 I L«- 2 , 

e ,„_2 are equal to r.^, and so on. [By (187). 


EQUATIONS. 


Sficcial C<m\s in the Solnfi(ni of Sininlfancous Equations. 
211 First, with two unknown quantities. 
a^x-\-h{ii = Ci'l ^ 

(t.^x'\~hi>y r.> 3 — ^^ 2^1 ^q^2 ^^2^h 

If the denominators vanish, we have 

and X = cc, y = co ; 

a.i 0-2 

unless at the same time the numerators vanish, for then 


Ul 

Ct2 





and the equations are not independent, one being produced by 
multiplying the otlier by some constant. 

212 Next, with three unknown quantities. See (60) for 
the ecpiations. 

If d^, do, d.^ all vanish, divide each equation by r, and we 

have three ecpiations for finding the two ratios and , two 

only of which i‘quations are necessary, any oiu' Ixang dedu- 
cible from the other two if tlie three be consistent. 


213 To sol re siniultancons eqnntiitns Inf I ndetmnintftr 
MnltipUers. 

Ex.- Take the equations 

.T + 2//+ :U+ 1^ = 27, 
ilr + 5// -j- 7.:* + ir = IS, 
hx -k 8// + 10:: — 2/r = 65, 

X "1“ ()// -}- 5-v t?r = 5o. 






}rTsr t:l la neo i eq i tat ions. 


IMultiply the first by A, the second by />, the third by 
leaving one ciiiiation nninnltiplied ; and tlion add tlic results. 

Thus (J4-3// + 50 + 7).« + (2d + 5/>*4-8t; + ())y 

+ (:Tl + 7JJ + loa-f 5) .V + (4.1 + /> - 2C-h4) w 
= 27d+18/? + G5(7+5:]. 

To detoriniiic either of the unknowns, for instance .r, 
eciuate the coefiicieuts of the other three separately to zero, 
and from the three equations find .1, />, G. Then 

^ 27.1+48//4-650+^1 

A+:]B + i>0+7 '■ 


MISCELLANEOUS E(2UATI0NS AND SOLUTIONS. 


214 .i«±l=o. 

Divide by ,r^ and throw into factors, by (2) or (2>). Sec also 
(480). 

215 — 

.r=r—1 is a root, by inspection ; therefore .r+1 is a factor. 
Divide by oj+l, and solve the resulting (quadratic. 


216 ci‘^+lba’ = 17)7). 

+ 1 G./!“ loo,/’ ()0 X 

,/;‘ + G5cr + ( j = 40,r + Go X 7x + ^ ^ , 

_G7) .^07) 


.r = 7i/’; r = 7. 

Rrr,K.— Divide the absolub' term (hero loo) into two 
factors, if possible, such that one of them, minus the scpian* 
of the other, ei jiials the coellicienl of .i\ See (484) for general 
solution of a cubic e([uation. 

L 



74 


ALGEBRA. 


217 .r"-?/ = 145(;0, j-// = 8. 

.r=j:;+r and y = z — v, 

Kliniinato i\ and obtain a cubic in which solve as in (216). 


218 = * 3093 , cl= 3. 

Divide the first equation by the second, and subtract from 
tlie result the fourth power of x—y. Eliminate {x‘^-\-y^)f and 
obtain a quadratic in xy. 


219 On forming' Symmetrical Expressions. 

Take, for example, the equation 

(y — c) (z—h) = aK 

d o form the remaining equations symmetrical with this, write 
the corresponding letters in vertical columns, obsemdng the 
circular order in which a is followed by />, h by c, and c by a. 
So with X, y, and Thus the equations become 

(//—^*) (--^) = 

[z—a) (cl’—c) = Ir, 

{A'-b){y-a) = c\ 

To solve these equations, substitute 

x = h-\- c-\~x, y = c-\-a-\-y', 2; = a + ^ -f /; 

and, multiplying out, and eliminating y and z, we obtain 

_ hc{h-\-c) — a(l)^-\-c^) 
he — ca — ah 

and ther(‘fore, by symmetry, the values of y and by the 
rule just given. 


220 f + + . ( 1 ), 

.t:” + .r'+ zx' = //’ . (2), 

+ e- . (3) ; 

:’> (//.''-l-.vv-f r//)- = + .(4). 
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Now add (1), (2), and (3), and wo obtain 

+ + {y::-\-z.v+xy) = a^-\-lri-r- . ( 6 ). 

From (4) and (5), O’-fyd-;:) is obtained, and then (1), (2), 
and (o) aro readily sol\x‘d. 


221 



Multiply (2) by (3), and subtract tlie square of (1). 
Result X (3./’//.o— x^ — f/ — 

X _ y __ 2 _ ^ 

Pc^ — a^ (rtr — b'’ a^b'^ —c* 

Obtain by ])roportion as a fraction with numerator 
= x^ — yz = a^. 


(>). 

( 2 )- 

(:J). 


(4). 


222 A-= rt/+bz . ( 1 ), 

// = + Cd' . (2), 

~ = «// . (^)- 


Eliminate a between (2) and (3), and substitute the value of 
X from equation (1). 


IMAGINARY EXPRESSIONS. 


223 The following are conventions :— 

That \/( — (r) is equivalent to 1); that u^/(—1) 

vanishes when a, vanishes; that tlie symbol (iy/( —1) is sub¬ 
ject to the ordinary rules of Algebra. ^/(—1) is denoted 
by /. 
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224 If a -f /j3 = 7 4 - ; then a = 7 and /3 — S. 

225 + a — iji are conjugate expressions; their pro¬ 

duct = 

226 The sum and product of two conjugate expressions are 
both real, but their difference is imaginary. 


227 he modulus is +\/ 

228 If the modulus vanishes, n and |3 must vanish. 

229 If two imaginary expressions are equal, their moduli 
are equal, by (224). 

230 The modulus of the product of two imaginary expres« 
sions is equal to the product of their moduli. 

231 Also the modulus of the quotient is equal to the 
quotient of their moduli. 


MbiTHOl) OF INDETERMINATE COEFFICIENTS. 


232 II M 4- C.r 4-... = A' 4- B'x 4- CV 4- ... be an equa¬ 
tion which holds for all values of <r, the coefficients A, B, &c. 
not involving ;r, then A = B = G ~ C', Ac.; that is, 
the coefficients of like powers of x must be equal. Proved by 
putting = and dividing by alternately. See (234) for 
an example. 


233 METHOD OF PROOF BY INDUCTION. 


Ex.—To prove that 

0 

1 + 2 ' + : 3 -+ ... +,I? = - . 

{) ’ 


Assume 
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(i 


1 + ^- + S’+...+«’ + (k+ 1)* = +(i<+l)’ 

^ + + («4-I ) \n (2 n + l) 4-Grn-f 1)} 

() 0 
_ (?i + 1) (n-\-2) ('2n -|-3) _ n + > ) (‘2n' + 1) 

“ i; ~ o’ 

where Ji' is written for m+1 ; 

o 

It is tlms proved that if the formula he true for n it is also true for n-fl. 
]3at the formula is true when n = 2 or 3, as may he shewn by actual 
trial; therefore it is true when = 4; therefore also when ii = 5, and so on ; 
therefore universally true. 


234 Ex. —The same theorem proved by the method of In¬ 
determinate coefficients. 

Assume 

H-2' + 3-+...+7i2 =A-\~Bn +Cn^ +Da^ +&c.; 

... 1 + 2H3H...+«' + (w + 1)' = A + J3(/i + l) + a(7i + l)HD(w + ])» + ifec.; 
therefore, by subtraction, 

«2 + 2n + l = i? + a(27i+l)+D(3nH3H+l), 
writing no terms in this equation which contain higher powers of n than the 
highest which occurs on the left-hand side, for the coefficients of such terms 
may be shewn to be separately equal to zero. 

Now equate the coefficients of like powers of w ; thus 


W = ], 

D = 

1 . 


3 ’ 

26' + 3D = 2, 

.-. C = 

, and A = 0 ; 

B + C-j-D = 1, 

B = 

1 

G ’ 


therefore the sum of the series is equal to 

n , ^ 1 __ 7i (?/ +1) (*2?i4-1) 

6 2 3 ” G 


PAiriTAL rilACTIOXS. 

In the resolution of a fraction into partial fractions four 
cases present themselves, which are illustrated in the follow¬ 
ing cxami)les. 
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235 First.—AYhen there are no repeated factors in the de¬ 
nominator of the given fraction. 

3r—2 

Ex.—To resolve -rr-r ^——-7 -^ into partial fractions. 

(.r—3) 


Assume 


_ 3a;—2 _ 

(a; —1) (a; —2) (a;—3) 


A B G ^ 
x-l'^ x-S' 


3a;—2 = A (x — 2) (x—S)-\~B (a;—3) (a;—1) + 0 (a;—1) (a; —2). 


Since A^ I?, and G do not contain a;, and this equation is true for all values 
of X, put a; = 1; then 


3—2 = A (1—2) (1—3), from which A = 
Similarly, if x be put = 2, we have 

6-2 = I?(2-3) (2-1); .*. B = -4>i 


and, putting a; = 3, 

9-2 = (7(3-1) (3-2); 

3a;-2 1 


(7 = 


Hence 


4 




(a;-l) (a;-2) (a;-3) 2(a;-l) a;-2 2(a;-3) 


236 Secondly.—AYhen there is a repeated factor. 


Ex.—Resolve into partial fractions ~ 

^ (a;--lF(a?-|-2) 


Assume 


7.r®—10a;‘‘' + 6a; . 


B 


G 


(a;—l)\a; + 2) (<»—I)** (^^-1)^ «-l «•'+- 


These forms are necessary and sufficient. Multiplying up, we have 

7a;»- 10a;' + 6a; = A (a;-h2)+5 (a;-1) (a; +2) + (7 (a;- 1)'" (a; +2)+17 (a;- 1)® 

.( 1 ). 


Makea; = l; .’. 7-10 + 6 = A (1+ 2) ; .*. A = 1. 

Substitute this value of A in (1) ; thus 

7ir“-10a;'+ 5.^-2 = 77 (a;-l)(.r + 2) + (7 (.r-l)'(.r + 2)+ 1) (a;-l)». 
Divide by cc-1; thus 

7a;'-3a; + 2 = 7? (a- + 2) + (7 (a--l)(a; + 2)+D (a;-!)'.(2). 

^lake a; = I again, 7 —3 + 2 = 77 (1 + 2) ; .*. 77 = 2. 

Substitute this value of 77 in (2), and we have 

7a;'-5a;-2 = (7 (a;-l) (a; + 2)+D (a;-l)'. 

Divide by a;-l, 7a; + 2 = G (.r + 2) + D (.r-1). 

Put a; = 1 a tliiiA time, 7 + 2 = (^ (1 + 2) ; G = 3. 


(3). 
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Lastly, make a; = — 2 in (3), 


Result 


-14 + 2 = I>(-2-l) ; D = \. 

1 2 3 4 

^ ly* 1''' 


237 Thirdly.—Wheu there is a quadratic factor of imaginary 
roots not repeated. 

Ex.—Resolve , , into partial fractions. 

(.r-+l) (»-+*+1) 

Here we must assume 

1 _ Ac + R CxA-D . 

{x^A-l)ix^ + x+l)~ a>' + l a;' + a;+l’ 

and aj' + iu + l have no real factors, and are therefore retained as 
denominators. The requisite form of the numerators is seen by adding 

together two simple fractions, such as ^ "t" 

Multiplying up, m'O have the equation 

1 = {Ax-\-B) (a!“ + a3 + l) + (0a; + P) (a;^ + l) .(1). 

Let 23"+1 — 0 5 , X? — “ 1. 

Substitute this value of x“ in (1) repeatedly; thus 

1 = {AxA-B)x = Ax^A-Bx= -AA-Bx\ 

or Bx-A~-l = 0, 

Equate coefficients to zero; B = 0, 

A = -1. 

Again, let a;^ + .T + l = 0; 

a^=-x-l. 

Substitute this value of repeatedly in (1) ; thus 

1 = (Gx-\-D) (-ai) = -Cx^-Bx = Cx-^-C-Dx] 
or (C-D)xAC-l = 0. 

Equate coefficients to zero; thus (■ = 1, 

R= 1. 

TT 1 ^ 

Hence ^,. 2 ^ a- 1 ) x^ + x-\-\ x--\-l‘ 


238 Fourthly.—When there is ii repeated quadratic factor 
of imaginary roots. 

■Ry_Ho^olve dO.r —10.) into partial fractions. 

H\. itesoiNC ^ 
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Assume 

40.i;-103 ^ _ Ax-\- B _ Cx + B _ Ex- ¥F 

(x + iy + a;=‘-4a; + 8 


4ai!-103 = {(,jUe+B) + {Cx+D){x^-ix + 8) + {E£ + F)(x--ix+8y} (a!+l)”- 

+ {G+H(x + r)} (j^_4^ + 8)» . (1). 

In the first place, to determine A and B, equate a;‘—4iK + 8 to zero ; thus 
= 4a;—8. 

Substitute this value of repeatedly in (1), as in the previous example, 
until the first power of x alone remains. The resulting equation is 

40a;-103= (17A + 6J?) a;-48A-7^. 

Equating coefficients, we obtain two equations 


l7A-\-6B= 40 j 
48A + 7i? = 103 ) ’ 


from which 


A = 2 
B = h 


Next, to determine C and I), substitute these values of A and i?in(l); 
the equation will then be divisible by a;^—4a; + 8. Divide, and the resulting 
equation is 

0 = 2X + 13+ {Ca: + D + (J?a! + r)(®^-4,c+8)] (* + !)’ 

+ {G+H(x+1)} (x^-4x+Sy . . ( 2 ). 

Equate a;^—4a; + 8 again to zero, and proceed exactly as before, when 
finding A and B. 

Next, to determine E and F, substitute the values of C and D, last found 
in equation (2) ; divide, and proceed as before. 

Lastly, G and II are determined by equating a’+l to zero successive!}', 
as in Example 2. 


CONYERGENCY AND DIVERGENCY OF SERIES. 


239 Let be a scries, and any two 

consecutive terms. The following tests of convergence^ may 
be apjdied. The series will converge, if, after any fixed term— 
(i.) The terms decrease and arc alternately positive and 
negative. 

(ii.) Or if • is always (jrvaler than some quantity 

M 

greater than unity. 
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(iii.) Or if is never less tlian tlie corresponding ratio 
in a known converging series. 

(iv.) Or if f is always (jreafrr thnn some fpian- 

tity greater than nnity. -11 and iii. 

(v.) Or if (—•?t —IJ logis always ijr^ater tlian 
some quantity greater than unity. 

240 The conditions of divergency are obviously the converse 
of rules (i.) to (v.). 


241 The series aj-l-rto. 6 'H-t/ 3 .r^ + &c. converges, if is 
always less than some quantity p, and x less than 

OV 231) (ii.) 


242 To make the sum of the last series less than an assigned 
quantity j), make less than /.• being the greatest co- 

etlicient. 


Gvnrral Thcoron. 

243 If fj) (<c) be jmsitive for all positive integral values of ,r, 
and continually diminish as x increases, and if in be any posi¬ 
tive integer, then the two scries 

.^(i)+,^(2)+.^(:i)+<^(|.)+. 

(f) (l) + n<<^ (/a) + nr(/) + (nr'’)+. 

are cither both convergent or divergent. 

244 Application of this tlu'onan. To ascertain whctlu'r tlie 

series -—}- -j—r——-—f-. 

j/j ' o/> ' q.p 

is divergent or convergent wlien p is greater tlian unity. 

xM 
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Taking m = 2, the second series in (243) becomes 

l + |r+|r + |+&c. 

a geometrical progression which converges ; therefore the 
given series converges. 

245 4 he series of which is the general term is 

n (log ny 

convergent if be greater than unity, and divergent if be 
not greater than unity. [By (24.3), (244). 

246 The series of which the general term is 

1 

7iX(7^) X2(^i).x'’(^0 

where \{n) signifies log?i, X^(7i) signifies log {log (7i)}, and 
so on, is convergent if j) be greater than unity, and divergent 
if p be not greater than unity. [By Induction, and by (243). 


247 The series Ui 4 -a 2 + &c. is convergent if 

nan log (m) log^ (w).log’’(H) {log^+i (n))^ 

is always finite for a value of p greater than unity; log- (n) 
here signifying log (log 7i), and so on. 

[See Todhunter’s Algebra, or Boole’s Finite differences. 


EXPANSION OP A FRACTION. 


248 


A fractioual expi’ossion sncli as 




be expanded in ascending [)owers of x in three different ways. 

First, ))y dividing the numerator by the denominator in 
tlie ordinary way, or by Synthetic Division, as shewn in (28). 
S('Condlv, by the method of Indeterminate Coellicients 

44iirdly, by Partial Fractions and the Binomial Theorem. 













SERIES. 




To expand by the method of Iiideterniiiiate Coeilieieiits, 
proceed as follows :— 

Assume = Alu’'Ex^-\-SiC. 

= *1-f- Rx-\- Cx~Jjx^Ex^ y*'c^+... 

— G-l.r— C)Rx'— GC'.c’— Gi^.i-*— GEx^ —... 

+ MlC'x‘+llAtr'*+... 

— GA.c’— (jIjx^— G(.V'—... 

Equate coellicieuts of like powers of a*, thus 

A = U, 

JJ- GA = 4, .*. E = ; 

(7- GL^+llA =-10, .-. 0= 11-; 

D-6GA-nR-GA= 0, .'. I)= 40; 

E~6V + nC-Gn= 0, 77=110; 

7'-Gi7+1177- GC' = 0, F= GOl; 


The formation of the same coc'tlieients by synthetic division is now 
exhibited, in order that the connexion between tlie two processes may be 
clearly seen. 

The division of 4.c —lO.r by 1—(>.v4- I Lr —().<;’ is as follows;— 


I 0 + 4-10 

+ G ! 24 + 84 + 240 + GGO 

-11 I -44-154-440-121U 

+ G i +24+ 84-f- 240 + GGo 

I 0 + 4+14 + 40+ 110 + :+)4+ . 

A R C D E F 


If we stop at (he term 110.r\ then the undivided remainder will 
Mot/*—070j.® + G«'0.r^, and the complete result will be 


4.r + 11/ + 40.r’ + 110.r‘ + 


304/-970.r® + GG(l.r' 
I — G.C+ 1 l.f'- — Im’ 


be 


249 Hero the conclnding fraction may l)o rosj^arded as the 
snin to intlnity after four terms of ilie series, just as th(‘ 
original expression is considered to be the snm to infinity of 
the whole series. 


250 If tlie general term be retpiired, the metliod of ('X- 
pansion by ])artial fractions must be adopted. I8ee (-7)7), 
where the general term of the foregoing series is obtained. 
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RECURRIXa SERIES. 


+ is a recurring series if the co¬ 

efficients are connected by the relation 

251 +7>2^bi-2+••• + 

The Scale of Relation is 

252 1 

The sum of n terms of the series is equal to 

253 [The first )n terms 

^pivV (first m — l terms + the last term) 

—p 2 d'^ (first m —2 terms + the last 2 terms) 

—psd'^ (first wi—o terms + tlie last o terms) 

—(first term + the last m — l terms) 

—(the last m terms)] -r- [l-~/>icr— 7 > 2 cr^— ... 

254 If the series converges, and the sum to infinity is re¬ 
quired, omit all ‘‘ the last terms ” from the formula. 


255 Example. —Required the Scale of Relation, the general 
term, and the apparent sum to infinity, of the series 

4^ 14^,2 ^ 11 304^5 _ 354^,6 4. ^ ^ ^ ^ 

Observe that six arbitrary terms given arc sufReicnt to determine a Scale 
of Relation of the form l—px — qx~ — rx^, involving three constants p, q, »•, 
for, by (251), we can write three equations to determine these constants ; 
namely, 110= 40p+ 145'+ 4r'| The solntion gives 

304 = 110p+ 405' + 14r p = C>, = —11, r = 6. 

854 = 30453+110(?+40rJ 
Hence the Scale of Relation is 1 —6^ +llo;" —6.r’. 

The sum of the series without limit will be found from (254), by putting 
= 6, Pa = —11, p3 = 6, m = 3. 

The first three terms = 4.r + 14.r+ 40.r’ 

— G X the first two terms = — 24.r'—84 .b® 

+ ll.r X the first term = +44a:® 


4.C —IOj;' 
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4.r-10.c^ 

tlie meaning of wliicli is that, if this fraction bo expandotl in ascending 
jiowcrs of J-, the first six terms will be those given in the ([iiestion. 


256 To obtain more terms of the scries, we may use the Scale of Relation; 
thus the 7th term will be 

(G X 854-11 X 304 -}- 6 X 110) x'^ = 2440^^ 


257 To find the general term, S must be decomposed into 
partial fractions; thus, by the method of (235), 


4.^-10a?- ^ 1 _2_^ 

1 —6.c4-11a;'* —6a?* 1 — 3a; 1—2a; 1—a; 

By the Binomial Theorem (12S), 

= 1 -}- 3a; + 3'a;- . -b 3”a;”, 

1 — 3a; 


o 

1-2.C 


2 + 2-;c-f-2V + 


-f- 2” ^ 'a;” 


- — = —3 — 3.1; — 3.r- —.— oa;”. 

1 —X 


Hence the general term involving .a;” is 

(:^" + 2-‘-3) a;«. 

And by this formula we can write the “ last terms ” required in (253), and 
so obtain the sum of any finite number of terms of the given scries. Also, 
by the same formula we can calculate the successive terms at the beginning 
of the series. In the present case this mode will be more expeditious than 
that of employing the Scale of Relation. 


258 Ifj i^^ decomposing N into ])artial fractions for the sake 
of obtaining the general term, a quadratic factor with ima¬ 
ginary roots should occur as a denominator, the same method 
must be pursued, for the imaginary quantities will disappear 
in the final result. In this case, however, it is more con¬ 
venient to em])loy a general formula. Sup[)Ose the fraction 
which gives rise to the imaginary roots to be 

Ij-\- ^Ix “h d/.r 

a-{-hx-\-x- “ {p—r){q — x)' 

p and q being the imaginary roots of a-\-JfX-{-ir = 0. 

Suppose p = 

q = a — i^y where i = \/ — 1. 
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If, now, the above fraction be resolved into two partial 
fractions in the ordinary wa}^, and if these fractions be ex¬ 
panded separately by the Binomial Theorem, and that part of 
the general term furnislied by these two expansions written 
out, still retaining and q, and if the imaginary values of p 
and q be then substituted, it will be found that the factor will 
disappear, and that the result may be enunciated as follows. 


259 The coefficient of x'’' ^ in the expansion of 


L-hi\Lv 

will be 




260 AVith the aid of the known expansion of sin nO in 
Trigonometry, this formula for the term may be reduced to 


1j “h ^lo. 


in which 6 = , 

a 


(j) = tan’ 


If n be not greater than 100, sin (nO — <p) may be obtained 
from the tables correct to about six places of decimals, and 
accordingly the term of the expansion may be found with 
corresponding accuracy. As an example, the 100*^' term in 

the expansion of ^ 2 readily found by this method 


, 1 41824 

tobc—„ . 


7’o dctCDiiiiH’ n-licllit‘r a f'ircii Si’ricx ix <ir ttot. 

261 If certain first terms only of the series be given, a scale 
of relation may bo found which shall produne a recurring 
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series whose first terms arc those given. I'lie inetliod is 
exemplified in (255). The immbei' of nnknown coellicients 
q, r, to be assumed for the scale of relation must be 
equal to half the number of tlie given terms of the scries, if 
that number bo even. If the mimber of given terms be odd, 
it may be made even by prefixing zero for the first t(*rm of 
the series. 

262 Since this method may, howevei', produce zero values 
for one or more of the last coellicients in the scale of ivlation, 
it may be advisable in |)ractice to determine a scale from the 
first two terms of the series, and if that scale does not produce 
the following terms, we may try a scale determined from the 
first four terms, and so on until the tiaie scale is ai’rived at. 

If an indefinite number of terms of the series be given, 
we may find whether it is recurring or not by a rule of 
Lagrange’s. 

263 I iCt the scries be 

.S’ = ^ + lU -f G.r -h m + &c. 

Divide unity by S as far as two terms of the quotient, which 
will be of the form and write the remainder in the form 

JS\ir, S' being another indefinite series of the same form as S. 

Next, divide S by S' as far as two terms of the quotient, 
and write the remainder in the form S"x\ 

Again, divide S' by S", and proceed as before, and repeat 
this process until there is no remainder after one of the 
divisions, d’hc series will then be proved to be a recurring 
series, and the order of the series, that is, the degree of the 
scale of relation, ^nll bo the same as the number of divisions 
which have been effected in the process. 


KxAMri.H.— To detcriniiiu whether tlio series 1, d, (5, 10, 15, 21, 2S, 
45, ... is recniTing or not. 

Introducing a', we may write 

= I+3.r + 6.r'H10.r'f 15.i:' + 21./’ + 28.r'’-|-.‘hu’ + 45.i-y.. . 


Then we sliall liave 


= 1 —3.C + 


with a remainder 


15..‘-H2 A:c. 

= 3 + S.i‘ + I .V- 4- 2 l.r=' 4 35.r‘ 4 Ac., 


6’ _ I 
>8' .■> 


4 


9 


3(5, 


Therefore 
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with a remainder (a’--f-3a:*+6^;* ++ ...). 

Therefore we may take S" = 1+3^ + 6.«*+10.r* + &c. 


O' 

Lastly -V,/ = without any remainder. 

Consequently the series is a recuning series of the third order, 
fact, the expansion of _ „ 


It is,in 


SUMMATION OF SERIES BY THE METHOD OF 
DIFFERENCES. 


264 Rule. —Form successive series of differences until a series 
of equal differences is obtained. Lot a, h, c, d, &g. be the first 
terms of the several series; then the term of the given 
series is 


265 a+{n-l)h^ 


(n-l){n^2) 

1.2 




The sum of n terms 

nnn ^ n (n — l) j , n (n— (u—2) , p 

266 = na+ ^ ^ ^ e + &c. 

Proved by Induction. 


Examfle: a...l+ 5+15 4-35 4-704-126+... 

b ... 4 +10 + 20 + 35 + 5b +... 
c ... 6 + 10 + 15 + 214 ... 

(Z...4+ 5+ 6 + ... 

e ... 1+ 1 + ... 


The 100^’* term of the first series 


= 1 + 90.4 + 


99.98 

1.2 


6 + 


99.98.97 

l.;2.3 


99.98. 97.96 

1 . 2 . 3.4 ' 


The sum of 100 terms 
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267 interpolate a term between two terms of a seri(‘S by 
the method of dilTerences. 


Ex.— Given lo^ 71, lo^ 72, lo^ 72, lorr 7 1-, it is required to find 72 r> t. 
Form the .series of diHerenees from tlie g’iven logarithms, as in (2dG), 



log 71 

log 72 log 73 

log 7 !• 

a . 


1-837:1:12:) i-8():i:i-22‘) 

1-8092:117 

h . 

.. -0000742 

•OOoOOO-i -0059088 


r . 

—-00008:18 

— -000081(1 


d. 

.. --0000022 

considered to vanish. 



Log72 r) t must be regarded as an interpolated term, tlie number of its 
j)laee being 2 ol. 

Therelore put 2*01 for n in formula (2G5). 

Result log72'r)4 = 1'8005777. 


DTHECT FACTORIAL SERIFS. 


268 Ex.: 5.7.9 + 7.9.11 4-0.11.13 4-11.1:3.15+... 

d = common difference of faetors, 

— nnmber of factors in eticli term, 
n = nnmber of terms, 

(I = first factor of first tcian —d. 


term = (^/ + y/r/) (r/ + // + l^/) . (f/ + n + n/— I </). 

269 To find tlie snm of a term.s. 

Rule.— Fro)ii the last trrm with the np.rt hiijhrst furtor tahe 
the first ti'Dii iriih tlie nc.vt hurcst fitetor, (tnd dirido hi/ [in + 1) d. 


Proof.—E y Induet ion. 

Thus the sum of 1 terms of the above .series will be, putting d = 2, m = M, 
ll.i:Fir»,l7-:i.5.7 0 


n — 4, a = 3, 


H = 


(:3 + i)2 

Proved either by Induction, or by the method of Indeterminate Coeflicionts. 


X 
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INVERSE FACTORIAL SERIES. 


270 Ex.: 5 7 9 + 7 9 +9,11,13 + 11.13 


.15 




Defining d, rn, n, a as before, the 


w -{-1 ... -j- “b ni — 1 f/) 

271 To find the sum of n terms. Rule. — Fwyn the first 
term wanting its last factor take the last term wanting its first 
factor, and divide hy (m —l)cL 


Thus the sum of 4 terms of the above series will be, putting cl = 2, m — 3, 


n = 4, a — 3, 


_1 1 
5.7 13.15 

(3-1)2 


Proof.—B y Induction, or by decomposing the terms, as in the following 
example. 


272 Ex.: To sum the same series by decomposing the terms into partial 
fractions. Take the general term in the simple form 

2 

(,._2)r (r + 2)‘ 

Resolve this into the three fractious 

Substitute 7, 9, 11, &c. successively for r, and the given series has for 
its equivalent the three series 

if 1 + 1 + 1 + 1 + 1 .+ i_] 

si 5 7 9 11 18 2« + 3) 

+ i f _ 2 _ 2 _ 2 _ 3 _ _ _2_2 I 

8 I ' 7 9 11 18 . 2)1 + 3 2/1+5 3 

8 { 9'''‘ 11 '*'13 '*'.‘*'2H-n'!'*'2l'+5‘''2/1 + 71’ 

and the sum of n terms is seen, liy inspection, to bo 

1 P _ ' _ 1 + _L ] = ' 3 1_'_ ], 

8 1 5 7 2/1 + 5 2/1 + 7 3 -1 ( 5.7 (2/i + 5) (2/i + 7) 3 ’ 

a result obtained at once by the rule in (271), taking r ^ q 

term, and , , ^ foi’ tkc or last term. 

(2/H-3) (tin+ 5) (2a+ 7) 
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273 Analogous scries may \)o reduced to tin'- types in (208) 
and (270), or else the terms may bo decomposed in the manner 
shewn in (272). 

Ex.: H- - -+. 

1.2.:3 12.3.4 3.4.5 1-.5. 

has for its general term 

3»-2 ^_1 . Ji_t 1 

n(w+l)(» + 2) n 7i-fl n-h2 ^ ' 

and we may proceed as in (272) to find the sum of n terms. 

The method of (272) includes the metliod known as “Summation by 
Subtraction,’’ but it has the advantage of being more general and easier of 
application to comple.x series. 


COMPOSITE FACTORIAL SERIES. 


274 II the two series 

/1 \-5 1 I r I o.G o, 3, 5.G./.8 

(1 - *) - = 1+ .r + ^ ^^ 


be multiplied together, and the coefficient of .r* in the product 
be equated to the coellicient of x'' in the cx})ansion of (1 —.r)"*, 
we obtain as the result the sum of the composite scries 

5 . G . 7.8 X 1. 2 -f- 4. o. G . 7 X 2 . o -[- o. 4.7). G X o . •[• 

4’ 2 11 1 

-f2.3.4.5x4.5-hl.2.G.4x5.G =-V,7 

/! -r! 


275 Generally, if the given series be 

+ . (i), 

where = r (r + 1) (r + 2) ... (/• + ^/—1), 

and = (n — r) (n —.. {n—r-{-p — l); 

the sum of n — l terms v ill bo 

P • 7! (y/ + /> + v —1) I 

(P+7 + f)’‘ 
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MISCELLANEOUS SERIES. 


276 Sutn of the powers of the terms oj an Arithmetical 
Profi'ri'ssion. 


1+2+;!+...+»/ 


» (»+l) 

O 


= S, 


i+2-+;v-+...+«^ 
i+2^+;v+...+«=* 
i+2‘+;!‘+...+«" 


^ >i(>i + l)(2»+l) 

(i 

_ (»(«+i)r 
- l 2 ) 

_ H(H + l)(2(i+l)({{H'+3>i 
W) 



[By the method of Indeterminate Coefficients (231). 

A gcBeral formula for the sum of the powers of 
1.2.3 obtained in the same way is 

S, = -4-r 

r + 1 

where A^, A.,, &c., are determined by puttiug p = I, 2, 3, &c. 
successively in the ecpiation 

1 

2(p + l)! 

_ 1 I Ai _ _ I _ Ajj _ 

”(;> + 2) r{p)'.r{i —1)(7> —1)! "'r(i 1)... (r—/>+1) 


277 ...+('^+ 

+ ^’ 3 C (m, 3) /d””^/‘^ + vfcc. 

PiiOOF.—By liinomial Tlieovein and (27G). 


278 Sumtnatioii rf a series partly Arithmetieal and 
partly (ieometrieal. 

Exampli:. —To find the sum of the series 1 d-3<v-l-5ci;" + to n 
ti'rms. 




















}ffsrE fj,A XE()I'S SE /.' f ES 


1):5 


Let s = 1 + 3.r4- ;■>./* + 7 .j* + ... + ('2n — 1) .c" 

S.V = .1' -I- 4- Tn-’ 4-... 4- (lin—;{) .»•’* ‘ 4- (‘J/* — I) ;c", 

by subfraction, 

s (1 -a*) = 14- -f 4- ... 4- 2./;’'''- (2« -1) .c” 

= l+‘2.r '-(i,!-!).,”, 

1 — iC 

0^(1 

1-. + (1-.,-/ • 


279 A general formula for the sum of n terms of 


_ rt —(tt-f n —W/) —r”-') 

-r;; + (I-,■)■■ 

Obtained as in (278). 

Rule.— MuUlphj hi/ the ratio and giihtract the i-csulting 
series. 


280 

281 


^ = l+,r+.u>'+.c=+...+.f”-'+f^. 
1 —a' 1 —,v 


I 


-, = l+‘Ar+,V2+d.a-^+... 


n-i 1 (/t + 1) cr” —n.r 


282 ••• + -•'■’“'+.1'" ‘ 

By (25.3). 


_ (// —1) .r—n.r“+.r" 

- 


283 1 + „+ ^0^7'4 +&C. = 

- ! ♦> I 

1 -„+» »(»-b(»--^)= (I. 

* .i ’ 


Hy making; in (12.')). 

X'=l 
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284 The series 

^ II—a I (»—4)(»-5) 
2 ;{! 


(«—5)(«—G)()i—7) 

4! 


consists of ” or 
A 

s = 


2)...(»-2r+l) 

»•! 

terms, and the sum is given by 
A 

— if 71 be of the form 6??i + 3, 


n 

S = 0 if n be of the form 6m+ 1, 

S = — — if ?i be of the form 6m, 
n 

S = — if 71 be of the form 6m 4:2. 

n 

Proof.—B y (545), putting;? = x + y, q = xy, and applying (546). 


285 Tlie series ^ in^2y 

o! 

takes the values 0, n\, -|7i(ji4-1)1 

according as r is <7i, =n, or =?i + l. 

Pj^OOF.—B y expanding (e*—1)”, in two ways: first, by the Exponential 
Theorem and Multinomial; secondly, by the Bin. Th., and each term of 
the expansion by the Exponential. Equate the coefficients of in the two 
results. 

Other results ai^e obtained by putting r = 7i + 2, 7i + 3, &c. 

The series (285), when divided by 7’!, is, in fact, equal to 
the coefficient of in the expansion of 
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286 exactly tlic same process we may deduce from the 
fuuctiou {c-*’—the result that the series 

u'-ii 

takes the values 0 or according as r is < n or = n ; 

this series, divided by r I, being equal to the coellicient of af 
in the expansion of 



POLYGONAL NUMBERS. 


287 The term of the r"’' order of polygonal numbers is 
equal to the sum of n terms of an Arith. Prog, whose first 
term is unity and common difference r—2; that is 

= 1 [2+0—1)(»-2)] = «+!» 0'-i)0--')- 

288 The sum of n terms 

_ “ (" + !) 1 " (« — 1 )('' + 1 )('— 2 ) 

2 (! 

Bj resolving into two scries. 


(Order. 

w^'* term. 








1 

1 

1 

1 

1 

1 

1 

1 

1 

o 

n 

1 

2 

8 

4 

5 

G 

7 

a 

Jn(« + 1) 

1 

a 

G 

10 

15 

21 

2s 

t 


1 

1 

0 

1() 

25 

aG 

41) 

5 

’ n (a». — 1) 

1 

.*) 

12 

22 

a5 

51 

70 

G 

/» 

1 

G 

15 

2s 

45 

GG 

Dl 

1 r 

« + 0) 

1, 

r, 

.a + 8(r- 

2), 

4-i-G (r— 

( 


Ac. 
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In practice—to form, for instance, the order of pol}"- 
gonal numbers—write the first three terms by the formula, 
and form the rest by the method of differences. 

Ex.: 1 6 15 23 45 66 01 120 ... 

5 9 13 17 21 25 29 ... 

[r-2 = 4] 4 4 4 4 4 4... 


FIGURATE NUMBERS. 


289 The term of any order is the sum of n terms of the 
preceding order. 

The term of the order is 

n (!i+l)_:^(»+j:z:g) ^ II [By 9S. 

(>— 1 )! 


290 The sum of n terms is 

n (» +1) - ^1) ^ 

r ! 


Order. 

Fi 

gurate Numbers. 

term. 

1 

1, 1, 

1, 

1, 

1, 1 

1 

2 

1, 2, 

3, 

4, 

5, 6 


o 

O 

1, 3, 

6, 

10, 

15, 21 

n + 1) 

1.2~ 

4 

1, 4, 

10, 

20, 

35, 56 

9?,(n4-l)(?i4-2) 

^1.2.3 j 

5 

1, 5, 

1-^. 

35, 

70, 126 

»(« + l)(« + 2)(« + 3) 
1.2.3.4 

6 

1, G, 

21, 

5G, 

126, 252 

0i -h 1) 4- 2) (-f 3) (;?: +4) 

1.2.3.4.5 
























jiypimai'JOMirnncA l seriks. 
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291 + 

l.y l,2.y{y+l) 

g (g+l) (a + 2) /3 (^+1) (^ + -) 

1.2.;Ly(y+l)(r + 2) 
is convergent if a* is < 1, 

and divergent if a* is > 1 ; ’>•) 

and if O’ = 1, tlie series is 

convergent if y — a — ft is positive, 
divergent if y — a — ft is negative, iv.) 

and divergent if y —a —/3 is zero. (239 v.) 


Let the liypergeoinetrical series (291) be denoted l)y 
F(a, (3, y) ; then, the series being convergent, it is shewn by 
induction that 

292 ^ 1_ conclutliDi? with 

F(a,^,y) 1-A-, 

I -Aj_ I - Ay-i 

1 ““ tfcc. ... I 

where /(•,, Z.^, /.'a, «.^c., with given by the foriniihe 

_ (a + >—I) (y+>—I —^) ■* 

(y+2r-2)(y+LV-l) 

_ (^ + >-) (y+>--a).<' 
-(y+2r-l)(y+-i,-) 

/<'(a + r, ;3+)-+l. y+2r+l) 

“ /.'(a+r,/3+r, y+-V) 

The coiitimu-d fraction may tie conclmlcd at any point 
with hy,:.,,. Wlicn r is infinite, Cj,. = ] ami file eontinned 
fraction is infiniti^. 


o 
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293 Let 
/(y) = 1 • 


1-7 l.2.y{y+l} 1.2. a.y (y+ 1 ) ( 7 + 2 ) 


TJ-.+&C. 


the result of snbstitutiusr 


«,3 


for X in (291), and making 


/3 — « = cc . Then, by last, or independently by induction, 

/(y+1) _ 1_ Pj^ 

/(y) 1+1+ 1 + ... + 1+&C. 

with p„, = 


(y+m—1) (y+m) 


294 In this result put 7 = J and for x, and we obtain by 


Exp. Th. (150), 


b+i:-. =-f+ ' 5 + k&c. being 

Or the continued fraction may be formed by ordinary division 
of one series by the other. 


VI 

295 c'*" is incommensurable, and n being integers. From 

the last and (174), by putting x — 


INTEREST. 


If /• be the Interest on £1 for 1 year, 
V the number of years, 
the Principal, 

.1 the amount in n years. Then 

296 At Simple Interest A = /*(!+>/>•). 

297 At Oompound Interest A — /^(1+r)”. 


lb' (^ 1 )- 
















JXTEUKST AXI) .LVA7777/';.s". 




298 But if the ])ayinciits of 

Interest be niiide (j 
times a 3 ^ear. 

If .1 be an amount due in n years’ time, and 7’ the present 
worth of .1. I’lien 

299 At Simide Interest P = 

300 At Compound Interest P = 


301 Discount = ^1 — P, 



ANNUITIES. 


302 The amount of an Annu- A 

ity of c£l in n years, > 
at Simple Interest... ) 

303 1 ’resent value of same 


,+ lOl^r. ny(Sl). 

By (-291)). 

1 + n r 


304 Amount at Compound) 
Interest . ) 


Present worth of same 


■(1+'•)-! ■ 

(I+>•)-• * 




liy (MKI). 


305 Amount when the ]>uy-'^ 
ments of Interest / 
are made q times 'per C 
annum . J 



Hy (29S). 


1’resent value of siime 
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306 Amount when the pay¬ 
ments of the Annuity 
are made 711 times per 
annum . 

Present value of same 


307 Amount when the In- ' 
terest is paid q times 

.. (•+7r-' 

and the Annuity 7n 
times per annum ^ 

.„j 

K'+t)--'? 

Present value of same 

1 


'"i 


PROBABILITIES. 


_ (1+»•)’■-! 

711 {(I+)•)"■- 1 } 

^ l-(l+r)-’‘ 

m + — 1} 


309 If all the ways in which an event can happen be 771 
in numberj all being equally likely to occur, and if in 7i of 
these m ways the event woidd happen under certain restrictive 
conditions; then the probability of the restricted event hap¬ 
pening is equal to n-7-7)1, 

Thus, if the letters of the alphabet be chosen at random, 
any letter being equally likely to be taken, the probability of 
a vowel being selected is equal to The number of un¬ 
restricted cases hero is 26, and the number of restricted 
ones 5. 

310 If, however, all the 7)i events are not equally probable, 
they may be divided into groups of equally probable cases. 
The probability of tho restricted event happening in eacli 
groiq) separately must be calculated, and tlie sum of these 
probabilities will be the total probability of the restricted 
event happening at all. 
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Kxamplk.—T licro aro three bags A, liy and G. 

A contains ii white and blnek balls. 

„ 3 „ 4 

0 „ 4 

A bag is taken at random and a ball drawn from it. Required tlio pro¬ 
bability of the ball being white. 

Here the probability of the bag A being chosen = and the subsequent 
probability of a white ball being drawn = 

Therefore the probability of a white ball being drawn from A 
12 2 
3 5 15 

Similarly the probability of a white ball being drawn from B 
= ^ X ^ 

3 . 7 7 

And the probability of a white ball being drawn from 0 

_ 1 4 _ 4 

3^9 27 ' 

Therefore the total probability of a white ball being drawn 

^,2 

15 7 27 945 ‘ 


If a be the number of ways in which an event can happen, 
and b the number of ways in which it can fail, tlien tho 

311 Probability of the event happening = 


312 Probability of the event failing 
Thus Certainty = 1. 


h 

(I -p b 


If p, // be the respective probabilities of two Independent 
events, then 

313 Probability of both happening = p//. 

314 „ of not holh linppcuiug = 1—py/. 

315 „ of one happening and one failing 

of both fiiiliiig = (I — p)(l—//). 


316 
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If the probability of an event happening in one trial be p, 
and the probability of its failing q, then 

317 Probability of the event happening r times in n trials 

= C (n, r) p'-q"-'. 

318 Probability of the event failing r times in n trials 

= C {ilj [By induction. 


319 Probability of the event happening at Ica^t r times in 
n trials = the sum of they^r-s/ n—r-{- 1 terms in the expansion 

of {p+<!)’'■ 

320 Probability of the event failing at least r times in n 

trials = the sum of the last terms in the same ex¬ 

pansion. 


321 The number of trials in which the probabilit}^ of the 
same event happening amounts to 

_ log (1—;/) 

log(l-i»)’ 

From tlie equation (1—= 1—p’. 


322 Definition. —When a sum of money is to be received if 
a certain event happens, that sum multiplied into the proba¬ 
bility of the event is termed the expectation. 

Example.— If three coins be taken at random from a bag 
containing one sovereign, four half-crowns, and five shillings, 
the expectation will be the sum of the expectations founded 
upon each way of drawing three coins. But this is also equal 
to the average value of three coins out of the ten; that is, 
-lY^ths of 35 shillings, or IO 5 . Gd. 


323 The probability that, after r chance selections of the 
numbers 0, 1, 2, 3 ... the sum of the numbers drawn will 
be s, is eijual to the coellicient of in the expansion of 







nUJlLilllLJTJl'JS. 


in:? 


324 ])robiibility of tlio exist once of a certain cause of 

an observed event ont of several known causes, one of wlncli 
have produced the event, is proj>ortional to the a jtrlort 
]>robability of the cause existing ninltiplicd by the probability 
of the event liappening from it if it does exist. 

'riius, if tlie a priori probabilities of the causes be 7',, 1\ 
... i^'c., and the corresponding probability's of the ev(‘nt hap¬ 
pening from those causes (>., ... See., then the i)robability 
of the cause having produced the event is 

PrQr 

^{PQy 


325 If 7^', P'y ... See, be the a priori ])robabilities of a second 
event hap])ening from the same causes respectively, then, 
after the first event has happened, the probability of the 


second hai)pening is 


^{PQP') 

S(n>) ■ 


POP' 

J’or this is the sum of such probabilities as ^'loch is 

the probability of the cause existing multiplied by the 
])robability of the second event happening from it. 


3Cx. 1.—Suppose there are 

4 vases containing each 5 wliite and G black balls, 

2 vases containing each .3 white and 5 black balls, 

and 1 vase containing 2 white and 1 black ball. 


A white ball has been drawn, and the probability that it came from the group 
of 2 vases is required. 


Here 





I 


Qi = 


ir 



Q.= 




Therefore, by (3-1-), the ])robability required i.s 


7.S 



427" 


Kx. 2.—After the white ball has bemi tlrawn ami re])hiced, a ball is 
drawn again; riMpiired the ]irobal»ility of the ball biing black. 
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Hevo P; = A, p- = |, p- = |. 

The probability, by (325), will be 

4.5.6 2.3.5 1.2.1 

7.11.1l'^7.8.8'^7.3.3_ 58639 
4^ 2^ 1.2 112728' 

7.11 ■^ V.8 ■^7.3 

If the probability of the second ball being white is required, QiQjQj 
must be employed instead of B\P',Bz. 


326 The probability of one event at least happening ont of 
a number of events whose respective probabilities are a, Cy 

&c., is P 1 — P 2 +P 3 —P 4 +&C. 

where Pi is the probability of 1 event happening, 

-^^2 jj >> 2 ,, 

and so on. For, by (316), the probability is 

1 —(1 — rt ) (1 —(1 — c ) ... = 2 a ——, ... 


327 The probability of the occurrence of r assigned events 
and no more out of qi events is 

Qr'~ Qr+1+ Qr+2“ C^r+3 + &C., 

where Q,. is the probability of the r assigned events; Q,,.+i the 
probability of r+1 events including the r assigned events. 

For a, by c ... be the probabilities of the r events, and 
a, h', c ... the probabilities of the excluded events, the re¬ 
quired probability will be 

ahe ... (l-a')(l-Z>0(l-O 
= abc ... (1 — 2a'-l-2aP—...). 


328 The probability of any r events hai)pening and no moi’c 
Notk. —If a = Z> = c = &c., then 2(?,. = C (??, r) t^'c. 


IS 
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IXKQUALrriKS. 


330 lies betwoon the i^reatost and least of 
l>i+l>i+ ■■■+>>,< 

tho fractions ...^, the denominators being all of 

5i h.i hfi 

the same sign. 

I’roof.— Let h be the greatest of the fractions, and any other; then 

a,.<kbr. Substitute in this way for each a. Similarl}’’if k bo the least 
fraction. 

331 > ^/^ 


332 

n 

or, Arithmetic mean > Geometric mean. 

Proof.— Substitute both for tlio greatest and least factors their Arith¬ 
metic mean. Tlie product is tlius increased in value. Hepoat the jiroccss 
indefinitely. Tho limiting value of the G.^1. is the A. M. of the cjiiantities. 



excepting wlicn m is a positive jtroper fraction. 

I’KOr.F: a’” + r = +.<■)’" +(1. 

where . 1 ' = '* Kninloy Bin. Tli. 

ii + b 


334 


n 




excepting when vi is a positive propc'r fraction. 

r 
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Otherwise.— The Arithmetic mean of the powers is 
(jreater than the power of the Arithmetic mean, excepting 
when m is a positive proper fraction. 

PiioOF.— Similar to (33*2). Substitute for the greatest and least on the 
left side, employing (333). 


336 If X and m arc positive, and x and mx less than unity; 

then (l+.r)-’"> 1-nar. (125,2i0) 

337 positive, and n greater than m ; then, 
by taking x small enough, we can make 

\ + nwy{l+nT- 

For X may be diminished until is > {l — nix)~^, and this 

is > (1 by last. 

338 If ^ be positive, log (l+‘i’) < (150) 

If X be positive and > 1, log (l+u’) > w— (155, 240) 

If X be positive and < 1, log ^ ^ - > w. (156) 


339 When n becomes infinite in the two ex})ressions 

1.;].5...(271-1) fi.5.7. ..(2^^ + l) 

2.4.G... 271 “ 2.4.G... 271 ’ 

the first vanishes, the second becomes infinite, and their 
product lies between ^ and 1. 

Slicwn by adding I to each factor (see 7o), and multi¬ 
plying the result by the original fraction. 


340 If 771 be > 77, and n > a, 
















,'SCALES OF NOTATrnx. 


I(i7 


341 If If bo positive' quantities, 

SiinilaHy 


These and similar theorems may be proved ])y taking loga¬ 
rithms of eaeh side, ainl employing the Kxpon. Th. (lo8), See. 


SCALES OF XOTATION. 


342 If A^ be a whole number of a + I digits, and r the radix 

of the scale, A" = ... 

wliere F„, Pn-iy ••• fbe digits. 

343 Similarly a radix-fraction will be ex})ressed by 

h ^ h +B. + &C., 
r r“ r 

where Sec. are the digits. 

Kxami’Li;s : ol2G in the scale of 7 = 3.7* + ‘1.7- + 2.7+ G ; 

■104o in the same scale = y + 


344 Fx.-"d'o transform ')42d8 from the seale of o to the 
seale of 11. 

Rule.— JJirldr .^ucccsmIvcI t/ fnj Ihr iirtc radl.r. 

11 342(38 
11 1343-i 
11 40-3 
1-0 


Result 193/, in which t stands for lO. 
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345 Ex.—To transform 'fOcl from the scale of 12 to that 
of 7, e standing for 11, and t for 10. 

Rule. — MitUij^ly successiccly by the neio radix. 

•^Oel 
_ 7 

5 - ^657 

7 

6- 1931 
_7 

1-0497 

7 

0‘2971 Result -.5610... 


346 Ex.—In what scale does 2t7 represent the number 475 
in the scale of ten ? 

Solve the equation 2r + 10r4-7 = 475. [178 

Result r=13. 


347 The sum of the digits of any number divided by r —1 

leaves the same remainder as the number itself divided by 
r— 1; V being the radix of the scale. (401) 

348 The difference between the sums of the digits in the 
even and odd places divided by r-|-l leaves the same re¬ 
mainder as the number itself when divided by r + l. 


THEORY OE NUMBERS. 


349 If a is prime to 5, is in its lowest terms. 
b 

Pkoof. —Let ^ a fraction in lower terms. 

0 /q 

Divide a by a„ remainder n, quotient q,, 
h by i;i, remainder 5., quotient (/,; 

and so on, a.s in (indinj^ tlie II. C. h\ of a and Uj, and of h and 5j (sec 30). 
Let and b„ ho the liighest common factors thus determined. 
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Then, bocaiise — = ‘ , /. = ' = \ 

h 6, b b — q^b^ bq 


(70> 


and so on ; thus 


« = = etc. . 

b b, b. 


Tlic'i’ofoiv it and b arc c(iuiniultiplcs of «„ and b „; that is, a is not prime to b 
it any fraction exists in lower terms. 


350 is prime to />, and ; tlieii n' and // are 

h h 

equimultiples of a and h. 

Proof. —Let % reduced to its lowest terms be ^. Then ^ and, 

b 9 

since p is now prime to q, and a prime to b, it follows, by d tO, that is 
neither greater nor less than ® ; that is, it is equal to it. Therefore, &c. 


351 f f is divisible by r, and a is not; then h must be. 



But a is prime to c\ therefore, by last, 6 is a multiple of c. 

352 If and h be each of them prime to c, ah is prime 

to <\ [By (3ol). 

353 If ahed... is divisible by a |)rime, one at least of the 
factors a, h, r, &c. must also be divisible by it. 

Or, if p be prime to all but one of the factors, that factor 
is divisible by 7 ). (:j.“)l) 

354 Therefore, if a” is divisible by p, p cannot be prime to 
a; and if be a prime it must divide a. 


355 If is })rime to />, any i) 0 \ver of a is ])rinie to any 
power of h. 

Also, if a, h, c, See. are prime to ('ach other, the product 
of any of tlu'ir powers is i)rime to any other prcKluct of their 
powers. 
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356 Xo ex])ression with integral coefficients, such as 
yl./>,r + (/.r-f-..., can represent primes only. 

Proof. —For it is divisible by x if = 0 ; and if not, it is divisible by yl, 
when x = A. 


357 The number of primes is infinite. 

Proof. —Suppose if possible p to be the greatest prime. Then the pro¬ 
duct of all primes up top, plus unity, is either a 23rime, iu which case it 
would be a greater prime than p, or it must be divisible by a prime ; but 
no prime up to p divides it, because there is a remainder 1 in each case. 
Therefore, if divisible at all, it must be by a prime greater than p. In 
either case, then, a prime greater thanp exists. 


358 If a be prime to h, and the quantities a, 2a, ... 

(Z> — 1) a be divided by b, the remainders will be different. 

Proof. —Assume ma— 7ib = ma — iih, m and n being less than 6, 

.-. 4 Then by (350). 

A /m _'ll a \ 


359 A number can be resolved into prime factors in one 

way only. [By (358). 

360 To resolve 5040 into its prime factors. 

Rule. —Divide by the prime numbers successively, 

2x5 5040 _ 

2 1 504 
21 252 

21 126_ 

7 1 (33 

31 ^ 

3 Thus 5040 = 2‘.3^ 5.7. 


361 Reipiired the least multiplier of 4704 which will make 
the product a perfect fourth power. 

By (196), 4704 = 2'’.3.7’. 

Then 2*. 3’. 7- x T = 2\ 3‘. 7‘ = S4‘, 

tlie indices 8, 1-, 4 being the least multiples of 4 which arc not less than 

5, 1,2 respectively. 

Thus 2".3®.7‘ = 3584 is the multiplier required. 
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362 All iinnil)(‘rs nre of oik* of tlu* forms '2n or 2/i+ 1 

2n or ' 1)1 — 1 
*\)i or !»// i 1 
Ik or 1 k± I l/i + - 
I k or l//il or I k —1 
T) K or .') K i 1 or o k i 1 

ami so on. 

363 All square numbers are of the form ok or oKil- 

Proof.—B y squaring the forms on, ow±l, •''>« ±wliich conijireliend 
all numbers wliatevcr. 

364 All cube numbers are of the form '])) or 
And similarly for other powers. 




365 The highest power of a prime p, which is contained in 
the product m !, is the sum of the integral parts of 


m 

v' 


jr p' 


m 
,3 ’ 


&c. 


For there are factors in m ! which p will divide ; which 

_ P . . . 

it will divide a second time ; and so on. The successive 

divisions are equivalent to dividing by 


»i »i »i ^ >n ^ 

pP .pF ... Sz,C. = pP P* . 

lOxAMi’LK.—Tho liighost power of d which will divide ‘29!. Here the 
factois 3, <), 9, 12, 15, 18, 21, 2t, 27 can be divided by .3. Tiieir nninber i.s 
0 () 

= 9 (the integi-al part). 

The factors 9, 18, 27 can be divided a second time. Theii* nninher is 

•>9 

= 3 (the integral part). 

‘29 

One fiielor, 27, is divisihhr a tliird time. 7>, = ^ (integral part). 

9 + 3+1 = 1.3 ; that is, 3'* is the highest power of 3 which wilt divide 21^. 

366 ' rhe product of any r consecutive integers is divisible 

l)y r !. 

PlioOK: !)...(« »'+0 is iioressarily an iiitcj^or, I)y (IMI), 

V ! 
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367 If a prime, every coefficient in the expansion of 

(n + 6)”, except the first and last, is divisible by n. By last. 

368 If n be a prime, the coefficient of every term in the ex¬ 
pansion of (n + ^“hc except n”, &c., is divisible by n. 

Proof.—B y (367). Put ft for (6+c+...). 


369 Fermat's TJteorem.—U p be a prime, and N prime to 

p ; then is divisible by />. 

Proof: = (1 + 1 +...)^ = xV+3ii:>. By (368). 

370 If p be an}' number, and if 1 , rt, />, c,... (p—1) be all 
the numbers less than, and prime to p ; and if n be their 
number, and x any one of them; then 03” —1 is divisible by p. 

Proof.— If a;, a.r, hx ... (/) — !) a: be divided by p, the remainders will be 
all different and prime to^ [as in (358)] ; therefore the remainders will be 
1, a, 6, c ... (p —1) ; therefore the product 


x^ahe ... (^ — 1) = ahe ... (p —1) + Jip. 


371 Wilson's Theorem. —If p be a prime, and only then, 

I) ! is divisible by p. 

Ihit p — l for r and n in (285), and apply Fermat’s Theorem 
to each term. 

372 If be a prime = then {i\ !)^-l-(—1)” is divisible 

by p. 

Proof. — By multiplying together cqui-distant factors of (p — 1) ! in 
Wilson’s Theorem, and putting ‘iu + 1 for p. 


373 I jct N = ... in prime factors ; the number of in¬ 

tegers, including 1, which are less than n and prime to it, is 



Proof. —3'he number of integers prime to N contained in is 
8imilarly in See. Take the product of these. 
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Also tlio number of integers less than and ])riino to 
{Xx^^xScG.) is tlio product of the corresponding nuinbers 
for Xj See, separately. 


374 The number of dinsors of X, including 1 and X itself, 

is = (p + 1) (v-f-1) (>*-}-1)_ i'oi’ it is equal to the number 

of terms in the product 

(l+(7 + ...+n'’)(l +t+...+l'')(l+c+...+c-’-) ... &c. 


375 The number of ways of resolving X into two factors is 
half the number of its divisors (371). If tlic number be a 
square the two equal factors must, in this case, be reckoned 
as two divisors. 


376 If the factors of each pair are to be prime to each other, 
put j), q, r, &c. each equal to one. 


377 The sum of the di\dsors of X is 

a-] ’ b-1 ' c-1 ■*’ 

Pkoof. —By the product in (374), and by (85). 


378 II P be a prime, then the p — power of any number 
is of the form vij) or By Fermat’s Theorem (3G0). 

Ex.—The 12*** power of any number is uf the form 13ui or 13w+ 1. 


379 To find all the divisors of a number; for instance, of 50-J-. 


I. 

11 . 




1 

504 

2 

2 

252 

2 

4 

120 

2 

8 

G3 

3 

3 G 12 2t 

21 

3 

9 18 3G 72 

7 

i 

7 14 28 5G 21 42 



84 1G8 G3 12G 252 504 


Expi-axation. — Itesolve into its prime factors, placing them in 

column 11, 
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The divisors of 504 are now formed from the numbers in column II., and 
placed to the right of that column in the following manner:— 

Place the divisor 1 to the right of column II., and follow this rule— 
Miiltiphj in order all the diviwrs ndticli are written down by the next number 
in column IL, which has not already been used as a midtiplier : place the first 
new divisor so obtained and all the following products in order to the right of 
column II. 


380 the sum of tlie powers of tlio first oi natural 
numbers is dmsible by 

Proof : x{x^-V) - 2“) ...(x^-n^) 

constitutes 2?i + l factors divisible by 2w4-l, by (3GG). ^Multiply out, re¬ 
jecting a?, which is to be less than 2>i4'l- Thus, using (372), 

... = ilf(2u + l). 

Put 1, 2, 3 ... (« —1) in succession for x, and the solution of the (r —1) 

equations is of the form Sr = M (2h-1-1). 




THEORY OF EQUATIONS. 


FACTOES OP AN EQUATION. 


ilCHcral form of a rational integral equation of the n^^^ degree. 

400 + ••• +Pn^l^V+Pn = 0. 

The left side will be designated f{x) in the folloA\dng 
sninmaiy. 


401 If/0*) be divided by x—a, the remainder vdW be f{a). 
By assuming f(x) = F 

402 If a be a root of the equation / (x) = 0, then f (a) = 0. 


403 To compute f(a) numerically; divide f{x) by x—a, 

and the remainder will bef{a). [401 

404 Example.— To find the value of 4*®—3.c®+12**—jc’ + lO when aj = 2. 

4-3 + 12 +0 -1 +0 +10 
2 8 + 10 + 41 + 88 + 174 + 348 

4_l_5_|.22 + 41 + 87 + 174 + 358 Thus /(2) = 358. 


If a,h,c...Ji bo the roots of the equation /(.t) = 0; 
then, by (401) and (402), 

405 /(.«■) = 7.0 (.«-«) U’-U (•'-'•) - (-‘-U- 

Tty multiplying out the last equation, and equating coefficients with 
equation (400), consideringj)© = 1, tho following results lu-o obtained:— 
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406 = tlie Slim of all tlie roots of/(cr). 



the sum of the products of the roots taken 
two at a time. 


the sum of the products of the roots taken 
three at a time. 


i-iypr = I 


the sum of the products of the roots taken 
r at a time. 


( — lyjpn = product of all the roots. 

407 The number of roots of / {x) is equal to the degi^ee of 
the equation. 

408 Imaginary roots must occur in pairs of the form 


— 1, a —j3\/—1. 


a 


The quadratic factor corresponding to these roots will 
then have real coefficients; for it will bo 


[405, 226 


2aa?d-a^4-j3^. 


409 If/(03) be of an odd degree, it has at least one real root 
of the opposite sign to 

Thus 1 = 0 has at least one positive root. 

410 If/(*) be of an even degi^ee, and negative, there is 
at least one positive and one negative root. 

Thus aj'‘—1 has +1 and —1 for roots. 


411 If several terms at the beginning of the equation are of 
one sign, and all the rest of another, there is one, and only 
one, positive root. 

Thus + 5a;--4 = 0 has only ono positive root. 


412 If all the terms are positive there is no positive root. 

413 If all the terms of an even order are of ono sign, and 
all the rest are of another sign, there is no negative root. 

414 Thus + 1 == 0 has no negative root. 
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415 If all tlio indices are even, and all tlie terms of the same 
si^i, there is no real root; and if all the indices are odd, and 
all the terms of the same sign, there is no real root bvit zero. 

Thus = 0 has no real root, and a* + j;’-f a; = 0 lias no real root 

but zero. In this last equation there is no absolute term, because such a 
tenn would involve the zero power of Xf which is oven, and by hypothesis is 
wanting. 


DBSCARTf]S’ RULE OF SIGXS. 


416 In the following theorems every two adjacent terms in 
/(<r), which have the same signs, count as one “ continuation 
of sign”; and every two adjacent terms, 'svdth different signs, 
count as one change of sign. 


417 multiplied by (x — a), has an odd number of 
changes of sign thereby introduced, and one at least. 

418 / (.p) cannot have more positive roots than changes of 
sign, or more negative roots than continuations of sign. 


419 'WTicu all the roots of / (.r) are real, the number of 
positive roots is equal to the number of changes of sign in 
f{x) ; and the number of negative roots is equal to the number 
of changes of sign in/(~rp). 

420 Thus, it being known that the roots of the equation 

a:‘-10.r’ + 35.r'-50.r + 24 = 0 

are all real; the number of positive roots will be equal to the number of 
changes of sign, which is four. Also /(—a;) = a;* + 10a;* + 3oa;’ + 50a; + 24 = 0, 
and since there is no change of sign, there is consequently, by the rule, no 
negative root. 


421 If the degree of /(.r) exceeds the number of changes of 
sign in f(x) and f{—x) together, by /t, there aro at least /t 
imaginary roots. 

422 If, between two terms in /(.r) of the same sign, there 
be an odd number of consecutive terms w’-anting, then thero 
must be at least one more than that number of imaginary 
roots; and if the missing terms lie between terms of different 
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sign, there is at least one less than the same number of 
imaginary roots. 

Thus, in the cubic equation —7 = 0, there must be two imaginary 

roots. 

And in the equation x^—1 =0 there arc, for certain, four imaginary roots. 

423 If an even number of consecutive terms be wanting in 
there is at least the same number of imaginary roots. 

Thus the equation + l = 0 has four terms absent; and therefore four 
imaginary roots at least. 


THE DERIVED FUNCTIONS Or/(A'). 


Rule for foi’ming the derived functions. 

424 Multiply each term hy the index of x, and reduce the 
index hy one; that is^ differentiate the function ivith respect 
to X . 

Example. —Take 

/ (x) = x*+ x^— x^—x — 1 

f^(x) = 5x*+ 4a;^ + 3d}^—2d; — 1 

f(x)= 20x^-\-l2x'^-h0x-2 

flx)= 60d;2 + 24r +6 
f(x) = 120x +24 
f (x) = 120 

f (x)^ f (a;), &c. are called the first, second, &c. denved functions of/(a;). 


425 To form the equation whose roots differ from those of 
f{x) by a quantity a. 

Put x = y-\-a in f{x), and expand each term hy the Binomial 
Theorem^ arranging the results in vertical columns in the foU 
loiuing manner :— 

/(a+y) = (a+7/)H(a+yT + (a+yT—c<*+y)’—(a + y) —1 

= a® + + a® — — a — 1 

+ ( Sa'* + 4a® + — 2a — l)y 

+ (10a’ + 6a® + 3a - l)y® 

+ (10a® + 4a + l)y® 

+ ( 5a + 1) y* 

+ f 
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Comparing this result -with that seen in (421), it is seen that 

426 /("+.'/) =/(«)+/'(").'/ 

+ .£1M f + EM ,f + y + 

\A Lz* L*^ i± 

so that the coefficient generally of i/ in the transformed 

i.- • 

equation is * ■ , ^ 

Ll 


427 To form the equation most expeditiously when a lias a 
numerical value, divide f{j') continnouvhf bif x — a, and tbe 
successive remainders will furnish the coefficients. 


Example. —To expand f(y + ^) when, 
/(») = x^ + x*+x^ 
Divide repeatedly by 35 — 2, as follows :— 



3 in (425), 
■35’—35- 1. 


/( 2 ) 


That these remainders 
are the required eoellicients 
is seen by inspecting the 
form of the equation (42G); 
for if that equation bo di¬ 
vided by x—a = y repeat¬ 
edly, these remainders are 
obviously produced when 
a = 2. 


Thus the equation, whose roots are each less by 2 than the roots of the 
proposed equation, is 2 /® 4 -ll2/‘-l-40y’+10%’+lll)y-f-40 = 0. 


428 To make any assigned term vanish in the transformed 
equation, a must bo so determined that the coefficient of that 
term shall vanish. 

Example. —In order that there may bo no term involving y* in equation 
(42G), wo mubli have /*(«) = 0. 

Find /* (a) as iu (424) ; 

thus 120a + 24 = 0; a = - 

The equation in (424) must now bo divided repeatedly by 35 + y after the 
manner of (427), and the resulting equation will be minus its second term. 
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429 Note, that to remove the second term of the equation 
f (a?) = 0, the requisite value of a is = — ; that is, the 

coefficient of the second term, with the sign changed, divided hy 
the coefficient of the first term, and by the number expressing 
the degree of the equation. 


430 To transform/(a?) into an equation in y so that y =:<f)(x), 
a given function of x, jmt x = (p~'^(?/), the inverse function of y. 

Example. —To obtain an equation whose roots are respectively three times 
the roots of the equation Ga’ + l = 0. Here y = 3aj; therefore a; = 
and the equation becomes ~ ^ ^ y®-—54y+ 27 = 0. 


431 To transform f{x) = 0 into an equation in which the 
coefficient of the first term shall be unity, and the other 
coefficients the least possible integers. 

Example. —Take the equation 

288aj® + 2W-17C;«- 21 = 0. 

Divide by the coefficient of the first term, and reduce tho fractions; the 
5 11 7 

equation becomes a?* + -^ aj® — jg 


Substitute for x, and multiply by /c®; we get 






■ 18 


1/ - 


VI 

96 


= 0 . 


Next resolve the denominators into their prime factors, 
3 , 57.' 2 IH® 77c® _ . 

^"^ 2 . 3 ^ 2 . 3 ®^ 2 ®. 3 


The smallest value must now be assigned to 7c, w'hich will suffice to make 
each coefficient an integer. This is easily seen by inspection to be 2®. 3 = 12, 
and the resulting equation is y® + 10y® —88y —126 = 0, 

the roots of which are connected with tho roots of the original equation by 
tho relation y = 12a!. 


EQUAL ROOTS OP AN EQUATION. 


By oxj)anding/(cr + 2 :) in powers of by (405), and also 
by (^1*20), and cfpiating tho coefficients of z in the two ex- 
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pansions, it is proved that 


432 


/'(.<•) 


_ ^ .fi± + 


ru) 




from wliieli result it a])pears that, if llie roots a, />, r, i^'c. are 
all uiRMjual, /’(./’) and/'(./’) can have no common measure in- 
vohing If, however, tlu're are r roots each erjiial t<j n, 
.S’ roots e(pial to A, t roots erpial to r, See., so that 


then 

433 


,v — (t J—h (a— (t) 


and the greatest common measure of /(,r) and/'(,<•) will be 

444 {.v-ny-^{.v-hy-^{.v-vY-\.. 

'When .j' — e, /{<•'), /{•>'), ‘"til vanish. Similarly 

when ,v = h, ki'. 


Practical method (tf finding' the (’([Hal roots. 

445 /(.r) = a 1 a 1 a; a 1 ... a;;:, wliere 

A”, = product of all tlie factors like (.r —<(), 

A!= „ „ (.r-o/^ 

A1= „ „ (x-a)\ 

Find the greatest common measure of f (x) and /'(x) = /'\ (j-) say, 

„ „ F^x) and = F.,(x), 

„ „ Pzix) and F:(x) = F 3 (x), 


Lastly, the greatest common measure of F„,.i{x) and F„.i(x) = F„{x) = 1 . 
A’ext perform tho divisions 

/ C-^) 0‘) = (•'•) 

F.CO- (.r) 


And, finally, (p^ (.r) -f- fpi(x) = A',, 

9i (•^) = A'j, 

? .-1 (•*?) ^ 0...(O = A',, ,, 
E,., ,(.r) = Y*„.(•'•) = A',... 


[T. 8± 
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The Roltition of the equations Ni = 0, Xa = 0, &c. will furnish all the 
roots of/(a;) ; those which occur twice being found from ; those which 
occur three times each, from X 3 ; and so on. 

446 If/(*) lias all its coefficients commensurable, 

&c. have likewise their coefficients commensurable. 

Hence, if only one root be repeated r times, that root must 
be commensurable. 

447 In all the following theorems, unless othervdse stated, 
/(,r) is understood to have unity for the coefficient of its first 
term. 


LIMITS OF THE HOOTS. 


448 If the greatest negative coefficients mf{x) and /(—«/’) 
he j) and cj respectively, then j> + l and — ((/ + !) are limits of 
the roots. 


449 If and are the highest negative terms in / (^r) 
and f{-~x) respectively, + — (I + >^^/) are limits 

of the roots. 


450 If h be a superior limit to the positive roots of > 

then will be an inferior limit to the positive roots of J (.r). 


451 If each negative coefficient be divided by the sum of all 
the preceding positive coefficients, the greatest of the fractions 
so formed + unity will be a superior limit to the positive 
roots. 


452 Newton's method. —Put x=li-{-H ia f(x ); then, by (126), 

fQ^+y) =/(/<)+ /“ W = 0. 

'I’akc h so that /(/(), f(h), f (h) ‘‘‘H positive; 

then h is a superior limit to tho positive I'oots. 


453 According asand /(/;) have the same or different 
signs, the number of roots intermediate between a and h is 
even or odd. 
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454 Kollrs Thrornn.—Om^ roal root of the (‘q\iatioii /(.r) 
lies between eveny two adjacent real roots of / (./■). 

455 1-—:/ ('’) cannot liavo more tlian one root greater 
than the greatest root in /(r); or more tlian one less than 
the least root in 

456 2.—if /{,(') has m real roots, /»*(./■) has at least 
VI —r real roots. 

457 CoK. 3.—If /’‘CO has /t imaginary roots, /{■>') has also 
at least. 

458 CoK. 4.—Tf «, ft, y ... K be the roots of f{,r) ; then the 
nninbcr of changes of sign in the series of terms 

/('<). /0)> /’(v) 

is er|ual to tlic number of roots of/(.<-’). 


NEWTON’S METHOD OF DIVISORS. 


459 To discover the integral roots of an equation. 


Example. —To a.scertain if 5 be a root of 

— 0j;* + 8G.r® —17().r + 105 = 0. 

If 5 be a root it will divide 105. Add the quotient to the 
next coefiicieut. Result, — 155. 

If 5 be a root it will divide —155. Add the quotient to 
the next coelUcient; and so on. 

If the number tried be a root, the divisions will be eOfectible 
to the end, aud the last quotient will be —1, or —pot i* A 
uot unity. 


5 ) 105 
21 
-170 
5 ) -165 
-:il 
86 
5}_55 

a 
—6 
5 ) -5 
-1 


460 Ill employing this method, limits of the roots may first 
be found, and divisors chosen Ijetwet'ii those limits. 

461 Also, to lessen tlie number of trial divisors, take any 
integer m ; then any divisor a of the last term can be rejected 
if a — m does not divide/(m). 

In ])i’acticc take in = -\-i and — 1 . 

To find whether any of the roots didermined as above are 
repeated, divide ./'Cr) liy factors corresponding to tliem, 
and tlu n ajiplv tin' nn'thod of divisors to the resulting c(}iiation. 
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Example. —Take the equatiou 

—2 Ga;® + 88a;‘-f7'2.e —144 = 0. 

Putting £C= 1, we (inti/(I) = —24. The divisors of 144 are 
1 , 2, 3, 4, G, 8, 9, 12, IG, 24, &q. 

The values of a — m (since w = 1) are therefore 

0, 1, 2, 3, 6, 7, 8, 11, 15, 23, &c. 

Of these last numbers only 1, 2, 3, and 8 will divide 24. lienee 2, 3, 4, and 

9 are the only divisors of 144 which it is of use to try. The only integral 

roots of the equation will be found to be i 2 and ± 3. 


462 If /('t’) and F{X) have common roots, they are con¬ 
tained in the greatest common measure of f{x) and F{X). 

463 If f{x) has for its roots e, (p {a), h, <}>{h) amongst others ; 

then the equations/(.r) = 0 and j = 0 have the common 

roots a and b. 


464 But, if all the roots occur in pairs in this v'ay, these 
equations coincide. 

For example, suppose that each pair of roots, a and 5, satisfies the equation 
a + 5 = 2r. We may then assume a—h = 2z. Therefore / (^ + »*) = 0. This 
equation involves only even powers of z, and may be solved for z^. 


465 Otherwise: Let ah z=z z; then /(.r) is divisible by (x — a)(x—h) 
= x^ — 2rx-hz. Perform the division until a remainder is obtained of the 
form Px-{-Q, where P and Q only involve z. 

The equations P=0, Q = 0 determine z, by (4G2) ; and a and h are found 
from a + fe = 2r, ab = z. 


RECIPROCAL EQUATIONS. 


466 A reciprocal e(|uation has its roots in ])airs of the form 
a, ^ ; also the relation between the eoclhcients is 
]U = Pn-r, ov else 2 Q = - 


467 A reci[)rocal cupiation of an even Pegrer, with its last 
tcnn piositirr,, may be made to depend upon the solution of an 
equation of lialf the same degree. 












JUXOMJAL EQUATIOXS. 


468 FiXA.MiM.K : •I'./-'’ —21/’4-57ci’*--7o,r''’4-07,r —2k--|- !• = (i 

is ;i reciprocal c(piatioii of an even degree, with its last tei iii 
j)ositive. 

Any I’cciprocal equation which is not of this forni may ho 
redneed to it />// dirid'nnj hij .r-f-1 1/ the last trim he posit ice; 
(Unl, if the lost term he ne<j(ttire^ htj dlridiioj htf ,r—1 or—1, 
so os to hriotj the mjootion to an eren deyrre. Idieii |)rocecd 
in the following manner :— 


469 First bring together ecpiidistant terms, and divide the 
cfpiation by ; tlins 




15y putting ,r 


//, and by making repeated use of the 

<ir 4- -L = 4- —^ — 2, the equation is reduced to 

a cubic ill y, the degree being one-half that of the original 
equation. 


relation .ir 


Put ji for .r 4- —and jhn •<’»»+ ~- 

.r 

470 The relation between the successive factors of the form 
2),n be expressed by the equation 


471 

Pm 


Pm = PPm-l-p.n-2^ 

The equation for in terms of is 

+ (_ 1 )>■ »' (w —I—1) ■■■ (iJi—2)-+l) 


+ ... 


Hy (5 lo), ])utting ([ = A. 


lUXOMlAT. EQUATIOXS. 


472 If (I be a root of U —1 = 0, then u"‘ is liketvise a root 
wdiere m is any positive or negative integer. 

473 If a be a root of F'd-1 then is likewise a root. 
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474 If on and oi be prime to each other, x^—1 and x^—\ 
have no common root but unity. 

Take pm—qn = 1 for an indirect proof. 


475 If 01 be a prime number, and if a be a root of x”'—l = 0, 

the other roots are a, a^, ... a”. 

These are all roots, by (472). Prove, by (474), that no two can be equal. 

476 If 01 be not a prime number, other roots besides these 
may exist. The successive powers, however, of some root 
Avill furnish all the rest. 

477 If \ = 0 has the index oi — onjoq; on, qo, q being 
prime factors; then the roots are the terms of the product 

(I-fa-|-a^d- ... (1... 

X(l + 7 + 7'+ - +7'^"0» 
where a is a root of a?”*—!, 

„ x'P — 1, 

7 —Ij 

but neither a, (3, nor y = l. Proof as in (475). 

478 If n = and 

a be a root of *”'—1 = 0 , 

/3 „ x”-a = 0, 

7 „ 13 = 0 ; 

then the roots of *’*—1 = 0 will be the terms of the product 

(l+„+„ 2 + ... (i+|3+|32+ ..4.,3 »-i) 

X (1+7 + 7^+ - +7”-')- 

479 1 _ Q treated as a reciprocal equation, and 

depressed in degree after the manner of (468). 

480 The complete solution of the equation 

-1 = 0 

is obtained by De IMoi^Te’s Theorem. (7^^) 

The 01 dilferent roots are given by the formula 

2)*7r , / —r • 2r7r 

= cos-dz V — 1 sin- 

n n 

in which o' must have the successive values 0 , 1 , 2 , 3, &c., 
concluding with ^ , if n be even; and with , if oi- be odd. 
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481 Similarly the n roots of the equation 

+ 1 = 0 

are given by the formula 

(2r+])7r , / —r • (2r+l)7r 

.r = cos ^± V — 1 siu i-!— L — 

n n 

_o 

r taking the successive values 0, 1, 2, 3, &c., up to — j— , if 
11 bo even; and up to if n be odd. 


482 The number of different values of the product 

i 1 

^,n JJ,n 

is equal to the least common multiple of in and n, when m and 
n are integers. • 


CUBIC EQUATIOXS. 


483 To solve the general cubic equation 

+ jxr + (/.T + ?• = 0. 

Bemove the term jix^ by the method of (429). Let the trans¬ 
formed equation be = 0. 


484 Cardan's method. —The complete theoretical solution 
of this equation by Cardan’s method is as follows:— 

Tut X = y-\-z (i.) 

/+r’+(3//s + 2) iij+z)+r = 0. 

Put •ip-{-q = 0; 2 / = — 


Substituto this value of //, and solve the resulting quadratic 
in i/. The roots are equal to i/ and ^ respectively; and wo 
have, by (i.), 


485 .»• 
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The cubic must have one real root at least, (400). 
Let m be one of the three values of 

of the tliree values of 






486 Let 1, a, be the three cube roots of unity, so that 

o = — J + 4 if. “nil «' = - -2 

487 Then, since = in^\y the roots of the cubic will be 

m + u, + 

Now, if iu the expansion of 

I k 


[472 






by the Binomial Theorem, we put 

fj. — the sum of the odd terms, and 
V = the sum of the even terms ; 

then we shall have m = /u +v, _ and n = fi — y \ 

or else on = n + y \/ — 1, and oi = fx — y \/— 1 ; 

according yj ^ imaginary. 

By substituting these expressions for on and n in (487), it appears that — 

488 (i.) If 1 ^ be positive, the roots of the cubic will be 

4 27 

2 yu, —jx-j-y\/~3, —^ —r\/ —3. 

r“ c/ 

(ii.) If — + ^ be negative, the roots will be 

4 27 

2/i, — fx-^y\/Sy — fx — y \/2. 

(iii.) If ^ + ^ = 0, the roots are 

2my — ?n, —on-, 

since wt is now equal to //. 

489 The Trigonometrical method. —The equation 

cl’® + 

may be solved in the following manner, by Trigonometry, 

when " + is negative. 

4 27 

Assume x = n cos a. Divide the equation by thus 
COS^ a -h cos a + At = 0. 


But 


„ ^l cos Sa 

COS^ a -- cos a -;- = 0 

4 4 


By (G57) 









jiiQVA imArrr v:qva tk>xs. 


29 


Equate coofiicients in tbo two (Hjuations ; tlie result is 



n must now bo found 'uitli the aid of tlie Trigonometrical 
tables. 

490 The roots of the cubic will be 

)i cos a, n cos (|7r-|-a), n cos (377 — a). 

♦2 3 

491 Observe that, according as is positive or nega¬ 

tive, Cardan’s method or the Trigonometrical mil be practi¬ 
cable. In the foi-mer case, there will be one real ami two 
•hnaijinanj roots ; in the latter case, three real roots. 


BIQUADRATIC EQUATIOXS. 


492 Descartes Solution ,—To solve the equation 

w^ + qn^ + rw + s = i) .. (i.) 

the term in having been removed by the method of (d29). 
Assume («r^—c.r+g-) = (1.(ii-) 

^lultiply out, and equate coofiicients with (i.) ; and the fol¬ 
lowing equations for determining/, g, and c are obtained 

.«•+/= .(“'•) 

493 e+’2<ir*+{f/-- I s) e-r- = 0.(iv.) 


494 The cubic in is reducible bij Cardutt's method^ udicn the biquadratic 
has two real and two iinaqinanj roots. For proof, take a ±</> ± y 

the roots of (i.), since their sum mii.st be zero. Form the sum of em-h pair 
for the values of c [sec (ii.)], and apply the rules in ( I-SS) to the cubic in 
If the biquadratic has all its roots real, or all iinaqinarijy the cubic null have 
all its roots real. Take a ± and — a ± iy for four imaginary roots of (i.), 
and form the values of e as before. 


495 y’ be the roots of the cubic in e^, the roots of the biquadratic 

will be —i(«+dFy), y), iO^ + y—'Oi i(y + «“/^)* 
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For proof, take w, x, y, z for the roots of the biquadratic; then, by (ii.), the 
sum of each pair must give a value of e. licncc, we have only to solve the 
symmetrical equations 

y + 2 = Cl, w; + aj = —a, 

z+x = (y, + = —/ 3 , 

= 7j + « = —y- 


496 Ferrari's solution .—To the left member of the equation 


2)cV^+rjF^+ra:+s = 0 , 

Jj2 

add the quantity ax^ + hx + —, and assume the result 



497 Expanding and equating coefficients, the following 
cubic equation for determining m is obtained 

— 4^qm^-[-(2pr — Hs) m-\-4:qs—ph — r = 0, 


Then x is given by the two quadratics 


+ ^ x + m 


, 2(tx+b 

^ 2 •/« 


498 The cubic in m is reducible by Cardanos method when the biquadratic 
has two real and two imaginary roots. Assume a, /3, y, 3 for the roots of the 
biquadratic; then a/3 and yS are the respective products of roots of the two 
quadratics above. From this find m in terms of a/3y^. 


499 Eulers solution .—Kemove the term in ; then we 
have + qa^ + )\v +5 = 0. 


500 Assume x = and it may be shewn that y^, 2 ®, 

and are the roots of the equation 




q- —4.9 ^ r- 

lu * ~ (il 


0 . 


501 The six values of y, z, and thence obtained, are 

restricted by the relation yzu = -^ . 

8 

Thus X = ?/+^ + ?i null take four different values. 
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CO.ALArEXSUllABLE BOOTS. 


502 To find the commensurable roots of an equation. 

First transform it by putting r = into an equation of 

the form .r’‘+/q.r”"'+/> 2 <r’‘"“+ ... +/>„ = B, 

having 7>o= 1, and the remaining cocllicients integers. (1:31) 

503 ^fh is ecpiation cannot have a rational fractional root, 
and the integral roots may bo found by Xewton’s method of 
Divisors (459). 

ddiese roots, divided each by k, will furnish the commen¬ 
surable roots of the oiaginal equation. 


504 Example.—T o find the commensurable roots of the equation 

Dividing by 81, and proceeding as in (431), we find the requisite substitu¬ 
tion to be X = 

The transformed equation is 

,/_o3^*_p^» + 801f/2+lG-2^-5832 = 0. 

The roots all lie between 24 and —34,,by (451). 

The method of divisors gives the integral roots 
G, —4. and 3. 

Therefore, dividing eaeh by 9, we find the commensurable roots of the original 
equatioti to be and 

505 To obtain the remaining roots ; diminish the transformed equation by 
the roots G, —4, and 3, in the following manner (see 427):— 

l_o3_ 9 + 801+ 1G2-5832 

G G- 102-GGG + 810 4- 5832 


1-17- 

111 + 135 + 972 

- 4 + 

84+108-972 

1 -21- 

27 + 243 

3- 

54-243 

1-18- 

81 


The depressed equation is therefnro 

//’ - ISy - si = 0. 

The roots of which arc 9 (1+^2) and 9(1 —n^ 2); and, consequently, the 
incommensurable roots of the proposed equation are I-f y/'2 and 1— v/2. 
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IXCOMMENSUEABLE EOOTS. 


506 Sfi(nn\s Theorem. —freed from equal roots, bo 
divided by/'(./;), and the last di\dsor by the last remainder, 
changhuj the t^lgn of each remainder before dividing by it, 
until a remainder independent of x is obtained, or else a re¬ 
mainder which cannot cliange its sign; then fix), f'{x), and 
the successive remainders constitute Sturm’s functions, and 

are denoted by /(<r), /i(.r), /aOr), &c. 

The operation may be exhibited as follows :— 

/(‘O = '/i/i W -/a (•*'). 
fi (■'■) = (Ufi (‘«') -/s 
= q,fi{.v) 

fm-2 Of) = Qm-lfm-l (-f) ”/» (•»’)• 

507 Note.—A ny constant factor of a remainder may .be 
rejected, and the quotient may be set down for the corres¬ 
ponding function. 

508 An inspection of the foregoing equations shews— 

(1) That fn{x) cannot be zero; for, if it were, f{x) and 
/i (^) would have a common factor, and therefore j (r) would 
have equal roots, by (432). 

(2) Two consecutive functions, after the first, cannot 
vanish together ; for this would make {x) zero. 

(3) When any function, after the fii’st, vanishes, the two 
adjacent ones have contrary signs. 

509 //; X increases, f{x) jiasses through the value zero, 
Sturm^s functions lose one change of sign. 

For, beforetakes the value zero,/(^) and/i (or) Lave contrary signs, 
and afterwards they have the same sign; as may be shewn by making h 
small, and changing its sign in the expansion of+ by (-t-b). 

510 If any other of Sturm's functions vanishes, there is 
neither loss nor gain in the number of changes of sign. 

This will appear on inspecting the equations. 

511 RKsubT.— The number of roots off{x) between a and b is 
cfjjuil to the (lifference in the number of changes oj sign in 
Sturm's functions, irhen x = a and when x—b. 
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512 ( \)K. —The total nuiubur of roots of ,/’(./■) will bo found 

by taking ^ 6 = — oo ; the sign of each function 

will tin'll 1)0 tlio same as that of its first torin. 

AVdicn tlio nuinbor of functions exceeds the degree of f{r) 
by unity, the two following theorems hold :— 

513 If thr frrni.'i in all f/n’ fanrfions, after thejirrtf an‘ 
pofiitirr; all the r(Ktt.'< (ff(<f) are real. 

514 If thejir.st fcrwft are not all jhfsitire; then, for erery 
chanyc ofsiyUj there irill he a of iniayinanj roots. 

For the proof put or = + oo and — oc, and examine the nundjcr of 
changes of sign in each case, applying Descartes’ rule. (416). 

515 lff(. v) has no factor in common with f{e), and if (j* {,e) 
and/(-)') take the same sign when /(,r) = 0; then the rest of 
Sturm’s functions may be found from f(.v) and (r), instead 
of/"(</■). For the reasoning in (oOD) and (510) will apply to 
the new functions. 

516 If Sturm’s functions be formed without first removing 
equal roots from/(.^'), the theorem veiW still give the number 
of distinct roots, without repetitions, between assigned limits. 

For if/ (x) and J\ (x) bo divided by tlieir highest common factor (.see 441), 
and if the quotients be used instead of/(.r) and/j (.f) to form Sturm’s func¬ 
tions ; then, by (515), the theorem will apply to tho new set of functions, 
which will dillcr only from those formed from f (x) and J\ (.t) by the absence 
of the same factor in every term of the scries. 

517 Example. —To find the position of the roots of tho equation 

4.r* + a;* + Gx + 2 = 0. 

Stui-m’s functions, formed according to f (x) = x* —a;*-}- C.r+ 2 
the rule given above, arc here calculated. t\(x)= — 6.r^-|- *+ 3 

The first terms of the functions arc all jfx)— bx^—lOx— 7 

positive; therefore there is no imaginary f^(x)= x— 1 

root. = I- 

The changes of 
sign in the func¬ 
tions, as X passes 
through integral 
values, are exhi¬ 
bited in the adjoin¬ 
ing table. There 
arc two changes of 
sign lost while x 
]Kisses from —1 to 
O, and two more 
lost while X pa.sses 
from 2 to 3. There 


X = 

_2 

-1 1 

0 

11 

o 

3 

4 

./ (») = 

+ 


+ 

+ 

+ 

+ 

+ 

/.(•o = 

— 

— 

+ 

+ 

— 

+ 

+ 

= 

+ 

+ 

— 

— 

— 

+ 

+ 

= 

— 

— 

— 

4- 


+ 

+ 

/•(•»•) = 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

No. of changes ) 
of sign . ) 

, 

4 

o 

o 

o 

0 

0 
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are therefore two roots lying between 0 and —1; and two roots also between 
2 and 3. 

These roots are all incommensurable, by (503). 


518 Fourier s Thcoron. —Fourier’s functions are the fol- 

low-ing quantities f{x), /'(.(■), /'(,r) ./’'(.»’)• 

519 Properties of Fourier’s functions. — As x increases, 
Fourier’s functions lose one change of sign for each root of 
the equation /(tr) = 0, through which x passes, and r changes 
of sign for r repeated roots. 

520 If any of the other functions vanish, an even number 
of changes of sign is lost. 


521 Eesults. —The niimher of real roots of f(x) between a 
and (3 cannot he more than the difference hehceen the number 
of changes of sign in Fourier's functions ivhen x = a, and the 
number of changes ichen x = p. 

522 When that difference is odd, the number of intermediate 
roots is odd, and therefore one at least. 

523 When the same difference is even, the number of inter¬ 
mediate roots is either even or zero. 


524 Descartes’ rule of signs follows from the above for the 
signs of Fourier’s functions, when = 0 are the signs of the 
terms in/(«?); and when x = o^, Fourier’s functions are all 
positive. 

525 Lagrange's method of approximating to the inconi- 

mensurable roots of an equation. 

Let a be tlie greatest integer less than an incommen¬ 
surable root oi fix). Diminish the roots of/(.r) by a. Take 
the reciprocal of the resulting equation. Let b be the greatest 
integer less than a positive root of this equation. Diminish 
the roots of this equation by b, and proceed as before. 

526 Let a, b, c, &c. be the quantities thus determined ; then, 
an approximation to the incommensurable root of f(x) will be 

the continued fraction x = a F t — ^ . 

6 + vF 
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527 Ncfrtoii\- mvthnd of (tpprnA imittion. — U (\ be a qniintity 
a little less than one of the roots of the e(iuation f{.r) = 0 , so 
that f{r^-\-h) = 0; then is a lirst ai)i)roximatiou to the 
value of the root. Also because 



and h is but small, a second approximation to the root will bo 


In the same way a third approximation may bo obtained from 
^ 2 , and so on. 


528 Foifrlcr\^ limitation of Nrii'tons method. —To ensure 
that Cl, C 2 , Cg, &e. shall successively increase up to the value 
Cid-Zi \ntliout passing beyond it, it is necessary for all values 
of X between Ci and Ci + 

(i.) That /(,r) and should have contrary signs. 

(ii.) Thai f(x) and should have the same sign. 



to iv 


Fio. 2. 


Fia. 1. 


A proof may be obtained from the figure. Draw the curve 
y=f[x). Let OX be a root of the equation, and 0X=Ci; 
draw the successive ordinates and tangents AT, FQ, QB, &c. 
Then OQ = Cg, OS = Cg, and so on. 

Fig. (2) rc])resents c., > OA", and the subsequent approxi¬ 
mations decreasing towards the root. 


530 Ni‘Hdon\s Ride for Limit.s of the Root.s '.—Let the co¬ 
efficients of /(</’) be respectively divided by the Binomial 
coefficients, and let Oqj (?i, Ug ••• quotients, so that 
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Let Ai, ^ 2 J ^^ 3 . • • A,^ be formed by the law A^. = r/J— 

Write the first series of quantities over the second, in the fol- 
lo^ring manner :— 

(Iq, Uj, <7.23 . ^/i-l5 

-^^03 Aif A2y /I 3 . Af^. 

Whenever two adjacent terms in the first series have the 
same sign, and the two corresponding terms below them in 
the second series also the same sign; let this be called a 
double permanerLce. ^Vlien tAvo adjacent terms above have 
different signs, and the two below the same sign, let this be 
known as a variation-permanence. 

531 Eule. —The number of double permanences in the asso¬ 
ciated series is a superior limit to the number of negative roots 

The number of variatlon-p)ermanences is a superior limit to 
the number of positive roots. 

The niimher of imaginary roots cannot be less than the 
number of variations of sign in the second series. 


532 S(/lvesters Theorem. — Let f{x-\-\) be expanded by 
(426) in powers of x, and let the two series be formed as in 
NeAvton’s Eule (530). 

Let P (A) denote the number of double permanences. 

Then P (X) - P (^) is either equal to the number of roots 
of/(;t*), or surpasses that number by an eA^en integer. 

Note. —The first series may be multiplied by \ rp , and aauII 
then stand thus, 

re), /“-'(A), Lir-^e), l3/’-»(x)... ij^/(x). 

The second series may be reduced to 

e.(x), G„.ax), 

where G, (X) = {r (X)]^ - '"'ff ’ (X)(X). 


533 lhnmer.s MetJonL —To find the numerical Arabics of the 
roots of an capiation. Take, for example, the ecpiation 

= 0 , 

and find limits of the roots by Sturm’s ^lethod or otherAvise. 







ixco}f}r(:xsrRAi{Li: roots. 


l:i7 


It lias IxH'ii shown in (”>17) that this ocjuation has two 
inconnnonsurablo roots hotwocai 2 and d. 'riu* process of 
calcnlating the least of those roots is hero exhibited. 


-4 

+ 1 

+ 0 


4-2(2414213 

o 

- 1, 

-0 


0 

_2 

— 3' 

0 


20000 

o 

0 

— 0 


-10581 

T) 

-3 

7?, — OooO 

A, 

•IKiOOOO 

o 

1 

not 


-2055830 

o 

luo 

—ISOO 

-b 

12041010000 

o 

i7t; 

1872 


-11 137245184 

, 40 

270 

7/, — 3U210O0 


004301810 

•1. 

i:)2 

081(il 


-5(;0003318 

44 

40 S 

-2055830 


38301-10.8 

4 

2US 

08723 


-28285470 

48 

t\, 070UO 

74 —2887110000 

A 

10075008 

t 

501 

278047Ot 


- 8-185308 

52 

OblOl 

-2850311200 

jj 

1500030 

4 

502 

27805072 



j 500 

08723 

jn, -2831-110221. 



1 

5(;3 

130018 

282843 ) 1500030 ( 562372 

501 

C. 002H(;u<) 

—28300lt;7.1. 


141 1215 

1 

22570 

130070 

28284) 17i;il5 

5G2 

O'Jol 170 

74 -2828(11704 


100700 

1 

22502 

700 

2828) 

(wOO 

503 

^073708 

- 28285470 


5057 

1 

22008 

700 

282) 1052 

, 5040 

C\ 0000370 

7?„ -28281770 


8-18 

4 

11 

21 

o 

8) 204 

5044 

00074. 

-2828150 


107 

4 

11 

21 


2) 7 

5(>48 

00085 

7?. -2828435 


5 

4 

1 1 



o 

5052 

C\ 00000 




4 

0^ 7 




j 5,050 



Root = 2-4M213502372. 


^[kthop.—D lminisli tlic roots by 2 in tlic manner of (127). 

The resulting eoeffieionts arc indleated bj’ ^1,, 7?,, t',, /^,. 

By Newton’s rule (527), “ ’’ that is, -is an approximation to 

llie remaining pari of the root. Tliis gives '3 for llie next figure; ‘t will bo 
found to lie the eorreet one. The highest tigiire must bo taken which will 
not change the sign of ,1. 

Diminish the roots by 4. This is aeeomplished most easily by atlixing 
ciphers to .1,, 7/,, ('„ 7>j, in the manner shewn, and then ein]>loying 4 instead 
of -4. 

Having obtained .^-l.., and observing that its sign is +, retrace the step.s, 

T 
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trying 5 instead of 4. This gives ^1., with a minus sign, thereby proving the 
existence of a root between 2 4 and 2’5. The new cootheieuts are A.,, iio, Ca, JU^. 


A., 

JJ, 


gives 1 for the next figure of the root. 


Affix ciphers as before, and diminish the roots by 1, distinguishing the 
new coefficients as Ag, D^. 

Note that at every stage of the work A and B must preserve their signs 
unchanged. If a change of sign takes place it shews that too large a figure 
has been tried. 


To abridge the calculation proceed thus:—After a certain number of 
figures of the root have been obtained (in this example four), instead of 
adding ciphers cut off’ one digit from B^, two from and three from 
This amounts to the same thing as adding the ciphers, and then dividing 
each number by lUOOO. 

Continue the work with the numbers so reduced, and cut off* digits in like 
manner at each stage until the D and C columns have disappeared. 

A~ and B^ now alone remain, and six additional figures of the root are 
determined correctly by the division of A^ by Bj. 

To find the other root which lies between 2 and 3, we proceed as follows :— 
After diminishing the roots by 2, try G for the next figure. This gives A^ 
negative; 7 does the same, but 8 makes A .2 positive. That is to say, /(2'7) 
is negative, and/(2'8) positive. Therefore a root exists between 2‘7 and 
2‘8, and its value may be approximated to, in the manner shewn. 

Throughout this last calculation A will preserve the negative sign. 
Observe also that the trial number for the next figure of the root given at 

each stage of the process by the formula — will in this case be always 

/ (^) 

too great, as in the former case it was always too small. 


SYMMETRICAL FLXCTIOXS OF THE ROOTS OF 
AX EQUATIOX. 


XoTATiox.—Jj('t a, h, r ... be the roots of the equation 

/(.'■) = 0. 

Let denote td" + , the sum of tlie powers of 

the roots. 

Ijet p denote ... through all the 

permutations of the roots, tAVO at a time. 

Similarly hd denote rd", taking all 

the ])ermutations of the roots three at a time; and so on. 
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534 sr}fs or Till: /y)H7;/.’.s' or Tin: hoots. 

■where m is less tliaii //, tlie degree 

Obtaiiicil by cxpandinnf by dlvusion cacli term in tbo vnliie ofy (r) r^iven 
at (to’J), nrram^ini' the \vli( 3 lo in powers of.?, and (•(piatiii!'coellieients in llie 
result and in tbo value of/"'(.r), found by diHerentialioii us in (l‘-lj. 

535 If he greater than /i, the fornnila will he 

••• +7b.'S;/ H = 

Obtained by multiplyinj? l^J substituting for .r the roots 

a, h, c, Ac. in succession, and adding the results. 

lly these formula) if,, . 9 .^, ffj, &c. ma}' be calculated successively. 

536 To find the snni of the negative powers of the roots, ])nt 
m etjnal to )i — l, )i — 2, ?? —3, See. succe.soively in (o3.j), in 
order to obtain s‘_. 2 , .s‘_ 3 , I'isc. 


537 To calcnlate .s,* independently. 

Utle : = — r X (’(trljirit'iit of in iho <■ qinn.'^iun of 

log in (Ictycrmiiioj j>oii:cr.s of ,r. 

Proved by taking /(a;) = (.r—a) (.r — &) (.r —c) . , dividing by .r", and 
expanding the logarithm of the right side of the equation by (lea). 


538 SYMMETinOAL ITXnTOXS WJIini ATir 

xoT 7YMi7';/i'N or Tin: uoinr. 

These arc expressed in terms of the sums of ])Owers of 
the roots as under, and thence, hy (53 1 ), in terms of the roots 
explicitly, 

•v. 

539 i + 7 < 

3’he last e<pr.tion Jiiay he ]n*oved hy mid-iplxing -s., hy 
and ( xj) iiisions of other s\inm«t(i'.d futietion.^ iu.i\ he 
obtained in a siniil ir way. 

540 If </>(-<■) he a I'ational integi’al fmielion f)f then the 
symmetrical function of the roots of /(•), denoted hy 
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</) (a)+<^ (/0+«/> + is equal to the coefficient of in 

the remainder obtained by dividing (p (.^’)/(''') ^j/W* 

Proved by multiplying the equation (432) by ^7 tlieorem (401). 


541 To find the equation whose roots are the squares of 
the differences of the roots of a given equation. 

Let be the given equation, and the sum of the 
powers of its roots. Let/(r) and .sv have the same meaning 
with regard to the required equation. 

The coefficients of the required equation can be calculated 
fi’om those of the given one as follows :— 

The coefficient}^ of each- equation may he connected tcith the 
sums of the iioicevs of its roots hy (534); and the sums oj the 
qiowers of the roots of the two equations are connected hy the 
formula 

542 26V = S.2So,._2--... + ^**^2,.. 

Rule.— 2,s',. is erqual to the formal eaqmnslon of hy 

the Binomial Theorem, with the first and last terms each mul¬ 
tiplied- hy n, and- the indices all chanqed to suffixes. As the 
equi-distant terms are equal we can divide by 2, and take half 
the series. 

Demonstration.—L et a, h, c ... be the roots of F(x). 

Let 0 (.r) = (x—ay’'-\-(x-h)-’'A- .(t) 

Expand each term on the right by the Pin. Theor., and add, substituting 
>S\, S.^, &c. In tlie result change x into a, b, c ... successively, and add the n 
equations to obtain the formula, observing that, by (i.), 

</) (a) + 0 (&) + ... = 2.S.. 

If n be the degree of F{x), then ln{n — l) is the degree 
oifO). " By 

543 '1 'lio last term of tlio equation = 0 is cqnal to 

n’‘F{,.)F{(i)F{y)... 

■\vlicrc a, fi, y, ... are tlic roots of /'"(■')• Crovecl by shewing 
that F' (e) F'{h) ... = F‘ /•'(«) F (/3) ... 

544 If B [x) has negative or imaginary roots,/(-t) must 
have imaginary roots. 
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545 Tlie sum of tlio powt'rs of tlie roots of the (piad- 

ratic cHiuation j“—p./ +7 = 0. 

o , )n ()n —il) „,_4 .> 

•<,» = /<” — «'/' '<! + —^5- - /' '/-••• 

^ ^ I) ■■■ (».-L>r+l_) 

l]y (''>3“) expanding tbc logarithm by (130). 


546 sum of tlie pOAvcrs of tlie roots of .c” — 1 — 0 

is // if )n be a miilti})le of n, and zero if it be not. 

13y (">d7); expanding the logarithm by (IbO). 


547 If 0(,') = rt„ + rti..- + rti.r + &c.(i-). 

then the sum of the selected terms 

a,..'-” + + &c. 

mil bo .v= -h [a’'-"'^(a,i)+y8'-’”<^(j8() + y'-”(^(r.(’) + ctc.} 

where a, /3, y, &c. are the roots of unity. 

For proof, multiply (i.) by and change x into a.c; so with />, y, etc., 
and add the resulting ccpiations. 


548 approximate to the root of an equation by means of 
the sums of the powers of the roots. 

13y taking m large enough, the fraction will approx- 

iraate to the value of the uumericall}" greatest root, unless 
there be a modulus of imaginary roots great it than any real 
root, in Avhich case the fraction has no limiting value. 

549 Similarly the fraction approximates, as jii 

increases, to the grrt/fr.'^t jirndurf of any ])air of roots, rc'al or 
imaginary; excepting in the case in which the product of the 
pair of imaginary roots, tliough less than tin' ])roduct of the 
two real roots, is greater than the sijuare of the least of them, 
for then the fraction has no limiting value. 
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550 Similarly tlie fraction approximates, 

as m increases, to the snm of the two numerically greatest 
roots, or to the sum of the two imaginary roots with the 
greatest modulus. 


EXPAXSIOX OF AX IMPLICIT FUXCTIOX OF <r. 


Let //“(Ai-''+)+//(LV'‘+)+...+/(Scr'+) = 0.(1) 

be an equation arranged in descending powers of y, the co¬ 
efficients being functions of x, the highest powers only of x 
in each coefficient being written. 

It is required to obtain y in a series of descending powers 
of X, 

First form the fractions 


a — h a—c a — d 
a —a — y a — S 


a—s 
a — <T 


( 2 ). 


Let - = t 

a — n 


be the greatest of these algebraically^ or 


if several are equal and greater than the rest, let it be the 
last of such. Then, with the letters corresponding to these 
equal and greatest fractions, form the equation 


AiU+ . +KiU = {) .(:3). 


Each value of in this equation corresponds to a value of //, 
commencing with kxK 

Next select the greatest of the fractions 


..( 1 ). 

K — A K — JX K — cr 

/* - 'i'h f 

lict — ' = f/ be the last of the greatest ones. Form 

K —V 

the corresponding equation yvbP+...= 0 .(5). 

Tlien each value of n. in this equation gives a convsponding 
value of y, commencing with u./. 
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Vrocei'il in this way until the last fraction of the series (2) 
is reached. 

To obtain the second term in the expansion of y, put 

.'/ = (') . (•'). 

cinploviiig the differont values of », and again of t' and u, t" 
ami io i^'c. in succession; and in each case this substitution 
will produce an eijuation in // and -c similar to the original 
ecpiation in //. 

Eepeat the foregoing process with the new ccpiation in y, 
observing the following additional rule :— 

Wln'H all the valnes of t, t\ hare hmi ohtainrd^ the 

neaatice ones onhi aiiist be eniplotfed in formhuj the eqaation.'i 
inn. ' (7). 

552 To obtain // in a series of ascending powers of <r. 

Arrange equation (1) so that o, (3, y, &c. may be in as- 
ceuding order of mag*nitude, and a, r, &c. the loicest poAvers 
of .r in the respective coefficients. 

Select /, the greatest of the fractions in (2), and proceed 
exactly as before, Anth the one exception of substituting the 
word 2 ^osi ti re for nega tire in (7). 


553 Example. —Take the equation 

It is required to expand y in ascending' powers of x. 

The fractions (2) arc — ^ ^ ^ ; or 1, 1, and f. 

The iirst two being equal and gi’catcst, wc hav'C /= 1. 

The fractions (4) reduce to — ^^ = i = 


Equation (3) is 
which gives 

liquation (o) is 
and from this 


1 -}-3 u “■ *1-a' 0, 

7/= 1 and — with / = 1. 
— 7r’ = 0, 

71 = 0 and — with t'— 


Wc have now to substitute for y, according to ((•), cither 
a5(-i + y,). or . I* (—d+ >/,). 

Put y = X (! + ?/,), tlic first of these values, iii the original equation, and 
arrange in a.secnding powers of y, tliua 

-4:c* + (-5.r» + )y,-f- (-4.0^ + )//; - " A! = 

The lowest power only of .r in each coellicient is here written. 
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The fractions (2) now become 

_4_3 _4-8 __4-5 _^5 _4-5, 

0-1’ 0-2’ 0-3’ 0-4’ 0-5’ 

or 1, h —h —T* 

From these 1, and equation (3) becomes 

—4—5^ = 0; w = — f. 

Hence one of the values of is, as in (0), yi = x (“y + ^/a)- 
Therefore 2/ = ^{1- + *(~t + ?/ 2 )} = aj—... 

Tims the first two terms of one of the expansions have been obtained. 


DETERMINANTS. 


554 Definitions. —The determinant 


(h ff-z 


is equivalent 


h fh 

to aJj-^—dobi, and is called a determinant of the second order. 
A determinant of the third order is 


fh (fz (Is 


«1 {hiCi—bsC.^) + (h{b3Ci—biCi) + (i3{b^Ci-b.j,i\). 


/>! b^ />3 

Cl Cg C3 

Another notation is 2 ± fq/> 2 C 3 , or simplj {(ijhc.^). 

The letters are named constituents, and the terms are 
called elements. The determinant is composed of all the 
elements obtained by permutations of the suffixes 1, 2, 3. 


The coefficients of the constituents are determinants of 
the next lower order, and are termed minors of the original 
determinant. Thus, the first determinant above is the minor 
of ^3 in the second determinant. It is denoted by G^. So the 
minor of fq is denoted by Ai, and so on. 


555 A determinant of the order may be written in either 
of the forms below 


Hi 

(1.2 ., 

.. (1,. . 

.. (tn 


((u 

((iz .. 

. (tir .. 

.. ((in 

b. 

b.2 . 

.. b, . 

.. b. 


((zi 

((zz •• 

. .. 

,. (l.2a 




or 






fz . 

.. /,. . 

.. fn 



(t.,i .• 

.. ((ji). 

.. (tnn 


In the latter, or double suffix notation, the first sullix indicates 
the row, and the second the column. Tdie former notation 
will be adopted in these pages. 
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A Composite (Jrfrrminnvf is ono in which the n., I 

nninbcr of colninns oxcccmIs tlic number of I’ows, h., />, | 

and it is written as in tlie annexed example. 

Its value is the sum of all the determinants obtained by taking 
a number of rows in every p(^ssible way. 

A Simple ih'trrminunt has sino-le terms for its constituents. 

A CiniijmumJ (lefrrminanf has more than one teian in some 
or all of its constituents. See (o70) for an exam[)le. 

For th(' definitions of Sj/miaefrical, Jlertprnrtil^ Part nil, 
and Complcmcntarn determinants; see (574), (575), and (57t)). 


(irneml T/irort/. 

556 The number of constituents is iv. 

The number of elements in the complete determinant is 


557 The first or leading element is ... Any 

element may be derived from the first by permutation of the 
suffixes. 

The sign of an element is ov — according as it has 
been obtained from the diagonal element by an even or odd 
number of permutatious of the suffixes. 

Hence the following rule for determining the sign of an 
element. 

lluT.E.— Take the miffi.res in order, and put them hack to 
their j)Iaee,<i in the JlrM eleni '^)!. Let m be the vdiole nnmher 
of places passed, over; then (—1)™ ndll give the sign rerjnired. 


Ex.—To find the sign of the element of the determinant 


(«i Z>2 <?3 d^ e^). 

iMovc the suffix 1, three plnces... 

„ „ 2, three places... 

„ „ 3, one place 

In all, seven places; therefore (— 1)^ = — t 


^3 

... 14 3 r, 2 

...1 2 4 3 5 

... 1 2 3 4 5 

gives the sign reqnireil. 


558 If two suffixes in any element be trans[)osed, the sign 
of the element is changed. 

Half of the elements are plus, and half are minus. 


559 T he elements are not altered by changing the rows into 
columns. 

If two rows or columns are transpo.sed, the sign of the 

u 
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determinant is changed. Because each element changes its 
sign. 

If two rows or columns are identical, the determinant 
vanishes. 

560 If all the constituents but one in a row or column 
vanish, the determinant becomes the product of that con¬ 
stituent and a determinant of the next lower order. 


561 A cyclical interchange is effected by oi—l successive 
transpositions of adjacent rows or columns, until the top row 
has been brought to the bottom, or the left column to the 
right side. Hence 

A cyclical interchange changes the sign of a determinant 
of an even order only. 

The row may be brought to the top by r—1 cyclical 
interchanges. 


562 If each constituent in a row or column be multiplied 
by the same factor, the determinant becomes multiphed by it. 

If each constituent of a row or column is the sum of m 
terms, the compound determinant becomes the sum of m 
simple determinants of the same order. 

Also, if every constituent of the determinant consists of 
m terms, the compound determinant is resolvable into the sum 
of simple determinants. 


563 To express the minor of the row and column as 
a determinant of the 7i — V^ order. 

Put all the constituents in the row and column equal 
to 0, and then make r—1 cyclical interchanges in the roAVS 
and k~l in the columns, and multiply by ( — 


564 To express a determinant as a deter¬ 
minant of a higher order. 

Continue the diagonal Avith constituents 
of “ ones,” and fill up Avith zeros on one side, 
and Avitli any quantities Avhatever (o, /3, y, &c.) 
on the other. 


1 0 0 0 0 
a 1 0 0 0 
Ben h 
y Ui b f 

S 7) g f C 
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565 The sum of the products of each constituent of a 
cohimn by the corresponding minor in another ^iven column 
is zero. And the same is true if we read ‘row’ instc^ad of 
‘ column.’ Thus, referring to the determinant in (55o), 

Taking the and 7 ^*' columns, Taking the a and e rows, 
fipA^+h^Bg+.., + lpLq = 0. </iC\+ 

For in cacli case we have a dctcmiinaut with two coluiaiis idciiticai. 


566 Ill any row or column the sum of the products of each 
constituent by its minor is the determinant itself, d hat is, 

Taking the j/’' column. Or taking the c row, 

UpAp+bpnp+.^. + lpLp = A. c,C,+c,C,+ .^-+CnCn = 


567 


The last equation may be expressed by '^('pCp — A. 


Also, if i^ipCg) express the determinant 


then 


2 Avill represent the sum of all the determinants 01 the 

second order which can be formed by taking any two cohimiis 
out of the a and r rows. 'J’he minor of (u^, Cg) may be written 
(Ap, Gg), and signifies the determinant obtained by suppress¬ 
ing the two rows and two columns of Op and Cg. Thus 
A = S {Up, Cg) {Ap, Cg), And a similar notation when three or 
more rows and columns are selected. -■ 


568 Aiiah/.sh of a detenoinant. 

IlcLE. —To rcs^oh'c into its elements a determinant oj the, 
order. dJ,qiress it as the snni of n determinants of the 
order by ( 5 G 0 ), and repeat the jirucess with each oj 
the new determinants. 


Example : 


rtj rtj 1 

1 = a, h, h, h^ 

— a. 

K W h 

+ «3 

h^ h, h. 

— a J 5, h, h. 

61 h, 64 

1 '’a ^3 


<•3 '*! 


I ‘*1 ^3 

I <‘i <*i ^3 

c, Cl c, 

1 d., d, J, 


d, d, d, 


1 d^ d, d. 

1 dj (/j d. 

f/j (/j cl^ (/, 








Again, 


/)j 

Cl c, c, 
Jj rfj 


= t>i ' <*1 I + <’3 '*» + ^'3 ‘*1 ! 

. cl, ih 1 I 'h i ' ‘'1 ‘G I 


and so on. In the first series the determinants liavc alternately plus anil 
minus signs, by the rule for cyclical interchanges (501), the order beinge\en. 
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569 Si/ntlicsh of a dcteroiinant. 

The process is facilitated hj making use of two e\ddent 
rules. Those constituents which belong to the row and 
column of a given constituent u, wil) be designated “ rds con¬ 
stituents.” Also, two pairs of constituents such as Cq and 
ciq, Cj,, forming the corners of a rectangle, will be said to be 
“ conjugate” to each other. 

Kule I.— Xo constituent will he found in the same term 
ivlth one of its own constituents. 

Eule II.— The conjugates of any two constituents a and h 
will be common to as and b’s constituents. 

Ex.—To write the following terms in the form of a determinant: 
a hcd hfijl + +1 edfA- cghp +1 tt/i r+ 

—fhp r—ahlr—acid — 1 fhj — hdf — efhl — cedp. 

The determinant will be of the fourth order; and since every term must 
contain four constituents, the constituent 1 is supplied to make up the 
number in some of the terms. Select any term, as abed, for the leading 
diagonal. 

Kow apply Rule I., 

a is not found with g,p, 0...(1). c is not found with /,/, I, r, 1, 0...(8). 

h is not found with e, h, A,p, 1,0 ..(2). dis not found with y, /i,/;,?,r,0...(4). 

Each con.stituent has 2 (w—1), that is, 6 con.stituents belonging to it, since 

It, =?'4. Assuming, therefore, that the above letters are the constituents of 
«, h, c, and d, and that there are no more, we supply a sixth zero constituent 
in each case. 

Xow apply Rule 11.—The constituents common 

to a and b are e, p ; to a and c — /,/; to b and c—1, 0 ; 

to u and d — g, 0 ; to b aud d —A, A, 0 ; to c and d —/, r, 0. 

The determinant may now be formed. The diagonal 
being abetf ; place e, p, the conjugates of a and b, either as 
iu the diagi'aui or transpf)scd. 

Then / aud /, the conjugates of a aud c, may be written. 

1 and 0, the eoiijugates of b and c, must be placed as indicated, beeauso 
1 is one of p’s constituents, .since it is not found iu any term u ith p, aud 
must therefore be iu the second row. 

Similarly (he ])Iiices of g and 0, and of I and r, are assigned. 

In the case of b and d we have /(, h, 0 from which to choo.se the two 
conjugates, but. wc see that 0 is not one of them because that would as.sigu 
two zero constituents to b, whereas b has but one, which is already placed. 

Ry similar reasoning the ambiguity in selecting the conjugates /, r is 
removed. 

The fori’going method is rigid in the caso of a complete determiuaut 


a e f g 

p b i h 

f 0 c r 

b 1i I d 
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having iliilerent constitjieiits. It boeoines iincc*rtain when the zero con- 
btituents iiiereuso in number, aud wlieu several eonstitneuts are ideiitieul. 
IluL even then, in the majority of eases, it will soon atlord a duo to tho 
required arrangement. 


570 rnoDrcT of tuv dftffmixaxts of 

rUF «"• OFDFAl. 


in 


(Q) 


in 


a., ... t/„ 


tti OL, ... a„ 

= 

A, A, ... A„ 

bi b.y ... b,^ 


/Bi ... 


/A /A ... lA. 

e 4 ... 4 


Xj x.... 


Li L.> ... 

•allies of -1,, 


... L, in i . 

4 = 

Oi ai-l-t/2 o-jH- . • • 


tlic first columii uf 
iicxed. For tho second column 
Avrite //s in the place of tds. 
For the third column write c*’s, 
and so on. 


Li ... 


For proof substitute the values of dj, Z»i, t^c. in the determinant *S, and 
then resolve into ihe sum of a number of determinants by (at»2), aud uoto 
the determinants which vanish through having identical columns. 


lU'LE. —To farnt the ilctcrnihuuit S, which is tJie pvodnei of 
two d(‘tcrf}Llnant.< P oud Q. First connect by pins siyns the 
cun.^tltncnts In the rows of both the determinants 1* and Q. 

Foic place the first row of P upon each row oj Q. in tnniy 
and let each tiro runstltncnfs as they touch become products. 
This Is the first column if S. 

perform the same operation njfon Q with the second rote (f 
P to obtain the second column of S; and ayaln with the third 
roir of P to obtain the third column of S, and so on. 

571 If the number of eoliimns, both in P and Qj be ?i, and 
the number of rows r, and it* n be >/*, then the determinant 
found in tlie saint' way fr.im P anti eipial to the sum 

of the r) products of [irirs of tleterniinants obtained by 

taking any r columns out of P, and the corresponding r 
columns out of Q. 

But if n be < r the determinant S vanishes. 


For in that case, in every one of the component determinants, there will 
be two culumns ideutical. 
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572 The product of the determinauts P and Q may be 
formed in four ways by changing the rows into columns in 
either or both P and Q. 


573 Let the following system of n equations in XiX.^ ... x„ 
be transformed by substituting the accompanying values of 
the variables, 


«i.n+«2‘*’2+— +«»■!’» = 0, 
ii.ri+Z>2a’3+...+6„.»’„ = 0, 

.t'l = 01^1+0212+. 

.t’. = Afl + /3.f2+...+A.?n, 

h a’i+ Z 2 ‘^2+ • • • + 

^2+ • • • + 


The eliminant of the resulting equations in Ki ^2 ... is 
the determinant 8 in (570), and is therefore equal to the 
product of the determinants P and Q- The determinant Q is 
then termed the modulus of transformation. 


574 A Si/m metrical determinant is symmetrical about the 
leading diagonal. If the i^’s form the row, and the iT’s 
the row; then Uj, = throughout a symmetrical deter¬ 
minant. 

The square of a determinant is a symmetrical determinant. 


575 A Reciprocal determinant has for its constituents the 
first minors of the original determinant, and is equal to its 
1^^ power; that is. 



(h ... a^ 


ll ... In 


Proof. —^Multiply both sides 
of the rqnation by the original 
determinant {o^h). Tlie con¬ 
stituents on the left side all 
vanish excepting the diagonal 
of A’s. 


576 Partial and Complementari/ determinants. 

If r rows and the same number of columns be selected 
from a determinant, and if the rows bo brought to the top, 
and the columns to the left side, without changing their order, 
then the elements common to the selected rows and columns 
form a Partial determinant of the order r, and the elements 
not found in any of those rows and columns form the Com¬ 
plementary determinant, its order being n—r. 

















DETEIfMINANTS, 


ir>i 


Kx.—Let the selected rows from the determinant bo the 

second, tliird, and fifth ; and the selected columns be tlie third, fourth, and 
fifth. The original and tho transformed determinants will bo 




«8 

«4 

and 

h 

5 * 

h : 


h 

5 . 

h. 

h 


h 


<^8 

C4 



c.a 


c, 




^8 

64 


^1 


<?, 

t/j 


ch 


«3 

a^ 





c. 

^8 

<*4 




f ?4 





The partial determinant of the third order is and its comple¬ 

mentary of the second order is (< 11 ^ 2 )- 

The complete altered determinant is plus or minns, according as the 
permntiitious of the rows and columns arc of the same or of dillercnt class. 
In the example they are of the same class, for there have been four trans¬ 
positions of rows, and sLx of columns. Thus ( —= gives tho sign 
of the altered detei-minant. 


577 TuEOhEit.—A partial reciprocal determinant of the 
order is equal to the product of the r—1^^ power of the 
original determinant, and the complementary of its corres¬ 
ponding partial determinant. 

Take tho last determinant for an example. Here n=5, r=3 ; and by tho 
theorem, 

0, c, c, 

E, 

Proof. —Raise the Partial Reciprocal to the original order five without 
altering its value, by (5G4); and multiply it by A, with the rows and 
columns changed to correspond as in Lx. (57C) ; thus, by (570), we have 


i ?8 E, R 5 ^2 


h h h 

h K 

= 

A 0 0 5, 

t ^8 t/’i Oj Oj O 3 


Cb C 4 Cb 

C, Cj 


0 A 0 C| Ca 

E, E, E, E, E, 


^8 ^4 ^6 



0 0 A Cj e. 

0 

0 

0 

0 


a, a^ Uj 



0 0 0 0,03 

0 0 0:0 1 


d, d, d. 

1 d^ ^2 


0 0 0 da 


578 T'he product of the differences between eveiy pair of n 
quantities ... 

("l ———" 4 ) — («! — «») 

X («2 —« 3)(«2 —« l ) ... («2 —"«) 

X(«3—«,)...(«3 —"») 

X 

Proof. —The determinant vanishes when any two of the quantities aro 



= AM ai Ua where R, O’, E are tho 
j ^ j j respective minors. 
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equal. Therefore it is divisible by each of the factors on the left; therefore 
by their product. And the quotient is seen to be unity, for both sides of the 
equation are of the same degree; viz., — 1 ). • ‘ 


579 The product of the squares of the| _ 
differences of the same n quantities ~ 


Proof. —Square the determinant in (578), and 
write Sy for the sum of the powers of the roots. 


So Sj ... 

Sj ^2 ... S,j, 


••• ^2»-2 


580 With the same meaning for Sg-*-? same deter¬ 
minant taken of an order r, less than n, is equal to the sum 
of the products of the squares of the differences of r of the n 
quantities taken in every possible way; that is, in G {n, r) 
ways. 

Ex.: I 5 o 5 J = (aj - a^y + (a^ - ^ 3 )^ + &c. = 2 (a^ - a^y, 

I Si S 3 I 

Sq Si S 3 — 2 (ai-a2)®(^ri—a3)^(«a — ^s)^- 

Sj S 2 Sg 

S2 S3 S4 

The next determinant in order 

= 2 (c^i — (^4y (%—%)’ (« 2 —® 4 )^ (^* 3 —^ 4 )^* 

And so on until the equation (579) is reached. 

Proved by substituting the values of S 3 ... &c., and resolving the deter¬ 
minant into its partial determinants by (571). 


581 The quotient of 

/>o “h 

is given by the formula 
where 


-^+.. 

. + a,ev^-^+ 





0 

0 . 

. (fo 

»1 f>0 

i) . 

. (ti 

'2 fh 

^>0 . 

. (l-i 

ff. 

^r-2 • 

. bid,. 


Proved by Induction. 
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582 Solution of n llnrar (‘filiations in n variables. 

The equations and the values of the variables are arranged 
below: 

aid\-\-a2.V2+ + = fi, a\A = ylifi +/A ^2+••• + ^^ifn 

5ia’i+52a2+-.«**’ 2 ^ = ••• + 




.vA = aj,+ju,+ ...+lj„ 


where A is the determinant annexed, and y/i, B^, 
&c. are its first minors. 

To find the value of one of the unknowns x^. 


«i ... (tn 



ItULE. —Multiply the equations respectively by the minors 
of the r^'^ column^ and add the results, x^ will be equal to the 
fraction ivhose numerator is the determinant A, with its 
column replaced by ^2 ... and lohose denominator is A 
itself. 


583 If £2 £n ^ vanish, then Xi, x^ ... x„ are in 
the ratios of the minors of any row of the determinant A. 
For example, in the ratios C\: I C 3 : ... : C„. 

The eliminant of the given equations is now A = 0. 


584 Orthogonal Transformation. 

If the two sets of variables in the n equations (582) be 
connected by the relation 

+ ^’2 + ... + . r ; =^1 + ^2 + ••• + . 

then the changing from one set of variables to the other, by 
substituting the values of the £’s in terms of the x's in any 
function of the former, or vif'e versa, is called orthogonal 
transformation. 

When equation (1) is satisfied, two results follow. 

I. The determinant A = ± 1. 

X 
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II. Each of the constituents of A is equal to the corre¬ 
sponding minor., or else to minus that minor according as A is 
positive or negative. 


Proof. —Substitute the values of ^2 ••• terms of ... Xn in 
equation ( 1 ), and equate coefficients of the squares and products of the new 
variables. We get the equations 


aj + 62 + = n 

a^ay + 6361 -f = 0 ^ 

ci^ay "b "h — 0 

ajOj + hyh^ + = 0 

+ 6 ^ + = 1 

-b ts&s + = 0 

ajttj + 6163 -b = 0 

■ OjOj + + = 0 

' + ^3 + = M 

i .!. 

+ t)yhn h = 0 > 

a 2 a„ -f t).yhn -b = 0 - 

/ a^an -b h^bn -f = 0 / 


Also A = 


ttyhy ... ly 
(Xp)i^ ... ?2 


aj)n ...In 


Form the square of the determinant A by the 
rule (570), and these equations show that the 
product is a determinant in which the only con¬ 
stituents that do not vanish constitute a diagonal 
of ‘ones.’ Therefore 

A'-^ = 1 and A = dt 1. 


Again, solving the first set of equations 
for ay (writing aj as ajai, &c.), the second 
set for ttj, the third for aj, and so on, we 
have, by (582), the results annexed; which 
proves the second proposition. 


ay^ — Ay -i-.d 30 + dis0+= .dj 
OjA = + 'i-.d 30 +=.d 2 

OgA = Ai0 + d20+.d3 -j-=A3 

&c. &c. 


585 Theorem .—The — power of a determinant of the 
n^^ order multiplied by any constituent is equal to the corre¬ 
sponding minor of the reciprocal determinant. 

Proof. —Let p be the reciprocal determinant of A, and /3,. the minor of 
in p. Write the transformed equations (582) for the a;’s in terms of the Ts, 
and solve them for 4- Then equate the coefficient of x^ in the result with its 
coefficient in the original value of ^ 2 - 

Thus p^a = A (/3ia;i + ...+/3,.a:,.+ ...), and I, = •••+Mr+••• ; 

... A/3, = p5, = A«-> 6 , by (575); .*. = A”-^ 6 ,. 


586 To eliminate x from the two equations 

ax'"" + + c.r”*+ = 0 . (1)> 

aV+//a*”"^+c'cr"-^+... = 0 . (2). 


If it is desired that the equation should be homogeneous 
in X and y ; put — instead of £C, and clear of fractions. The 

y . . 

following methods will still be applicable. 
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1. Hczout's Method .—Suppose m > n. 

Rule. —Bring the egnatiom^ to the same degree hy multi- 
'plying (2) hy a;”*"”. Then multljdy (1) hy a\ and (2) hy a, and 
suhtract. 

Againy multiply (1) hy ax-{‘h\ and (2) hy (ax-\-h)i and 
subtract. 

Agaluy multiply (1) hy + + OjIuI (2) hy {ax^-\-hx-jrc)y 

and suhtract, and so on until n equations have been obtained. 
Each luill he of the degree m—\. 

Write under these the m—n equations obtained hy mnlti- 
plying (2) successively by x. The eliminant of the m equations 
is the result required. 

Ex.—Let the equations bo ( aX'-]rt>x^-\-cx^A-dx^ + ex-\-f-= 0, 

( ax^-\-h'x^ + cx -\-d' = 0 . 

The five equations obtained by the method, and their eliminant, by (5S3), 
are, writing capital letters for the functions of a, 6 , c, d, e,/, 




A, B, C. A 

yljo;* + — 0 


A^ Z?3 Oj B^ E^ 

A^x* + I?5.r® + + B^ + Ei = 0 

and 

dj B^ Oj Dj Lj 

a x^-\-b'x^ + c x^-]-d' X =0 


a b' c d' 0 

a x^+h'x^-^c x-\-d' =0^ 


0 a V c d' 


Should the equations bo of the same degree, the eliminant will be a sym¬ 
metrical determinant. 


587 II- Sylvester s Dialytic Method. 

Rule. —Multiply equation (1) successively hy x, 71—1 times; 
and equation (2) m —1 times; and, eliminate x from the m-\-n 
resulting equations. 

Ex.—To eliminate x from a,i’ + 6 x* + ca: + d = 0 I 

pa: 4- 5‘C + r = 0 I 

The m + n equations and their eliminant are 


pa:* -\-qx-\-r = 0 


0 0 p 7 r 

fx^ -\-qx^ A-TX = 0 


0 p 7 r 0 

2 )a:*-H 5 a:* + ra:^ = 0 

and 

p 9 r 0 0 

aa:* 4- 6^* + + d = 0 


0 a b c d 

aa:* 4 - 6 a;*-bear 4-da: = 0 


a b c d 0 
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588 III. Method of elimination hij Symmetrical Functions. 

Divide the two equations in (586) respectively by the 
coefficients of their first terms, thus reducing them to the 

forms f (cr) = tV”" + /?i... + = 0 , 

<^(cr) + + ... + 7 n = 0 . 

Eule.— Let a, b, c ... represent the roots of f{x). Form 
the equation (p (a) </> (6) <p{c) ... ~ 0. This will contain sym¬ 
metrical functions only of the roots a^ h, c ... . 

Express these functions in terms of jh, p 2 ••• % (538), ^*c,, 
and the equation becomes the eliminant. 

Reason of the rule.—The eliminant is the condition for a common root of 
the two equations. That root must make one of the factors (p (a), <p (b) ... 
vanish, and therefore it makes their product vanish. 

589 The eliminant expressed in terms of the roots a, hjC ... 
of/(^r), and the roots a, /3, y ... of (p (x), will be 

(a-a) (a-/3) {a-y) ... {h^a) (i-jS) (b-y) ... &C., 

being the product of all possible differences between a root of 
oue equation and a root of another. 

590 The eliminant is a homogeneous function of the co¬ 
efficients of either equation, being of the degree in the 
coefficients of f{x)y and of the ?? 2 -^‘Vlegree in the coefficients 
of cp (x). 

591 The sum of the suffixes of j? and q in each term of the 
eliminant = mn. Also, if p, q contain 2 ; if jn, q^ contain ; 
if 2h) % contain and so on, the eliminant will contain s”"*. 

Proved by the fact that p,. is a homogeneous function of r dimensions of 
the roots a, 6, c ..., by (406). 

592 If the two equations involve x and y, the elimination 
may be conducted with respect to x ; and y will be contained 
in the coefficients p.^ ..., q^, q 2 ••• • 


593 Elimination by the Method of Iliy;he.st Common Faetor. 

Let two algebraical equations in x and y be represented by 
J = 0 and B = 0. 




ELIMINATION. 
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It is required to eliminate x. 

Arrange y/ and 7/ according to descending powers of 
and, liaving rejected any factor which is a function of ?/ only, 
proceed to find the Highest Common Factor of A and U. 

The process may bo exhibited as follows: 


t'j/f z=z q^B + 7*17iV 
Cg B = q., + r., 

Cgi^i = ^3 /A q- 7*3 Eg 

c.iR2 = + U , 


<'21 ^ 3 > ^‘4 multipliers re¬ 

quired at each stage in order to avoid 
fractional quotients ; and these must 
be constants or functions of y only. 

qu {/ 2 > qz^ qi successive quo¬ 

tients. 


r^Ei, 7 * 2 ^ 2 , 7 * 3 ^ 3 , 7 q are the successive remainders; 7 - 1 , rg, rg, 7 % 
being functions of y only. 

The process terminates as soon as a remainder is obtained 
which is a function of y only; is here supposed to be such 
a remainder. 


Now, the sim])lest factors having been taken for Ci, Cg, Cg, c.j, 
we see that 


1 is the H. C. F. of Ci 

and Vi 

d2 j? 


and Vo 

dz j) 

^ 1 C 2 

” d. 

and 7-3 

d4 n 

” d,d. 

and 7'4 

= 0 and 

D -0 . 

.... (1) 

^ 2 - = 0 and 
”2 

II 

0 

.... (2) 

II 

0 

p 

3 

7^.-0 . 

.... (3) 

^ = 0 and 

^4-0 . 

.... (4) 


d. 


The values of x and y, 
which satisfy simulta¬ 
neously the equations 
A=0 and E=0, are those 
obtained by the four pairs 
of simultaneous equations 
following: 

The final equation in y, 
which gives all admissible 
values, is 

7*1 ^ 7*3 7 -, _ 

di dg d^ 

If it should happen that 
the remainder is zero, 
the simultaneous equa¬ 


tions (1), (2), (3), and (4) reduce to 


7 \ = 0 and 



21 

<^2 


0 and = 0 ; 
7 i<3 


= 0 and 
dz 


R. 

Bz 


0. 
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THEORY OF EQUATIONS. 


594 To find infinite values of aj or y whicli satisfy the given 
equations. 

Put X = ^, Clear of fractions, and make z = 0 . 
z 


If the two resulting equations in y have any common 
roots, such roots, together with aj = oo, satisfy simultaneously 
the equations proposed. 


Similarly we may put y = —. 

z 






PLAN I; ]('. ()XOM1X1'P V. 


AX(; ULAl! M KASrUKAI MX'I'. 


600 Tlic unit of Cii'cnlar iiu'nsui'o is a IJadiaii, and is tlu* 
auo'le at the contre of a circle which sul)t(Mids an arc c((nal to 
the radius, lli'iicc 


601 (hrcular iiK'asui’c of an auole = . 

radius 


602 Circiiliiv measure of two rij^lit aiio-lcs = 3'1 MoO ...=ir. 

603 ' riu' unit of Centesimal measure is a Grad(‘, and is tlie 
one-hundredth jiart of a riglit ang-le. 

604 ddie unit of Sexagesimal measure is a Uegrc'c, and is 
the one-ninetieth ])art of a right angle. 

To change degTces into grades, oi* cii-cnlar mcasun', or 
rice rrrxd, enijilo}- one of the thn’c e(|uations includiMl in 


where 1)^ G, and C are respectively the numbers of dcgrc(‘S, 
gi’ades, and radians in the angle considered. 



606 Get OA be fixed, and let the 
revolving line ()l‘ describe a circle 
round 0 . Draw PX always perptm- 
dicular to AA'. ddien, in all jiosi- 
tions of 0 J\ 



fi 
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PLANE TPIGONOMETBY. 


607 If P be above the line AA\ sin AGP is positive. 

If P be beloio the line AA\ sin AGP is negative. 

608 If lit-'s to the ri(jht of ////, co&AGP is ])ositive. 

If P lies to the Irff of PP\ co^iAGP is negative. 

609 Note, that bj the angle AGP is meant the angle tliroiigh whicli 
OP lias revolved from OA, its initial position; and this angle of revolution 
may have any magnitude. If the revolution takes place in the opposde 
direction, the angle described is reckoned negative. 

610 'J 'he secant of an angle is the reciprocal of its cosine, 

or cos A see A = 1, 

611 The cosecant of an angle is the reciprocal of its sine, 

or siii^ cosec ^ = 1. 

612 The cotangent of an angle is the reciprocal of its tangent, 

or tan A cot ^ = 1. 


Rrlafious between the tvhj;ononu*trle(il functions of the 
same an^te. 


- 613 

siuM + cos^yl = 1. 

[1. 47 

614 

secM = l+lair.l. 


615 

cosec“yl = 1 + cot^/l. 


616 

1 A sill A 

tan A — 

eosyl 

[()0() 


If tanyl =-li. 


617 


sill A = 


cos/I = 
618 sin.l = 


b 


\/ a'A-b' 

Ian J_ 

\ 1+lanM’ 



a 


[ti06 


1 

\ l + tau“.^l 


cos .1 


[(517 








TmaOSOMETinCA l ratios. 
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619 Tlie Complement of A is = 00^—A. 

620 The Supplement of A is = 180^ —^1. 

621 sill (9(r—/I) = cos yl, 
tan (00 —yl) = cot ^1, 
sec (OO"*— ^1) = cosec y1. 

622 sill (180"- .1) = sill /I, 
cos (ISO" —yl) = —COS A, 
tan (ISO - A) = -tan.l. 

In tlie figure 

/ QOX = ISO"—.'/. [G07, COS 

623 sin ( —J) = —sin 

624 cos(—yl) = cosyl. 

By Fig., and (007), (608). 

The secant, cosecant, and cotangent of 180" — ^!, and of 

—A, will follow the same rule as their reciprocals, the cosine, 

sine, and tangent. [610-612 


625 To reduce any ratio of an angle greater than 90" to the 
ratio of an angle less than 90°. 

Rule. —Determine the sign of the ratio by the rules (007), 
and then substitute for the given angle the acute angle formed 
by its two bounding lines, produced if necessary. 

Ex.—To find all the ratios of 600". 

Measuring 300" (= 660"—300°) round 
the circle from A to P, we find the 
acute angle AOF to be 60", and P lies 
be/ow y/./', and to the ri(/ht of BB\ 

Therefore 

sin 060° = - sin G0° = - 

COS 660°= cos 60"= 
and from the sine and cosine all the remaining ratios may be 
found by (610-616). 


Invekse Xotatiox.— d'he angle whose sine is .<* isyleiioted 
by sin~‘,v’. 




Y 
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PLANE riiiaONOMETRY. 


626 All tlie angles which have a given sine, cosine, or tan¬ 


gent, arc given by the formuloB 

siii“\r = —1)”^ . (1), 

(•()s'\r = . (2), 

taii"hr = . (3). 


In these formula? 6 is any angle which has x for its sine, cosine, or 
tangent respectively, and n is any integer. 

Cosec“hT, sec~‘a’, cot~^ x have similar general values, by (010-612). 
These formula? are verified by taking A, in Fig. 022, for 0, and making 
n an odd or even integer successively. 


FORMULAE IXYOLYING lAYO ANGLES, AND 
MULTIPLE ANGLES. 

627 sill (^+ = sill A eos/i+cos A sin B, 

628 sill {A — B) = sill A cos/i —cos A sin 7i, 

629 cos(A-l-7i) = cos A cos 7i —sill A sin 7^, 

630 cos(^l —/>) = cos A cosT^+sin A sin B. 

Proof.— By (700) and (701), we have 

sin C = sin A cos Jjf-f cos A sin 7>, 
and sin C = sin {A p/l), by (622). 

To obtain sin (^1 —it) change the sign of i> in (627), and employ (623), 
(624), cos (J +it) = sin { (00^-yl)-7t], by (621). 

Expand by (628), and use (621), (623), (624). For cosl.l —i>) change the 
sign of B in (629). 


631 

titii(.l + /i) = 

632 

tan (/( — /») = 

633 

cot (a + /,’) = 

634 

cot (.(-/i) = 


tnn 

A + 

ton 

B 

l- 

U\nA 

Ian 

B' 

iiui 

A - 

Ian 

B 

J -j-Liii A 

Ian 

B' 

col 

A col 


-1 

col 

A + 

col 

/;■ 

col 

.1 fol 

/>’+! 

col 

/; - 

col 

A' 


Obtained from ((527-630). 











635 

636 

637 

638 

639 

640 

641 

642 

643 

646 

648 

649 

650 

651 

652 

653 


ilVLTIVLE AS^LE^<. 


103 


sill 2A = 
cos 2^1 = 


2 COS" A = 
2 sin” A = 



cos 


.1 


2 sin ^1 cos. 1. 

[027. Put 71 =/I 

cos‘^1 — siir yl, 


2 cos-yl — 1, 


1—2 sin-yl. 

[029, 013 

1 + cos 2/1. 

[037 

1 — cos 2/1. 

[038 

^l-cos., 

[040 

1 + cos A 

V o 

[039 


_ / I — cos A _ 1 — cos A _ sill 

2 ’ 1 *1- cos A sill ^1 1 “i" cos A 

[6 U, 042, C13 



1 + tilll”-^ 


2 tan 4 

sill A =-[043, 613 

l + tair^ 


cos A 


1 

1 + tan A taii^ 


sin 


cos 


tan 


(.|,C+4) = c.„(l.V-4) = [«i 

(«+4) = ,i„(,..r-4)=Vi^- 

/ yl \ _ / 1 +A\\ /I __ l+>^ill A _ COS A 

\ ^ 2 / ^ 1 — sill ^1 cos^l 1—siii^l 


ianlM 


2 tan A 
I — Ian A 


cot 2. ( 


cot- A -\ 
2 cot i 


Put/?=.'! 
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PLANE TliiaONOMETRY. 

654 

A fA-o > A\ 1 + tnn A 
ta..(4o = 

655 

tl.u(45“-yl) = i7*“"^. [631,632 

^ ^ 1 + tan A 

656 

sin l\A = B sin A—4i sinM. 

657 

cos 3^ = 4 cosM — 3 cos A, 

658 

, . 3 tan A — tau^^l 

1—3tanM 


By putting Ji = 2A in (627), (629), and (631). 

659 

sin (^+4/) sill {A—B) = siu^ A — siu^ B 
= tios^B — eos'j4. 

660 

cos {A-\-B) cos {A—B) = cosM — s\v? B 
= cos^B — sill" A. 


From (627), &c. 


661 siu-^+cos-:^ — ±\/l + sni^- 

" [Proved by squaring. 

062 sin A - ( OS 4 = ± 

663 sin 4 = 4 * 

664 ^*os 4 ~ 4 { ^ A -\- \/l — sin A ], 


when 


J 


lies between —45° and +45°. 


665 In the accompanying diagram the 
signs exhibited in each epiadrant are the 
signs to be prefixed to the two surds in 

the value of sin 4 according to the quad¬ 
rant in which 4 


hor cos 4 change the second sign. 
A 



Proof.—B y examining the changes of sign in (661) and (662) by (60/). 















MULTIPLE ANGLES. 165 


666 - J c*os li = sill (.i + Ji) + sin (^( — H). 

667 2 VOS A sin B = sin ( I + B) - sin (.1 - /i). 

668 — cos (‘OS B = cos (/I -{- 7^) -j- (*os (^1 — 

669 - A sin Ji = cos( J — Ji) — cos( J + B), 

[027-G30 

670 sin A + sin B = 2 sin cos 

671 sin A — sin B = 2 cos ^^ sin 

1 I /»_») A “1 “Ji A Ji 

672 cos yl + cos ii = 2 cos— - —cos—-—. 

If 4 » A A~Ji • A—Ji 

673 cos zi — cos^l = 2 sill— - —sin—-—. 

Obtained by changing A into — and B into > in (G66-669). 

It is advantageous to commit the foregoing formula) to memory, in words, 

thus— 2 sin cos = sin sum 4- sin difference, 

2 cos sin = sin sum — sin difference, 

2 cos cos = cos sum + cos difference, 

2 sin sin = cos difference — cos sum. 

sin first -j- sin second = 2 sin half sum cos half difference, 

sin first — sin second = 2 cos half sum sin half difference, 

cos first H- cos second = 2 cos half sum cos half difference, 

cos second — cos first = 2 sin half sum sin half difference. 

674 ^\u{A + n+C) 

= sill cos Ji cos 0+ sill B cos C cos A 

+ sill C cos A cos B «— sin A sin 77 sin C, 

675 cos(.l + 7i+C) 

= cos A cos B cos C — cos A sin Ji sin C 

— cos B sin C sin A — cos C sin A sin Ji, 

676 Uxn{A + B+C) 

_ tan A + tan Ji + tan C — tan A ton Ji tan C 
”” 1 — tan77 tan C — tan C tan A — tan A tan Ji’ 


Proof. —Put BA-C for B in (027), (029), and (031). 
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PLANE TRIGONOMETRY. 


If A-^B-\-G =180% 

677 sill A + sill B + sill C = 4 cos4 cos^ cos-^. 
sin A + sill B — sill 6 — 4 sin — sm — cos—. 

678 cosJ + cos /i + cos 6 = 4 sin ^ sin ^ sin ^+1. 

cos J + cos 71 —cos 6 = 4cos^ cos^siu^ —1. 

679 tan A + tan B + tan C = tan A tan B tan C. 

680 cot 4 + cot + cot ^ = cot ^ cot ^ cot 

681 sill 2A + sill 271 + sin 26 = 4 sin A sin 71 sin C. 

682 cos2/1 + cos271 + cos2C = — 4cos/l cos71 cos6 — 1. 


General formulae, including the foregoing, obtained by 
applying (666-673). 

If A-{-B i-G = TT, and n be any integer, 


683 

4 sill 

nA 

. nB 

. nC 






Bm^ 





= sin 

/nir 

-nA 

) + sill 

imr 

\2 

hB^ 

1 + sin ^ 

--.c) 

. niT 
— sill—. 

684 


nA 

nli 

nC 





4 cos 

T* 

•os— 

cos — 





= cos 

hlTT 

\T~ 

-nA 

^+cos 

/ ilTT 

nli^ 

) + cos| 


1 + cos 

If 

A + D + 0 

= 0, 






685 

A ■ nA 
4sm — 

. nB 
sm — 

. nG 

sm-2 

— - 

-sin nA 

— sin nB— 

sin nG, 

686 

A 'i^A 

4 COS ^ 

nB 

cos- 

iiG 

cos-^ 

= 

cosa/l-l-cos?i71+cosn6 +1 


Rule.— If, informiilm (683) to (686), two factons on the left 
he chamjecl by writing sin for cos, or cos for sin, then, on the 
right side, change the signs of those terms irhich do not contain 
the angles oj the altered factors. 







co.\fMoy AX(nj:s. 


\(\7 


Thus, from (083), we obtain 

687 ^ 

= —— ?)/l^+sin(’'J —nji^ + s\u(^'^ —}iO^ + sin"J. 

A Formula for the construction of 3\ibles of sines, co¬ 
sines, c^C.— 

688 sin (n + l)a —sin 7ut = sin ?/tt— sin ()t— 1)« — li sin nu, 
where a = 10", and ^ = 2 (1-cos a) =-0000000023504. 

689 Formula? for verifying the tables— 

sin u4 + sin (7-2'’H-yl) —sin (7-2'’—yl) = sin (3G°4-^) —sin (36°—yl), 
cos+COS (72'’4-yl) +cos (72" = cos (36'^ + -i'l) +cos (36°—.<4), 

sin (60° + yl)— sin (60'’ —.4) = sin..!. 


RATIOS OF CERTAIX AXGLKS. 


690 

691 

692 

693 

694 


sin 45° = cos 45° = —t-, tan 45° = 1. 

sin GO' = cos CO = , tan 00° = y/3. 

• 1-0 v^3 — 1 1* \/ 3 -j-1 

sinlo = ——coslo — - 




tan 15° = 2 — y/ 3 ) 
cot 15 — 2 -f- ^3 5 

• ”” 1 1 1 V' O 

Sin 18 = ^ , cos 18 = 


/ 5 + ‘ 

2v/2 ’ 


tan 18° ; 


')-‘4,/5 


54='/''+', 


\/5— v/5 
•t ’ .. 2v/2 ’ 


cosot = 


,»54 + 
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PLANE TRIGONOMETRY. 


696 Proofs. —sin 15° is obtained from sin (45°—30°), expanded by (628). 

697 sin 18° from tbe equation sin 2a; = cos 3.r, where x = 18°. 

698 sin 54° from sin 3a; = 3 sin a; —4 sin® a*, where x = 18°. 

699 And the ratios of various angles may be obtained by taking the sum, 
ditference, or some multiple of the angles in the table, and making use of 
known formulte. Thus 

12’ = 30°-18°, 71° = Ac., Ac. 


PROPERTIES OF THE TRIANGLE. 


700 c — a cos B-\-h cos A. 

701 . 

sin A sill B sin C 

702 26c cos 

12 and 13, < 

703 cos ^ == 



B 2} 

Proof.—B y Euc. II. 12 and 13, a' = 6® + c'-2c.AD. 

26c ' 


o V ’ o V 


If 

a+h+i- , 

S- -g--, . 

704 

Sill 

705 

u 

706 

sin A = 

( 

707 

11 

< 

708 



6c 

[641, 642, 703, 0, 10, 1. 


2 ^ sis —a) 


[635, 704 





















VPxOVlUtTlES OF riilASGLES. 




The Tritiuirle ami Circle. 


Let 



712 


7 > F 

[From a = r„tan tan ^ . 



Distance l)et\ve('n the centres of insci-ihed and circnin- 
scribed circles 

716 = \/ n-—in r. [ i ^ k ; 

Kadius of circle touching />, r and the inscribed circle 

717 r'=»-(,inM (/;+r). [liy 

- r -j- /• 


Z 
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PLANE TPxIGONOMETBY. 


SOLUTION OF TRIANGLES. 


Rio-lit-andcd triangles are solved 
bv the formula) 

r = a“+i“; 

( a =z c sill A , 


718 

719 

720 


} f) = c cos A, 
[a z= h tan A , 
&c. 




Scalene Trian^ies, 
Case I.—The equation 
a ^ h 


sill A sill B 

will determine any one of the four 
quantities A, B, a, h when the re¬ 
maining three are known. 



llie Anilngnaus Ca,se, 


721 

"When, in Case I., two 
sides and an acute angle 
opposite to one of them 
are given, we have, from 
the figure, 

. .y C sill A 

sill V = -. 

a 

Then C and 180 —C are the values of G and 0\ by (622). 
Also = c cosyl Ai ^ — c~ siir yl, 

liecause = ADA DC. 



722 Wlicii .'111 angle 1i is to be (k-terniincd from tbo e(iuutiou 

sin J} = sin J, 
a 

and is a small fraction ;. llio circular measure of i> may bo approximated 
a 

to by putting sin +t') for sin .1, and using theorem (700). 




















SOLimOX OF TRIAXOLES. 
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723 U.—Whon two sides h, r and tlie inclndc'd angle 

ui are known, tlio third side a is giv(‘n by the formula 

(r = —*lhc cos . I, [702 

when logarithms are not used. 


724 


Otherwise, em|)loy the following formnla with logarithms, 

, /;-f; 


It — c , A 

-cot —. 

b+c 2 


Obtained from ^ — = ^i*^^^(701), and then applying 

sin 7/-p sin O 

(070) and (071). 

having been found from the above ecpiatioii, and 

j* \n 

—^— being ciiual to 90 — , wc liavo 


725 


n-. 


f) ’ 


c = 


/?-f-o n-0 


B and G having been determined, a can be found by Case I, 

726 If tlie logaritlmis of b and c are known, the trouble of taking out 
log(6—c) and log(/> + c) may be avoided by employing the subsidiary angle 

$ = tan"‘—, and tlie formula 
c 

727 tan i(B-C) = tan (o - ) cot , [G.->5 


Or else the subsidiary angle 0 = cos~' , and the formula 


728 


timi(7J-C) = lair ” cot ^ 


[Gt! 


) the 


If a be rei|uired without calculating the angles ]i and t', we may 
formula 

. . .1 [From the figure in lh*0, by 

+ f drawing a {uMjaMulicnlar 

729 “ = cos■ from li to F(' jtroduced. 

730 If a be required in terms of h, r, ami A alone, and in a form atlapted 
to logarithmic computation, employ the hiib.sidiary angle 

n -if 1 -I \ 

= J’ 


and the formula 


a = (/< I ••) cos 0. 


702, 0:17 
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PLANE TRIGONOMETRY. 


Case III.-—When tlie three sides are known, the angles 
may he found without employing logarithms, from the formula 


731 


’ ^ -Ibc 


[703 


732 If logarithms are to be used, take the formula3 for 
sin- ^, cos^, or tan ^ ; (704) and (705), 


QUADRILATERAL INSCRIBED IN A CIRCLE. 


733 


cos ii = 


rr+?r-e--r/- 


2{ab-\-c(l) 

From AC^ = U — 2ab cos B = c“ + + 

2cd cos B, by (702), and B-\-D = 180^ 

2Q 


734 


sill B 


ah-\-cd' 


[013, 733 



735 Q = 

= area of ABCD, 
and s = -I (a4-5 + r + c?). 

Area = lab sin B-\-lcd siii B ; substitute sin B from last. 

736 AC^= {ac+b<l){a<l+l >^, ^- 02 , -33 

^ {(ib+cd) 

liadius of circumscribed circle 

737 = A v/(«6-f c(/) {ac+bd) {ad+bcj. [713, 734, 736 

4y 

If AD bisect the side of the triangle ABC in H, 

738 = 

739 cot BAD = 2 cot A + cot B. 

740 = i(''Hc’ + 2tecos^l) = i(6> + c---’n*). 


If AV bisect the angle A of a triangle AliCy 
742 tan 7171.1 = cot ^ tan f. 


743 


, 2hc A 

Alf — , cos - . 
h + c 2 
















677 ;. s 7 ;>/ j / n ' angles. 
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If 

.ID he perpemlieu 

lar to BC, 


744 

Al) 

_ hr sin A 

_ sin G + c* sin B 


a 

h + c 

745 

IW 

^cn = ^ 

— c^ UxnB—tiiuG 

= a 



a tan B + tan G 


IIEGULAU I^OLYGOX AND CIRCLE. 


Radius of circumscribing circle = R, 
Radius of inscribed circle = r. 

Side of polygon = a. 

Number of sides = n. 


746 a = 4 >• = 4 t'‘*t - • 

2 n 'In 

Area of Polygon 



748 = infr cot — = ^^i»i — = wrMaii^ . 


USE OF SUBSIDIARY ANGLES. 

749 To adapt a±Z> to logarithmic computation. 

Take 0 = tan"’^ ^ ; then a + b = a8ec®0. 

750 For a — h take 0 = tan“' > thus 

, av/‘2 cos (0 + 4.50 

a — h= ' 

cos 0 

751 To adapt a cos C±,h sin G to logarithmic computation. 

Take 0 = tan“' f ; then 
b 

a cos G Aih sin G = v/(a“ + Z>®) sin {0 ± G), [By G17 

For similar instances of the use of a subsidiary an<^le, see (720) to 

752 To solve a (piadi-atic ctpiation by employing a subsidiary 
angle. 

If ,^2__2^a- + 7 — ^ die equation, 

^ = j.(l±y'l- ’). 


; By 4:> 
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Case I.—If q be put sin^fl ; then 

X = 2p cos® ^ , and 2p sin® [639, 640 

Case II.—If q be >p', put \ = sec®0; then 

X ~ p {Izki tan 0), imaginary roots. [614 

Case III.—If q be negative, put = tan® 0 ; then 

X = \/q cot ^ and — y/q tan [644, 645 


LUIITS OF RATIOS. 



6 

*754: sill — S wllGIl 71 IS infillitG. gy. putting — for 0 in last. 

)l n 


755 ( cos—^ = 1 when n is infinite. 

Proof.—P ut (l —siu^—) S and expand the logarithm by (156). 


DE MOIVRE’S THEOREM. 

756 (cos a+* sill a) cos)8+« shi^) ... &c. 

= cos (a + ^+ 7 + ...) + * (ct+/3+7+ •••)> 

wliere i = — 1. [Proved by Induction. 

757 ^ + s’"' ^)” = nO+i sill n6. 

Proof. —By Induction, or by putting n, /I, &c. each = 0 in (756). 

ijdcpansion of cos 7i0, ij'c., ui jwwors smO and cosO. 

758 Gos }id = cos” d—C fly 2) cos”"” 6 sill" 6 

+ (J fly 4) cos”"* 6 sin* 6—See, 

759 ^iit cos”"^^ sin 6—C (>/, »*>) (‘os""’’^ siii^^ + '^c. 

I’ROOF. — Kxpand (757) by Bin. Th., and C'luatc real and imaginary 
parts. 
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760 iiu\ne = 


)k inn 6—C (n, .*5) 

1 — (’ (//, 2) inn"6> + (7 (//, I j inn*^ —itc. 


In series (7.58, 7.5!)), stop at, and exclude, all terms with indices greater 
than n. Note, n is here ati infeyer. 


Let = sum of the C(n, r) products of taii«, ttin/3, taiiy, 
i^c. to n terms. 

761 (a+/3+y4-clx.) = eosa e().s/3 ... (.Vi —.V 3 +.V 5 —c^c.). 

762 eos(ad-^+y+^^'C.) = eosa eos/3 ... (1 —.s^+.Vj — etc.). 

PkoOF.— equating real and imaginary parts in (7.5G). 

763 tan (a+/3+y+&c.) = + f • . 

I —— .Vjj“pevC. 


iMVjmnsions of the sine and cosine in ])oicevs of the angle. 

764 sin^ = ^-i^+|l-&c. 1-ii+l^+ctc. 

Proof.— Put for d in (757) and n = x , employing (751) and (Jhi)). 


766 

768 


770 


— eos^+f sill 6. e = eos d—i sin 6. By (150) 
e'® + e"'^ = 2 eos 6. — e“'^ = 2/ sin 6. 


I tan 6 = ■ 


Hr 


1+f tan 6 
1 —/ian 6 


Expansion oj cos^ 0 and sin^O in cosines or sines of 
multiples of 0. 

772 cos” 6 = eos n9-{- n eos (a —2) 6 

+ C (a, 2) eos (// — i) 6-{- C (a, ♦*») eos (a — (J) ^ + ctc. 

773 When n i.s even, 

2'*-* (— l)l« sin” 6 = eos a0 —a eos (a — 2) 0 
-\-C (n, 2) eos (a—1) 6—(I (a, .*>) eos (a—(I)^ + &c., 

774 And when a is odd, 

2*-i( —1) 2 sin” ^ = sin a^—a sin (a—2) ^ 

+ C ()/, 2) sin (a — 1) 0 —T (a, ;>) sin (a — ii) ^d-'tc- 











17(3 


PLANE TRIGONOMETRY. 


Observe that in these series the coeflicients are those of the Binomial 
Theorem, with this exception : If n he even, the last term mud he divided hy 2. 

The series are obtained by expanding (e” ± e’")’* by the Binomial Theorem, 
collecting the equidistant terms in pairs, and employing (7G8) and (7G9). 


Expansion of cosnO and sinnO in powers of sinO. 

775 AYhen n is even, 

cos = 1 — siii^ 6 + —- - siir u 

- 

()! 

776 When n is odd, 

cos nd ^ cos ^1^1 — - j-- sin^^ + ^ - - siiY^ 

0! ) 

777 When n is even, 


sill nd = n cos d sin I 


fr-2- 

3! 


sill' 6 + 


(n^-2^) si.i^g+&c.] ■ 

OI / ! ) 

778 When n is odd, 

^ . n n 1) . 3^ , n (//" — 1) (n" —.*)-) . 

Did = n sin 0 — ■ ^ siir 6 + —- fj -- sin^ 6 


sm i 


B! 




Proof. —By (758), we may assume, when oi is an even integer, 

cos = 1 + -42 siu®^ + ^ 4 sin^^+ ... + J 2 rSin*’' 0 +_ 

Put $ + x for 0, and in cos nO cos w.r—sin uO sin nx substitute for cos ??.r and 
sinw.i; their values in powers of luv from (7()4). Each term on tlie right is of 
the type .do,, (sin ^ cos a; + cos 0 sin.r)"'". JMake similar substitutions lor cos.r 
and sinaj in powers of x. Collect the two coellicients ot';r^ in each term by 
the multinomial theorem (137) and equate them all to the coctlicient of .t* 
on the left. In this equation write cos*^ lor l — sin'^^ every whore, and tlien 
c(juate the coefficients of siir*’^ to obtain the relation between the successive 
quantities A^r and -'lo ,.+2 for the scries (775). 

To obtain the series (777) equate the coefficients of x instead of those of a;®. 

AVhen n is an odd integer, begin by assuming, by (759), 
sin nO — Ay sin sin' 0-|-<tc. 
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779 Tlie expansions of cos?jO and ?>\unO In ])ow('rs of cos 0 
are obtained by clianp^ini^ 0 into Jtt —0 in (77')) to (77S). 

780 I'paiision of cos iiO In drsccDiVnoj pou'crs of cos 0. 

2 cos nd = (*2 cos n (2 cos ^ (2 cos 6)” 

.., 4 . (_ ))(«->•--) ••• (»--*•+!) (o ,.„s e)"-■'+ 

up to the last positive power of 2 cos 0 . 

Proof.—B y expanding eacli term of tlie identity 

log(l-r.r)+log(l-^) = log|l-j(.i' + i - } 

by (156), equating coetlicients of z”, and substituting from (768). 

783 J*^in sin (a+/3) + r sin (a + 2^) + &c. to n terms 
__ sin a — c sin —c “ sin + { a+n — 1 ^ 

1 — 2c cos B + c^ 

If c bo < 1 and n infinite, this becomes 

- — si»a-'‘siii ( g— 

1 —2e cosyS+c' 

785 cosa + c cos (ad-j8) + c^ cos (ad-2^) + &c. to n terms 
= a similar result, changing sin into cos in the numerator. 

786 Similarly when c is < 1 and n infinite. 

787 3^ ^tJiod of summation. — Substitute for the sines or 
cosines their ecVjwnential values (708). Sum the tico resultnoj 
(fconietrical series, and substitute the sines or cosines again for 
the exjionential values bg (700). 

788 c sin (a4-/8) + -:^sin(a4-2^) + -:^sin (a+B^) + cl'c. to 

infinity = sin (a+e sin/8)—sin a. 

789 (' <*<>s (a + ^) + + (a + d;8) + to 

infinity = _,.os a. 

Obtained by the rule in (787). 
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PLANE TllIGONOMETPY. 


790 ir, in the series (783) to (780), ft he changed into /3 f «•, the signs of 
the alternate terms will thereby be changed. 


E.rpansion of 0 in poivers of tanO ((rregon/s series). 

791 + 

i) 

The series converges if tan 0 be not > 1. 

Proof.—B y expanding the logarithm of the valne of e’*® in (771) by (158). 

Formiilte (or the calculation of the value of tt by Gregory’s 
series. 

792 ^ + 

A *2 tt o -oU 

794 = 

Proof. —By employing the formula for tan (.1±J)), (G31). 


To prove that tt is ineommensurahle. 

795 Convert the value of tan 6 in terms of S from (764) and (765) into 

0 ^2 01 0‘1 

a continued fraction, thus tan d =—- — — - - ; or this result may 

1 — 3 — 5 — 7 — &c. 

may be obtained by putting id for y in (294), and by (770). Hence 

^_^ ^ f if 

tan 9 3— 5— 7—See. 

Put ^ for 6, and iissume that tt, and therefore is commensurable. Let 

tt'* w 1 1 • • i n'l 1 n 1 1 m mn vin 

= , m and « being integers. J hen we shall have 1 = — „ _ „ 

4 j* on dn—on—ni—Sec. 

The continued fniction is incommensurable, by (177). But unity cannot be 
equal to an incomnieii.snrable quantity. Therefore tt is not coniinensui'ahle. 


796 sin a* = n sin (a; + o), .r = u sin «-fsin 2asin3(( +etc. 

797 tan.r = tan a* = ?/ sin 2y+sin4y— ’’y sin 6//4-ttc., 

, 1-7/. ' Lb 

where in = , 

1 -h?t 

Proof. — By siihs'itvthig the e.i^) nicntiul values of the sine or tangent (769) 
and (770), and tJoni eliminating x. 


798 ('oellicient of a:" in the expan.sion of cos hx = '^y ^ cos nO, 

whore o = r cos ^ and 5 = rsind. 

Por proof, substitnlc fur con hx from (768); expand by (150); put 
a = r cos 0, h = r sin 0 in the coeilicieiit of x’\ and employ (757). 
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799 Wl.oneis < 1, 1+‘J^;cosOfl»'.^cost2/i+t2//cos3^J+..., 

1 — c’ cos u 


where b = 


l+v 1- 


o/, I 

For jiroof, put c = j ^^3 d? = a; f- , expand tlie fraction in two 

fcries of powers of x by the method cjf (257), and substitute from 

800 sill a +vsin (a+^)-j-sin (a-|-+ ... + sin Ja-f-(/i — 1)/3j 

sill 

o 

801 tM)sa+cos (a+/3) + cos(a+2j8) +... + cos [a + (« -1 )/3} 




802 If terms in these series htive the signs + and — 
alternately, change /3 into /3-t-7r in the results. 

Proof. —^Inltiply the .series by 2 sin (|, and apjdj' (6G9) and (OGO). 


803 If ft = (800) and (801), each series vanishes. 

804 Generally, If /3 = "J, and if r be an integer not a 

multiple of n, the snin of the powers of the sines or cosines 
in (800) or (80l) is zero if r lie odd; and if r be even it is 

C.cneral Theorem. —Denoting tlic sum of the scrie.s 

805 c + r,.x‘ + c./^ + ... -f r„.r” by F (.r) ; 

then c coso-f Cl cosOt + d)-h ...+r„co.s(f<+ R/ 5 ) = I |, 

and 

806 csina + CiSin(n+/3) + ... +c„sin(a f n/3) = F (e*^)-e-*‘Fie-^y^. 

Proved bv sub.stituting for the sines and cosines their exponential v.alnes 
(7GC*), itc. 
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Expansion of the sine and cosine in factors. 

307 2.r”//” eos n6-\- //-“ 

= cos ^+//| 2.r?/ cos^^+ +/| ... 

Stt 

to n factors, adding — to the angle successively. 

Proof.—B y solving the quadratic on the left,'vvegeta’=y(cos?i0 + tsinn0)'*. 
The n values of x are found by (757) and (626), and thence the factors. For 
the factors of x^zky" see (480). 

808 sill »<t> — sin sill + + ... 

as far as n factors of sines. 

Pkoof.—B y putting .'c = y= 1 and ^ = 20 in the last. 

809 If n be even, 

sill >i<^ = 2 “"'sm^cos<^^siu--^ —siu*<^^(^siii'-^ —&c. 

810 If n be odd, omit cos (/> and make up n factors, reckoning 
two factors for each pair of terms in brackets. 

Proof.— From (808), by collecting equidistant factors in pairs, and 
ap plying (659). _____- 

811 cos = 2”"^ sill ^j sill ... to n factors. 

Proof.—P ut <!> + -— for ^ in (808). 

In 

812 Also, if n be odd. 


cos 


= 2 ”"^ cos (f) ^siii^.^ — 

siiri^^ ^siir 

877 • 2 

813 

If 

n be even, omit cos</). 



Proof.- 

—As in (809). 



814 


^ t . 77 . 277 

. B 77 

—1) 77 


= 2'""^ Sill- Sill-i 

n n 

«I 11 —... sill 
u 

n 

Proof.- 

—Divide (8'»9) by sin^, and 

make ^ vanish 

; then apply (754). 

815 


S' 

-(.fJl . 

816 


(1)1 s- 

m . 


Proof.—P ut <l> = in (809) and (812) ^ divide by (811) and make n 
infinite. 
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817 ‘2 cos 


= 4 sin' 


1 + 


0^) 1 


, , _7 

Proved by substiiutinj^ a’ = 1 + f , !/ = 1 ~ ^ 

” 'In 'In n 

making n intinite, and reducing one scries of factors to 4 by putting 



Dr Minvrr\s Proprrtu of fhr 
Circle. — Take P any point, and 
l*0U = 0 any angle, 

JIOC = COD = &c. = ; 

n 

0P = .r; OII = r. 

819 a'““ — CM)S + /*-” 

= PIP PC^ PIP ... to n factors. 

By (8u7) and (702), since PB' = x‘—'2xr cosO <S:c. 


820 If .f = >% 2>-” ><m^ = Pn.PC.Pi) ... &c. 


o-r 

821 Cotv.s's properties .—If 6 = ——, 

n 

PB.PC.PD ... &c. 

822 a’"+r’* = Pa.Ph. Pc ... dc. 


823 

824 

826 

827 

828 
829 


ADDPnOXAL FOPiMULXJ. 

cot ^1+taii ^1 = 2 cosec 2A = see A cosec A. 

coscc2.l+coi 2*1 = col A. sec.l = 1-fiaii^l taii-^. 

, ,A . ,A 
cos.l = eos^-;^-siir—. 

tail .^1-f-sec .<^1 = tailed*) 

fail .1 +ian U , t , ,, 

- ^ -- = tail .1 tan //. 

cot ^l+cot B 

sec‘^1 cosec“/l = sce'*l-f eosee*.i. 
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830 JiA+n+C=^, 

itmUimi C+taii C tau^l + tan i au7i = 1. 

831 If A+B+C = w, 

cot 2^ cot C+cote cot ^1 +cot/I cot 77 = 1. 

832 sin-'4-+s'ii''4= -J. tair'4- + tau-'4 = 

o O i - O 


In a right-angled triangle ABC, G being the right 


833 


cos 277 = 


(r — fA 


tail 277 = 


2ah 




In any triangle, 


835 


sill — 7^) = “"y" 2 

cos ^ (yl —77) = sill 


QQA ^ — 77 _ (i^—h^ tan ^-4+tail ^77 _ c 

sin ^ + 77 * tau^/1—tan ^77 a — b^ 

837 i (a^+^“+c“) = be cos A + ca cos B + ab cos C. 

838 Area of triangle A BC = \bc sin A 


1 2 II sill C __ 1 sill A sin 7t 

= —r—3-‘2 . 


siu A 


sill ei-/ij' 


839 = 


2abc 


■ cos 1A cos 2-77 cos ^e. 


(i-\~ b-\~ ^ 

840 = T («+/>+'•)' tau }^A tan I li tan IC. 

With the notation of (709), 

841 1 - = i («+6+<0 taii|J tan ]!: tan ,\C\ 

842 2/,’ >• = ■ A = v/1- »■„ >\ )■,. 

u+b+c 

843 «fOS.(+/i Cds/t + i- cost' = l/{ sin-I sin/t sin 
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844 i( + r = i {(I (‘Ot A+h cot B+c cot C) = sum of per- 
pondiciihirs on the sides from centre of circumscribing circle. 

This may also bo shown by applyinj' ICnc. VI. D. to tlio circle dtscribeil 
on II as diameter and the quadrilateral so formed. 


845 rar^Vc = fil^c cos J.l cos .W> cos IC. 

846 r = s/ {}'(, + v/(>’c >’a) + \/(^*ci ^’a)- 

847 1= 1 + 1+-L. 

r ^'b ^'c 

849 If 0 be the centre of inscribed circle, 

2hc 




OA = 


— , COSw^l. 

a + b + c ' 


850 

851 

852 

853 

854 


855 

856 


(t {b cosC—c cosyi) = b' — c“. 
b cos 7i+c cos C = c cos (7i — C). 
a von A +/> cos 77+c cos C = 2(i sin B sin C. 


cos 4 +cos 77+cos C = 1 


+ 


2(1 sin B sill C 

f< + /> + c 


Jf 6‘ = (rt + 6 + c), 

1 —cos"^/ —cosV> —cos^c+2 cosr/ cos 6 cos c 

= 1 sin .s sin {s — (t) sin (s — b) sin (.v —c). 

— l + cos” rt + cos“ Z/+cos“ c+2 cos cos ^ cosc 

= \ cos ,v cos (s — a) cos (-v —cos (.v —c). 

. ft b c 
4 cos — cos— cos — 


= cos .y +cos (.y —^/) + cos (.y —/>) + cos (-v —c). 

orw .. (I . b . C 

857 4 o 

= —sill .y + siii (.y—^i) + sin (.y —/y) + sin (.y —c). 


858 + 4 + 175+ •••) = (l+lji+p+ •••)• 

Proof.—E quate coefficients of 0 ^ in tlic expansion of by (7G4) and 
(815) or of COS0 by (7»'5) and (siG). 
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859 Ex amples of the Solutions of Triangles, 

Ex. 1 : Case II. (724).—Two sides of a triangle 6, c, being 900 and 700 
feet, and the included angle 47^^ 25', to find the remaining angles. 

tan cot 4 = o co‘ - 3 ° ''■2' 30"; 

2 5+c 2 8 

therefore log tan — = log cot — — log 8; 

therefore L tani {B-G) = L cot 23° 42' 30"-3 log 2, 

10 being added to each side of the equation. 

L cot 23° 42' 30" = 10*3573942* ( i (U- 0) = 15° 53' 19-55"* 

3 log 2 = *9030900 | and -i (B + C) = 66° 17'30" 

.-. Li2iu\{B-0) = 9-4543042 ( .*. ^ = 82° 10'49*55" 

And, by subtraction, G = 50° 24' 10*45". 


Ex. 2: Case III. (732).—Given the sides h, c = 7, 8, 9 respectively, 
to fiud the angles. 

tan — 


A_ / (s-b)(s-c) _ /4_^^ /T. 

2 V s{s—a) V 12.5 V 10’ 


j (s—a) 

A 

therefore 

therefore 2 A = 24° o' 41*43 ^* 

is found in a similar manner, and G = 180°—A —7?. 


Xtan|-= 10 + -nios2-l) = 9*650515; 


Ex. 3.—In a right-angled triangle, given the hypotenuse c — 6953 and 
a side 6 = 3, to find the remaining angles. 

Here cos A = But, since A is nearly a right angle, it cannot be 

6953 

determined accurately from log cos A. Therefore take 

. A /l—cosA_ /3475^ 

sin — - \/ ; 


therefore L sin 4 = 10+J (log 3475-log G953) = 9-8403913; 

therefoi'o 4 “ 15*52 

therefore A = 89° 58^ 31 04^^ and B = 0° 1 28-96 . 


* See Chambers’s ISIathematical 'Tables for a concise explanation of the 
method of obtaining these figures. 
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IXTRODUC'TOliY Til ROREMS. 

870 J>rjh, ifious, —l%ncs through the centre of a sphere 

intersect the surface in circles^; other planes intersect 

it in ^mall circles. Unless othcr^v^se stated, all arcs are 
measured on great circles. 

The jmles of a great circle are the extremities of tho 
diameter perpendicular to its plane. 

The sides a, b, c of a spherical triangle arc the arcs of 
great circles BG, CA, AH on a sphere of radius unity; and 
the angles d, />, C are the angles between the tangents to the 
sides at the vertices, or tho angles between the planes of tho 
great circles. The centre of tho sphere will be denoted by 0. 

The j)e/ar triaiirjle of a spherical triangle ABC has for its 
angular points A', B\ G\ the poles of the sides J>C, GA, AB 
of ihc primltire trianijlc in tho directions of d, Ji, C respec¬ 
tively (since each great cii’cle has two poles). The sides of 
A'B/G' are denoted by a\ h\ 

871 T he sides and angles of the 
polar triangle are respectively the 
supplements of the angles and 
sides of the primitive triangle ; 
that is, 

il A = //-]-/> = V-\-G — 77, 

//+d'= h+iy= 77. 

Lft JiC produced cut the sides .!'/»’', 
ill (1, J[. It is tlu* of A'C\ 

therefore JU[ = ^ . Similarly Cf! = 

therefore, hy addition, a f GlI =7r an<l Glf=A\ becanse .1' i.s the polo of liC. 

The polai’ diai^nuu of a spherical |)<ilyi;on is foiaued in the same way, and 
tlic same relations subsist between ilie sides and anj^hvs of the two tijures. 


A 
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f^PIIERICAL TRIGONOMETRY, 


Eule.— Hence, any equation hetiveen the sides and angles 
of a spherical tricuigle produces a supplementary equation by 
changing a i)ito tt —A and A into tt— a, ^’c. 


872 T he centre of the inscribed circle, radius r, is also the 
centre of the circumscribed circle, radius IV, of the polar 
triangle, and r-\-Pd = i-7r. 

Pkoof. —In the last figure, lot 0 Ije the centre of the inscribed circle of 
AlW ; tlu n 01), the perpendicular on BO, passes through A', the pole of BC. 
Also, OD = r] thoielore OA'=^n—r. Similarly Oi^'= 00'= ; there¬ 

fore 0 is the centre of the cireuinscribed circle of A'B'G', and r + B'= 


873 The sine of the arc joining a point on the circumference 
of a small circle with the pole of a parallel great circle, is equal 
to the ratio of the circumferences or corresponding arcs of the 
two circles. 

For it is equal to the radius of the small circle divided by the radius of 
the sphere; that is, by the radius of the great circle. 


874 Two sides of a triangle are greater than the third. 

[By XI. 20. 

875 The sides of a triangle are together less than the cir¬ 
cumference of a great circle. [By XI. 21. 

876 The angles of a triangle are together greater than two 
right angles. 

For Tr — ApTr — B + TT—C is < 27r, by (875) and the polar triangle. 

877 If two sides of a^triangle are equal, the opposite angles 

are equal. [By the geometrical proof in (89d). 

878 If two angles of a triangle are equal, the opposite sides 

are ef|ual. [By the polar triangle and (877). 


879 T he greater angle of a triangle lias the greater side 
opposite to it. 

PjiOOF.— If B be > A, draw the arc RB meeting AC in B, and make 
Z ABB = A , therefore BB = A B ; but J>B -f BG > BC, therefore AG> BC. 

880 The greater side of a triangle has the greater angle 

opposite to it. [By the ])olar triangle and (879). 









niujQr /*;-.!xcled tria xa lrs. 
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KKHIT-AXGLKD M'lMAXGLKS. 


881 N(tj)i<i'\s Ituli's .— 111 the triangle / lot (' l)o a right 
angle, then (i, (Itt—/>), (I’f —r), (Itt —./), and//, are called 
the five cirrnJar Taking any part for middle part, 

ATatiicr’s rules are— 

]. ,<inc <fi)n\hU(^ part = product of ianfjmth of adjan ntpart.'i. 

II. slue of middle part = product of cofitiie.'i of (tpi>osite parts. 

In applying the rules we can take ./, 71, c instead of their 
corapleinents, and change sine into cos, or rice ver.'<d, for those 
parts at once. Thus, taking b fcr the middle ])art, 
sin b = tan a cot J = sin /> sin c. 

Ten equations in all are given by the 
rules. 

Proof. —From any point P in OA , draw 
PR perpendicular to Oi\ and RQ to 07i ; 
therefore is a right angle; therefore OR 

is })erpendicular to FR and Qli\ and therefore o 
to r(P I'lien prove anj formula by projioi’fion 
from the triangles of the tetrahedron OFi^R, 
which are all right-angled. Otherwise, prove 
by the l’ormnla3 tor oblique-angled triangles. 



OBLIQUE-AXGLED TlUAXGLES. 


882 h cos 6*+siii h sin c cos ^1. 


Proof. —^Draw tangcnt.s at .1 
to the sides c, h to meet OR, 00 
in ]) and R. Fxpress DJ'P by 
(7<>‘J) applied to each f»f tho 
triangles FAE and FOE, and 
subtract. 

If yl/) and .IP arc both > —, 

jrrodiiec them lo meet in .1', tho 
]rolc of vl, and employ the tri¬ 
angle A'RO. 

If AR alone be > pro¬ 
duce P.l to meet RC. 



/•: 


Tlio supplementary foriniila, by (S71), is 


883 COS.I = — cos It co>r-f>in /> sin T <-ostt. 
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Sl’UEEICAL TIilGOXOMETEY. 


884 sin 4 = • 

^ sin b sill (• 

885 <-os4 = 

- ^ sill b sill 

886 taii^ = J —“ f ^viiere 5 = i (r( + ^^+^*)- 

U ^ sill A-sill (^—a) 

Proof.— sin® — = h (1—cos^). Substitute for cos ^ from (872), and 

throw the numerator of the whole expression into factors by (073). Similarly 

for cos- . 
o 


The supplementary formulte are obtained in a similar way, 
or by the rule in (871). They are 


887 

888 
889 


’ JL — ^ ~ 


sill JJ sill C 


__ / — cos cos (vS — ) 

^ sill B sill C 


— / — COS COS (>> —^) 

2" “ V cos {S-U) cos (S-C) 

where S = i (A + I’> + C). 


890 Let a* = \/siii.y sin (.v —//) sin {^s — b) sin (.y—c) 

= I \/l + 2 cos a COS b cos c—cos- o — cos- -cos- c. 

Then the supplementary form, by (871), is 

891 S = v/— coskS cos (N—^1) cos(M — />) cos(.S— (’) 

= J 1—2 cos^l cos B cus C’—cosLt — cos- /> —cos- C. 


892 


. . 2<t . 2S 

Slll^I = ;-;-. SIIW/ = ;-:-—. 

Sill b Sill (‘ Sin B sin C 

[By sin^l = 2 sin “I cos and (881, 885), etc. 


893 The following rules will produce the ten formula? 
(884 to 8i)2)— 

r. iVritc sin before each fictor in the s values o/sin, 
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cos'll, tan , sill A, and X, in Plann Tri(j>mon)elry (701— 

707), to obtain the corresponding forinntai in Spherical Tritjo- 
nometnj. 

If. To obtain the snpidenientarif foiins of thofire results, 
transpose larye and small letters ererytrhrre, and transpose 
sin and cos ereryn'liere bnt in the denominators, and irrite 
mi nils Info re cos S. 

or\A sill A sin It sin C 

894 -= -7—7- = -. 

siiwf sin o sine 

PiJOOF. —By (8S'2). Otherwise, in the figure of 882, draw PX perpendi- 
eiilar to liOi\ nnd XIi, XS to OB, OC. Ptovo PRO jnid PSO right angles 
by I. 47, and therefore PX = OP sin c sin 7> = OP sin h sin C. 


895 <^*<>'5 b cos C = cot a sin b — eoi xi sin C. 

To reincmber this formula, take any four consecutive angles 
and sides (as a, G, b, J), and, calling the first and fourth the 
extremes, and the second and third the middle parts, employ 
the following rule :— 

ll\jLE.—rrodiict of cosines of middle parts = cot extreme 
side X sin middle side — cot extreme angle X sin middle angle. 


Pkoof. — In the formula for eos a (882) substitute a similar value for 
cosc, and for sine put sin G 

sin A 


896 


AM /'/t’K’.S FOItMCLJ:. 


(1) tail i (^1 —/>) = 

(2) tanJ(J + /;) = 

(3) tan {(( — li) = 
(1) tan I {a + f/) = 


sin lia-l)) , £ 

sin-J(^/ + ^) 2 

ia)s }y (a — b) . C 

sinH-l + /') 

VOS I (A —It), e 


Hulk. —In the ralne of tan J (A — B) change sin to cos to 
obtain tan v (A + B). To obtain (d) and (t) from (1) and (2), 
transpose sides and angles, and change cot to tan. 

Proof. —In tlte values of eo.s.l and cos 7^, by (8Sd), put m sin a and 
7Jisiu6 lor sin yl and sin 7>, and aild the two equations. Then [tut 

VI = transform by (<>70-072). 

sin u ± sin h 
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GAUSS'S FORMULAE. 
sill +71) _ cos^- (a — h) 
cos cos Ic 

sin ^ (A — B) _ sin ^ {(t — h) 
cos ^ C sin 2 C 

cos I {A-\-B) _ cos 2 + 

sinJC' cos^c 

cos ^ (^1 —/i) _ sin \ {(i-\-h) 
sin ~2 sill 

From any of these formuloa the others may be obtained 
by the following rule : — 

lluLE.— Change the sign of the letter B {large or small) on 
one side of the equation, and 'write sin for cos and cos for sin 
on the other side. 

Proof.—T ake sin i + B) = sin cos \B + cos | A sin ^B, 
substitute the s values by (884, 885), and reduce. 


( 1 ) 

( 2 ) 

(3) 

(- 1 ) 


SPHERICAL TRIANGLE AND CIRCLE. 


898 Let r be the radius of the in¬ 
scribed circle of ABC ; the radius of 
the escribed circle touching the side a, 
and It, lla the radii of the circumscribed 
circles; then 

(1) tan r = tan sin is—a) = -?~ 


( 3 ) 

( 4 ) 


2 sin a 
sin A 


sin 2 ^1 sin \U sin \ C 


2 cos IA cos IB cos \C 


2w 

cos S + cos (.S —yl)d-cos (<S —7i) + ».Vc. 


Proof. —The first value is found from tlic 
right-angled triangle OAF, in which AE= s—a. 
The other values by (SS4—8a-). 


A 

























tirniutwAL riiiAxai.K a.xh ciih'IJ-: 


I'.il 


899 (I) <:>1I r, = litii \A sill.v = 

(3) = ~ sill fos }, l{ cos IC 

Sill A “ 


2 cos iyl sin sin 

^ 2t _ 

— COSiS — cos (.S —/l) + cos /i) + cos {S—(') 


Proof. —From the right-angled triangle O'AF', in whieh AF'= s. 

Note. The first two valuc.s of tan may be obtained from those of 
tan r hy interchanging s and s —a. 


900 (l)taii/ 


(-) 


(■i) 

— sin .v+ 


, _ ian hi _ —cos S 
cos(^’—^1) 2 

_ sin 1^/ 

sin A cos Ih cos \c 

2 sin \(i sin \l) sin 
<y 

sin (.V —^/) + sin (.v — /;) + &c. 


Proof. —The first value from the right-angled 
triangle OBD, in which Z OBB = S — A. The other 
values by the formulie (^87-802). 



901 (0 


tan /i* 


<!UI _ COS (S’— si) 
— (*os S’ 2 


(•h 


(4) 

(5) 


sin la 

sin .1 sin sin ic 
2 sin .V/ <*os Ih cos Ir 

<T 

sin .y —sin (.v —o) + sin (.y —/>) + sin (.v —^*) 


Proof.—F rom the right-angled triangle (f'Bl\ in wl.ich z O'BD = tt—S. 
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SPHERICAL AREAS. 


902 area olH/lC = (A + yi+C—Tr) r“ = Er , 
where E = A+li + C—ir, the spherical excess. 

Proof.—B y adding tlie three lanes 
ABDC, ECEA, GAFB, 
and observing that ABF = CDE, 

we get l:± + ^ + ^) 2,rr’ = 2wr + 2ASO. 

\ TT TT TT / 



903 AREA OF SPUERICAL POLYGON, 

n being the number of sides, 


Area = {interior Angles —(a — 2 ) tt] 

= {277—Exterior Angles} 

= {277 —sides of Polar Diagram} 

The last value holds for a curvilinear area in the limit. 

Proof.—B y joining the vertiees with an interior point, and adding the 
areas of the spherical triangles so formed. 


904 GagnolVs Theorem. 

• 1 v/{sin.v sin {s — <i) sin(.v—/>) sin (-v —e)} 

sin ty it — ■ » -1 -1 • 1 

" 2 eos '|a eos ^o cos 

PiiOOF.-Expand sin [ + B)- (tt- 0)] ty (6*28), and transform by 

Gauss’s equations (897 i., iii.) and (CG9, 890). 


905 Llhnillie/s Theorem. 

Uu\ \E = y [tan J.? tan i (s—a) — tan } {s—c)]. 

Proof. — ^lultiply numerator and denominator of the left side by 
2 cos \ (A-^B—G + tt) and reduce by ((’>(>7, (H’kS), then eliminate > (/I +B) 
by Gauss’s formnlie (897 i., iii.) Transform by (t)72, O/o), and substitute 
from (88G). 











j^OL YU I':nHONS. 


l!ia 


POI.YIIKDKOXS. 

Lot tbo innulH'r of f;io(*s, solid angles, and odg(v<, rjf any 
j)olylu'dr()n la* /'\ N, and IJ; then 

906 + ^ 

PnooF. I'nijort tlif polyiiodron ujion an internal sphere. Let m = 
number of siiles, and *• = smn of anodes of one of the .spheri(;al pf)lyL,o)n.s so 
formed. Then its area = f .-?—(»u —‘2) tt} r% by (Pnd). Sum tliis for all the 
polvi^ons, and etpiate to Wr. 


Till] FIVE EEGUIjMI SOLIDS. 

Ii('t w be the number of sides in eacli ftice, t/ the imndxn* 
of plane angles in each solid angle; therefore 

907 mF= tiS = 2i:. 


From these equations and (90G), find F, S', and E in terms of m and 
»i, thus, 

^ M + 1_ M d = ^ -f 1 - M I = ^ 1 1. 

F - N m n 2 / ’ S' 2 \ m n 2 / E m n 2 

In order that F, S', and E may be positive, we must have ^ -f ^ ^ 

Hi n 2 

a relation which admit.s of five solutions in whole numbers, eorre.spondinj? to 
the five regular solids. The values of m, n, F, S', and E for the five re»^ular 
.solids are exhibited in the following table : 



VI V 

F 

,Sf 

F 

Tetndiedron ... 

... d d 

1 

4 

0 

llextdiedron ... 

... |. d 

(3 

S 

12 

Octidiedrou 

... d |. 

8 

(3 

12 

Dodecahedron ... 

') o 

12 

20 

do 

Icosahedron 

d) 0 

20 

12 

do 


908 The Slim of all the plane angles of any polyhedron 
= 2ir(.S'-2); 

Oi-, Fonr rhjht aniflra for cwrij rcrD-x less chjht riyht ani/lrs, 

2 r 
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909 If I be the angle between two adjacent faces of a 
regnlar polyhedron, 

• \ t TT . . TT 

sill .* / = cos — sill—. 


Proof. —Let F(J = a be tlie e(l<^e, and S 
the centre of a face, T the middle point of 
PQ, 0 the centre of the inscribed and circum¬ 
scribed spheres, ABO tlic ]n’ojection of PST 
upon a concentiic. spliere. In this splierieal 
triangle, 

A=^, and B = ^ = PST. 

2 n m 

Also STO = U. 

Now, by (881, ii.), 

cos A = sin R cos RG ; 

that is, cos — = sin -- sin 11. 

n m 

Q. e. d. 


0 



If r, B be the radii of the inscribed and circumscribed 
spheres of a regular polyhedron, 

910 4 2 ^ 

2 m 2 n 

Proof. — In the above figure, OS = r, OP = R, PP=~; and 

OS = PT cot ^ tan ^P. Also OP = FT coscc AG, and by (881, i.), 
m 

sin AG = tan RG cot A = cot^I cot ^ ; therefore, Ac. 

n 
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MISCELLANEOUS PEO POSITIONS. 


920 To find the point in a given line (JY, the snm of whose 
distances from two fixed points S, S' is a minimum. 


Draw SYB at right angles to QY, 
making YB = YS. Join BS\ cutting 
QY in P. Then P will be the required 
point. 

Proof. — For, if D be any other point 
on the line, SD = DR and SB = PR. 

But PP + P<S^'is >BS'\ therefore, &c. 

R is called the reflection of the point 
and SPS' is the path of a ray of light 
reflected at the line Q Y. 

If S, S' and QY arc not in the same plane, make SY, YR equal perpen¬ 
diculars as before, but the last in the plane of S' and QY. 

Similarly, the point Q. in the given line, the diflerenco of whose distances 
from the fixed points S and B' is a maximum, is found by a like construction. 



The minimum sum of distances from /S', S' is given bj 
{SP + S'Py = S'Y'. 

And the maximum difference from S and li is given by 
(SQ^Il'QY = (Sn'Y- \<SY. H' Y'. 

Proved by VI. D., since SRR'S' can be inscribed in a circle. 


921 Hence, to find tho 
shortest distance from P 
to Q cn route of tho lines 
AB, IJG, CD; in other 
words, the path of the ray 
reflected at the successive 
surfaces AD, DC, GD. 

Find /'j, the reflection of P at 
tho first surface; then P,, the 
reflection of Pj at the second sur¬ 
face ; next Pj, the reflection of P, 
at the third surface ; and so on if 
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there be more surfaces. Lastly, join Q with P 3 , the last reflection, cutting 
GD in a. Join aP,, cutting BG in b. Join hP^, cutting AB in c. Join cP. 
PchaQ is the path required. 

The same construction will give the path when the surfaces are not, as 
in the case considered, all perpendicular to the same plane. 


922 If the straight line d from the vertex of a triangle 
divide the base into segments p, q, and if h be the distance 
from the point of section to the foot of the perpendicular from 
the vertex on the base, then 

= p^+q‘^+2d^+2h [11. 12, 13. 

The following cases are important:— 

(i.) When = 2r/+2^/^; 

i.e., the sum of the squares of tiuo sides of a 
triangle is equal to tivice the square of half 
the basey together ivith twice the square of the 
bisecting line drawn from the vertex. 

(ii.) When p = 2qy (II. 12 or 13) 

(iii.) When the triangle is isosceles, 

W = =1 pg + ff. 



923 If 0 be the centre of an equilateral triangle ABG and 
P any point in space. Then 

= 3 (PO'+O^^). 

Proof.— PP=+P0* = 2PIP + 2BD\ (922, i.) 

Also Prf2 + 2PP2 = 60PH3P0', (922, ii.) 

and BO = 2OP ; 

therefore, &c. 

CoR.—Hence, if P be any point on the 
surface of a sphere, centre 0, the sum of the squares of 
its distances from y/, B, G is constant. And if r, the radius 
of the sphere, be equal to OA, the sum of the same squares is 
equal to Gr^. 


A 










MISCELLANEOUS PROrOSITIONS. 


107 


924 The sum of tlio squares of 

the sides of a quadrilateral is efjual 
to the sum of the squares of the 
diagonals plus four times the scpiare 
of the line joining the middle points 
of the diagonals. (922, i.) 

925 Cor. —The sum of the squares 
of the sides of a parallelogram is 
equal to the sum of the squares of the diagonals. 



926 n given line AGy to find a point X whose distance 
from a point F shall have a given 
ratio to its distance in a given 
direction from a line AB. 


Through P draw BPG parallel to the 
given direction. Produce AP, and make 
GE in tbc given ratio to GB. Draw PX 
parallel to EC, and XY to CB. There are 
two solutions when CE cuts AP in two 
points. [Proof. —By (VI. 2). 



927 To find a point X in AC, 
whose distance XY from AB parallel 
to BG shall have a given ratio to its 
distance XZ from BG parallel to AD. 

Draw AE parallel to BG, and having to 
AD the given ratio. Join BE cutting AC in 
X, the point required. [Proved by (VI. 2). 



928 To find a point X on any 
line, straight or curved, whose 
distances XY, XZ, in given direc¬ 
tions from two given lines AP, AB, 
shall be in a given ratio. 

Take P any point in the first line. 
Draw PB parallel to the direction of XY, 
and BG parallel to that of XZ, making 
PB have to BG the given ratio. Join PC, 
cutting AB in I). Draw DE parallel to 
CB. Then AE produced cuts the line in 
X, the point required, and is the locus of 
such points. [Proof. —By (VI. 2). 
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929 To draw a line XY through a given point P so that 
the segments XP, PY, intercepted by a given circle, shall be 
in a given ratio. 


Divide the radius of the circle in that ratio, 
and, with the parts for sides, construct a triangle 
PDG upon PC as base. Produce CD to cut the 
circle in X Draw XPY and GY. 

Then PD-\-DG = radius ; 
therefore PD = DX ; 

But GY=GX-, 

therefore PD is parallel to OF (1.5, 28); therefore 

&c., by (VI. 2). 



930 From a given point P in the 
side of a triangle, to draw a line PX 
which shall divide the area of the tri¬ 
angle in a given ratio. 

Divide BG in D in the given ratio, and 
draw AX parallel to PD. PX will be the line 
required. 

ABD : ADG = the given ratio (VI. 1), and 
APD = XPD (I. 37) ; therefore, &c. 


A 



931 To divide the triangle ABG in a given ratio by a line 
XY drawn parallel to any given line AE. 


Make BD to DO in the given ratio. Then 
make BY sl mean proportional to BE and BD, 
and draw YX parallel to EA. 

Proof. — AD divides ABG in the given ratio 
(VI. 1). Now 

ABE : XBY :: BE : BD, (VI. 19) 
or :: ABE : ABD ; 

therefore XBY = ABD. 



932 If the interior and exterior vertical angles at P of the 
triangle APB bo bisected by straight lines which cut the base 
in G and D, then the circle circumscribing GPD gives the 
locus of the vertices of all triangles on the base AB whose 
sides A]\ BB are in a constant ratio. 
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Proof.— 

The z GPD = i (APB + BPE) 

= a right angle ; 

therefore P lie.s on the circumference of 
the circle, diameter f'D (III. 31). Also 
AP : PB :: AC : OB :: AD : DB 
(VI. 3, and A.), a fixed ratio. 

933 AD is divided harmonically in B and 0; i.e., AD : DB AO \ OB ; 
or, the whole line is to one extreme part as the other extreme part is to the middle 
part. If wo ymt fc, c for the lengths AD, DD, CD, the proportion is 
expressed algebraically by a : h :: a—c : c — by which is equivalent to 



AP : BP = 0A\ 00=^ 00: OB 

: DP' = OA : OBy (VI. 19) 

AP'-AC : 0P“: BP^-BG\ (VI. 3, B.) 


934 Also 

and 



D 


935 If Q be the centre of the inscribed circle of the triangle 
ABC, and if AQ produced meet the circumscribed circle, 
radius 11, in F; and if FOG be a diameter, and AD perpendi¬ 
cular to BG; then 


(i.) FC=FQ = FB=z2RsmA. 

(ii.) Z FA l)=FA 0=1 {B-V), 
and ^CAG = i(B+C). 

Proof of (i.)— 

/.FQG= QOA + QAG. 

But QA0 = QAD = POP; (III. 21) 

/. FQO = FGQ ; .*. FG = FQ. 

Similarly FB = FQ, 

Also Z GCF is a right angle, and 
PD0=PA(7=iA; (111.21) 

F0 = 2B8in^-. 


O 



936 If F, r be the radii of the circumscribed and inscribed 
circles of the triangle ABC (see last figure), and 0, Q the 
centres; then ()Q‘^z=JF — 2B)\ 

Proof. —Draw QII perpendicular to AO; then QE = r. By the isosceles 
triangle AOP^ OQ^ = R^-AQ. QF (922, iii.), and QF = FG (935, i.), and 
by similar triangles OFC, AQII, AQ : QII :: GF : FG ; 
therefore A Q.FO = GF. QII = 2Rr, 
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The jirohlems knoicn as the Tangencies. 

937 Given in position any three of the following nine data— 
viz., three points, three straight lines, and three circles,—it is 
required to describe a circle passing through the given points 
and touching the given lines or circles. The following five 
principal cases occur. 


938 I. Given two points J, B, and the straight line CD. 


Analysis. —Let ABX be tbe required 
circle, touching GE in X. Therefore 

GX^=zGA.GB. (III. 36) 

Hence the point X can be found, and the 
centre of the circle defined by the inter¬ 
section of the perpendicular to GE through 
X and the perpendicular bisector of AB. 
There are two solutions. 

Otherwise, by (926), making the ratio 
one of eqnality, and EO the given line. 



Cor.— The point X thus determined is the point in CD at 
which the distance JB subtends the greatest angle. In the 
solution of (941) Q is a similar point in the circumference CD. 

(III. 21, & I. 16) 


939 II. Given one point A and two straight lines DC, DE. 

In the last figure draw AOG perpendicular to DO, the bisector of the 
angle D, and make OB = OA, and this case is solved by Case I. 

940 HI. Given the point P, the straight line DE, and the 
circle AGE. 

Analysis. — Lot FEE be the required 
circle touching the given line in E and the 
circle in E. 

Through II, the centre of the given 
circle, draw AIIGE perpendicular to EE. 

Let K be the centre of the other circle. 

Join JIK, passing through E, the point of 
contact. Join AE, EE, and AF, cutting 
the required circle in X. Then 

LE1IE= LKE; (I. 27) 
therefore UFA = KEE (the halves of equal 
angles); therefore yli'’, EE are in the same 
straight line. Thou, because AX.AF = AE.AE, (III. 36) 

and AE.AE^AG.AD by similar triangles, therefore AX can bo found. 
A circle must then bo described through F and X to touch the given lino, 
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by Case I. There are two solutions with exterior contact, as appears from 
Case I. These arc indicated in tlio diagram. There are two more in whicli 
the circle/U' lies witliin the described circle. The construction is quite 
analogous, C taking the place of 

941 IV. Given two points A , B and 
the circle CD. 

Draw any circle through A, J?, cutting the 
required circle in C\ D. Draw AB and EC, 
and let them meet in P. Draw PQ to touch 
the given circle. Then, because 

PC.PD = PA . PB = PQ\ (III. 3G) 

and the required circle is to pass through 
A, B ; therefore a circle drawn through A, B, Q 
must touch PQ, and therefore the circle CD, 
in Q (III. 37), and it can be described by Case 
I. There are two solutions corresponding to 
the two tangents from P to the circle CD. 


942 V. Given ono point P, and two circles, centres A and B. 



Analysis. —Let PEG be the required circle touching the given ones in F 
and G. Join the centres Q.l, QB. Join FG, and produce it to cut the 
circles in E and H, and the lino of centres in 0. Then, by the isosceles 
triangles, the four angles at E, F, G, IL are all equal; therefore AE, BG avo 
parallel, and so are AF, BIl\ therefore AO I BO It AF I Blf, and 0 is a 
centre of similitude for the two circles. Again, /. IIBK = 211 Lh, and 
FAM = 2FNM (III. 20) ; therefore FNM = JILK = 11GK (III.21); there¬ 
fore the triangles OFN, OKG are similar; therefore OF. 00 = ()7v . Oy; 
therefore, if OP cut the required circle in A', OA. OP = OK . OKf. Thus 
the point X can be found, and the problem is reduced to Case IV. 

Two circles can bo drawn through J' and X to touch tho given circles. 
One is the circle PFX. Tho centre of tho other is at tho point where EA 
and JIB meet if produced, and this circle touches the given ones in E and 11. 

943 An analogous construction, employing tho internal centre of simili¬ 
tude O', determines the circle which passes through P, and touches one given 
circle externally and the other internally. Seo (1017-0). 

The centres of similitude are tho two points which divide tho distance 
between tho centres in the ratio of tho radii. See (1037). 

2 D 
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944 Cor. —The tangents from 0 to all circles which touch 
the given circles, either both externally or both internally, 
are equal. 

For the square of the tangent is always equal to OK. OK or OL . OM. 

945 The solutions for the cases of three given straight lines 
or three given points are to be found in Euc. IV., Props. 4, 5. 

946 In the remaining cases of the tangencies, straight lines 
and circles alone are given. By drawing a circle concentric 
with the required one through the centre of the least given 
circle, the problem can always be made to depend upon one 
of the preceding cases; the centre of the least circle becoming 
one of the (jiven points. 

947 Definition. — A centre of .similarity of two jilane curves 
is a 2>oiiit such that, any straight tine being drawn through it 
to cut the curves, the segments of the line intercepted between 
the point and the curves are in a constant ratio, 

948 If AB, AG touch a circle at B and 
C, then any straight line AEDF, cutting 
the circle, is divided harmonically by 
the circumference and the chord of con¬ 
tact BG. 

Proof from AE. AF = AB\ (III. 3G) 

Air^ = JW.DC^AV-, (923) 

and BB.BG= EB . BF. (III. 85) 

949 If (i,p, y, in the same figure, be the 
perpendicidars to the sides of ABG from 
any point E on the circumference of the 
circle, then fiy = a^. 

Pkoof.— Draw the diameter BII=d ; then EB’^-zz.ftd, because BEH is a 
right angle. Similarly EG'^ = yd. But EB. EG = ml (^VI. D.), therefore Ac. 



950 If EEj be drawn parallel to the base 
BG of a triangle, and if EB, EG intersect 
in 0, then 

AE : AG :: EG : OB :: FO : OG, 

By VI. 2. Since each ratio = FE : BG. 

Cor. —If AG = n. AE, then 
' BE=(n+l)OE. 











misc]':llani:ovs rnopo^iriOKS. 
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951 T1 10 tliroc lines drawn from the angles of a triangle to 
tlio middle points of the op])Osite sides, intersect in tlie same 
point, and divide each other in the ratio of two to one. 

I'or, l)y tlic Inst theorem, any one of thcso lines is divided by each of tho 
others in the ratio of two to one, measuring from tho same extremity, and 
must therefore bo intersected by tliem in the same point. 

This point will be referred to as the centroid of the triangle. 


952 T lie perpcndicnlars from the angles upon tho opposite 
sides of a triangle intersect in the same point. 


Draw BEy CF perpendicular to the sides, and let 
them intersect in O. bet AO meet BC in 7). Circles 
•will circumscribe AEOF and BFEO, by (III. 31) ; 

therefore / FAO = FEO = FCB ; (III. 21) 
therefore Z 7>7>.l = BFC = a right angle; 
i.e., AO is perpendicular to B(A, and therefore the 
perpendicular from A on BC passes through 0. 

0 is called the orthocentre of the triangle ABC. 


A 



Com—The perpendiculars on the sides bisect the angles 
of the triangle DEF, and the point 0 is therefore the centre 
of the inscribed circle of that triangle. 

Proof.—F rom (III. 21), and the circles circumscribing OEAF and OECD. 


953 If the inscrilied circle of a triangle AEG touches tho 
sides ( 7 , hy c in the jioints D, E, F; and if the escribed circle 
to the side a touches a and b, c produced in D\ E\ F '; and if 

5 = ^ (a + Zz-f 0 ; 

then 

EF' = /;/>' = CD = s-c, 
and A E' = A F' = s; 
and similarly with respect to 
the other segments. 

Proof. —The two tangents from 
any vertex to either circlebeing equal, 
it follows Ibat ('J)-\-c= half the 
perimeter of .17i(', which is made up 
of tlirec pairs of equal segments; 
therefore CD = s — c. 

Also 

AE'A-AF' = AC+CFpABA-Bjy 

= 2v • 

therefore AE' = A F' = s. 
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The Nine-Point Circle, 


954 The Nine-point circle is the circle described through 
D, E, F, the feet of the perpendiculars on the sides of the 
triangle ABG, It also passes through the middle points of 
the sides of ABG and the middle points of OA, OB, OG; in 
all, through nine poi 

Proof. —Let the circle 
cut the sides of ABG 
again in G, J/, K; and 
OA, OB, 00 in L, 31, N. 

ZEMF^EDF (111.21) 

= 20DF (952, Cor.) ; 
therefore, since OB is the 
diameter of the circle cir¬ 
cumscribing OFBD (III. 

31), 31 is the centre of 
that circle (III. 20), and 
therefore bisects OB. 

Similarly OG and OA 
are bisected at N and L. 

Again, Z 3IGB = MED (III. 22) = OGD, (III. 21), by the circle circum- 
scribing OEGD. Therefore 3IG is parallel to OG, and therefore bisects BG. 
Similarly II and K bisect GA and AB. 



955 The centre of the 
nine-point circle is the 
middle point of OQ, the 
line joining the ortho¬ 
centre and the centre 
of the circumscribing 
circle of the triangle 
ABG, 

For the centre of the N. P. 
circle is the intersection of 
the perpendicular bisectors 
of the chords DG, EU, FK, 
and these per])eudiculars 
bisect OQ in the same point 
N, by (VI. 2). 

956 The centroid of 



the triangle ABG also lies on the line OQ and divides it in 
B so that OB = 2BQ. 


Proof. —The ti-iangles QTTG, OAB are similar, and AB 2TIG ; there¬ 
fore AO = 2GQ ; tlicrefore OR = 2RQ ,; and AR = 2RG j therefore R is the 
centroid, and it divides OQ as stated (951). 
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957 llcnco the line joining the centres of the circninscrilxHl 
and nine-point circles is divided harmonically in the ratio of 
2:1 by the centroid and the orthocentre of the triangle. 

These two points are therefore centres of similitude of the 
circumscribed and nine-point circles; and any line drawn 
through either of the points is di^dded by the circumferences 
in the ratio of 2 : 1. See (1037.) 

958 The lines T)E, EF, ED intersect the sides of ABG in 
the radical axis of the t^vo circles. 

For, if EF meets BO in P, then by the circle circumscribing BCEF, 
BE.VF — rC.rB'j therefore (Ill. 36) the tangents from P to the circles 
are equal (985). 


959 The nine-point circle touches the inscribed and escribed 
circles of the triangle. 


Proof. —Let 0 be the orthocentre, and 7, Q 
the centres of the inscribed and circumscribed 
circles. Produce AI to bisect the arc BG in T. 
Bisect AO in 7v, and join (7L, cutting AT in S. 

The N. P. circle passes through G, I), and 
L (954;), and P is a right angle. Therefore 
GL is a diameter, and is therefore = P = QA 
(957). Therefore GL and QA are parallel. 
But QA = QTy therefore 

CS = GT = or sin 4 = 2ii: sin ’2 . (935, i.) 

Also ST = 2 GS cos 0 

(0 being the angle GST = GTS). 

N being the centre of the N. P. circle, its 
radius =z NG = ili] and r being the radius of 
the inscribed circle, it is required to shew that 



NI - NG-r, 

Now NE = SN^A-SV-2SN. SI cosd. (702) 

Substitute ^77= — GS\ 

SI = TJ-ST = 2P sin^-2GS cos 6 ; 


and GS = 2P sin’ \A^ to prove the proposition. 

If J be the centre of the escribed circle touching PP, and its radius, it 
is shewn in a similar way that NJ = NG-\-ra. 


To con.struct a trianf^le from certain data. 

960 When amongst the data wo have the sum or difference 
of the two sides AB, AG\ or the sum of the segments of tho 
base made by AG, the bisector of the exterior vertical angle; 
or the difference of the segments made by AE, the bisector of 
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tlie interior vertical angle; the following construction will 
lead to the solution. 

Make AE = AD = A G. Draw 
J)2I ])arallul to AF, and suppose 
EK drawn parallel to AG to meet 
tlie base produced in K; and 
complete the figure. Then RE 
is the sum, and RD is the differ- 
cuce of the sides. 

RK is the sum of the exterior 
segments of the base, and RJI is 
the difference of the interior seg¬ 
ments. / IWIT = REG = ^A, 

Z.AT)G = EAG =i(j;+(7), 
z.BGR = \RFR = ^{G-R). 

961 When the base and the vertical angle are given; the 
locus of the vertex is the circle ABG in figure (935); and the 
locus of the centre of the inscribed circle is the circle, centre 
B and radius FB, When the ratio of the sides is given, 
see (932). 



962 To construct a triangle when its form and the distances 
of its vertices from a point A' are given. 


Analysis. —Let ARG be the required triangle. On 
A'R make the triangle A'RG' similar to ARG, so that 
AR : A'R :: GR : G'R. The angles ARA', GRG' will 
also be equal; therefore AR : RG :: A A' : CG', which 
gives OG', since the ratio AR : RG is known. Hence 
the point G is found by constructing the triangle 
A'GG'. Thus RG is determined, and thence the tri¬ 
angle ARG from tho known angles. 



963 To find the locus 
of a point P, the tan¬ 
gent from which to a 
giv^en circle, centre A, 
lias a constant ratio to 
its distance from a given 
point ]L 

Let AK be the radius of 
the circle, and p : q the 
given ratio. On AR take 
AG, a third proportional to 
AR and AK, and make 
AD : DR = p‘ : q^. 
With centre D, and a radius 
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C(|nal to a mean proportional between />/> and DC, describe a circle. It will 
bo the required locus. 

Proof. —Suppose P to bo a point on tlio required locus. Join P with 
A, Ji, C, and D. 

Describe a circle about PBC cutting A I' in F, and another about ABF 
cutting PIJ in (I, and join .Ur and BF. Then 

P7l’ = .ir'-.l/i - = AJ'--J}A.A(^ (byconstr.) = AB^-PA.AF (III. Gb) 
= AP.PF (11. H) = QP.PB (111. GO). 

Therefore, by liypothesis, 

2 >'^ : r/ = OP.PB : PP^ = OP : PB = AD : DB (by constr.) ; 

therefore Z DPG = POA (VI. 2) = PFB (111. 22) = PCB (III. 21). 

Therefore the triangles DPB, DCP are similar; therefore DP is a mean pro¬ 
portional to DB and DC. Hence the construction. 

964 Cor. —If = q the locus becomes the perpendicular 
bisector of 1>C, as is otherwise shown in (lOOd). 


965 To find the locus of a point P, the tangents from which 
to two given circles shall have a given ratio. (See also lOoO.) 

Let A, B be the centres, a, h the radii 
(rt > h), and p : q the given ratio. Take c, so 
that c’.h = q, and describe a circle with 
centre A and radius yl.V = \/tt"—c^. Find the 
locus of P by the last proposition, so that 
the tangent from P to tins circle may havo 
the given ratio to PB. It will be the re¬ 
quired locus. 

Pkoof.—B y hypothesis and construction 

_ J’A'* __ c' ^ P/P + c’ ^ .IP^-n^-hr^ _ AB-A^ 

,/ rr 6* P'F-fF BP^ BP- 

Cor. —Hence the point can be found on any curve from 
which the tangents to two circles shall have a given ratio. 



966 To find the locus of tlie point from which the tangents 
to two given circles are equal. 

Since, in (205), wo havo now thcrefoi’C c — b, the construction 

simplifies to the following : 

Take AX = y(a--b-), and in .IP take AB : AX : AC. The perpen¬ 
dicular bisector of BO is the required locus. But, if the circles intersect, 
then their common chord is at oucc the line required, bee lladical Axis 
(985). 
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Cnllhicar and Concurrent st/sfems of points and lines. 

967 Definitions. —Points lying in the same straight line are 
coUlnear. Straight lines passing through the same point are 
concurrent, and the point is called the focus of the pencil of 
lines. 

Theorem. —If the sides of the triangle ABC, or the sides 
produced, be cut by any straight line in the points a, h, c 
respectively, the line is called a transversal, and the segments 
of the sides are connected by the equation 

968 {Ah : bC) {Ca : aB) {Be : cA) = 1. 

Conversely, if this relation holds, the points a, h, c will be 
collinear. 

Proof. — Through any vertex A draw AB 
parallel to the opposite side BC, to meet the 
transversal in D, then 

Ah : bC = AD : Ca and Be : cA = aB : AD 
(VI. 4), which proves the theorem. 

Note. —In the formula the segments of the 
sides are estimated positive, independently of 
direction, the sequence of the letters being pre¬ 
served the better to assist the memory. A point may be supposed to travel 
from A over the segments Ab, bC, &c. continuously, until it reaches A again. 

969 By the aid of (701) the above relation may be put in 
the form 

: smbBC){sii\CAa : sin (sin/iCc : sincC'^) = l 



970 If 0 be any focus in the plane of the triangle ABC, and 
if AO, BO, CO meet the sides in a, b, c; then, as before, 
{Ab : bC) {Ca : aB) {Be :cA) = l. 

Conversely, if this relation holds, the lines Aa, Bh, Gc will 
be concurrent. 


Proof. —By the trans¬ 
versal Bb to the triangle 
AaC, we have (9G8) 

(Ab : hC) (CB : Ba) 

x(aO : OA) = 1. 
And, by the transversal 
Cc to the triangle AaB, 
(Be : cA) (AO : Oa) 

X (aO : CB) - 1 . 
hlultiply these equations 
together. 
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971 If Ij(\ ('(I, ah, in the last ligin-o, bo produced to inoi t Uie 
sides of J/>V'iii J\ (J, h\ tlien (‘aeli of the nine lines in the 
liiXnre will be divided harmonically, and the points /', (J, U 
will be collinear. 

Proof.—( i.) Take bV a traii.sver.sal to Al^E; therefore, by (UOb), 

{Cr : rif) (Be : c*I) (Ah : bC) = 1; 
tlicrefore, by (070), CP : PE = Ca : uP. 

(ii.) Take CP a transversal to .l&c, therefore 

(.17;: Pc) (cP : Pb) (bC : CA) = 1. 

Blit, by (070), taking 0 for focus to Abe, 

(.iz; : K-) ici >: i.h) (hr : (7J) = 1; 

therefore cP Pb = cp : ph. 

(iii.) Take PC a transversal to AOc, and h a focus to AOc; therefore, by 
(008 &, 070), (.la : aO) (OC : Cc) (cP : PA) = 1, 

and (.1|> ; pO) (OC : Cc) (cP : PA) = 1; 

therefore Aa : aO = Ap ; pO. 

Thus all tlie lines are divided harmonically. 

(iv.) In the equation of (070) put Ah : bC = AQ : QC the harmonic 
ratio, and similaily for each ratio, and the result proves that P, Q, 7l aro 
collinear, by (008). 

CoK.—If in tlie same figure qr, rp, pq be joined, the three 
lines will pass through 1\ Q, It respectively. 

Proof. —Take 0 as a focus to the triangle abc, and employ (070) and the 
harmonic division of be to show that the transversal rq cuts be in P. 


972 If a transversal intersects the sides AB, />(d, CP, &c. 
of any polygon in the points a, h, r, &c. in order, then 

(.1^^ : (iB) {Bh : hC) {Cc : cD) {I)d : dE) ... = 1. 

Proof, —Divide the polygon into triangles by lines drawn from one of the 
angles, and, apiilying (008) to each triangle, combine the results. 


973 Let any transversal cut the sides of a triangle and 
their three intersectors AO, BO, CO (set' tigure of PTo) in the 
points A, B\ C, a, //, c\ respectively; then, as before, 

{Ah' : bC) (/V : a'B) {Be : cA) = 1. 

Proof. —Each side forms a triangle with its interscctor and the trans¬ 
versal. Take the four remnining lines in sneeessi«' i for transversals to each 
triangle, applying (OdS) symmetrically, anti t omhi le the twelve etpiations. 
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974 If the lines joining corresponding vertices of two tri¬ 
angles ABC, ahc are concurrent, the points of intersection 
of the pairs of corresponding 
sides are collinear, and con¬ 
versely. 

Proof. — Let the concurrent lines 
Aa, Bh, Cc meet in 0. Take he, 
ca, ah transversals respectively to 
the triangles OBG, OCA, OAB, ap¬ 
plying (908), and tho product of the 
three equations shows that P, ii, Q 
lie on a transversal to ABC. 

975 Hence it follows that, if the lines joining each pair of 
corresponding vertices of any two rectilineal figiu’es are con¬ 
current, the pairs of corresponding sides intersect in points 
which are collinear. 

The figures in this case are said to be in ]jerspecttce, or in 
homology, with each other. The point of concmTence and 
the line of collinearity are called respectively the centre and 
axis of perspective or homology. See (1083). 

976 Theorem. —AVhen three perpendiculars to the sides of a 
triangle ABC, intersecting them in the points a, h, r respec¬ 
tively, are concurrent, the following relation is satisfied; and 
conversely, if the relation be satisfied, the perpendiculars are 
concurrent. 

= 0 . 

Proof. —If the perpendiculars meet in 0, theu Ab^—hC‘=AG'—OC‘, 
&c. (I. 47). 

Examples. —By the application of this theorem, the concurrence of the 
three perpendiculars is readily e.stahlished in the following case.s:— 

(1) When the perpendiculars bisect the sides of the triangle 

(2) When they ])ass through the vertices. (By employing I. 47.) 

(3) The three radii of the escribed cii-ch's of a triangle at tlie points of 
contact between the vertices are concurrent. So also are the railius of the 
inscribed circle at the point of contact with one side, and the ratlii of the two 
e.'^cribed circles of the remaining sides at the points of contact beyond the 
included angle. 

In these cases employ the values of the segments iriveu in (953). 

(4) The perpendiculars equidistant from tho vertices with three con¬ 
current perpendiculars aie also concurrent. 

(5) When the three perpendiculars from the vertices of one triangle upon 
the sides of the other are concurrent, then tho perpendiculars from tho 
vertices of the second triangle upon the sides of the tir.st are also concurrent. 

Proof. —Jf A, H, 0 and A\ 1(, O' are corresponding vertices of the tri¬ 
angles, join AB\ AC', BC\ BA', (^1, CH, and apply the theorem in conjunc¬ 
tion with (1. 47). 
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Tr}fin^-/r,s (tf constunl spcrirs vin'innscrlhcd to a triium^Ir. 


977 I jQt AI)C be any triangle, and 0 any point; and let 

circles circnniscribe AOli, IU)C\ CO A, The circumfenaices 
'svill be the loci of the vertices of a triangle of constant form 
Avhoso sides pass through the 
points .1, y>, 

Proof. —Draw any line hAr from circle 
to circle, and ])r(»diice hi\ cli to meet ifi a. 

The angles R(K\ arc supplements 

of the angles c and h (III. 2*2); therefore 
BOC is the supplement of a (I. 82) ; there¬ 
fore a lies on the eii-cle ORC. Also, the 
angles at 0 being constant, the angles a, b, c 
are constant. 



978 The triangle ahe is a maxiinnni when its sides are per¬ 
pendicular to 0.1, Oil, 00, 

Proof. —The triangle is greatest when its sides are greatest. But tl o 
sides vary as Oa, Ob, Oc, which arc greatest when they are diameters of the 
circles; therefore itc., by (111.81). 


979 To construct a triangle of given species and of given 
limited magnitude which shall have its sides passing through 
three given points A, Jl, 0. 

Determine 0 bv describing circles on the sislcs of ABO to contain angles 
equal to the supj)hnient.s of the angles of the specitied triangle. Construct 
the tigurc *ibrU independently from the known sides of ttbv, and the now 
kinovii angles ObO — 0.1 C, OaC= 01*0, Ac. Thus the lengths Oa, Oh, Oc 
are found, and therefore the points n, c, on the circles, can be determined. 

The dcinonstratioiis of the following projiositions will now bo obvious. 


Triangles of constunt .s/irrics htscrihctl to a triiiiiiiic. 

980 Let ahr, in the last figure, be a fixed trijtngle, and O 
any point. Take tiny point .1 on hr, and let the circles cir¬ 
cumscribing OA(‘, (JAh cut tlie ollnr sides iu H, C. Then 
A lie wiW be a triangle (»f cnustaiit form, and its angles will 
have the values A — 0ha-]-Orn^ etc. (IIL 21.) 

981 T he triangle .1/>L will evidently be a minimum when 
O.l, Oil, 00 are drawn perpendicidar to the sides of abr. 

982 To construct a triangle of given form and of given 
limited inagnilnde having its vertices upon three fixed lines 
hr, ra, nb. 
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Construct the fiofuro A ECO independently from the known sides of ABG 
and the angles at 0, wliich are equal to the supplements of the given angles 
«, h, c. Thus the angles OAC, &c are found, and therefor© the angles ObC^ 
&c.y equal to them (III. 21), are known. From these, last angles the point 0 
can be determined, and the lengths OA, 07)*, 00 being known from the inde¬ 
pendent figure, the points A, J7, 0 can be found. 

Observe that, wherever the point 0 may be taken, the angles AOR, BOO 
COA are in all eases either the su])plerneiits of, or equal to, the angles c, a, h 
respectively; while the angles aOb, hOcy cOa are in all eases equal to 0 ± c, 
A i a, B i h. 

983 XoTE. —In general problems, like tlie foregoing, Avliicli 
admit of different cases, it is advisable to choose for reference 
a standard figure which has all its elements of the same affec¬ 
tion or sign. In adapting the figure to other cases, all that 
is necessary is to follow the same construction, letter for 
letter, observing the convention respecting positive and 
negative, which applies both to the lengths of lines and to 
the magnitudes of angles, as explained in (G07—609). 


Radical 

984 Definition. —The radical axis of two circles is that 
perpendicular to the line of centres which divides the dis¬ 
tance between the centres into segments, the difference of 
whose squares is equal to the difference of the squares of the 
radii. 

Thus, Ay Tj being the centres, u, h the radii, and IP the 
the radical axis, AP—BP = a^—P. 



985 It follows that, if the circles intersect, the radical axis 
is their common chord ; and that, if they do not intersect, the 
radical axis cuts the line of centres in a point the tangents 
from which to the circles are equal (I. 47). 

To draw the axis in this case, sec (960). 
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Otherwise: let the two eirelcs ent the line of ecntrcH in (\ h and // 
7 ’espeetivelV. Deserihe any elrele thivnij^Ii O nnd IK nnd lanother through 
r'jind //, intersceting the former in K and K 'fheir coimnoii eliord /'i/'* 
will eut the ecntra! axis in the required j.oint f. 

Pkoof.— /O. ID = IK. IK = IC\ U/ (III. 130) ; therefore the tangents 
from / to the eireles arc equal. 


986 Thritmu .—The ditTc'ivnce of tlu‘ stjtiaros of tangents 
from aoy point P to two circles is otpial to twice the rectangle 
iiiuler the distance between their cetitres and the distance of 
the point from their radical axis, or 

rK^-PT^ = 'iAn. PN. 



Phoof. 

PlC' -rT’^ = {Ar’-BV-)-{tc-V) = {AQ'-BQ^) - {AP-BP), 
by (I. 47) & (Oft-t). Bisect AB in 0, and substitute f.r each dinercuce of 
squares, by (II. 12). 

987 Cor. 1.—If P be on the circle whose centre is 7>, then 

PK^ = 2A n . PN. 

988 CoR. 2.—If two chords be drawn through P to cut the 
circles in X, X, V, F; then, by (111. 30), 

i^x . /^v- pv. p r = 2.1 p . /^v. 


989 If ^ variable circle intersect two given circles at con¬ 
stant angles « and ft, it will intersect their radical axis at a 
constant angle; and its radins will bear a constant ratio to 
the distance of its centre from the radical axis. Or 

PX : PX = a cos a-b cos ft : AP. 
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Proof.—T n tlie same figure, if P be tlie centre of the variable circle, and 
if PX=Ry be its radius; then, by (088), 

FX (XX'- YY') = 2.1P. FN. 

Blit XX' = 2a cos n and YY' = 2h cos/3; 

therefore FX : FX = a cos a —6 cos/3 : ^IP, 

which is a constant ratio if the angles «, /3 are constant. 

990 Also PX : PX = the cosine of the angle at which the 
circle of radius PX cuts the radical axis. This angle is 
therefore constant. 

991 (JoR.—A circle which touches two fixed circles has its 
radius in a constant ratio to the distance of its centre from 
their radical axis. 

This follows from the proposition by making a = /3 = 0 or 27r. 

If P be on the radical axis; then (see Figs. 1 and 2 of 984) 

992 (i.) Tlio tangents from P to the two circles are equal, 

or PK = FT. (986) 

993 (ii.) The rectangles under the segments of chords 

through P are equal, or PX . FX' = FY. FY'. (988) 

994 (iii.) Therefore the four points X, X', Y, Y' are con- 
cyclic (III. 36); and, conversely, if they are concyclic, the 
chords XX', YY' intersect in the radical axis. 

995 Definition. —Points which lie on the circumference of 
a circle are termed concyclic. 

996 (iv. ) If P be the centre, and if PX = PY be the radius 
of a circle intersecting the two circles in the figure at angles 
a and [3; then, by (993), XX'=1Y', or u cos a = i cos/3; 
that is, The cosines of the angles of intersection are inversely 
as the radii of the fixed circles. 

997 The radical axes of three circles (Fig. 1046), taken two 
and two together, intersect at a point called their radical centre. 

PiiOOF.— Let4, 7?, Ob t 10 ooutros, a, h, c the rndii, and X, Y, Z the points 
in which the radical a.ves cut 730, 04, AR. Write the equation of the defini¬ 
tion (081) for each pair of circles. Add the results, ami ajq^ly (0/0). 

998 A circle whose centre is the radical centre of three 
other circles intersects them in angles whoso cosines aro 
inversely as their radii (996). 









lloncc-, if tins foiiilli circle cuts one of tlic otlu'i'.s ur- 
tliogonally, it cuts tlicin nil oi-thogonally. 

999 ^'lie circle Avliicli intci’sccts vA angles «,/3, y three fixed 
circles, whose centres are .1, //, C and radii n, h, r, has its 
centre at distances from the radical axes of the fixed circles 
proportional to 

h cos f3 — c cos 7 r cos y — a cos a a cos o — // cos (3 

BC ’ CA ’ AB 

And therefore the locns of its centre will be a straight line 
passing through the radical centre and inclined to the threo 
radical axes at angles whose sines are pro])ortional to these 
fractions. 

Pkoof.—T he result is obtained immediately by writing out equation (1)80) 
for eaeh pair of fixed circles. 

The Method of Inremion. 

1000 Definitions. — Any two points P, situated on a 
diameter of a fixed circle 
whose centre is 0 and radius 

so that OB. OB' = Jr, are 
called ini’t rsr with re¬ 

spect to the circle, and either 
])oint is said to be the ntrerse 
of the other. The circle and 
its centre are called the rivcle 
and centre of inversion, and 
Iv the constant of inversion, 

1001 If every point of a plane figure be inverted with 
respect to a circle, or every point of a figure in space with 
respect to a sphere, the resulting figure is callctl the inverse 
or image of the original one. 

Since OB : Ic : ()!*', therefore 

1002 OP : OP' = OP^ : Jr = A“ : OP'\ 


1003 Let D, O', in the same figure, be a pair of inverse 
points on the diameter 00', In the perpendicular bisector of 
BD , take any point 0 as the centre of a cirele passing through 
1), D, cutting the circle of inversion in B, and any straight 
line through 0 in the points /', B*'. Then, by (111. 30), 
OB . OB' = OD . OD' = Oil- (1000). lienee 
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1004 (i.) P, P' are inverse points; and, conversely, any 
two pairs of inverse points lie on a circle. 

1005 (ii) The circle cuts orthogonally the circle of inver¬ 
sion (III. o7); and, conversely, every circle cutting anotlier 
orthogonally intersects each of its diameters in a pair of 
inverse points. 

1006 (iii.) The line IQ is the locus of a point the tangent 
from which to a given circle is equal to its distance from a 
given point D, 

1007 Def. —The line IQ is called the axis of reflexion for 
the two inverse points I), IJ\ because there is another circle 
of inversion, the reflexion of the former, to the right of Rf 
ha^uug also P, I)' for inverse points. 


1008 The straight hnes drawn from any point P, within 
or without a circle (Figs. 1 and 2), to the extremities of any 
chord AB passing through the inverse point Q, make equal 
angles with the diameter through PQ, Also, the four points 
0, A, P, P are concyclic, and QA . QB = QO . QP. 




ProOF. — In either figure OP * OA : OQ and OP : OB : OQ (1000), 
therefore, by similar triangles, Z OPA = OAB and OPB = OBA in figure 
(I) and tlio supplement of it in figure (2). But OAB = OBA (I. 5), there¬ 
fore, &Q. 

Also, because Z OPA = OBA, the four points 0. A, B, P lie on a circle in 
each case (III. 21), and therefore QA . QB = QO . QP (Ill. 35, oG). 


1009 The inverse of a circle is a circle, and the centre of 
iiiA'crsion is the centre of similitude of the two figures. See 
also (1037). 

Pkoof. —In the figure of (1013), let 0 be the point where the common 
tangent JiT of the two circles, centres ui and />, cuts the central axis, and let 
any other line through 0 cut the circles in P, P\ Q'. Then, in the deinon- 
slration of tOI^), it i.s shown that OP 0(/=■ OQ.OP =P, a constant 
quantity. 3'hcrefore either circle is the inverse of the other, k being the 
radius of the circle of inversion. 
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1010 To make tlic inversions of two ^ven circles e(|nal 
circles. 

I\rLE.— Titl'C fhr rciifrr of uivrrsfon so that thr s/jiiorrs oj 
the tiniijcuts from it to the ijiccii circles may be j^rojwrf tonal to 
their radii ( 96 ^)). 

PiiooF.—(Fig. 1013) AT : r>n = OT : Oil = OT : lc\ since OT : h : OR, 
Therefore OT‘^ \ AT = : UR, therefore A* remains constant if O'P AT. 

1011 lienee three circles may be inverted into equal circles, 
for the retiuired centre of inversion is the intersection of two 
circles that can be drawn by (905). 


1012 The inverse of a straight lino is a circle passing 
through the centre of inversion. 


Proof.—D raw OQ perpendicular to tho 
line, and take P any other point on it. Let 
Q', P' be the inverse points. Then OP . 01^— 
OQ. 0(2'\ therefore, by similar triangles, 
Z 01*'(2' = 0(2Py a right angle; and 0(2' is 
constant, therefore tho locus of i*' is tho 
circle whose diameter is OQ'. 

1013 Example.—T he inversion of a poly¬ 
gon produces a figure bounded by circular 
arcs which intersect in angles equal to tho 
corresponding angles of the polygon, the 
complete circles intersecting in the centre 
of inversion. 



1014 If the extremities of a straight line I *'(7 in the last 
figure are the inversions of tho extremities of then 

PQ : P (f = xfOP . OQ) : ^^{OP . OQ'). 

Proof.—B y similar triangles, PQ : PQ' = OP : OQ' and PQ : PQ' 
OQ l OP. Compound these ratios. 

1015 From the above it follows that any homogeneous 
equation between the lengths of lines joining pairs of points 
in space, such as r(2.IOd.Tr= Pll.ijT.Sr, tlie same 
points appearing on both sides of tho eipiation, will lie 
true for the figure obtained by joining tlie corresponding 
pairs of inverse points. 

For the ratio of each side of the equation to the corresponding side of tho 
equation for tho inverted points will 1)0 the .same, namely, 

PiOP.OQ.OR ...) : Pi^OP .(X7 OP ...). 

2 F 
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Foie and Polar, 

1016 Defixitiox. —The iwlar of any point P with respect 
to a circle is the perpendicular to the diameter 01* (Fig. 1012) 
drawn through the inverse point P', 

1017 It follows that the polar of a point extenor to the 
circle is the chord of contact of the tangents froii the point; 
that is, the hne joining their points of contact. 

1018 Also, P'Q, is the polar of P with respect to the circle, 
centre 0, and PQ is the polar of if, In other words, 
point P hjing on the polar of a point Q', has its oicn polar 
alicays passing through Q'. 


1019 The lino joining any two points P, p is the polar of 
I/, the point of intersection of their polars. 

Proof. —Tlie point Q' lies on both the lines P'Q', p'Q', and therefore has 
its polar passing through the pole of each line, by the last theorem. 

1020 The polars of any two points P,p, and the line joining 
the points form a self-reciprocal triangle with respect to 
the circle, the three vertices being the poles of the opposite 
sides. The centre 0 of the circle is evidently the orthocentre 
of the triangle (952). The circle and its centre are called the 
polar circle and j^olar centre of the triangle. 

If the radii of the polar and circumscribed circles of a 
triangle ABC be r and if, then 

= MP cos A cos B cos C. 

Proof. —In Fig. (052), 0 is the centre of the polar circle, and the circles 
described round ABC, HOC, COA, AOB are all equal; because the angle 
BOO is the su])plement of ..1; Ac. Therefore 2R.OD= OB. 00 (VI. C) 
and 9-^ = OA . 01) = OA . OB . 00 -h 2P. Also, OA = 2R cos A by a diameter 
through P, and (111. 21). 


Coau'al Circles. 

1021 Defixitiox.— A system of circles liaving a common 
line of ccnti'es calk'd tlie central aris, and a common radical 
axis, is termed a coaral system. 

1022 If 0 be the variable centre of one of the circles, and 
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OK its nulius, tlio ^Yllolc‘ system is included in tlic equation 
0/2_o/v^= ±8^, 
where 8 is a constant length. 



1023 Ill the first species (Fig. 1), 

On^OK^ = 

and 8 is the length of the tangent from I to any circle of the 
system (IhS.j). Ijet a circle, centre / and radius cut the 
ce ntral axis in 1\ I)\ When 0 is at I) or J>\ the circle whose 
radius is OK vanishes. When O is at an infinite distance, 
the circle developes into the radical axis itself and into a line 
at infinity. 

The points I>, U arc called the lunitnKj poinis, 

1024 In the second species (Fig. 2), 

on--01^ = S-, 

and S is half the chord I?/i' common to all the circles of 
the system. These circles vary between the circle with 
centre [ and radius and the circle with its centre at infinity 
as described above. The points 7t\ // are the ru}}nnon 
of all circles of this system, ddie two systems arc therefore 
distinguished as iho limitin(j points S2)cc{( s and the common 
2 mints S 2 n:cics of coaxal circles. 
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1025 There is a conjugate system of circles having 7Z, Jl! for 
limiting points, and D, 1)' for common points, and the circles 
of one species intersect all the circles of the conjugate system 
of the other species orthogonally (1005). 

Thus, in figures (1) and (2), Q is the centre of a circle 
of the opposite species intersecting the other circles or¬ 
thogonally. 

1026 In the first species of coaxal circles, the limiting 
points D, D' are inverse points for every circle of the system, 
the radical axis being the axis of reflexion for the system. 

Pkoof.— (Fig. 1) = OK\ 

therefore OB . OB' = OK\ (II. 13) 

therefore B, B' are inverse points (1000). 

1027 Also, the points in which any circle of the system 

cuts the central axis are inverse points for the circle whose 
centre is I and radius S. [Proof.— Similar to the last. 

1028 Problem. —Given two circles of a coaxal system, to 
describe a circle of the same system—(i.) to pass through a 
given point; or (ii.) to touch a given circle; or (hi.) to cut a 
given circle orthogonally. 

1029 I. If the system be of the common points species, then, since the 
required circle always passes through two kuo^vn points, the first and second 
cases fall under the Tangencies. See (941). 

1030 To solve the third case, describe a circle through the given common 
points, and through the inverse of either of them with respect to the given 
circle, which will then be cut orthogonally, by (1005). 

1031 II. If the system be of the limiting points species, the problem is 
solved in each case by the aid of a circle of the conjugate system. Such a 
cirele always passes through the known limiting points, and may be called a 
conjugate circle of the limiting points system. Thus, 

1032 To solve case (i.)—Draw a conjugate circle through the given point, 
and the tangent to it at that point will be the radius of the required circle. 

1033 To solve case (ii.)—Draw a conjugate circle through the inverse 
of either limiting point wdth respect to the given circle, which will thus be 
cut orthogonally, and the tangent to the cutting circle at either point of 
intersection will be the radius of the required circle. 

1034 To solve case (iii.)—Draw a conjugate circle to touch the given one, 
and the common tangent of the two will bo the radius of the required circle. 

1035 Thus, according as we wish to make a circle of the system touchy or 
cut orlliofioriaUn, the given circle, wo must draw a conjugate circle to cut 
orlhocjonalUjf or touch it. 





CEXTHES AXD AXES OF SIMILIITEE. 
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1036 If tlircc circles 1)c coaxal, the S([uai’cs of the tangents 
drawn to any two of tliein from a point on the third ai*o in 
tlio ratio of the distances of the ccaitro of the tliird circle from 
the centres of the other two. 

PuooF,—Let J, 7>, O bo tlio centrea of tlic circlca ; EK, PT tbo tfinf:,^ont3 
from n point P on the circle, centre i \ to tho other two; PX tlio perpeu- 
clicuhir on the radical axis, lly (‘d8G), 

PK^ = 2.1 C . PX and PT- = 21)0 . PX, 
thereforo PK^ : PT- = AC : DO. 


Centres (ind (Lies of similitude. 

1037 Definitions. — Let 00' be the centres of similitude 

(l)ef. b47) of the two eircles in the figure below, and let any 
line through 0 eut tho eireles in l\ (}, (/. Then the 

constant ratio OP : OP' = OQ ,: OQ' is called the ratio of 
similitude of the two figures; and the constant product 
OP.()(/ = OQ . OF is called the product of anti-similitude. 
Sec (942), (1009), and (104:3). 

The corresponding points P, P' or Q, Q' on the same 
straight line through 0 are termed homulufjous, and (/ or 
(J, P arc termed anti-homolugoiis. 

1038 Let any other line Opqp'q be drawn through 0. 
Then, if any two ])oints P, p on the one figure be joined, and 
if P’, p, homologous to P, p on the other figure, be also joined, 
the lines so formed arc termed humolotjnns. But if the ])oints 
which arc joined on the second figure are anti-homologous to 
those on the first, the two lines are termed anti-Jiumoloyoiis. 
Thus, J*q, i/p are anti-homologous lines. 

1039 The circle whose centre is 0, and whose radius is 
ecpial to the srpiarc root of the ])roduct of anti-similitude, is 
called the circle of anti-similitude. 


1040 The four pairs of homologous chords Pp and Fp\ 
Qq and C/q, P<j and P'q, Qp and i/p of the two circles in tho 
figure arc parallel. And in all similar and similarly situated 
figures homologous lines arc parallel. 

Pkoof.— 13y (VI. 2) aud the dciinitiou (917). 
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1041 The four pairs of anti-liomolop^ous chords, and 
Q'q\ Qq and P'p, Pq and (2'q)\ Qp and P q\ of the two circles 
meet on their radical axis. 

Proof. — OP. OQ' = . Oq = P, 

where 1c is the constant of inversion; therefore P, p, Q', q are concjxlic; 
therefore Pp and Qq' meet on the radical axis. Similarly for any other pair 
of anti-homologous chords. 

1042 CoE. —From this and the preceding proposition it 

follows that the tangents at homologous points are parallel; 
and that the tangents at anti-homologous points meet on the 
radical axis. For these tangents are the limiting positions of 
homologous or anti-homologous chords. (1100) 

1043 Let (7, ]) be the inverse points of 0 vdth respect to 
two circles, centres A and P; then the constant product of 
anti-similitude 

or . OQ or OQ , OP = OA . OD or OB . OC, 













CEXTUE:^ AM) AXES OF FIMILITEhE. 


00 ‘^ 


PuooF.—By similar trianprlcs, 

0-1: 07’: or and OICOU'.OD- 


therefore 0-1 . OE = 0/> . 00.(1), 

and also 0.1.00= O'P = OV. OQ, (III. ;5(;) 


and 07)*. on = 0/0 = OE . 0(/ ; 

therefore 0-1 . OB . OC . 01) = OP . OQ . 01^ . OQ', 

therefore tic., by (1). 

1044 IMic foregoing (It finitioiis and propeidics (lo:57 to 
lUdo), wliich liave respect to the C-Kternal centre of siniilitudo 
0, hold good for the internal centre of similitude O', with tlio 
usual convention of positive and negative for distances 
measured from 0' upon lines passing throngli it. 


1045 ^rwo circles will siditend etpial angles at any point on 
the circumference of the circle whose diameter is 00, where 
0, O' are the centres of similitude (Fig. lOdd). hdiis circle is 
also coaxal with the given circles, and has been called the 
('irele of sli)iiUtiidc. 

Proof. —Let A, B be the centres, a, h the radii, and K any point on the 
circle, diameter 00'. Then, by (932), 

KA : KB = -10 : BO = -10' : BO' = a : h, 
by the definition (943) ; 

therefore a : 7v-l = h : KB ; 

that is, the sines of the halves of the angles in question arc equal, which 
proves the first part. Also, hecau.se the tangents 1 rom 7v' are in the cinstant 
ratio of the radii a, h, this cirelc is coaxal with the given ones, by (lU30, 934). 


1046 The six centres of similitude 1\ p, Q, q, fi, r of threo 
circles lie three and three on four straight lines VilU, i*qr, 
Qpr, lipq, called axrs 
of slmilltiuh. 

Proof. — Taking any 
three of the sets of points 
named, say q, r, they aro 
shewn at once to be eol- 
linear by the transversal 
theorem (9(38) applied to 
the triangle ABC. 

For the segments of its 
sides made by the points 
P, r are in the ratios of 
the radii of the circles. 
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1047 From tlic investigation in (912), it appears tliat one 
circle touches two others in a pair of anti-homologous points, 
and that the following rule obtains :— 

Rule. —The right line joining the points of contact passes 
through the external or internal centre of similitude of the hro 
circles according as the contacts are of the same or of different 
hinds. 

1048 Definition. —Contact of curves is eitLer internal or external ac¬ 
cording as the curvatures at the point of contact are in the same or opposite 
directions. 


1049 Gergonne^s method of describing the circles tuhich touch 
three given circles. 

Take Pqr^ one of the four axes of similitude, and find its poles a, /3, y 

with respect to the given circles, centres A, i), C (1010). From 0, the 

radical centre, draw lines through o, /3, y, cutting the circles in u, 6, h\ 
Cf c. Then a, 6, c and a, h\ c will bo the points of contact of two of the 
required circles. 

PjiOOP.— Analysis. — Let the circles 
E^ F touch the circles ^1, J7, G in 

a, &, c, a\ b\ c. Let ic, h'c meet in 

P; ca, ca in q ; and ab, ab' in r. 

Regarding E and F as touched by 

P, G in turn, Rule (1047) shews 
that aa\ bb\ cc meet in 0, the centre 
of similitude of E and P; and (1041) 
shews that P, q, and r lie on the 
radical axis of E and F. 

Regarding B and G, or G and A, 
or A and B, as touclied by E and F 
in turn, Rule (1047) shews that P, q, r 
are the centres of similitude of B and p 
( 7 , G and Aj A and B respectively; 
and (1041) shews that 0 is on the radical axis of each pair, and is therefore 
the radical centre of A, B, and G. 

Again, because the tangents to E and P, at the anti-homologous points 
a, a\ meet on Bqr, the radical axis of E and F (1042) ; therefore the point 
of meeting is the pole of aa with respect to the circle A (1017). Therefore 
aa passes through the pole of the lino Bqr (1018). Similarly, bb' ami cc 
pass tlirough the poles of the same line Rqr with respect to /> and G. lienee 
the construction. 

1050 In the given configuration of the circles .1, 7>, 0, tho 
(lemonstration shews that each of the three internal axes of 
similitude T(/r, (,>rp, llpq (Fig. 104(1) is a radical axis and 
common chord of two of the eight osculating circles which 
can be drawn. The external axis of similitude Pi^U is the 
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radical axis of the two remaining circles which touch Ay By 
aiul C eitlier all externally or all internally. 

1051 T he radical centre 0 of the three ^iven circles is also 
the couimoTi internal centre of similitude of the four ])airs of 
oscillating circles. Therefore the central axis of each ])air 
]>asses through 0, and is perpendicular to the radical axis. 
Thus, in the figui*e, BF passes through 0, and is perjien- 
dicnlar to 7^/r. 

Anh a n)i o u ir Bati n. 

1052 Dkfimtiox. —Let a pencil of 
four lines through a ])oint 0 be cut 
by a transversal in the points A, By 

D. The anharmonic ratio of the 
])encil is any one of the three frac¬ 
tions 

AB.CD , AB.CJ) ^ AD.nC 
AD.iic AC.no AC. my 

1053 The relation between these three dilTerent ratios is 
obtained from the equation 

AB . ( D+AD . nC = AC. BI). 

Denoting the terms on the left side by and the three anharmonic 
mtios may be expressed by 

p : q, p:p-\-q, q:pA-q. 

Tiie ratios arc therefore mutually dependent. Hence, if the identity 
merely of the anharmonic ratio in any two systems is to be established, it is 
immaterial which of the three ratios is selected. 

1054 In future, when the ratio of an anharmonic pencil (0, AHT'D] is 
mentioned, the form AH. HD : Al). JU' will be the onr intended, whatever 
the actual order of the points J, 7>, D may be. For, it should be observed 
that, by making the line OD revolve about 0, the ratio takes in turn each of 
the forms given above. This ratio is shortly expressed by the notiition 
{OyAHCD], or simply {AlKTf}- 

1055 If the transversal be drawn paralhd to one of the lines, for instance 
OD, the two factors containing 7) become infinite, and their ratio becomes 
unity. They may therefore be omittetl. The anharmonic ratio then reduces 
to AD : DC. Thus, when D is at infinity, wo may write 

10, j/;rx} = AD : DH. 

1056 The anharmonic ratio 

AH. CD _ sin IO/{ sill COD 
AD. lie sUi ADD Ai\ HOC’ 
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and its value is therefore the same for all transversals of the 
pencil. 

Proof.—D raw OR parallel to the transversal, and let p be the perpendi¬ 
cular from A. upon OR- JStultiply each factor in the fraction by p. Then 
substitute p .AB = OA. OB sin AOB, &c. (707). 

1057 The anharmonic ratio (1050) becomes harmonic when its value is 
unity. See (933), The harmonic relation there defined may also be stated 
thus: four points divide a line harmonically when the j^roduct of the extreme 
segments is equal to the product (f the whole line and the middle segment. 


Homographic Si/sfcms of Points. 

1058 Definition. — If .r, a , h , c be the distances of one 
variable point and three fixed points on a straight line fi*om a 
point 0 on the same; and if .r, a\ b\ c be the distances of 
similar points on another hue through 0 ; then the vanable 
points on the two lines will form two liomocjrapliic systems 
when they are connected by the anharmonic relation 

(cV—a) (h^c) _ (cV—a) {b —c) 

(m—c) (ft — b) (m—c) («—&') 

Expanding, and writing A, B, G, D for the constant coeffi¬ 
cients, the equation becomes 

1060 As\v+Bd+ GvA-D = 0. 


1059 


From which 

1061 a’ = 


av + D 
A.V + P ’ 


and 


Bm+ D 
Aa'+C 


1062 Theoeem. —Any four arbitrary points i on 

one of the lines will have four corresponding points .ih, .r^, 
on the other determined by the last equation, and the tiro sets 
of points leill have equal anharmonic ratios. 

Proof. —This muy be shown by actual substitution of the value of each x 
in terms of/, by (lUfil), in the harmonic ratio 


1063 If the distances of four points on a right line from a 
point 0 upon it, in order, are a, a', /3, /3 , where a, /3 ; a, f3' are 
the respective I’oots of the two (]uadratic equations 

ad'^-i-2haA-b = 0, a,v^-\-2h\r+b = 0; 

the condition tluit the two ])airs of points may be harmonically 
conjugate is 

1064 = 2hli. 











Txvor.rrioy. 


227 


Pkoof.—T lio liannonic relation, by (10o7), is 

(a -a) (/)—/7) = («—/3') (««'—/?). 

^liiltij)Iy out, and substitute for tlic sums and j)roduets of tlio roots of tho 
quadratics above in terms of their coellicients by (.‘>1, 


1065 If tq. bo the quailratic expressions in (lOijil) for two pairs of 
jioints, and if u represent a tliird pair harmonically conjui^ate with a, and //j, 
then the pair of points n will also bo harmonically conjugate with every j)air 
given by tho equation i/j + A/q = 0, where X is any constant. For the con¬ 
dition (lOt)l-) ajq)Iied to the last equation will be identically satisfied. 


Inrolution. 

1066 DEFixiTiox:=t.—Pairs of itivrr.'ir pDinls (J(/, etc., on 
tlie snine right line, form a system in inrolnttony and the rela¬ 
tion between them, by (1000), is 

or . or' = OQ . OQ = &c. = /r. 

A 0 r Q, n Q' p 

I 1-r-i-1-,-, 

The ratlins of the circle of inversion is /»•, and the centre 
0 is called the enutvo. of the sojstnm. Inverse points are also 
termed con jiojotn points. 

When two inverse points coincide, the point is called a 
focus. 

1067 The equation OP^ = shows that there are two foci 
yl, Ij at the distance h from the centre, and on opposite sides 
of it, real or imaginary according as any two inverse points 
lie on the same side or on opposite sides of the centre. 


1068 If the two homograjihic systems of points in (1058) 
be on the same line, they will constitute a system In involu¬ 
tion when B = C. 


PuoOF.—Equation (lOCO) may now be written 
A.vx-\-l[ (a*-b«')+!» = 0, 

{ it \ tr ^ 

V+t) h + l-) = -F-T = *^’ 


a constant. Therefore — - is the distance of the origin 0 from the centre 
A 

of inversion. ^Measuring from thi.« centre, tho equation becomes Is — A’, 
representing a system in involution. 


1069 All}/ four points v'hatcn r of a system in involution on 
a right line have their auharmouic rtitio equal to that of their 
foiu- conjugates. 
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Proof. —Let j/; q\ r, /; s, s' be the distances of the pairs of inverse 

points from the centre. 

In the enharmonic ratio of any four of the points, for instance {'pq'rs], 
substitute p = q = and the result is the anharmonic 

ratio {p'q't^'s}. 


1070 Any two inverse points P, P' are in harmonic relation 
with the foci A, B, 


A _ 

Proof.—L et p, 
pp = therefore 

that is, 


0 P B P' 

-^-.-.--- 1 

p' be the distances of P, P' from the centre 0 ; then 

= — therefore • 

h p p—^c Ic—p 

AIL = AI, (033) 

BP BP 


1071 If a system of points in involution he given, as in 


(1068), by the equation 

Axx-\-II {x-{-x)-\-B = 0 .(1); 

and a pair of conjugate points by the equation 

ax^ + 2]ix-ph = 0 .( 2 ); 

the necessary relation between a, h, and h is 
1072 Ab+Ba = 2Hli, 


Proof.—T he roots of equation (2) must be simultaneous values of a;, x in 
(1) ; therefore substitute in (1) 

» + — and xx = (51) 

a a 

1073 QOR.—A system in involution may be determined from two given 

pairs of corresponding points. 

Let the equations for these points be 

aP-^2hx-^h = 0 and ax^-^2hx + h'= 0. 

Then there are two conditions (1072), 

Ab-^Ba — 21Ih and Ab'-\-Ba = 2177/, 
from which A, II, B can bo found. 

A geometrical solution is given in (085). 0, P; C\ L' are, in that con¬ 

struction, pairs of inverse points, and I is the centre of a system in involution 
defined by a series of coaxal circles (1022). Each circle intersects the 
central axis in a pair of inverse points with respect to the circle whose centre 
is 0 and radius 


1074 The relations which have been established for a system of coTlinear 
points may be transferred to a system of concurrent lines by the method of 
(1050), in which the distance between two points coiTCsponds to the sine of 
the angle between two lines passing through those points. 











METllOIiS OF rFOJECTIOX. 


220 


The Mctliod (ff PrajrrtIon. 

1075 Diil'iNiTioXs.—The ])r(>jccl!o}) of jiiiy j)oint in space 
(Fig. of 1070) is the point p in wliich «a riglit lino ()l\ drawn 
fi*om a fixed point O called the rcrtr.i'j intersects a fixed plane 
called the phme of projection. 

If all the points of any figure, ])lane or solid, he thus pro¬ 
jected, the figure obtained is called the pnjecfiun of the 
original figure. 

1076 I^rojrcfirr Prftprrtirs .—The projection of a right line is 
a right line. The projections of parallel lines are parallel. The 
projections of a curve, and of the tangent at any point of it, are 
another curve and the tangent at the corresponding point. 

1077 The anharmonic ratio of the segments of a right lino 
is not altered by projection ; for the line and its projection arc 
but two transversals of the same anharmonic pencil. (lOoG) 

1078 Also, any relation between the segments of a lino 

similar to that in (1015), in which each letter occurs in every 
term, is a project ire property. [Proof as in (105G). 


1079 Tlteorcm .—Any cpiadrilateral he projected 

into a parallelogram. 

CONSTUUCTION. — 

Produce PQ, Sl\ to 
meet in and P6', 

Qii to meet in B. 

Then, with any 
point 0 for vertex, 

])rojcct the quadri¬ 
lateral upon any 
])laiie parallel to 
GAB. The projected 
figure ^ 

parnllelogram. 

Proof. — Tho 
planes OBQ, DBS in¬ 
tersect in 0.1, and 
they intersect the 
plane of projection 
which is parallel to 
OA in the lines pq, 
rs. Therefore and 
rs are parallel to 0.1, 
and therefore to each 
other. Similarly, 
qr are pai-allcl to OB. 
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1080 Cor. 1.—The opposite sides of the parallelogram meet in two 
points at infinity, which are the projections of the points A, B ; and AB 
itself, which is the third diagonal of the complete quadrilateral FQRS, is 
projected into a line at infinity. 

1081 Hence, to project any figure so that a certain line in it may pass to 
infinity— Tahe the plane of projection parallel to the plane which contains the 
given line and the vertex. 

1082 Cor. 2. —To make the projection of the quadrilateral a rectangle, 
it is only necessary to make AOB a right angle. 


On Per sped we Drawing. 

1083 Taking the parallelogram in (1079), for the original figure, 

the quadrilateral is its projection on the plane ABab. Suppose this 

plane to be the plane of the paper. Let the planes OAB^ p)ah, while 
remaining parallel to each other, be turned respectively about the fixed 
parallel lines AB, ah. In every position of the planes, the lines Op, Oq, Or, 
Os will intersect the dotted lines in the same points P, Q, R, S. AVhen the 
planes coincide with that of the paper, becomes a ground plan of the 
parallelogram, and FQRS is the representation of it in perspective. 

AB is then called the horizontal line, ah t\\G picture line, and the plane of 
both the picture plane. 

1084 To find the projection of any point p in the ground 
plan. 

Rule, — Eraw pb to any point b in the picture line, and draw OB parallel 
to pb, to meet the horizontal line in B Join Op, Bb, and they ivill intersect in 
P, the p)oint required. 

In practice, is drawm perpendicular to ah, and OB therefore perpendi¬ 
cular to AB. The point B is then called tho point of sight, or centre of visum, 
and 0 the station point. 

1085 To find the projection of a point in the ground plan, 
not in the original plane, but at a perpendicular distance c 
above it. 

Rule. —Take a neiv picture line parallel to the former, and at a distance 
above it =ccoseea, where a is the angle between the original plane and the 
plane of projection. Feu' a plane through the given point, parallel to the 
original plane, will intersect the })laue of projection in the wew picture line 
so constructed. 

Thus, every point of a figure in the ground pdan is transferred to tho 
drawdng. 

1086 The whole theory of perspective drawing is virtually included in 
the foregoing propositions. The original plane is comnionly horizontal, and 
the plane of projection vertical. In this case, cosec « = 1, and the height of 
i\\Q picture line for any point is equal to the height of the point itself above 
the original piano. 

The distance BO, when B is tho point of sight, may bo measured along 
A />’, and bp along ah, in the opposite direction; for the lino Bb \Yill continue 
to intersect (7p in tho point F. 






MI'JTJinitS OF PUOJFi'TlOS 


Orfho^nudl l*ri{}i‘vtion . 

1087 Di:i inition'.— In oi’tliogoiml ])rojcction th(‘ linos of 
pi’ojection are jiarallol to oach otlna*, and ])oi-j)ondicnlar to tin' 
plane of ])i’ojoction. The vertex in this ease may be consi¬ 
dered to be at infinity. 

1088 T he pi’ojections of ])aralh‘l lines are parallel, and the 
jiroiected segments are in a constant ratio to the original 
segments. 

1089 Areas are in a constant ratio to theii- projections. 

For, lines parallel to the iuterseetion of the original plane and the piano 
of projection are unaltered in length, and lines at right angles to the former 
are altered in a consrant ratio. This ratio is tlie ratio of the areas, and is 
the cosine of the angle between the two planes. 


Frojrction s of the Spltrro. 

1090 In StrrcfxjnipJtir jn'ojrctlon, the vertex is on the sur¬ 
face of the sphere, and the diameter through the veiTex is 
porj)endicnlar to the plane of ])rojection which jiasses through 
the other extremity of the diameter. The projection is there¬ 
fore the inrrrslon of the surface of the sphere (1012), and the 
diameter is the constant k. 


1091 In niolmUtr projection, the vertex is taken at a dis¬ 
tance from the sphere eipial to the radius ^ \/2, and the 
diameter through the vertex is perpendicular to the plane of 
])rojection. 

1092 In(V nomonic project ion, \\\\\c\\ is used in the construc¬ 
tion of sun-dials, the vertex is at the centre of the sjdierc. 

1093 iMercotor^sprojection, which is ( juployed in navigation, 
and sometimes in maj)s of tlu‘ world, is not a pi'ojection at 
all as defined in (1075). ]\Ieridian circles of the sphere are 
represented on a [danc by parallel right lines at intervals 
ef[ual to the intervals on the efjuator. The paralhds of lati¬ 
tude arc re]>rcsented by right lines ])erpendicular to the 
meridians, and at increasing intervals, so as to preserve the 
actual ratio between the increments of longitude and latitude 
at every point. 

With r for the riadins of the sphere, the distance, on the chart, from tlio 
equator of a point whose latitude is X, Is = r log tan (to'' + l\). 
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A (Iditio n a I Th co rents. 

1094 The sum of the squares of the distances of any point 

J* from n equidistant points on a circle whose centre is 0 and 
radius r = n (r^+ OP'). 

Proof. —Sum the values of PG^, &c., giveu in (819), and apply (803). 
This theorem is the generalization of (923). 

1095 In the same figure, if P be on the circle, the sum of 
the squares of tlie perpendiculars from P on the radii OB, 00, 
&c., is equal to ^nr"^. 

Proof. —Describe a circle upon the radius through P as diameter, and 
apply the foregoing theorem to this circle. 

1096 Cor 1.—The sum of the squares of the intercepts on the radii be¬ 
tween the perpendiculars and the centre is also equal to ^ur^. (I. 47) 

1097 Cor. 2.—The sum of the squares of the perpendiculars from the 
equidistant points on the circle to any right line passing througli the centre 
is also equal to \nG‘, 

Because the perpendiculars from two points on a circle to the diameters 
drawn through the points are equal. 

1098 Cor. 3.—The sum of the squares of the intercepts on the same 

right line between the centre of the circle and the perpendiculars is also 
equal to (I- 47) 

If the radii of the inscribed and circumscribed circles of a 
regular polygon of n sides be r, 11, and the centre 0 ; then, 

1099 I. The sum of the perpendiculars from any point P upon the sides 
is equal to nr. 

1100 II. If be the perpendicular from 0 upon any right line, the sum 
of the perpendiculars from the vertices upon the same line is equal to np. 

1101 III. The sum of the squares of the perpendiculars from P on the 
sides is = n {r^YjOP'^). 

1102 IV. The sum of the squares of the perpendiculars from the vertices 
upon the right line is = oi (p“+ ^h‘“). 

Proof. —In theorem I., the values of the perpendiculars are given by 
r—OP cos ^9+ with successive integers for vi. Add together the n 

values, and apply (803). 

fciimilarly, to prove II.; take for the perpendiculars the values 
2 J — R cos ^0+ 

To prove III. and IV., take the same expressions for the perpendiculars; 
scjuarc each value; add the results, and a])ply (803, 804). 

For additional ])ro])ositions in tlie subjects of tliis section, 
sec the section entitled Plano Cuonlinalc (lootnotri/. 








GEOMETRICAL CONICS. 


TUB SECTIONS OF TUB CONE. 


1150 Definitions. —A Conic Section or Conic is the curve 
AC ill which any plane intersects the surface of a right cone. 

A right cone is tlie solid generated by the revolution of 
one straight line about another which it intersects in a fixed 
point at a constant angle. 

Let the axis of the cone, in Fig. (1) or Fig. (2), be in the plane of tho 
paper, and let the cutting plane PMXN be pcrj)enclicular to the paper. {Pead 
either the accented or unaccented letters throuijhout.) Let a sphere be inscribed 
in the cone, touching it in the circle EQF and touching the cutting plane in 
the point S, and let the cutting plane and the plane of tho circle EQF inter¬ 
sect in A'df. The following theorem may be regarded as the dQininij property 
of the curve of section. 

1151 TJicorcm. —The distance of any point P on the conic 
from the point S, called the focus, is in a constant ratio to 
PM, its distance from the line X^[, called the directrix, or 

PS : PM = PS' : PM' = ; ^IX = e, the eccentricitij. 

[<St'e next page for the Froi /.] 

1152 Cor. —The conic may be generated in a plane from 
either focus S, S', and cither directrix XM, X'M', by the law 
just proved. 

1153 The conic is an Ellipse, a Parabola, or an Itijperhola, 
according as e is less than, equal to, or greater than unity. 
That is, according as the cutting plane emerges on both sides 
of the lower cone, or is parallel to a side of the cone, or in¬ 
tersects both the upper and lower cones. 

1154 All sections made by ])arallel planes are similar; for 
the inclination of tho cutting plane determines the ratio 
AE : AX, 

1155 The limiting forms of the curve are respectively—a 
circle when e vanishes, and two coincident right lines when e 
becomes infinite. 

2 fl 
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PuO">F OF TnEOUFM 1151.—Join P, S anil P, 0, cutting the circular sc’ction 
in Q, anil draw PM parallel to NX. Because all tangents from tlie same 
point, 0 or to either sphere arc equal, therefore PE = P(2 = PS and 
AE = AS. Now, by (VI. 2), RE : NX = AE : AX and NX^PM; 
therefore PS : = AS : 4N, a constant ratio denoted by e and called 

the eccentricitij of the conic. 



Befeiring the letters eitlicr to the ellipse or the hyperbola in the 
subjoined figui e, let be the middle point of A A' and N any other point on 
it. Let 1}]J\ PVi*' be the two circular sections of the cone whose planes pass 
through C and N; UPR' and PN the inter.seetions with the plane of the 
conic. Ill the I'llipse, IK' is the common ordinate of the ellipse and circle; 
but, in the hyperbola, PC is to be tuhcii equal to the tangent from C to the 
circle 1)1)'. 

1156 The fundamental equation of the ellipse or hyperbola 
is : AN.NA' = : AC\ 

PI^OOF.—PN’ = NR. NR' and PP’ = CP. CP' (III. 35, 30). Also, by 
similar triangles (YI. 2, 0), NR * CP = A^ AO and RR CD =^AN AC. 
Multiply the lust equations together. 
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1157 Cor. 1.—/'.Vlia.s 

equal values at two points 
equi-distant from AA'. 
Hence the curve is sym¬ 
metrical with respect to 

.LI and mr. 

Tlu'se two lines arc 
called the mnjor and mi- 
oior a.res, otherwise the 
trails VC rs(^ and coiijmjatc 
axes of the conic. 

AVlicn the axes are 
equal, or BC = AG, the 
ellipse becomes a circle, 
and tlie hyperbola be¬ 
comes rrrttniijuJar or 
eqnUateral. 



1158 Any ellipse or hyperbola is the orthogonal projection 
of a circle or rectangular hyperbola respectively. 

PuoOF.—Along- the ordinate NPy mciisiire NP’ = .LV. AL4'; therefore by 
the tlieureni PN : P'N = 1>(,' : AC. Therefore a circle or rectangular hyper¬ 
bola, having AA' for one axis, and having its plane inclined to that of the 
conic at an angle whose cosine = PC-i-AC, ]>rojects orthogonally into the 
ellipse or hyperbola in question, by (108U). See Note to (I'JOl). 

1159 Hence any projrctirc proporty (107G-7S), which is 
known to belong to the circle or rectangular hyjierbola, will 
also be universally true for the ellipse and hyperbola respec¬ 
tively. 


THE ELLIPSE AXD HYPERBOLA. 


Joint properties of the Ellipse nnd Ili/perhold. 

1160 Dpfixitions. —The t any nit to a curve at a point P 
(Fig. n GG) is the right lino PQ, drawn through an adjacent 
]Khnt t?, in its nltimato position when Q is made to coincide 
with 1\ 

The normal is the perpendicular to the tangent through 
the point of contact. 
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In (Fig. 1171), referred to rectangular axes tFrougli tlio 
centre G (see Coordinate Geometry); the length ON is called 
the abscissa ; TN the ordinate ; FT the tangent ; FG the nor¬ 
mal; NT the suhtangent; and NG the subnormal. 8, 8' are 
the foci; XM,X'M' the directrices; F8, F8' the focal dis¬ 
tances, and a double ordinate through 8 the Latus Rectum. 

The auxiliary circle (Fig. 1173) is described upon AA' as 
diameter. 

A diameter parallel to the tangent at the extremity of 
another diameter is termed a conjugate diameter with respect 
to the other. 

The conjugate hyperbola has BG for its major, and AG for 
its minor axis (1157). 


1161 The folloTving theorems (11G2) to (1181) are deduced from the 
property PS : P2I = e obtained in (1151). 

The propositions and demonstrations are nearly identical for the ellipse 
and the hyperbola, any difference in the application being speeified. 


1162 CS : CA : CX, and the common ratio is e. 



1163 In the ellipse the sum, and in the hyperbola the dif¬ 
ference, of the focal distances of F is equal to the major axis, 

or 


Proof.—W ith the same figures we have, in the ellipse, by (1151), 
For the hyperbola tako difference instead of sum. 
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1164 = AC'^—IW“ in tlio ellipse. 

[For BS==AC, by (11C3). 

CS'^ = ill liyporbola. 

[IJy assuming EC. Sco (117r»). 


1165 iiC-= SL.AC. 

Proof.—(F igs, of 11C2) SL : SX = GS : CA, (1151, 11C2) 

SL.AC = CS . 5A' = CS {CX . CS) = O.P GS^ (11G2) = E(P (1 IC-t). 


1166 If a right line tlirougli 1\ Q, two points on the conic, 
meets the directrix in Z, then SZ bisects the angle QSR. 



Proof.—B y similar triangles, ZP : ZQ = MP : NQ= SP : SQ (1151), 
therefore by (VI. A.) 


1167 If RA be a tangent at P, then PSZ and PSZ' aro 
right angles. 

Proof.—^ lake Q coineido with P in the last theorem. 


1168 The tangent makes equal angles with the focal dis¬ 
tances. 

Proof.— In (IIGG), PS : PS' = PM : PM' (1151) = PZ : PZ'-, therefore, 
when PQ beeomes the tangent at P, Z SPZ = S'PZ', by (11G7) and (\ I. i ). 

1169 The tangents at the extremities of a focal chord inter¬ 
sect in the direetrix. 

Proof. —(Figs, of llGG). Join ZR ; then, if ZP is a tangent, ZR is also, 
for ('11G)7) proves RSZ to be a right angle. 


1170 


CN.CT= AC\ 


PROOF.-(Fig3.1171.) =-j,| 


(VI. 3. A.) (1151) 


therefore 


TS'+TS . 


aYA"+.VX 
NX'-XX* 


TS'-TS 

CN.CT= CS.CX = 


2CT _ 2CX 
2('N 2t'A’ 

■ICY 


.VA" 

AA’ 


therefore 


(11G2) 
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1171 If I’G be the normal, 

GS : PS = GS' : PS'= e. 



Pkoof.— By (11G8) and (VI. 3, A.), 

GS _GE ^ G S'+GS ^ 2C'g _ ^ 
PS l‘S' PS'+PS 2GA 
Blit, for the hyperbola, change to minus. 


1172 The subnormal and the abscissa are as the squares of 

the axes, or : NC = : AC\ 

Pkoof. —(Figs. 1171.) Exactly as in (1170), taking the normal instead 

P, 1 , , 1 , . CO , CN _ (7X_ /iipoN 

of the tangent, we obtain “ OS “ CS* 

. CN-CG _ CA^..CS‘ or (1104). 

GN ~ CA' ’ NO ACT ^ 


1173 The tangents at F and Q, the corresponding points on 
the ellipse and auxiliary circle, meet the axis in the same point 
2\ But in the hyperbola, the ordinate TQ of the circle being 
drawn, the tangent at Q cuts the axis in N, 
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1174 /^V: (jy = />r: AC. 

Pkuof.—(F i>s. 1173). K(}.XT= PX\ and CX.XT= QX\ (VI. 8) 
TLcTcfiJio XU : XC = JX^ : (JX'; therefore', by (ll/li). 

This projxKsitioJi is equivalent to (lloS), and shows tliat an ellipse is the 
orthogonal projection of a circle t'qnal to tiic auxiliary cirtde. 

1175 c OK.—The area of tlie ellipse is to that of tlie auxiliary 
circle as HO : AC (108P). 


1176 : AX.NA = lUA : ACK 

Pkoof.—P y (1174), .sinee QX'^ = AX.XA (111.35,30). An independ¬ 
ent pro(jf of this theorem is given in (1150). The construction for 7>6' in 
the hyperbola in (1104) i.s thus verified. 


1177 

PuouF.—(Figs. 1173.) 


Cn . Ct = nc\ 


rt 

~GT 


]X 

Xf'^ 


Cn . rt 


PX^ PX^ 


('.V. ('T CX . XT QX - " 'A X 

Therefore, by (1170) and (1170), Cn.Ct : .10^=7;^ : AG\ 


,,(111. 35,30). 
A^l 


1178 If SY^ S'Y' are the perpendiculars on the tangent, 
then Y, Y' are points on the auxiliary circle, and 


^r. ^ r = nc\ 



Proof. —Let 75S meet *Sy in TP. Then PS = PW (110ft). Therefore 
iS''ll'=.Ll' (1103). Ahso, .sr= yir, and S<' = GS\ Tlnu-efore GY= ^S IP 
= AG. Similarly GY' = AC. Therefore Y, Y' arc on the circle. 

Hence ZY’ is a diameter (III. 31), and therefore SZ = S'Y\ by similar 
triangles; therefore SY .SZ = SA . SA' (III. 35, 3*1) = CS'^ ^ CA'^ (II. 5) 
= 7;P^ (1101). 

1179 Cuu.—If Cl'j be drawn [larallel In the tangent at J‘, 
then i>i:=cy=M'. 


1180 Problem. —To draw tangents from any point 0 to an 
ellipse or h^^erbola. 

Construction. —(Figs. 1181.) Describe two circlc.s, one with centre O and 
radius 08, aud another with centre S' and radius = ..LP, intersecting in 4/, 
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jr. Join MS', M'S'. These lines will intersect the curve in P, P', tho 
points of contact. For another method sco (1204). 

Proof. —By (11G3), PS'zkPS = AA' = S'M by construction. There¬ 
fore PS = PM, therefore Z OPS = 0PM (1. 8), therefore OP is a tangent 
by (11G8). 

Similarly P'S = P'M', and OP' is a tangent. 


1181 The tangents 0J.\ OP subtend equal angles at either 
focus. 



Asymptotic Fropertics of the Hyperbola. 

1182 Def. — The asymptotes of the hyperbola arc the 
diagonals of the rectangle formed by tangents at the vertices 
A, A', B, B\ 

1183 If the ordinates RN, RM from any point R on an 
asymptote cut the hyperbola and its conjugate in B, P\ D, f/, 
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tlioii cithoi* of tlic pairs of equations will define both 


the branches of each curve— 

= nc~= rx^-nx^ .(i), 

R}P-DM-= .ir-= l)\yP-H}P .(2). 


Proof.—F irstly, to prove (1) : By proportion from tlio similar triangles 

RX^ ^ ^ rS‘ 

'CX' Ar- CX^-A(J-’ 

AX. XA' = cx-^-Ar\ 


RXC, OAC, wo ha VO 
by (117G)j siiico 
Thereforo 


By (II. C) 

hS —I A _ ]*f _ py theorem (CO) ; 

therefore RX^'-IX^ = JJC\ 

Also, by (1170), applied to the conjugate hyperbola, the axes being now 

ex- _AP_CX^ 

PX^-liC^ liC^ RX- 


reversed. 


by similar triangles; 


thereforo P'X-^RC^ = RX^ or P'X--RX^ = BC\ 

Secondly, to prove (2) ; By proportion from the triangles R^[C, OBC, wo 

R}p _ ^ ^ inn 

have c^p_]iQ 2 ^ 

by (1170), applied to the conjugate hyperbola, for in this case we should 
have PM . MJr = CM'^ - PC\ 

Thereforo —^^— 7 -^^— = > thereforo Ji3i'— DM"^ ~ AC^. 

PO^ Jt(y' 

Also, by (1170), since CM, D'M q.vc equal to the eoordinates of P', 

CM^ PC^ CAP 

- -*—-- = —^ by similar triangles; 

P'M‘-AC- AC^ RM^' ^ 

therefore PM^-AC' = PAP or I/M^~RAP = ACP. 


1184 Cor. 1.- —If the same ordinates ItX, 11M meet tlio 
other asymptote in r and /, then 

rit. I'l- = nc- and J)n. Dr‘= A CK (11. 5 ) 

1185 Coi{. 2. —As It recedes from C, VJ' and DR con¬ 
tinually diminish. lienee the curves continually ai)])roach 
the asymptote. 

1186 If XE be the directrix, (\Ej = 

Proof.— CP : CO = CX : CM = t'-l : CS ami CS = CO. (1104) 


1187 ED is parallel to the asym})tote. 

RX^ P(''* RX^-IX"^ P.v® ..nv 

Ppoof.- -p = = jTjfrr]7jr‘ = mp 

Therefore RX : PX = RM : DM; therefore, by (VI. 2). 

2 I 
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1188 Tlie segments of any right line between the cm’ve and 
the asymptote aro equal, or QR = (jr. 



1189 Con. 1.—PL =Rl and QV - qV. 

1190 CoE. 2.—CH = HL. Because PD is parallel to IC. 

(1187) 


1191 QIl, Qr = PJJ = Q = Q V\ 

PiiOOF.— Qli : QU = PL : PE ) Compoundtheratios. Therefore,by(1184), 
and Qr : Qu = PI : Pe 5 QR . Qr = PL . PI = PP (1180). 


1192 iPlI.PK= CS'\ 

Proof.— PTT : PE = CO : Oo') PlI. PK : PE. Pe= COP : OcP 
and PK : Pe = Co : Oo) = CS^ : 4Z?C''; therefore, by (1184). 


Joint Proportirs of the Ellipse and lif/perhola resinned. 

If POP' be a cliaiiieter, and an ordinate parallel to the 
conjugate diameter Cl) (Figs. 1195 and 1188). 

1193 QV^ : PV. VP = CIP : CP\ 

This is the fundamental equation of tho conic, equation (1176) being the 
most imi)ortaul form of it. 
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Otherwise : 

In the ellipse, C>l'-: CP--r\ - = dP : 0/>h 
Inthehyperbohi, 1,1 : I’r--6’/'-= Vir-.VP--, 

and Q' V': C J’-+ 67'- = CJP : CP'. 

Pkoof.— (Ellipse. Fig. 1195.)—By ortliogoiial projection from a circlo. 
If C, 1\ r\ h, Q, V arc the ])rojcctions of c, p, p'y d, <h v on tlic circlo; 
qv^ = pv . vp' and cd' = cp^. Tho proportion is therefore trao in the case of 
the circle. Therefore etc., by (1088). 

(Hlfpcrhola. Fig. 1188)— 

cu _ _ n? _ ^ Qy^ q'v’^ 

C'F- “ Cl'- “ CF^'~ CPiCP Cr--CP^ CF*+Ci^‘ ^ ^ ^ 


1194 T he parallelogram formed l)y tangents at the extremi¬ 
ties of conjugate diameters is of constant area, and therefore, 
7being perpendicular to CD (Figs. 1105), 

rr.CD = AC. lie. 

Proof.— (Ellipse.') —By orthogonal projection from the circle (1089). 
(llqperUla. Fig. 1188.) — CL . Cl = iPll . PK = CO . Co (1192) ; there¬ 
fore, by (VI. 15), AC67 = OCo = AC. PC. 


If i'F'intersects the axes in G and G\ 

1195 rF.ra = nc^ and ff. fg = ac\ 




Proof.— PF. PC, = PK. PK = Cn . Ct = PC' (1177). Similarly for 
PF.Ptr. ♦ 


1197 Cor.— FG . FG' = GIF = FT. Ft. 


By (1194) 
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1198 The diameter bisects all chords parallel to the tangent 
at its extremity. 

Proof. — {Ellipse. Fig. 1195.)—By projection from the circle (1088) 
QV=VQ\ {Uyperhola.) By (1189.) 

1199 Cor. 1.—The tangents at the extremities of any chord 
meet on the diameter which bisects it. 

Pj^OOF.—T he secants drawn through the extremities of two parallel chords 
meet on the diameter which bisects them (VI. 4), and the tangents are the 
limiting positions of the secants when the parallel chords coincide. 

1200 Cor. 2.—If the tangents from a point are equal, the 
diameter through the point must be a principal axis. (I. 8) 

1201 CoR. 3.—The chords joining any point Q on the curve 
with the extremities of a diameter PF\ are parallel to con¬ 
jugate diameters, and are called supplemental chords. 

For the diameter bisecting PQ is parallel to FQ (VI. 2). Similarly the 
diameter bisecting FQ is parallel to PQ. 


1202 Diameters are mutually conjugate; If CD be parallel 
to the tangent at P, CP will be parallel to the tangent at D. 

P^OOF.— {Ellipse. Fig. 1205.)—By projection from the circle (1088). 

Kote.— Observe that, if the ellipse in the figure with its ordinates and 
tangents be turned about the axis Tt through the angle cos"* {EC -i- it 
becomes the projection of the auxiliary circle with its corresponding ordinates 
and tangents. 

{Uyperhola. Fig. 1188.)—By (1187, 1189) the tangents at P, D meet the 
asymptotes in the same point L. Therefore they are parallel to CD, CP (VI. 2.) 

If QT be the tangent at Q, and QV the ordinate parallel 
to the tangent at any other point P, 

1203 CV.CT= CP\ 




Proof. —GE bisects PQ (1199). Therefore PIP is parallel to QE. 
Therefore, by (VI. 2), CV: CP = Cll^: CE = CP : CT. 
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1204 Cor. — Hence, to draw two tanpfonts from a point T, wo may find 
CrtVorn (he above equation, and draw Q\ (/ ]>arallel to the tangent at P to 
deterinine tlie [)oints of contact Q, t/. 


liCt l^X, PN tlie ordinates at the extremities of con¬ 
jugate diameters, and 7^7'the tangent at !*. Let the ordinates 
at Xand R in the ellipse, but at T and C in the hyperbola, 
meet the auxiliary circle in p and d ; then 

1205 CN = dll, Cn = pN. 



Proof. — (Ellipse.') Cp, C<1 arc parallel to the tangents at d and p (Note to 
1202). Therefore pCd is a right angle. Therefore 2 )NC, CRd are equal 
right-angled triangles with CN=dU and 


(Uyperhola.) CN. CT = AC- (1170), 

and DR . CT = 2ACDT = 2CDP = AC . BC (1104) ; 


CN 

DR 


AC ^ pN 
BC PN 


(1174), 


CN ^ DR 
pN PN 


CR 

TN 


(similar triangles). 


But (VI. 8) ; CR = pN. Also Cp> = Cd‘, therefore tho tri¬ 

angles CpiN, dCR arc equal and similar; therefore CN = dR and dR is 
parallel to 


1206 CoK.— nn : dR = BC : AC. 

Proof.— (Ellipse.) By (1174). (IDjperbola.) By the similar right-angled 
triangles, we have dR : pN = CR : TN = DR : PN\ 
therefore dR : DR = pN : PN= AC : BC ( 1174). 


In tlie same figm*es, 

1207 (BlUpsc.) CLV-+ 67C- = A T-; I)R-+ BX' = BC\ 
1209 {ihjpcrhola,) CX^-CR^^ AC-, DR-- PX^^ ^ BC\ 

Proof. —Firstly, from the right-angled triangle CNp in which pN = CR 

(1205). 

Secondly,^In the ellipse, by (1174), DR' + PN' : dR^ + pN* = ; A('^, 

and dR’ -\-pN’—AC', by (1205). For the hyperbola, take difference of squares. 
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1211 {FAUpse.) CP°-+CD- = AC-+FC\ 

1212 {Ilyperhola.) CP--CJF = AC'‘-BC\ 

Proof. — (Pigs. 1205.) By (1205—1210) and (I. 47), applied to the 
triangles CNP, CRD. 

The product of the focal distances is equal to the square 
of the semi-conjugate diameter, or 

1213 PS . PS' = CD\ 

Proof. — (JEIllipse. Fig. 1171.) 2PS. PS'= (^PS + PSy — Pl^ — PS'^ 
=z4^AG^-2GS^-2CP'(922,i.) = 2(AG^PPG^--CP-) (1104) = 20DT1211). 
(Hyperbola.) —Similarly with 2PS . PS' = PSf -\-PS^ —(PS — PS)" = &e. 


1214 The products of the segments of intersecting chords 
QO(/, Q'Oq are in the ratio of the squares of the diameters 
parallel to them, or 

OQ.Oq : OQ'.Oq' = CIT^ : CD'\ 


Proof.— (Hllipse.) By projection from the circle (1088) ; for the propor¬ 
tion is true for the circle, by (111. 35, 30). 

(Hyperbola. Fig. 1188.) Let 0 be any point on Qq. Draw lOi parallel 
to He, meeting the asymptotes in I and i ; then 

OR.Or-OQ.Oq= QR.Qr (11.5) = PH (1191) . (1). 

„ OR PL .Or PI , OR. Or _ PH _ GD^ 

W = Ye’ oi = T;’ ■■ oiToI 

OR. Or-PE _ CAT , ,,, OQ ■ On _ 

01. Oi-liC‘ ~ liCP ’ ’ ^ ^ 01. Oi-BG^ 


Therefore 


. = LiL (1184). 
PE.Pe BG^ ^ ^ 


Similarly for any other chord Q'Oq drawn through 0. 
Therefore OQ . Oq : OQ'. Oq = GD^ : GD'\ 


1215 Cor.—T he tangents from any point to the curve are 
in the ratio of the diameters parallel to them. 

For, when 0 is without the curve and the chords become tangents, each 
product of segments becomes the square of a tangent. 


1216 If from any point Q on a tangent PT draAvn to any 
conic (hig. 1220), two perpendiculars (JJi, QL be drawn to the 
focal distance PtS and the directrix XM respectively; then 
SR : QL = c. 

Proof. —Since QR is parallel to ZS (11G7), therefore, by (\I. 2), 

SR : PS = QZ : PZ = QL : J'H; 
therefore SR : QL = PS : PM = e. 

Cor.— By applying the theorem to each of the tangents from Qy a proof 
of (llyl) is obtained. 









rnic Ei.TAr^^i: ami iirj-intmi.A. 


1217 The hh'cctor Chrir. —Tho locus of the ])oint of inter¬ 
section, T, of two t;iui^(‘iils always at ri^lit angles is a circle 
called the Jhrector Circle. 



Proof. —Perpendiculars from S, S' to the tangents meet them in points 
Y, Y'y Z\ wliich lie on the auxiliary cii’cle. Therefore, by (II. 5, 0) and 

(III. 35, 3C), TC^i^AC^= TZ.TZ' = SY.S'Y' = BC^. (1178) 

Therefore TC^ = AC^ a constant valnc. 


Note. —Theorems (1170), (1177), and (1‘203) may also be deduced 
at once for the ellipse by orthogonal projection from the circle; and, in all 
such cases, the analogous property of the hyperbola may be obtained by a 
similar prelection from the rectangular hyperbola if the property has already 
been demonstrated for the latter curve. 


1218 If the points ul, S (Fig. 1102) be fixed, while C is 
moved to an inlinite distance, the conic becomes a ])ai’abola. 
lienee, any relation which has been estaldished for parts of 
the curve which remain finite, when AC thus becomes infinite, 
will be a projterty oftlieparahehi. 


1219 Theorems relating to the elli])se may generally bo 
ada])ted to the pai*abola by eliminating the (juantities which 
become infinite, employing the ])rinci|)le that /////7c 7/'//ccc//cc.s 
liiaifhe neylected in consuIeriiKj the rotios of infinite quantities. 


PxAMri.E. —In (1103), when I"' is at infinity, 17’' becomes 
in (1213) BS’ becomes = 2/’P. Thus the eiiuation.s become 


'rv 


2r7>* 

'('B 


and BS 


)1CB‘ 


= 2C7’; and 


Therefore QP® = ABS .BV in tho parabola. 
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THE PAllABOLA, 


If 8 be the focus, AAf 
the directrix, and P any point 
on tlie curve, the defining fro- 
perfg is 

1220 PS = PM 

and 6' = 1. (1153) 

1221 Hence 

AX = AS. 



1222 The Latus Rectum = 4.45. 

Peoof.— SL = SX (1220) = 2JS. 


1223 If rZ be a tangent at P, meeting the directrix in Z, 
then PSZ is a right angle. 

Proof.—A s in (1167) ; theorem (1166) applying eqnally to the parabola. 


1224 "Tbe tangent at P bisects the angles 8P2[, SZM. 

Proof. —PZ is common to the triangles PSZ^ PMZ] PS = PM and 
LPSZ = PMZ (1223). 

1225 Cor,— ST = SP = SG. (i. 29,6) 


1226 The tangents at the extremities of a focal chord PQ 
intersect at right angles in tlic directrix. 

Proof.—( i.) They intersect in the directrix, as in (1169). 

(ii.) They bisect the angles SZM, SZM' (1224), and therefore include a 
right angle. 

1227 The enrvo bisects the sub-taiigont. — .IT. 

Proof.— ,ST = SP (1225) = P.U = A'.V, and .l.V = .IS. 

1228 The sub-normal is half the latus rectum. KG — 2US. 
Proof.—ST = SP = 50 and 7^ = 5^(1227). Subtract. 
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1229 US. AN. 

Proof.— r.V* = TX. XO (VI. 8) = .LV. 2.V^' (1227) = 4J.S:. .liV (122«). 
Otherwise, hy (1170) aiul (1105) ; making A<^ infinite. See (1210). 


1230 Tlic tangents at A and 7^ each liisect S^ff the latter 
bisecting it at right angles. 

Proof. —(i.) The tangent nt .1, by (VI. 2), sinee yl V = ^15. 

(ii.) FT bisects SM nt right angles, by (I. 4), since PS = FM and 
/.SFY=MFr. 

1231 Cor.— aS^I : SY : SP. [lly similar triangles. 

1232 To draw tangents from a point 0 to the parabola. 

Construction. —Describe a circle, centre 
0 ami radius OSy cutting the directrix in 
ilf, M'. Draw MQy M Q' parallel to the axi.s, 
meeting the parabola in Q, Q'. Then OQ, 

0(/ will be tangents. 

FiiooY.— OSy SQ. = OMy MQ (1220) ; 0 
therefore, by (I. 8), Z OQS = OQ^f ; there¬ 
fore OQ is a tangent (1221). Similarly 
OQ' is a tangent. 

Otherwise, by (1181). When S' moves 
to infinity, the cii’clo 2IM' becomes tho 
directrix. 

1233 Cor. 1.—The triangles SQO, SOQ,' are similar, and 

SQ : SO : SQ\ 

Proof.— Z SQO = MQO = SMM' = <S00'. (HI. 20) 

Similarly S(^'0 = SOQ, 

1234 Cor. 2.—The tangents at two points subtend equal 
angles at the focus; and they contain an angle i'(pial to half 
the exterior angle between the focal distances of tho points. 

Proof.— z OSQ = OSQ', by (Cor. 1). 

Also Z QOQ' = SOQA-SQO = tt-OSQ = 



1235 —Any line parallel to the axis of a parabola is 
called a Jumefer. 

1236 The chord of contact Q(2' of tangents from any point 
0 is bisected by the diameter through 0. 

Proof. —This propo.sition and the corollaries arc included in (llOS-1200), 
by the principle in (1218). An independent proof is as follows. 

2 K 
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The construction being as in (1232), 
wo have ZM= ZM'\ therefore QV—VQ' 

(VI. 2). 

1237 Cot?. 1. — Tlie tangent 
JiW at P is parallel to QQ'; and 
OF = FV, 

Proof. — Draw the diameter BW. 

QTT'= irP; therefore QE = llO (VI. 2). 

Similarly Q'li' = Il'O. 

1238 Cor. 2.—Hence, the dia¬ 
meter throngli F bisects all chords parallel to the tangent at F . 



If QHbe a semi-chord parallel to the tangent at P, 

1239 gF^ = 4Ps.pr. 

This is the fundamental equation of 
the parabola, equation (1229) being the 
most important form of it. 

Proof. —Let QO meet the axis in T. 

By similar triangles (1231), 

2 SBP = SQE = STQ = FOB ; 
and ^SFB=OFB (1224). Therefore 

fb:^= ps.po= ps.pr2indQv= 2 pb. ^ 

Otherwise: See (1219), where the 
equation is deduced from (1193) of the 
ellipse. 

1240 Cor. 1.— If V be any other point, either within or 
without the curve, on the chord QQ' , and the corresponding 

diameter, rQ . .pv, (II. 5) 

1241 Cor. 2. —The focal chord parallel to the diameter 
through F, and called the parameter of that diameter, is equal 
to 4>SP5 For FVm this case is equal to FS. 



1242 The products of the segments of intersecting chords, 
QOq, Q,'Oq', are in the ratio of the parameters of the diameters 
which bisect the chords; or 

OQ.Oq : OQ\Oq = PS : P S. 


Proof. —By (1240), the ratio is equal to APS .}>0 : AFS .pO. 
Otherwise: In the ellipse (1214), the ratio is = ~ Fs (I-l^) 


= —when S’ is at inflnity and the curve becomes a parabola (1219). 
P S 
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1243 Coil—T he squares of tlie tangents to a parabola from 
any point are as tlio focal distances of tlic points of contact. 
Proof. —As in (1215). Otherwise, by (1233) and (VI. 10). 


1244 Tlic area of the j^arabola cut off by any chord Q,(/ is 
t\vo-t]iirds of the cii’cnmscril^ed ])arallelo^rani, or of the tri¬ 
angle formed by the chord and the tangents at Q, (/. 


Proof. —Tlirongli Q, q, q', Ac., adjacent points 
on tlio curve, draw right lines parallel to tho 
diameter and tangent at P. Let tlio secant Qq 
cut the diameter in 0. Then, when q coincides 
with Q, so that Qq becomes a tangent, wo have 
OP = PV (1237). Therefore the parallelogram 
15jr = 2l5/, by (I. 43), applied to the parallelogram 
of which OQ is the diagonal. Similarly vq = 'Zuq\ 
Ac. Therefore the sum of all the evanescent par¬ 
allelograms on one side of PQ is equal to twice 
the corresponding sum on tho other side; and 
these sums are rc.spectively equal to the areas 
PQV, PQU. — (XE^YT0N, Sect. I., Lem. II.) 



Practical methods of constructing the Conic. 

1245 To draw the FAUpsc. 

Fix two pins at S' (Fig. 1102). Place over them a loop of thread 
having a perimeter SPF = SV-f-vLl'. A pencil point moved so as to keep 
tho thread stretched will describe the ellipse, by (1103). 

1246 Otherwise. —(Fig. 1173.) Draw PJIK parallel to Q,C^ cutting tho 
axes in If, K. PK = AC and PH = PC (1174). lienee, if a ruler PlIK 
moves so that tho points H, K slide along the axes, P will describe tho ellip.se. 


1247 To draw the IIifpcrbola. 

!Makc the pin S' (Fig. 1102) servo as a [livot for one end of a bar of any 
convenient length. To tho free end of the bar attach one end of a thread 
whose length is less than that of the bar by A A '; and lasten the other end ol 
the thread to the pin S. A pencil point moved .so as to keep the thread 
stretched, and touching the bar, will describe tho hyperbola, by (1103). 

1248 Otherwise: —Lay off any scale of equal parts along both asymptotes 
(Fig. 118S), starting and numbering the divisions from 6', in both jiositive 
and negative directions. 

Join every pair of points L, ?, the product of whose distances from C is 
the same, and a series of tangents will be formed (1PJ2) which will deline 
the hyperbola. See also (128lt). 
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1249 To draiv the Parahola. 

Proceed as in (1247), with this difference: let the end of the bar, before 
attached to S', terminate in a “ T-square,” and be made to slide along the 
directrix (Fig. 1220), taking the string and bar of the same length. 

1250 Otherwise :—Mako the same construction as in (1248), and join 
every pair of points, the algebraic sum of whose distances from the zero 
point of division is the same. 

Proof. —If the two equal tangents from any point T on the axis (Fig. 
1239) be cut by a third tangent in the points It, r; then IIQ may be proved 
equal to rT, by (1233), proving the triangles SMQ, SrT equal in all respects. 

1251 Cor.—T he triangle SBr is always similar to the isosceles triangle 
SQT. 


1252 To find the axes and centre of a given central conic, 

(i.) Draw a right line through the centres of two parallel chords. This 
line is a diameter, by (1198); and two diameters so found will intersect in 
the centre of the conic. 

(ii.) Describe a circle having for its diameter any diameter PP' of the 
conic, and let the circle cut the curve in Q. Then PQ, P'Q are parallel to 
the axes, by (1201) and (III. 31). 


1253 Given two conjugate diameters, CP, CD, in ijosition 
and magnitude: to construct the conic. 


On CP take PZ = CD^-t-CP ; measuring 
from C in the ellipse, and towards C in the 
hyperbola (Fig. 1188). A circle described 
through the points C, Z, and having its 
centre 0 on the tangent at P, will cut the 
tangent in the points where it is intersected 
by the axes. 

Proof. — Anahjsis: Let AC, BC cut the 
tangent at P in T, t. The circle whose 
diameter is Tt will pass through C (III. 31), 
and will make 

CP.PZ = PT . Pt (III. 35,3G) = CI^ (1197). 
Hence the construction. 



Circle and Radius of Curvature, 

1254 Definitions. —Tlie circle wliich has the same tangent 
with a curve at P (Fig. 1259), and which passes through 
another point Q on the curve, becomes the circle of curvature 
when Q ultimately coincides with P; and its radius becomes 
the radius of curvature. 
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1255 Otlicnvisc.—Tlic cirrir af niri'dfure is the circle which 
passes through tJircr coincideut ])oiuls on the curve at I*. 

1256 Any cliortl /77 of the circle of curvature is called a 
chord of curvature at P. 

1257 T hrough Q draw PQ' parallel to 7V/, meeting tho 
tangent at P in 77, and the circle in Q\ and draw ])arallel 
to /V7. PQ is called a toihtense of the arc PQ. 

1258 T iiEOUEM. —Any chord of curvature PIf is equal to 
the ultimate' value of the square, of the arc PQ divided by the 
subtense IIQ parallel to the chord : and this is also equal to 

QV2_^rv, 

Proof.— RQ' = RP--^RQ (III. 3C). And when Q moves up to P, RQ' 
becomes RIT\ and Ri\ PQ, and become equal because coincident lines. 


1259 In the ellipse or hyperbola, the scmi-choi’ds of cur¬ 
vature at Py measured along the diameter PC, the normal 
PF, and the focal distance PS, arc respectively equal to 
C/P CJP C/P . 

CP' PF ' AC' 

the second being the radius of ciirvatiire at P. 



(ii.) By the similar triangles PIfC, PFC (III. 31), we bavo 
PU.PF= CP . PJI = 2CD\ by (i.) 

(iii.) By tbo similar triangles PIU, PFE (1108), wo have 

P/.PP= Pr.PP = 2Cr>5 by (ii.); and PP = AO (1179). 
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1260 In tlie parabola, tbe chord of curvature at P (Fig. 
1259) dravni parallel to the axis, and the one drawn through 
the focus, are each equal to 4SPy the parameter of the dia¬ 
meter at F (1241). 

Proof, —By (1258). The chord parallel to the axis = QV^-^EV— AES 
(1230); and the two eliords arc equal because they make equal angles with 
the diameter of the circle of curvature, 

1261 Cor.— The radius of curvature of the parabola at P 
(Fig. 1220) is equal to 2SP^ -A- SY. 

Proof.— (Fig. 1259.) ^EE = \FI sec lEU = 2SE secESY (Fig. 1221). 


1262 Tlie products of tlie segments of intersecting chords 
are as the squares of the tangents parallel to them (1214-15), 
(1242-43). 

1263 The common chords of a circle and conic (Fig. 1264) 
are equally inclined to the axis ; and conversely, if two chords 
of a conic are equally inclined to the axis, their extremities 
are concyclic. 

Proof. —The products of the segments of the chords being equal (TIT. 
35, 36), the tangents parallel to them are equal (T262). Therefore, by (1200). 


1264 The common chord of any conic and of the circle of 
curvature at a point P^ has the 
same inclination to the axis as 
the tangent at P. 

Proof. —Draw any chord Qq^ parallel 
to the tangent at P. The circle circum¬ 
scribing EQq always passes through the 
same point (1263), and does so, there¬ 
fore, when Qq moves up to P, and the 
circle becomes the circle of curvature. 



1265 Problem.— To find the centre of curvature at any given 
2 )oint of a conic. 

First Method. —(Fig. 1261.) Draw a chord from the point making the 
same angle with the axis as the tangent. The perpendicular bisector of the 
chord will meet the normal in the centre of curvature, by (1261) and (111. 3). 

1266 Second Draw the normal EG and a perpendicular to it 

from G, meeting either of the focal distances in Q. Tlien a perpendicular to 
the focal distance drawn from Q will meet the normal in 0, the centre of 
curvature. 







Mli^CELLAXEOrS TIIKOUEMS. 


Pkoof. — (Ellipse or Hyperbola.) IJy (1259), 
the radius of curvature at 1* 
nip nip 
= EF = /;(? 

= Fo see? s'pa = po. 

For AC = PE (by 1179). 



(Parabola.) By (1201). The radin.s of curvature 

= 2SP^^SY = 2SP sec SPG = PO, 
For 2SP = PQj because EP = SG (1125). 


Alixccl lit neons Th core ms. 


1267 lu tbo Parabola (Fig. 1-39) let QD be drawn perpendicular to PT, 
then t^Z>* = 4.1S.Pr. (1231,1-239) 


1268 Let PPH be any third tangent meeting tho tangents OQ, OQ' in 
Ji*, li'\ the triangles SQO^ EUR\ SOi^ are similar and similarly divided by 
Ell, EP, SR' (12o3-4). 

1269 Cor.— ob.ok = sq.kq;. 

1270 Also, tbe triangle PQQ' = WRIif. (1211) 

With the same construction and for any conic, 

1271 OQ : OQ’ = ItQ. HI' : L'Q’. FB. (1215, 1243) 

1272 Also the angle PER' = \QSQ\ (1181) 

1273 Hence, in the Parabola, the points 0, R, S, H are concyclic, by (1234). 

1274 In any conic (Figs. 1171), SP : ST = AA” : AT 


SP 

Proof.— - 7 — = 
EL 


= ^ ( 09 , 1103 ,=.?^ ( 1170 )=^ 
ST VT ' CA ^ ' AT 


(GO). 


1275 Cor. — If the tangent PT meets the tangent at A in 11, then SR 

bisects the angle PE'T (VI. 3). 


1276 In Fig.s. (1178), SY\ <S'Y both bisect the normal PG. 

1277 The perpendicular from S to PG meets it in CY. 

1278 If CD be the radius conjugate to CP, the perpendicular from D 
ujion CY is equal to PC. 

1279 18 Y and CP intersect in tlic directrix. 


1280 If every ordinate PN of the conic (Figs. 1205) be turned round X, 
in the plane of the figure, through tho same angle PXH, tho locus of P' is 
also a conic, by (1193). The auxiliary circle then becomes an ellipse, of 
■svhich AC and PC produced are the cqui-conjugate diameters. 

If the entire figures be thus deformed, the points on the axis AA' remain 
fi.xed while PX, UR describe tho same angle. Hence CD remains paralicl to 
PT CPf CD are therefore still conjugate to each other. 
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Tlence, the relations in (1205-G) still subsist when CA, CB are any con¬ 
jugate radii. Thus universally, 

1281 PA ": CIt = DB : CN or BN. CA" = DB . CB. 

1282 If the tangent at P meets any pair of conjugate diameters in T, T\ 
then PT. FT is constant and equal to CD^. 

Proof. —Let CA, CB (Figs. 1205) be the conjugate radii, the figures 
being deformed through any angle. By similar triangles, 

pr • ON Zcd'-Cb]’ PT. FT ; PA". CN = GIT : DB. CB. 

Therefore PT. FT = CTT, by (1281). 

1283 If the tangent at P meets any pair of parallel tangents in T, T, 
then PT .PT — CTf, where CB is conjugate to CP. 

Proof. —Let the parallel tangents touch in the points Q, Q'. Join PQ, 
PQ', CT, CT. Then CT, CT are conjugate diameters (1199, 1201). There¬ 
fore PT.Pr=zCB^ (1282). 

1284 Coe.— QP. QT = CZf", where Clf is the radius parallel to QT. 

1285 To draw two conjugate diameters of a conic to include a given 
angle. Proceed as in (1252 ii.), making PP in this case the chord of the 
segment of a circle containing the given angle (III. 3J). 

1286 The focal distance of a point P on any conic is equal to the length 
QN intercepted on the ordinate through P between the axis and the tangent 
at the extremity of the latus rectum. 

Proof.— (Fig. 1220). QN : NX = LS : SX = e and SP : NX = e. 

1287 In the hyperbola (Fig. 1183). CO : CA = e. - (11G2, 11G4). 

If a right line PKK' be drawn parallel to the asymptote CR, cutting tho 

one directrix XE in K and tho other in K '; then 

1288 SP = PK= e. CN-AC; S'P = PIC = e.CN4-AC. 

Proof.— From CR = e . CN (1287) and CE = AC (118G). 

1289 Cor. —Hence the hyperbola may be drawn mechanically by the 
method of (1249) by merely fixing the cross-piece of the T-square at an 
angle with the bar equal to BCO. 


1290 Defixitiox. —Confocal conics are conics which have the same foci. 

1291 The tangents drawu to any conic from a point T on a confocal conic 
make equal angles with the tangent at T. 

Proof. —(Fig. 1217.) Let T be the point on the confocal conic. 

SY : SZ = S‘Z’ : S'Y' (1178). 

Therefore ST and S’T make equal angles with the tangents TP, TQ; and 
they also make equal angles with the tangent to tho confocal at T (11G8), 
therefore &c. 

1292 In tho construction of (1253), PZ is equal to half the chord of 
curvature at P drawn through the centre C (125'J). 
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IXTRODUCTIOX. 


1400 Functions .—A quantity wliicli depends for its value 
upon another quantity x is called n fnnrtfon of x. Thus, sin./’, 
log.r, a^-{-ax-\-x‘^ are all functions of x. The notation 
qf := f(^,r) expresses generally that y is a function of x. y = siiicr 
is a particular function. 

1401 f{x) is called a continuous function between assigned 
limits, when an indefinitely small change in the value of x 
always produces an indefinitely small change in the value of 
f{x). 

A transcendental function is one which is not purely 
algebraical, such as the exponential, logarithmic, and circul r 
functions a**", log.r, sin.T, cos.r, &c. 

If/(.r) =/( —.t), the function is called an even function. 
If f{x) = —/(—a’), it is called an odd function. 

Thus, and cos a; arc even functions, while and sin x arc odd functions 
of a;; the latter, but not the former, being altered in value by changing the 
sign of X. 


1402 rcntidl CocJJirirnf or Dcriratirc .—Let y bo any 

function of x denoted by /(<>’), such that any change iii the 
value of X causes a definite change in the value of y; tlum x 
is called the independent variable, and y the dependent ranah/e. 
Let an indefinitely small change in x, dcaioted by dx, produce 

a corresponding small change dp in y; then the ratio in 


the limit when both dp and d.r, are vanishing, is called the 
dijj’erential coefficient, or deriratire, of y with respect 
to X, 

2 L 




I 
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1403 Theorem.— The ratio di /: d,r is defnitr for each value 
of <T, and generally different for different values. 

Proof.— Let an ab.'jcissa OA' j, 

(Defs. 1160) bo measured from 0 7^ 

equal to a*, and a perpendicular or- 
dinate equal to \j. Then, loliaL 
ever may he the form of the function 
y =f(x), as X varies, the locus of 
P will be some Hue PQL, Let 
OM = x\ 2IQ = y' be values of x 
and 7/ near to the former values. 

Let the straight line ^'^P meet the 
axis in T; and when Q coineides with P, let the final direction of QP cut the 
axis in T'. 

Then ^ or ’7 —^ And, ultimately, when QS and SP vanish, 

^ 1 ~ ' •?/ JS 1. j -yY 

they vanish in the ratio of PN : XT\ Therefore — = = tan PT'Nj a 

clx NT 

definite ratio at each point of the curve, but different at different points. 

1404 Let NM, the increment of a?, he denoted by li ; then, 

when li vanishes, ^ ) _ /*'(cr), 

a new function of.ir, called also the first derived function. 
The process of finding its value is called differentiation, 

1405 Successive differentiation, —If ^ ov f {x) be differ¬ 
entiated with respect to x, the result is the second differential 
coefficient oi f (x), ov i\\Q second derir/’d function; and so on 
to any number of differentiations. These successive functions 
may be represented in any of the three following systems of 
notation :—■ 

df/ (Pff f/h/ dff d'f/ . 

dff . d,C^ ’ 

/'(■»’). /"(*'■)> /'"GO. /‘"GO,./"GO; 

d'H'i y^jci t/ixi . //wa** 

The operations of differentiating a function of x once, 
twice, or n times, arc also indicated l)y prefixing the symbols 
d dff fff_. d / ( d Y*. 

d.v e/.r“’ *’* r/u"’ ^ d.v Way \da) 

or, more concisely, e/,., r/,,., ... 


* See note to (1487). 
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1406 clirforeiitiatin^ i\ finiclion for .r, .r bo made 
zero in tlie iWult, tlie value may bo iiidieated in any of the 

following ways: //.roj ^Lo- 

If any other constant a be substituted for x in the 
result may be indicated by. y^. „. 

1407 lufnufrshnals uud Dijfrrcuiwls. — Tlie ('vanesc(‘nt 
quantities dx^dij are called lujiinfest duiI s ; and, with respect 
to X and y, they are called ifilTerrnfinJs. (lx\ (Pij arc* the serond 
diff> rcntials of x and y; cZ'^y the third, and so on. 

1408 T he successive differentials of y are expressed in terms 
of dx by the equations 

^/^ =/' (j>) d.v; (Pt/ =/"(«r) (Id "; &c., and (Pi/ =f"{d') 
Since y"(.r) is the coeflieient of dx in the value of c/y, it has 
therefore been named the differential cueffieieut of ij or J (x).^ 
For similar reasons f'{x) is called the second^ and /“(./’) the 
differential coefficient of f{x), &c. 

1409 Two infinitesimals are of the same order when their 
ratio is neither zero nor infinity. 

If (/,/’, dij arc infinitesimals of the same order, cZ.r, cZy“, and 
dxdtj will be infinitesimals of tlm second order with res[)ect to 
dx^ di/; d.P, dx^Ji/^ &c. will be of the third order, and so on. 
dx, dx^, c^c. arc sometimes denoted by x, x, Szc, 

1410 Lemma. —In estimating the ratio of t\vo quantities, any 
increment of either which is infinitely small in comparison 
with the quantities may be neglected. 

Hence the ratio of t\vo infinitesimals of the same order is 
not affected by adding to or subtracting from either of them 
an infinitesimal of a higher order. 

Example.— — dx = , for dx is zero in comparison with 

, dx dx dx 

the ratio Tims, in E'ig. (1403), ])ntting PS = dx, QS = dy; wc liavo 

ultimately, by (125S), QR = Jcdx“, where /i is a constant. 4 licrcforo 

— bJl — ^1 IIPz]l!LiL := 'L limit, by tlie principle just enunciated; 

NT' y^S' dx dx 

that is, ()/i’ vanishes in eonqmri<on with PS or QS ccni wh n those hues them^ 
selves are infinitehj small. 

* The name is sUghtl}” misleading, as it seems to imply that j' (x) is in 
some sense a coefficient of/(.c). 










260 


DIFFEllENTIAL CALCULUS. 


DIFFERENTIATIOIS''. 


mFFFEFNTIATION OF A SUM, FEOLUCT, AND QUOTIENT. 

Let u, V be functions of x, then 

1411 


1412 

1413 


(I _ (In ^ (h 

(Lv (Lv (Lv 

d (ni^ (In . dv 
■ \ ^ = v — +u -p-. 
(Lv (Lv dev 


J 

(L 


/ / ti \ ( (In dv\ . 2 


Proof.—( i.) d(u-\-v) = (u'\-du-{-vAdv) — (u-\-v) = du-\-dy. 
(ii.) d (iw) = (u + du) (v-i~dv)—uv = vdii-tudv — diidv, 
and, by (1410), dudv disappears in the ultimate ratio to dda. 

^ \ u + du vdu—udv 

\ V / v + dv V 


(iii.) 


v-\-dv V (v + dv) V * 
therefore &c., by (1410) ; vdv vanishing in comparison with v^. 

Hence, if u be a constant = c, 

1414 and -A(±) = _4 

(Lv (Lv (Lv \ v / 


(J^ 

(Lv' 


DIFFEEENTIATION OF A FUNCTION OF A FUNCTION. 


If 7/ be a function of and ^ a function of a?, 

1415 J!iL = ^ 


(Lv 


(Lv 


Proof, —Since, in all cases, the change dx causes the change dz, and tho 
change dz causes the change dij ; therefore the change dx causes the change 
dy in the limit. 

Differentiating the above as a product, by (1412), tho successive differ¬ 
ential coefficients of y can be formed. The first four are here subjoined for 
the sake of reference. Observe that Oj.)* = 

1416 z/o, = 

1417 = 

1418 y-ix = ^-.'^“3J:• 

1419 yu = yu^l + + yu (<5~L 4" I-x-sj-) + y^^u- 
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DIFFEFiENTIATION OF A COMPOSITE FUNCTION. 

If n aud V bo explicit functions of .t’, so tliat u = ./»(r) and 
v=zxp(x)y 

HAnn r) __ dV du , dF dv 

Tv TT d.v ^ do d.v ‘ 


Here (IF in the first term on the right is tho change in 
F(h, v) produced by du, tho change in u; and dF in tho 
second term is tho change produced by dv, so that the total 
change dF{u, v) may be written as in (1408) 

dF^+clF^ = iPdu+^dv. 

da dv 


DIFFERENTIATION OF THE SIMPLE FUNCTIONS. 

Since ^hen h vanishes, wo have tho 

dx h 

following rule for finding its value: 

1421 Rule. — Expand f(x+h) hy some Icnown theorem in 
ascending powers of h; subtract f (x); divide hy h; and in 
the result put h equal to zero, 

Tho differential coefficients which follow are obtained by 
tho rule and the theorems indicated. 


1422 


y = ‘U”. 


= nF'-\ 
(Lv 


Proof.—IT ero 


/(.r + /0—/(.r) _ + G (n, 2) 


h h h 

(125) = + 2) wbcu h vauishes. 

1423 CoK.— 

0 = « («-l) ... («-,.+!) .r”-'. g- = liL- 


1424 


1 __ 1 
y = log,.r; . 


Proof.—B j (145), 


(a;+ 70-log. 


£= 1 |,og,(l + l)UA. 

X log, a V \ X ! ) X 


Expand the logarithm by (155). 

_ ( —l)’"' I» —^ Put u = -l in (1123) 
'd^ ^ 


x" log a 


and r = n—1. 


1425 Coii.— 
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1426 y 


Proof.— 


1427 CoE.- 


a*; 


ill 

iLv 


(F log^«. 


1) 

A h 


iVy 


«* (log,«)“. 


Expand d'* by (140). 



Function. 

Perivative. 

1428 

sin x. 

cos X. 

1429 

cos cP. 

— sin X, 

1430 

taiitf. 

sec^ X. 

1431 

cot X. 

— cosec^ X. 

1432 

sec X. 

tan X sec x. 

1433 

cosec X. 

— cottccosecci*, 

1434 

siu~^ X '\ 

COS“\p J 

1 ■ ^ 

1436 

tan”^ X ' 

cot"^ X . 

[■ 

1438 

sec“^ X 
cosec“^t 

]■ ± ^ 

V ) .4 1)' 


Method of Proof hy Pule (1421) 
a7id Limits (753). 

Expand by (627, G29), and 
put 1 — cos h = 2 sin^ 

Expand by (631), observing 
(1410). 

By cota? = —, and(1415). 

tana; ^ 

By seca; = ^—, and(1415). 
cos a; 

Similarly. 

If sin~*a3 = y, a; = sin y, 
therefore 


~ = cos y = v^l —x ^; 
•■hi 

therefore 

dx V\—x 
Similarly for the rest. 


Examples. 

1440 = = = (U22) 

1441 (l^).= = -^>- 

1442 = 3(a + aO’2*(i+a^)= + 2(i- + .^’) 3a:*(<i + a'.Y 

, = 6x {a+Ff (1 + *") (i + a» + 2a!’). (14.12, ’15, ’22) 


i«s (J=g) - 


(f— __ (e* + e~0 (c^' + ^~') — (e^ —e~*) (p'— c~') _ 


(c* + e-')-^ 


(1413, 1426) 



















srccESS I T77 DTP run rxTL 1 Tiny. 


2r,:] 


Soinu (liiloivnUations nro rciulorcil easier by taking llio logaritlim of tlio 
function. For example, 


1445 


therefore 

therefore 


y = \ therefore logy = J log (l-a;=)- 

i_ i^v _ _L --•« _ 3 . 

y iix 2 2 (!+;«’)’ 

(hj _ ^ —2.r (2 —or) _ — 2.r02—a;^) 

cZa; “ ^ l-x* (1 _p a!’)> (1 


log(l + a:*); 


1446 

therefore 

therefore 

Otherw 


y = (sill a:)* ; therefore log y = x log sin x ; 

-- y^ = log sina:H— r~ coax ; ’28) 

y ° Sill X 

y^ = (siua*)'(log sin a; + ^ cot .r). 

isc, by (1420), y^ = x (sin.r)'-’eosa! +(sina;)'log sin a; (.1420) 
z= (sin xy (x cot X + log sin a:). 


SUCCESSIVE DIEFEREXTIATIOX. 


1460 ^ibnitz\s Theorem. —If n be any integer, 

0/~).« = '/«x~ + «'/(..-l)x~^+C' (h, 2) //(„-?.)x ~2x+ ••• 

... +0 (»l, r) //(„_r)x “rx+ ••• +.'Pnx- 
Proof.—B y Induction (233). Bifferentiato the two consecutive terras 
C (?1, r) y n-r x*«+ U (», r+1) y{n-r-\)x^(r*^\)xt 
and four terms arc obtained, the second and third of which aro 

f'Ob Uz/o-r C(w, T-fl) y,n-r)x - r.\)z 

= {^(w, r)-{-C {n, r+1)} y(,._r X V* 1 )* = F(n + 1, r+1) ?/.m-rn x^r*i r, 

by (102). 

This is the general term of the scries with n increased by unity. Similarly, 
by differentiating aU the terms tho whole series is reproduced with n in¬ 
creased by unity. 


VIFFEJIEXTIAL COEFFICIENTS OF THE fi"‘ ORDER. 


1461 

1462 


1463 

1464 


(sill rt,()„x = «” .sin («,('+plir). By Inclnrtion 

/ \ n f i ^ \ nnd(142>!). 

(cos (LVjnj. = (i^ COS (^/.r+UtTr). ^ 




wlierc, ill tlio expansion by tlic Binomial Tlieorcni, is to 
bo replaced by y„. (IlOU, ’03) 
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1465 COS kr)n:c = COS 

wliere a = r cos <f> and b = r sin (f). 

Proof.—B y Indnction. Differentiating once more, we obtain 
r”e“* {a cos {bx-{-n<f) — h sin {hx-\-n(f)} 

= {cos 0 cos + — sin 0 sin (hx-^n<l>)] 

= r"'’^e“'cos (hxA-n-\-l(l>). 

Thus n is increased by one. 


1466 

(a’”-' log.r)^ = | n— 1 A’. 

(1460), (283) 

1467 

V1+a'L~ (l+.r)”« L- 

(1423) 

1468 

(tail-' .v)^ = (— I)—' 111—1 siu” e 

sin nOy 

wliere 

eh= coi-^a\ 



Proof. —By Induction. Differentiating again, we obtain (omitting the 
coefficient) 

(ji sin”“* 0 cos 0 sin nd+n cos 7i0 sin” 0) 0* 

= 71 sin”~' 0 (sin iid cos 0 + cos 7i6 sin 0) ( — sin" 0). 
Since, by (1437), 0* = — (l + a;^)"^ = — sin^0. 

Therefore (tan-^aj)(„,i)* = (—1)'* [^sin""* 0 sin (w + 1) 0, 

71 being increased by one. 

1469 i —= (—1)"^ ^ sill (w + 1) (1436,1468) 

1470 ( . f = (” 1 )” ^ 

PUOOF.-By (UGO), (ri?), 

Then by (1469). 

1471 Jacob L^s Formula. 

»/(«-!)X (l--'-')”'* = (-!)“■' 1 • 3 ... (-''1-1) sill {« cos-'.i) > 1 . 

PjiooF.—Let y = l—x^] therefore 

(y'** i),„ = - (2?t+ 1) (iri/”"^)(n-V *• ^^SO = (.Vl/'“^)»x* 

Expand each of these values by (1460) and eliminate (?/"‘^)(n- 2 }r, the^deriva- 
tivc of lowest order. Gall the result equation (1). 2sow assume (1471) true 
for the value 7 i. Differentiate and substitute the result, uiul also (1471) on 
the right side of equation (1) to obtain a proof by Induction. 
















TIinOPiY or OPIJRATJOXS. 


2(;r, 


1472 TJnvrcin. — If //, are functions of ,r, and n a positives 

intc.i;cr, 

~'/»x = -) (j/~ir)i«-l)T ...+(— 1)” 

Pe{OOF.— Ity Tiulnction. 1 )ifTorontiiito for x, Rubstltuting for z,y,„ on llio 
riglit its vuliio by tlio fornmia itself. 


PAirUIAL DIFFEK EXIT AT FOX. 


1480 If If = f(^,ry y) be a function of two uKJpprndt uf vari¬ 
ables, any dilfercntiation of it witli respect to x vrrfKircf^ tlmi y 
shoif.Jd hr con.^idrred con^tunt in that operation, and vico verm. 

Tims, or signifies that n is to be differentiated succes- 
dr 

sively twice with respect to ,r, y being considered constant. 


1481 The notation 


dht 


signifies that u is to bo 


differentiated successively twice for x, y being considered 
constant, and the result three times successively for //, x being 
considered constant. 

1482 The order of the differentiations does not -affect the 
final residt, or = iiy.,. 

Proof.—L et -m = /(a'y) ; then v, =' ^ y) —in limit. (1481) 


— !ljh. _ / (y + /^ V 4- IQ —f (x, V 4- /.•) —/ (.r + h. if) +/ (r, ?/) j. 
7 /^ - i,k 


in limit. 


Kow, if Vy bad been first formed, and tlien flic same result would havo 
been obtained. The proof is easily i xtcnded. Let Uj. = v ; 
then = I'^-r = so on. 


THEORY OF OPERATIONS. 


1483 Eet the symbols <1>, T, preiixed to a rpiantity, dcaioto 
operations uj)on it of the same rlass^ sueli as multiplication or 
differentiation. Then the law of the operation is said to bo 
distrihutire^ when 

<]. (.,.+ )/) = '!> (,r) + <l> 0/) ; 

* Sec noto to (1 1^7). 

2 .M 
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that is, the operation may be perfonned upon an undivided 
quantity, or it may Ire distributed by being peiiormed upon 
parts of the quantity separately with the same result. 

1484 The law is said to be commutative when 

that is, the order of operation may be changed, d> operating 
upon 'Per producing the same result as 'P operating upon d>ci’. 

1485 d>”*cr denotes the repetition of the operation d> m times, 
and is equivalent to ..,x to m operations. This definition 
involves the index law, 

which merely asserts, that to perform the operation n times in 
succession upon x, and afterwards m times in succession upon 
the result, is equivalent to performing it 7n-\-n times in suc¬ 
cession upon X. 

1486 The three laws of Distrihition, Camvintation, and the 
law of Indices apply to the operation of multiplication, and 
also to that of differentiation (1411, ’12). Therefore any 
algebraic transformation which proceeds at every step by one 
or more of these laws only, has a valid result when for the 
operation’of multiplication that of differentiation is sub¬ 
stituted. 

1487 In making use of this principle, the symbol of dif¬ 
ferentiation employed is or simply d^, prefixed to the 

quantity upon which the operation of differentiating 
respect to x is to be performed. The repetition of the opera- 

tion is indicated by prefixed to the 

function. An abbrerfated notation is d^, d^^, 

Since d^Xd^ = in the symbolic operation of multiplication, 
it will be requisite, in transferring the operation to differentia¬ 
tion, to change all such indices to suffixes when the abbreviated 
notation is being used. 


Note. —The notation y,, « 2 , 3 ,„ &c. is an innovation. It lias, how¬ 

ever, the recoinmcndatlons of clehuiteness, simplicity, and economy of lime in 

writing, and of space in printing. The expression requires at least 

fourteen distinct types, while its equivalent 1 / 2 ^^ requires but seven. For 
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such misoiis I have iiitroUueed tlio shorter notation experiinonUilly in those 


payes. , „ . 

All such abbreviated forms of diflerential cwflieieiits ns y' ff \f‘"or y y 
thong'll convenient in practice, are iucoinplete expressions, because the indc- 
j)endent variable is not specified. 

The o])eration and the derived function would bo more 

ncciiratelj represented by ((Z;)J and (»’)’, the index as usual iudicatinf^ the 
repetition of the operation, lint the former notation is simpler, and it has 
the advantage of separating more clearly the index of ditlbrentiation from the 
index of involution. 

In the synibids y* and the figure 2 is an index in each caso: in iho 
first, it shows the degree of involution*, iu the second, the order of difterentia- 
tion. The index is omitted when the degree or the order is unity, since wo 
write y and //,. 

The sntlix takes precedence of the superfix. yl means the square of y*. 
d;,(i/) would be written (//'), in this notation. 

As a concise nomenclature for all fundamental operations is of great 


assistance in practice, the following is recoinnieuded: or y, may be read 


“y for x,” as an abbreviation of the phrase, “ the ditferential coefficient of y 

for, or with respect to, Similarly, '/ ^ or the shortened 

^ dxdy dx*di/ 

forms ya,, n,y, may be read “y for two a*,” “« for .ry,” “w for two x, three 

y,” and so forth. 

The distinction in meaning between the two forms y,„ and y„ is obvious. 
The first (in which n is numerical and always an integer) indicates n succes¬ 
sive diSereiitiations for the second iudieates two successive ditfereutiations 
for the variables x and z. 

The symbols or y^, and -J v or y-ua, may be read, for shortues.‘<, 

“y for X zeruf* “y for two x zero'’; can bo read “d for two x 

three y of ^ (-^i/)*” 

Although the notation v, is already employed in a totally different senso 
in the Calculus of Finite Differences, my own experience is that the double 
signification of the symbol does not lead to any confusion : and this lor the 
very reason that the two meanings are so entirely distinct. Whenever the 
operation of differentiation is introduced along with the subject of Finite 

Differences, the notation must of course alone be employed. 


Thus, in differentiation, we have 


1488 TuE DlSTIUbUTlVE L.VW 

</, (if + r) = 

(Ull) 

1489 The commutative law 

d,{il„u) =d,{d,H) 


or 


(1482) 

1490 The index law 

im in 1’" + '*,. 


that is, 


(1485) 
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1491 Example.— 

— df,y = (^d^ — ily) {dx~dy) = dxdj — d^dy — dydxFdydy — dox + (^ 2 ^- 

ilero dxdy—dydx or dxy — dyx, by tbc coonimdative law. (1480) 

dxdx — d-ix by the index laio. (1400) 

Also {d.^ — "ldxyFd 2 y) a = d 2 xU—^dxyUFd.iyU, by the distributive law. 
Therefore, finally, (dx—dyY u = d 2 x'i('—'^dxyU + d 2 yii. 

Similarly for more complex transformations. 

1492 Thus dx may be treated as quantitative, and operated upon as such 
by the laws of Algebra; d" being written d,,^, and factors snch as dxdy, in 
which the independent variables are diflerent, being written d^y, &c. 


EXPANSION OF EXPLICIT FUNCTIONS. 


TAYLOR’S THEOREM.—EXPANSION OP f{a} + h). 

1500 

/O'+A) =/0’)+/</'G0+^/"0’)+ - +l^f%v+eh), 

where 6 is some quantity between zero and unity, and n is 
any integer. 

Proof.— (i.) Assume f (x-\-h) =■ A-{-Fh+Ch‘^-\-&'Ci. 

Differentiate both sides of this equation,—first for x, and again for 7<,—and 
equate coefficients in the two results. 

1501 (ii.) Cox's Proof. — Lemma. — l£f(x) vanishes when a; —«, and also 
M'heii x=h, and if f(x) and f'(x) are continuous functions between the 
same limits; then f'{x) vanishes for some value of.T between a and h. 

For/^(r) must change sign somewhere between the assigned limits (see 
proof of 1403), and, being continuous, it must vanish in passing from plus to 
minus. 

1502 Now, the expression 

f(a-\-x)^f{a)-xf'{a)- .- (a) 

“ [§T “ ■ ■ ■ “ 1 

vanishes when x = 0 and when x—h. Therefore the differential coefficient 
with respect to x vanishes for some value of x between 0 and h by the lemma. 
Let Oh bo this value. Differentiate, and a]ipiy the lemma to the resulting 
expression, which vanishes when .r = 0 and when .r = OOh. Perform the 
same process 1 times successively, writing Oh ter OOh, itc., since 0 merely 
stands for some quantity less than unity. The result shews that 

/”•' + [fia + h)-f{a)-hfia )-... | 

vanishes when x = Oh. Substituting Oh and equating to zero, the theorem 
is proved. 
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1503 The last term in (InOO) is called tlie ri'inaindrr after 
n tcaaiis. It may be obtained in either of the sid)joineil forms, 
the first being due to Lagrange, 

^/» {.v+eh) or (I 

1504 Since the coellicieut diminishes at last without 

.. l4- 

limit as n increases ii.), it follows that Taiflors series 

is eoncenjent if f" (x) remains finite for all rallies of n. 


1505 If in any expansion of fi^f'-^-h) in powers of h some 

index of h be netjative, then become 

infinite. 

1506 If the least fractional index of h lies between n and 
then /”^'( <’) ami all the following differential coeffi¬ 
cients become infinite. 

PuoOF.—To obtain the value of differentiate the expansion 7i times 

successively for /i, and put h = 0 in the result. 


i\IACLAURlX’S THEOREM. 

Put .r = 0 in (1500), and write .r for h; then, with the 
notation of (1406), 

1507 /(..) =/(o)+..f(o)+ ...+f-r 

where 0, as before, lies between 0 and 1. 


Putting // =/(.r), this may also be ^n-itten 


1508 // = //o+a’ 


(If/ I ./•“ (Pi/ 


(ia\ 


1.2 (Li ~ 


i.2.;{ 


A + ic. 

(la Q 


1509 Note. —If any function /( r) becomes infinite with a finite value of 
X, then f'(x), /"(x), Ac. all become infinite. Thus, if /(■<’) = sec“' (!+•<•)» 
f (x) is infinite when .« = 0 (1 IdS). Therefore /'(O), j' (0), Ac. are all 
infinite, and f {x) cannot be expanded by this theorem. 


Jlernoiilli's Series .— Put h =—.r in (15tH)); thus, 

1510 /(<») =fi.r)-.o’'{■>■)+ 
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1511 If ((, + = 0 and <^{y) — x; then 

or 

h = ^ \y ysx+^0. 

Proof.—L et y = =/(*), and let yFh =f(x-hh) 

therefore r-\-h = (p (y-hk) = 0. 

Therefore y-{-h = f (0) = /(aj) —xf'{x) + f"(x) — &c., by (1510) ; 

which proves the theorem. 


EXPANSIO^iT OF f{x + h, y-{-lc). 

Let f(xy) = u. Then, with the notation of (1405), 

1512 

^{cV + h, y-{-k) = 

1 .'A .9.) 

1513 The general term is given bj ^ (/u/^+Ay/J” u, 

where, in the expansion by the Binomial Theorem, each index 
of dj. and dy is changed into a snffix; and the coefficients 
dx, t? 2 .rj are joined to u as symbols of operation (1487); 
thus lit is to be changed into u^r.. 


Proof. —First expand f (x-\-h, y-]-k) as a function of (x + h) by (1500); 
thus, f(x + k,y-\-k)=f (x, y + k)-{-hy\ (x, y + k) + k%r (x, y + k) + &c. 
Next, expand each term of this scries as a function of (y + k). Thus, 


writing u for f{xy)j 

kUy + ^ + |4" 4- .-y + 

Li Ll L± 


^‘fr(x,y-{-k) = hu^ -b 

liku^^y + ^kkhi^^^ +1^ . 


(X,y + k) = r lU^ + V hVu.^^ + 


L£ \± [± 

+ . 


The law by which the terms of the same dimension in h and k are formed, 
is seen on inspection. They lie in successive diagonals; and when cleared 
of fractious the numerical coetficionts are those of the Binomial Theorem. 
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The theorem may be extended inductively to a function of 
three or more variables, ddius, if u = /’(./*, //, z), W(‘ have 

1514 //+/‘, - + /) = n + {Ini^+ku,+ lu,) 

+ i (//h/or+/r/(2.v+/'h/.2_,+2A7uy-+2//u(.r+-^//‘*^'j-j/)+ • •• » 
the general term being obtained as before from tho expression 

II. 

1515 CoR.—If u=f{.rp) be a function of several inde¬ 
pendent variables, the term {hv^-\-Jcii.y-}-hK) proves, in con¬ 
junction with (1410), that the total change in the value of v, 
caused by simultaneous small changes in ,r, ?/, ar, is equal to 
the sum of the increments of u due to the increments of x, //, ^ 
taken separately and superposed in any order. 

This is known as the principle of the superposition of small 
quantities. 

1516 To expand /(.r, y) or f{x, y, z, ...) in powers of x, y, 
t\:c., put X, y, z each equal to zero after differentiating in 
(1512) or (1514), and write .r, y, ... instead of h, /j, &c. 

1517 Observe that any term in these series may be mado 
the last by wi’iting x + Oh for x, y-{-0h for y, &c., as in (1500). 

SY.MBOL1C FOlUl OP TAYLOR’S THEOREM. 

The expansion in (1500) is equivalent to the following 

1520 /(.«’+/') = 

I’uoOF.—By the E.xpojieutial Theorem (150), writing the indices of d, as 
suffixes (1487), 

/(jr) = (1+ !hI. +i/i’c/a,+ ...)/(■!•) = /(!<•)+ V. (•') + +■ • •• I'y (liS8). 

Cor.— ■^/(■»') =/(•<’+/')"/(•*’) = 1 )/(•*’)> 

therefore A®y’(a’) = —l)®/'(,r), 

and generallj" A”/’(.r) = (e***' — !)"/’(■'’)> 

tlie index signifying that the operation is performed n times 
upon y’(■'•)• __ 

1521 Similarly /(.(■+//, i/+k) = //). 

Proof.— 

- {l+Juh+hl, + ^(,hd.+hf,y + i(}id,+kd,y+...}/(x,y) 

= f(x + h,y + k), by (150) and (1512). 
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1522 And, generally, with any nnmber of variables, 
f{.r+h,j,+ h-,z+l ...) = 

Com—As in (1520), 


1523 If u = f (.r, ?y) = <p (r, 0), where x = r cosO, y = r sinO ; 
and if = r cos (0-|-w), y'= r sin (0 +w); then /(/y') is 
expanded in powers of w by the formula 

Proof.—B y (1520), r being constant, 

(r, + w) = ^ (r, 0) = (a;, ?/). 

Now X and y are fniictious of the single variable 0; therefore 
= UrX„-\-Uyy^ = Uj. (— r sin 6) +Uy (r cos 0) = xiiy—yu^. 

The operation will be transformed by the same law (1492) ; therefore 
dg = xdy — ydj.\ therefore 


1524 Examples. —The Binomial, Exponential, and Loga¬ 
rithmic series for (l-|-,r)”, and log (1 H-^r), (125, 149, 155), 
are obtained immediately by Maclanrin’s Theorem (1507); as 
also the series for sin .r and cos (7G4), and tan“Lr(791). 
The mode of proceeding, which is the same in all cases, is 
shewn in the following cxam})le ; the test of convergency 
(1504) being applied wdien practicable. 

1525 tail A’ = .r + -i + 1 .r' + ^ a ' + 21 ^ .v“+ &c. 

f) Jo i>lt) —ot )0 


Obtained by Maclaurin’s theorem, as follows;—Let 

f (a?) = tan x = y 1 Therefore y:, = z and z, = 2yz\ 
f (a;) = seeba; = z J V ^ being used for shortness. 

y" (a:) = 2 see’ir tan x = 2y;:, 

/" (. t ) = 2 {zy^ + yz;) = 2 {z^ + 2y-z), 
f '"' (x) = 2 (4?/^“ + 4//^:*d-4/yb) = 8 ('lyz^ 

(x) = 8(2;2» + 8yV + 3yV + 2yb) = S (2z^ + lh/z^-\-2i/z), 

(x) = 8 (I2yz’^-h22yz^+...) = 272yz^-h..., 

/'•‘(.f) = 272c'‘+...cfec., 

the terms omitted involving positive powers of y, which vanish when x is 
zero, and whicli thereforo need not bo eomputed if no term of the expansion 
higher than that containing x^ is required. 





i:xPAXsroy^ or expijcit Frxrrnxw^^. 


27:^ 


Hence, by making a; = 0, and thcrcfDro y = 0 and 2=1, we obtain 
/(0)=0; /(n) = l; r(0)=0; /"(())= l2 ; r(0)=0; y-(()) = 10; 
/v>(0)=U; /'“(U) = ‘J7-d. 

Tims tlie terms up to may bo written by substituting tiicso values in 
(1507). 

Ill a similar manner, may be obtained 

1526 sec .<• = 1 + 1 a - + X + &c. 


^frfliads of LWjHinslnu hij Indvivnoinnio Corflivinif^, 


1527 HrLE I.—f (x) = Dificr- 

nituito hdfli sides of the equation. Then e.rpaad f'(x) />// smne 
Inioioi theorem, and equate coefficients in the two results to 
deter mine A, B, C, fc. 


1528 Bx. shr 




Obtained by Rule I. Assume 

siu" ‘ X = H + Px + C>d + Hx*' + VuP + ¥x^ + 


Therefore, by (1-134), (1—x*) ^ = 7> + 2Ca! + 32)x^ + 4/:/.c'* + 5ix‘ +.. 

But. by Bin. Th. (Ii8), (l-ii')"* = . 

Equate coefficients ; therefore J? = l; (7 = 0; J) = ; E = 0; ; 

&c. By putting x = 0, Ave see that A = / (0) ahvays. In this case 
A = siu"^ 0 = 0. 


In a similar manner, by Rule I., 

, ^ a- ar‘ Rr^ 


^sinx . 


! A'n 


1530 HrbE IL—J ssume the series, as tn>fore. u’lth unkmarn 
coefficients. Differentiate sueressirett/ unfit the Junction re- 
appears. Then equate coefficients in the two eqinralent senes. 

1531 Ex.—To expand sin ./’ in powers of .r. 

Assume sin x = A X P.v + C-d + lJ,d + E.d + I'x^ + . 

Differentiate twice, cos.c = P-\- oh.dX . 

— sin x = 2C’-|-3. -i- 4.3/.V^5,4/'x*-}-. 

Put a5=0 in the first two c/juations; ihoreforc .1 = 0, 7> = I. 

Equate coefficients in the first and third scries. 
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Thus 


-2G=A, .\G-0; -d.2D=B, ; 


-4.3E = (7, .\E=0; -SAF=D, /. F= 


&c. 


Therefore sin a; = x— 


1.2.3 1.2.3.4.5 


— &C.J as in (7G4). 


1532 Rule III.— Dtjj^crciiticite the e(j[ucition y — f (x) twice 
with respect to x, and combine the results so as to form an 
equation iny^Yy., and y 2 x* d:^ext assume y = A + Bx-i-Cx^-|-&c. 
Differentiate twice, and substitute the three values of y, y^,, y.^ 
so obtained in the former equation. Lastly, equate coefficients 
in the result to determine in succession A, B, C, 


1533 Ex.—To expand sin mO and cos mb in ascending powers 
of sin 0 or cos 0, 


These series are given in (775-779), They may be obtained by Rule III. 
as follows: — 

Put a; = sin0 and ^ = sin^nO = sin (m sin"^a?). 


Therefore y* = cos (m sin'^ a;) ——: (1434). (i.) 

vl—aj® 

. / • -1 \ . / • -1 \ 

i/2:c = —sin (m sin * x) --x + cos {m sin x) --. 

l-i» (1—.r-)5 

Therefore, eliminating cos (??isin~h^;), (1 —a:^) + ^.(”•) 

Let 2/ = A + A-^x-^-A^x^A- .+ -4„^’*+.(iih) 

Differentiate twice, and put the values of y, and ijzx iu equation (ii.); 

thus 0 = i)i^{AA-A^xA-A 2 X^ArAy^x^A-...-\rA„x'' + .) 

—X (^A■^^A~^A.2x-\-^A^x^-\~ A~nA,^x^*~^-\~ .) 

+ (l-^n{2A2-\-2AA,x+ . 

+ (??.—1) nA „ a:”"^ + >1 + f ) -^n ^ 1 d" "h + 2) -d„+ 2 -'k” + • • •} ‘ 


Equating the collected coefficients of a?’* to zero, we get the relation 

=- ^jLzAHl - A,, .(iv.) 

Now, when aj = 0, i/= 0; therefore .^1 = 0, by (Hi.)- And when 03 = 0, 
y^-=m, by (i.) ; and therefore A■^ = w, by differentiating (iii.)« Ihe relation 
(iv.) furnishes the remaining coefficients by making 7i equal to 0, 1, 2, 3, Ac. 
in succession. 

Cos mO is obtained in a similar way. 


1534 Rule IV.— Form the equation in y, yx, and y.,^, as in 
Rule III, Take the derivative of this equation by applyimj 
Leibnit£s formula (I4G0) to the terms, and an equation in 
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y(n+2)x» y(n-<-l)x» ynx ^ohf 111110(1. Pill X = 0 iv fJlis; (111(1 
citijihuf fli(’ r(\'iitJtuuf Joi'iiiula to ('ah'iilotc iii siir('(‘ssiuii 
yuo> Mdi'ldurhi's (\opan^wii (1507). 


1535 Ex. 




(I (^r-1-1) 3 

1 . 2 .;; ‘ 


+ 


,.4 

1.2.;;.i ‘ 


a (r/’+i) (</“+;;-) 

1.2.;;. 1.7) 


iV'* t5cc. 


Obtained by Kulc IV. Writing y for the function, the relation found is 
(1 —.r) y 2 ,—xy,—o}y = 0. 

Differentiating n times, by (I IGO), we get 

(1—a;')y ,,.2),- (2«+l) — (rt* + n-) y,,^ = 0. 

Therefore y „*2 + ^ formula which produces the eoefli- 

cients in Macluurin’s expansion in succession when y^ and have been 
calculated. 


1536 AHBOGAST’S MHTHOD OF EXPANDING 

'\vhcro z = (t + "I" .(^0 

T,ot y = (j) 'When x = 0, y = <!» (a) ; therefore, by 
Maclaiiriu’s theorem (1508), 

* .r^ iV^ 

If — ^ (^0 + ‘^7Ao + + j //.tro + A'c .(ii.) 

Hence, in the values of ?/j,, ^ 2 . 1 -, (1 LIG), x has to bo 

piit = 0. 

Sow, when ,r=0, ::=(f ; therefore y,, y.;^, Sec. become (l>Xa , 
fj) (^t), &c. ^ aiiO ^ 2 x ()5 ^ 3 x 0 ) ^c. become ^^c. Hcnco 

//uf. =<P'(f0ffu 
j/±vo= 

//aa-o = <^"'(^0 ^ (^0 


1537 Example. —To expand log + + + + 

1 I ,» 2 

Here tt^ = h, «o=2r, a^—Gd, ^'('0 = —» ?* '(") = “ 

It « a 

.hi? 2 r r*//r , <’*'/ 

Ihercforo y^ = —, yj^o =-:, + , y^ro = 3 — 3 H-• 

a (I a a a tt 

Therefore, substituting in (ii.), we obhiin as far as four terms, 

log(« + l^ + .i-'+...) = loga + + (I - 4 :’+ + 'j^y + 
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1538 Ex. 2.—To expand (a 4 -fli.e + « 2 *®+ + in powers of x. 

Arbogast’s method may be employed; otherwise, we may proceed as 

follows. Assume {aQ-\-a^x ... a„x”Y = Aq + A^xA-A^x^F . 

Differentiate for x\ divide the equation by the result; elear of fractions, 
and equate coefficients of like powers of x. 


BERNOULLI’S NUMBERS. 






1689 = 

Tvliere B.y, &c. are known as Bernoulli’s numbers. Their 

values, as far as B^^, are 

^2=-jr, = ^““30’ ^“^(56’ 


7- _ ^-01 p _ 7 p _aoi7 p _ 
'^'■-“ 27:30’ 510’ 


43807 
798 ■ 


They are found in succession from the formula 

1540 nn,,_,+ C {n, 2) A,-2+ ^ (n/^) i>V3+... 

... + C(n,2)/i,-l« + l = 0, 

the odd numbers Bg, B^, &c. being all zero. 


Proof. —Let y = Then, by (1508), 

'7*^ 

y = + 2/3^0 jj- + 2/4ro + <i:c. 

Here y.vxo = ( —^"^ow ?/o=l and y^ = —J, by (1587). Also 
ye^=:y-\-x. Therefore, by (14G0), differentiating n times, 

u {yn. + '>ly,n-^)r + C(n, 2 ) y^n-2)x + ... + 7 ?^, + ^} = 

Therefore 7'2/(»-ij->-o 1" U (n, 2) y;„- 2 )ro+ ...Fny^Fyo = 0. 

Substitute 7 U- 1 . L'„_ 2 , <^c., and we get the formula required. 

74 , 7 i 5 , 7 ? 7 , See. will all be found to vanish. It may be proved, a itriori^ 
that this will be the case; for 

X I ili e"' +1 

e"-i 2 “ 2 e^-l' 

Therefore the series (1530) wanting its second term is the expansion of the 
expression on the right. But that expression is an even function of x (1401) ; 
changing the sign of a; does not alter its value. Therefore the sei-ics in ques¬ 
tion contains no odd jyowers of x after the first. 

1542 The connexion between Bernoulli’s numbers and the sums of the 
powers of the natural numbers in (270) is seen by expanding ( 1 —e*)~Mu 
powers oft''", and each term afterwards by the Exiioncntial Theorem (150). 
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1543 

.r .r 




1544 


;^= 2 [77,(2^-l)£.-77,(2'-l)g+77,(2"-l}^'-&c.}. 

Pkoof. — ^ and ^ —\ = 1 — ^ % (1 530). 

F-tl e'-l e^—l t''+l X e'-tl ^ 


1545 




+F‘'*‘. 


22 »- 1 ^ 2 » 

1.2 ... -In 


77,« 


Proof. —In tbc expansion of “ (1540) substitute 2 j *0 for x, and it 

becomes tlie expansion of 0 cotO (770). Obtain a second expansion by differ¬ 
entiating tbc logarithm of equation (815, sin 0 in fiictors). Kxpand each 
term of the result by the Binomial Theorem, and equate coefficients of like 
powei’S of 0 in the tivo expansions. 


STIRLING’S THEOREM. 

1546 <!> {.v+h)-<i> (.r) = h<l>’{.v) + AJ, {f (,r+/,)-f (.r)} 

-{■A-Jr [<f >'(,'’)] 


where [j^ ^ 2 «+i = 

Proof. —y|„ A^, d'o. arc determined by expanding each function of 

x-\-h by (1500), and then equating coefficients of like powers of x. Thus 


E- 


• — 1 — 0 • 

[2 


JL_Ai 

\± 



&c. 


To obtain tlie general relation between the coefficients: put <p (x) = c', 
since Hj, A^y &c. are independent of the form of Eiiuation (1540) then 

produces — 5 -^—j-= 1 —Jj// —.djr—Hg/i’—Ac.; 

and, by (1539), we seo that, for values of 77 greater than zero, 

= 0 and yL„ = (- 1 )’’P,„ -f- [2n. 


BOOLE'S TIIEORE^L 

1547 ^ AJ, {<f>’{.r+l,)+<!>'(.v)] 

+ .);//• {</> (.|•+/()+(/> (.(■)[ +ltc. 

Proof. —yl„ A^, A^, Ac. arc found by the same method as that crajiloyed 
in Stirling’s Theorem. 
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For the general relation between the eoefficients, as before, make ^ (») = e', 
and equation (1547) then produees 

~ A-Jh-\-A<jL^-{-A^i^-\-^c. ; 

and, by comparing this with (1544), we see that 
A^n = 0 and A.n-i = ( — 


EXPANSION OF IMPLICIT FUNCTIONS. 


1550 Definition. —An equation f(x, y) ■= 0 constitutes y 
an implicit function of x. If y be obtained in terms ofby 
solving the equation, y becomes an explicit function of x. 


1551 Lemma. — If y be a function of two independent 
variables x and 


dAF{jj)tj:\= iL{F{y)y:\. 


Proof.—B y performing the differentiations, we obtain 

F\y) ysVz-A-Fiy) y,,^ and F\y) y,yrAF(jy) 
which are evidently equal, by (1482). 


LAGRANGE’S THEOREM. 

1552 Given y = the expansion of 7 i=f(y) in 

powers of x is 

/(.v) = AA+H 0)/ (^)+•••+;^ V'o)]+ 

Proof. —Expand as a function of .r, by (1507) ; thus, with the notation 


of (1406), 


; r= Uf^A-X U^oA- 


lA 


:0 + ... + r— '2«„x0+ <S:C. 

lii 


Here -j/j, is evidently f(z). 

Differentiating the equation y = z-\-X(l>(y) for x and 2 in turn, we havo 
2/x = ^ (2/) + (^) Vx and y,= lA (y) 

Therefore ^ (y) y, ; and, since = f'(y) yx and u. = f'(y) y., 

therefore also 0 (y) W;.(i.) 

The following equation may now be proved b}^ induction, equation (i.) 
being its form when ii = 1. 

Assume that u,,, = _i;,[{'//(y)}’* ?/-] . (ii.) 

Thereforo «(,..!). =A[i^ (MS'-) 

= &)}”'<.] (1551) = {>/)}"•'«.], by (1) 
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Tims, n becomes P»nt equation (ii.) is true when ?i = 1 ; for then 

it is equation (i.); therefore it is universally true. 

Now, since in equations (i.) and (ii.) the dilloreutiation.s on the ri"ht aro 
all elfected wiili respect to 2 , x may be made zero ditfereiitiatiiig instead 

of (ijtrr. IJiit, when .?; = 0, and therefore equa¬ 

tions (i.) and (ii.) give 

«« = 9(*)/W: ««o= W}"/W]- 


1553 Ex. 1.—Given y“—ay-f 2/ = 0 : to expand logy in powers of 

Here y = -^ + ~ > therefore, in Lagrange’s formula, 
a (t 

a! = —; 2 = —; /to) = logy; <},(>/) = 1 /; and 7j z= z+xy\ 

a a 

Therefore = log 2 ; = 2 * ; 

y) = (3«-2) ... (2» + l) Ji'". 

Therefore, substituting the values of x and 2 , (1552) becomes 

= log A + + ... 1 + .... 

° ^ a a a-" tP 


1554 Ex. 2.—Given tbe same equation: to expand y" in powers of 
f(ij) is now y", and, proceeding as in the last example, we find 
5" (1 n(?;. + 5) F 

y =«■• P+'‘aiT+"r:2-a‘ 

+ 


1 . n (w-f-7) (n-h^) F 
a‘ 1.2.3 n® u,® 


7?.r »4-0)(M + 10) (n-fll) } 

a* ) 


1.2.3.4 


If _ 1 , , = 1 (1 + 4 1 +3^1 -V +12 A +50 A1 4 + 4c. 

'' a \ iP a ir a a a a a 


CAYLEY’S SERIES FOR 


1 

(/) {z) 


1555 

where A = 

^(0) 


Proof. — Diflerentiato Lagrange’s expansion (1552) for 2 , noting that 

—-. Replace X by Put /(y) = ; and therefore 

dz l-ay(y) ^ ^‘to) ^‘to) 

/'(z) = —", since/is an arbitrary function. Then make y = 0. 

9 ( 2 ) 
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LAPLACE’S THEOREM. 

1556 To expand /(y) in powers of x wlien 

Eule. — Proceed as hi Lagrange's Theorem, merely suh‘ 
stltiitlng F (zj for z in the formula. 


1557 Ex. 3.—To expand e*' in powers of x when y = log (z-i-x Any). 

Here f(y)=e^; F{z) = \ogZ', (p{y)=Anij] 

In the value of (1^52), f (z) becomes <p{F(z)} = sin log^; 
f(z) becomes /{H(z)} = 6^"*'*= z; therefore f(z) = 1. 

Thus the expansion becomes 

e*'= 2 + aj sin log;j+ ... + (sin log^)”. 

liL 


1558 Ex. 4.—Given sin y = x sin (y + a) : to expand y in powers of x. 
Here y = sin"^ (x sin?/ + a.), with z = 0. 

f(y) = y\ F(z):= sin-' 2 f (y) = sin (y+a). 

<p {z) in (1552) becomes (l> {P (z)} = sin (sin"^3 + a). 
f{z) becomes f {F (z)} = F {z) = Au~^ z ] therefore i^'( 2 ) = (1 — 2^) L 
Thus 2 /= ^ sin (sin“* 2 + a) (1 — 3*) “ 

4- }x% {sin=^ (siu-^ z-\-a)(l—z^)~^\-\- sin^ (sin'^ z + a)(l—z ^)“^i + 
with ^ put =0 after differentiating. The result is, as in (796), 

^ = aj sin 0 , + \x^ sin 2a + sin oa + &c. 


BURMANN’S THEOREM. 


1559 To expand one function/(y) in powers of another 
function ^ (y). 


Eule. —Put X = in Lagrange's expansion, and there- 
fore i> (y) = (y—z) (y); therefore 


1560 /(Z/) =/(^)+'/'(i/) 


{V.0/)]" (/-' (///- 


+... 




+ See. 


Here y = z signifies that after differentiating is to be sub¬ 
stituted for y. 












EXPASSrON OF IMPLICIT EUXCTIOXl^. 


2ft 1 


1561 Coi{. 1.—Since ./■ = ;//(//),// = t/' *(-'’) ^ tlicrefore (1500) 
becomes, by writing .r for 


But since the variable y is changed into after differentiating, 
it is immaterial what letter is written for y in the second 
factor of the general term. 


1562 Com 2.—If /{y) be simply ?/, the equation becomes 

1563 Cor. 3. —If ^ = 0, so that y = we obtain tho 

expansion of an inverse function, 






1564 Ex. 5.—The scries (1528) for sin"'jj may bo obtained by this 
formula; thus, 

Let sin“‘» = y, therefore x = sin y = \p (y), in (15G3) ; therefore 


f-— 1 

1 + — 1 

(_v!_] 


Vsin y/ 

^,.0^ 1 . 2 ' 

{sirP yl 

> 1.2.3VKiu«y/ 


1565 Ex. G.—If y = 






then, by Lagrango’s 


♦ /j* ^1* 

theorem (1552), since y = w + 'w*®- 

„ fxy, /xY*\ ?^| ?t + 2r-l / X , 

=(ir)+"( 2 ) +- + ~T7T»+~ b) + 

Put x = 2^t, thus 

1566 (V-.+„r'+ ... + + 

\ 2 / r I H -f r 

Change the sign of n, thus 

1567 (1±2^1^))"= i-„i+...(-,y’;i''-Ir^r± 

\ 2 / I r I /?. —2r 


This last series, continued to ^+1 or terms, according as n is even 

or odd, is equal to the sum of the two scries, as appears by tho Binomial 
theorem. 
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Also, by Lagrange’s Theorem, 

1568 = + + 

or, by putting x = 2\/t:, 

1 


1569 


log 


2t \ r I r 


1570 Ex. 7.—Given xy = log y ; to expand y in powers of x. 

The equation can be adapted as follows; 

y = e'^^, therefore xy = xF^. 

Put xy — y\ therefore y — xF\ from which, by putting 2 r = 0 in (1552), 
y may be expanded, and therefore y. 

Ex. 8.—To expand e“^ in powers of yF^. 

Here x — ^ (y) — ^ hi ~ z = 0. Therefore 

1071 


6'"' = \+mj<^+a(_a-ih) ^ +o (<1-36^ + 


ABEL’S THEOREM. 

1572 If <^(a') be a function developable in powers of e^', then 

,j> (.,•+«) = 4 . (.r) +u 4 >'i.v+b) + f' (.t.+2i) +... 

.+ "i»-^ .^-(,r+ri) + 

Proof.—L et ^ (y) =.....(i-) 

Put y = 0, 1. 2, 3, &c. in (1571), and multiply the results respectively by 
Aq, A^e^, A^e^, &(\ I’heii the theorem is proved by equation (i.). 

1573 CoR.—If <p (-r) = Abels formula gives 

{jc-\-uY = —2/>) (cr+2^)”“^+... 

. -\-C{n^r)a{a — rhy~'^ (cr+r/>)""^+ &c. 


INDETERMINATE FORMS. 


1580 Forms . Rple.— If fraction which 

G X I (x) 

taken cilher of these forms vlien x = a ; tticii ^ = ov 

\t(a.) ^'(a) 


^”(a) 


the first determinate fraction obtaiiud by differentiating 
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the numerator and denominator simuttaneoushj and foilmtitatlng 
a/or X in the result. 

1581 15ut at any stage of tlie ])rocess the fi’action may be 
reduced to its simplest form before tlie next differentiation. 
See examjde (lo89). 


Proof.—( i.) Py Taylor’s theorem (1500), sineo cp (a) = 0 = \p (a), 
(p (a+ti) _ 0 ( a) -‘r lup _ tp ' (a-\-0h) _ (p' (a) 

v^(a-|-/i) (o) + (a+y/t) \p' [a-\-e/i) \p'(^uY 

when Ji vanishes. 


(ii.)ifK«) = ^ («) = ». = 

which is of the first form, and therefore 
_ 4''(a) . <p'(a) n 4''(n) 

' {<?>(“) ^ f 00* 


. 1 

* ?*00’ 


Therefore 


(p _ (p' (a) 

'f'OO 'P'O)' 


1582 Vanishing fractions in Algebra are of the indeter¬ 
minate form just considered, and may be evaluated by the 
rule, or by rejecting the vanishing factor common to the 
numerator and denominator. 


Ex.—When x = a; 


x^—id _ ^ _ (x — a) (.r'A-ar. + n^) __ 3a® _ ^ 
u;®—a® 0 (.C—a) (.« +a) 2a 2 


1583 Form 0 X X. Rule. — If (p(x) X ’Z'(x) tahes this form 

udien x = a, </> (a) X (a) = f (a) -p vdiich is of the 

0 ^ 00 

form —. 


1584 Forms ( 1 ^ cc^, 1 *. Rule. —If takes any of 

these forms ndien x = a, fnd the limit of the logarithm of the 
expression. For the loyarithni = I(^i\)\og(p(p), udiich, in each 
case, is of the form 0 X co . 


1585 Form a; — x. Rule. —If (p(x)^I(x) takes this for)n 

ichen x=^, ice hare = —; and if the value oj 

this expression he found to he c, hy (1580), the required value 
nil I he log c. 

1586 Otherwise: 0(a) —^(a) = </>(a) which is of 

the form oc X 0 (1583). 
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1587 Ex. l.-With * = 0, 2 / = = 1 (1580) = 1. 


Also, with x = 0, 

0 

y^= - 


e*— e* —ye* 


(e*-l)^ 


0 




I 

'2e* 


^=0. 


1588 Ex. «.—With * = 1 ; 

i. / \T looey 0 cos* (jry) roA\ 1 

cot (tte) lofyy =-=—- = —=-i^ (1580) = —. 

tan (frx) 0 TTX TT 

1589 Ex. 3.—With * = 0; 

a;" (log^O" == =. 

y”' CO —mx~"* (^—m)"x 

by (1581), difforeiitiatiDg 7i times and reducing the fraction to its simplest 
form after each differentiation. 

1590 Ex. 4.—With * = 0; y=(l + ax)i=r. 

By (1584), logy = = i = (1580) = a; y = 

X U 1 i- ax 

1591 Ex. 5.—With y = TT; 2 / = (7r-y)^‘“* = 0®. 

By (1584), logy = sin y log (tt — y) = = 


0 


(1580) = " = 


2 sin X cos x 


00 (tt— y) cos a; 


0 —cosy —(tt —y) sin y 


= 0 ; y = 1. 


1592 If f(x) and X become infinite togetlier, then 
=/'0-) =/Gr+i)-/(.,■). 

tC 

Proof.— /W = 5 >. =£M (158O) ^ /C-^+n-./'fa) (1404), 
y 00 1 1 

since, when x = od , h may be taken = 1. 

Jndrfcrminafe forms Inrolrinp; two variables. 

1592 Bule.— First: If ike values x = a, y=b onalce the frac¬ 
tion =-IL; the true value is = if (p. and \ku 

vanii^h. 

1593 Secondly: If : xp^. = (py : xp^ = k, the true value of 
the fraction is k. 

Proof.—( i.) By ( 1703 ) y being an arhitrary 

T V®> U) Tx^TyHz 

function of y,—that is, independent of a*,—the value of the fraction is inde¬ 
terminate unless <p„ and \p,j both vanish. 

(ii.) If we substitute = Jcpj^ and = k\py, the fraction becomes = Jc. 
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1600 lA't r, ir bo ?/ functions of n variables .r, ?/, rj (/i = 3). 
The following determinant notation is adopted :— 

(I {if nr) ' 


ff, Uy u, 

ir. ff\ 


(J (iinr) 


fl{Ayr,) 


tl'u *^’o 

//« yo Hw 

Zu ^U' 


The first determinant is called tlio Jacohiitii of v, v, w with 
respect to .r, it, and is also denoted by .1 {iinr), or siinjdy 
bv 


1601 Theorem.— 


(I (ifnr) 


X 


>1 {->'!/-) — ]_ 
(I (iictr) 


Pkoof.—I f the product of the two determinants be formed by the rule in 
(570), first changing the columns into rows in the second determinant (559), 
the first column of the resulting determinant will be 

iTu + ?/,4 

+ w.^^, = Uc 

'u^x„+ u^yu,-\-UzZu, = ««.. 


) and the whole 

Uu Vu j j 

10 0 

> , determinant 

Ug Vg tVg = 

0 10 

3 will be 

Uu, V„ IVu, 1 1 

0 0 1 

1 71 functions of 

n variables a 

. P. y ( 


= 1 . 


1602 If R 

and a, /3, y, functions of x, //, 5?; 

(/ {if nr) (i (apy) _ (iinr) 

(I (afiy) (I {.vi/z) d {dyz) 

Proof. —Form the product of the two determinants, changing columns 
into rows in the second as in (IGOl). The first column of the resulting 
determinant will be 

and the whole de- w, Vx 
terminant will «„ 
be 

since rows and columns may bo transposed (559). 


+ = u, ) 


_ d («rw’) 
“ d{xijzy 


1603 Con.—If a, /3, 7 are only Riven as implicit functions 
of y, z, by the erpiations ^> = 6, ^ = 0, 1 ^ = 0, involving the 
six variables; tlien 

i'PX'f') V = (—iy-h‘X'^) 

(l(apy) d(ry:) ^ d (.ryz) 

I’KOOF.—liy (]737), <l>.a. + <f,P. + ^,y, = "''ero f, is the piirtial 

derivative of Thus r„ 'ii'xi the determinant, are now replaced by 
so with y and 2 ; and by ehanging the sign of eaeh element, 
the factor (—1)* is introduced (5G2). 
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1604 If i\ w, 11 finictions of n variables x, y, z (ii = S), be 
transformed into functions of S ,»/, ^ by the linear substitutions 




d{^i) 


or •/ — ]\I*J^ 

where ill is the determinant called the modulus of 

transformation (573). 


Proof. — J = 

Uy U. 

M = 

Uj 5] Cj 




Vr '*>y Vz 


Ofj ^2 ^2 




Wr Wy Wj, 


^3 ^3 ^3 




Form the product MJ by the rule in (570), The first element of the 
resulting determinant is Uxa^A-Uyb^A-UzC-^ = = u^. Similarly 

for each element. Then transpose rows and columns, and the determinant 
J' is obtained. 


1605 AA^ien the modulus is unity, the transformation is said 
to be unimodidar. 


1606 If, in (IGOO), </) {uinv) = 0, where is some function; 
then J (uvw) = 0; and conversely. 

Proof.—D ifferentiate <p for x, y, and z separately, thus 

similarly y and z ; and the eliminant of the three equations is J {uvw') = 0 . 


1607 If 7t = 0, 7; = 0, = 0 be a number of homogeneous 

equations of dimensions m^n^]) in the same number of vari¬ 
ables cT, 7 /, ^; then J (nvir) vanishes, and if the dimensions 
are equal Jy, also vanish. 

Proof. —By (1624), xu^c-^-yUy-^zK., = mu'\ 

xv^-\-yVy A-zVg = nv > ; Jx = A^7nii-^Uinv +Cipw. 
x7>\ + yWy-\-zw. = pw 3 

By (582), ^ 1 , Bi, C^ being the minors of the first column of J. Therefore, 
if Uy Vy w vanish, J also vanishes. 

Again, differentiating the last equation, JA-^Jx = Apnu,-\- Bpiv^Ar Cipii'x- 
Therefore, if m = n = ji, /+.r/, = m {Api^A-Cp^r) = 

Therefore vanishes when J docs. 


1608 If 7 ( = 0, ?'r=0, 7r = 0 are three homogeneous equations 
of the second degree in x, y, z, their eliminant will be the 
determinant of the sixth order formed by taking the eliminant 
of the six equations u, i\ w, Jy, J^. 
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PkoOF. —J is of tbo tliiril dogreo, und tluToforo arc of the second 

degree, and lliey vanish hecaiise v, w vanisli, hy (1(5M7). Hence a, v, iv, 
Jjc, Jy, J, form six e([nations of the form (.r, y, 2 )* = U. 


1609 If )} varinbk'S <*’,//, = are C(»nnecte(l with )b 

other variables by as many ecjtialioiis w = 0, r=0, ?r=0; 

, (I,r ih/ tlx _ r/(///v/*) . tl (urtr) 

Pkoof. —By (^C2) we have 
dx ihf d£_ 

lu ijrt (/: 






t’x t’y 

= 

II 

^ 

n\ w. 


V'^x^ u\y^ w,z^ 



QUAXTICS. 


1620 Definition. —A Qntutfir is a homogeneous function of 
any number of variables: if of firo, finre variables, Ac., it is 
called a hluanj^ ternary qiiautic, Ac. The following will 
illustrate the notation in use. The binary quantic 

3r,r//^ ihf 

is denoted by {a^h,c,il\x\yY when the numerical coefficients 
are those in the eN])ansion of (x-\-yy. When the numerical 
coefficients are all unity, the same quantic is written 
{a,h, When the coefficients are not mentioned, 

the notation (r, j/Y is employed. 


EULER’S THEOREM OF QUANTICS. 

If u =f y) be a binary quantic of the n^^^ degree, then 

1621 n'n,+^Uy= iui. 

1622 . = » (/I — I ) «. 

1623 (,(■</,+//'/.)'■« = ( 1102 ) 

PiioOF.—Tn ( 1512 ) pat h = nxy k = ay ; then, because the function is 
homogeneous, the equation becomes 

(l-l-a)"M= u+<t + w^+i/’w2v)+ . 

Expand (l + u)”, and equate coeffieients of powers of «. 



















288 


DIFFERENTIAL CALCULUS. 


The theorem may be extended to cuiy qiiantic, the quan¬ 
tities on the riglit remaining unaltered. Thus, in a ternary 
quantic u of the degree, 

1624 ; ^nd generally 

1625 (^*-1)... 0^-r+i) U. 


Defixitioxs. 


1626 The Eliminant of n quantics in n variables is the 
function of the coefficients obtained by putting all the quantics 
equal to zero and eliminating the variables (588, 586). 

1627 Tlie DIscyiDihiatit of a quantic is tlie eliminant of its 
first derivatives until respect to each of the variables (Ex. 
1031). 

1628 An Invariant is a function of the coefficients of an 
equation whose value is not altered by linear transformation 
of the equation, excepting that the function is multiplied by 
the modulus of transformation (Ex. 1632). 


1629 A Covariant is a quantic derived from another quantic, 
and such that, when both are subjected to the same linear 
transformation, the resulting quantics are connected by the 
same process of derivation (Ex. 1634). 


1630 A Hessian is the Jacobian of the first derivatives of a 
function. 

Thus, the Hessian of a ternary quantic v, whose first 
derivatives are Wj., is 




lty.c ^i-ly ^fyz 
ifzx ffzy ff2z 


1631 Ex.—Take the binary cubic u = ax^ A'^bj?y+ Zcxif-\-dif. Its first 
derivatives are 

= Zay?A-Qbxy-\-2>cy^^ 
u,j = Zbx^ + Qcxy + Zdif. 

Therefore (1G27) the discriminant of u 
is the annexed determinant, by (687). 

1632 The determinant is also an invariant of by (1638) ; that is, if u 

bo transformed into v by putting x = tA + dn and y = and, if a 

corresponding determinant be formed with the coetlicients of v, the new 
determinant will bo equal to the original one multiplied by (a/3'—a'/3)®. 


3a. 66 3c 0 
0 3a 66 3c 
36 6c Sd 0 
0 36 6c 3d 
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1633 Again, ?< 2 j- = (yd-v-^Cthify — Gc.c + 0(/y, = C6x + C(*^. 

Tbercforc, by (looO), the Hessian of « is 

ul^, = {a.c + ln/){cx + (///) — (6 .k + ci/Y 

= ((ic—b‘^)x~-^(ad^hc) .fij A-ipd — c^') if. 

1634 And this is also a corariunt; for, if n be I ransforiiied into v, as 

before, tbcn tlic result of transforming the Hessian by the same equations 
will bo found to be eijual to V 2 x>\y — ^%- (U'o’2). 


1635 If A (|uaiitic, involving n variables 

can be expressed as a function of the second degree in 
Xi, X .2 ... where the latter ai*e linear functions of the 

variables, the discriminant vanishes. 

Proof.—L et u = <p X] + A", A', + x -Aj A'3 + &e., 

where X^ = ai.i;-}-?/i//d-c,z + &c. 

The derivatives 11 „ Ac. must contain one of the factors ATjAA ••• -A-*-! i*i 
every term, and therefore must have, for comm(»n roots, the roots of the 
simultaneous equations X^ = 0, X2 = 0, ... X„„i = 0; ti~l equations being 
required to determine the ratios of the n variables. Therefore the dis¬ 
criminant of a, which (1G27) is the eliminant of the equations a^ = 0, «j, = 0, 
Ac., v^anishes, by (5S8). 


1636 CoK. 1.—If a binary qnantic contains a square factor, 
the discriminant vanishes ; and conversely. 

Thus, in H.xaniple (1G31), if u has a factor of the form {Ax-\- Jji/)', the 
determinant there written vanishes. 

1637 CoR. 2.—If any qnadric is resolvable into two factors, 
the discriminant vanishes. 

An independent proof is as follows :— 

Let u = be the quadric, where 

X = (ax -f ty + + ...), Y = (ax -{-h'y-{-cz-h...). 

The derivatives are each of the A)rm pX+qY, and therefore have 

for common roots the roots of the simultaneous equations X = 0, T=0. 
Therefore the eliminant of a, = U, = U, Ac. vanishes ( IG27). 


1638 The discriminant of a binary qnantic is an invariant. 

Proof. —A square factor remains a square factor after linear transforma¬ 
tion. Hence, by (1G3G), if the discriminant vanishes, the discriminant of 
the tran.^formetl equation vanishes, and must therefore co?iiain the former 
disci'iminant as a factor (see 1G28). Thus the determinajit in (1G31) is an 
invariant of the quantic u. 


The discriminant of the ternary qnadrie 

1639 « = (u^+bn‘^-\-rz--\-'2fi)z+'2gzx-\-2hxy 
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is the eliminant of the equations 

1640 iffx = 

hiy = h.v + l)j/+fz = 0 I ; 
hfz = + 

1641 = (tbc-\- 2fyh — af '— 


that is, the 
determinant 

= A. 


a h fc 
h b f 

«• / e 


1642 The following notation will frequently be employed. 

d’he determinant will be denoted by A, and its minors by 
A, 7?, C, F, G, II. Their values are readily found by differ¬ 
entiating A with respect to a, h, r, f, g, h; thus, 

A = be —= A^, B = ca—^'^ = A^, C = ab—lr = A^, 

^ = G = Iif^b^=:i\, H=fg-ch = \A,. 


1643 The reciprocal cletermiBant is equal to A'* or 


A II G 


a h g 

II B F 

= 

h h f 

G F C 


fC f e 


1644 The discriminant of the quaternary quadric 

ii = uF + bif' + cz- 4 “ (hF + 2fifz + 2f!^zx+"Ihiij 
-|- 2pdie -f 2qi/iv + 2rzw 

is the eliminant of the equations 

1645 = (erA-bf/+i:^+pf(' = that is. 

Iffy = ler + h+fi ^ I . 

y!,| >4-r///+)— +f/?c = minant 

The determinant will be denoted by A', and, by decom¬ 
posing it by (508), we have 

1646 A' = (I .A — A jr— Hif- — C r — 2 Fq r — 2G rp — 2 11pq. 

1647 A' = ^ (;>A,4-.yA;+rA;) + r/.A. 

1648 T HEOiuLM.—-If ^ (,ry) be a qnantic of an even degree, 
is an iiivai’iant of tlie qnantic. 


a h p 
h h f q 
gf r r 
p q r (1 
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PnoOF. —Lot the linear substiliilions (PViH) ho 

X = ai-\- hi, y = <it + //»/.(i.) 

Solve for ^ and fj. Find and substitute in tlie two equations 

Vy ; '/x- 

The result is 

d, = + ^^ ( —t/f )} ^ df; —(—)} -r- df.(li.), 

where M = ah'—ah, the modulus of transformation. Equations (i.) and (ii.) 
are parallel, and show that the operations d^ and —</, ean be transformed in 
the same way as the quantities x and //; that is, if f (x, y) becomes \p (E, »/), 
then 0 (dy, —</,) becomes xjy ((/,,, —d^ ) H- M", where n is the degree of the 
quaiitic <p. Put ^ {dy, —d^) (p (x, y) is a function of the coefficients only of 
the quantic <l>, since the order of differeidiatioti of each term is the same as the 
degree of the term ; therefoi e the function is an invariant, by definition (IG^vi). 


1649 Example. —Let </> (.r, y) = n.r*-f-6.r’.v+ <’•*.'/*+.///*• '^'lie quantic must 

first be completed; thus, f (xyj — ax* A-hx^y A-ex->f A- -\-f>f, (c = 0) ; then 

(p{dy, —df) f{x,y) = (adty — hd3y^-\-cd2^^—edy:i,+fdi,) 9 v) 

= (1.24/—Z<.Ge + c.4c —e.t>i4-/.24a = 4-{l'laf—dhe-\~c')- 
Therefore 12a/—SZ xj + c* is an invariant of <p, and = {VIAF—ZBE 4- 
M'here ^1, B, C, E, F are the coefficients of any equation obtained from ^ by a 
linear transformation. 

Put if the degree of the quantic be odd, these results vanish identically. 


1650 Similarly, if y), ^ {x, i/) are two qualities of the 
same degree, the fimctious 

<^((/„—<4) i/-(,!’,//) and ^ (</j,(,!•,(/) 
are both invariants. 

1651 Ex. —If 0 = a.K* + 2i.ry+ and f = a'x^A2h'xy A-ci/] then 

(a'? 2 y —2W,y Fcdir) {ax‘^A-2h'xy + ci/) = ac +ca ~2hh', au invariant. 


1652 A Hessian is a covariant of the original qur.ntic. 

Proof. —Let a ternary quantic u be transformed l)y the linear substitu¬ 
tions in (1604) ; so that w = 0 (a;, ij, z) = 4^ (E, n, 0* 11<-J>‘''>ans of tlio 

two functions are and —(1630). Xow 

d {xyz) d (iv, ) 

d(u^u^n^) _ ^ J ^ y^pdJn.nyU,) 

d{EnO ^ d{xyz) ^ (/(;.(.) * dixgz) 

The second transformation is seen at once from the form of the delermi- 
naut by merely transposing rows and columns; the first and third are Ity 
theorem (1604). Therefore, by defiuition (1620), the llessuin of tt is a 
covariant. 


1653 Coi^rrdirtits .—Variables are rufrcdloit when they are 
subjected to the same linear transformation ; thus, a*, y are 











292 


DIFFERENTIAL CALCULUS. 


cogredient '^dtli x\ y wlicn 

.r = (1^+ hr) I .t-' = «^' + hr) ) 

;/ z= d+drj } !/' = cf ' + t/ij' J 


1654 Emanrnt.s. —If in any qnantic ii = <p {x, y), we change 
X into x-{-px, and y into y-{-pi/, where x , y are cogredient 
with X, y; then, by (1512), 

<l> {.r+p.r', i/+p>/') 

= u+p (x'd^+i/'d^) H+ip- (,rV4+//'f4)- U + &C., 
and the coefficients of p, p^, ... are called the first, second, 

third, ... emanents of u. 


1655 The emanents, of the typical form {x d^-\-y dyYu.> are 
all covariants of the qnantic 

Proof. —If, in <p (.v, ?/), ^ve first make the substitutions which lead to the 
emanent, and afterwards make the cogredient substitutions, we change 
X into x + px', and this into aE+hij-^p (ai' 

And if the order of these operations be reversed, we change 

X into al-\-hT], and this into a (E + p^) + b (rj-^-pr)'). 

The two results are identical, and it follows that, if ^ (^, y) be transformed 
by the same operations in reversed order, tlie coefficients of the powers of p 
in the two expansions will be equal, since p is indeterminate. Therefore, by 
the definition (IG29), each emanent is a covariaut. 


1656 For definitions of coniragredleiits and coviravariants, see (1813-4). 

For other theorems on invariants, see (1794), and the Article on Invari¬ 
ants in Section XII. 


IMPLICIT rUXCTIOXS. 


IMPLICIT FUNCTIONS OF ONE INDEPENDENT VARIABLE. 

If y and z be functions of .t, the successive application of 
formula (1420) gives, for the first, second, and third deriva¬ 
tives of the function (j) (y, z) with the notation of (1405), 

1700 <t>^ (//-) = + </>.- -X- 
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21 ).^ 


1702 (//-) = 

+ »» //±r + »» a-+</>.-y//x) -ir 

+ .Ja- 


15y making in tlie last tlirc^* fornmlju, and conse¬ 

quently 1 , .;. 2 .r= or else by differentiating independently, 
we obtain 

1703 <f,A.n,) = 

1704 <^,^(.17/)= 

1705 <f>3r{‘>!/) = + + + 

+:■> i<f> 2 !,!U+<f>s„) 

1706 In these furmnlnn the notation 9 ^ is used where tlie differentiation 

is partial, wliilo y) is used to denote tlie complete derivative of <}»{x,y) 

with resjiect to x. Each successive partial derivative of the function (f>(y, z) 
(1700) is itself treated as a function oi' y and and differentiated as such by 
fonuula (1420). 

Q'hus, the differentiation of the product 9 ^ 7 /^ in (1700) produces 

(l>y)PJ^+9uy2. = (^2,2/. + 9,= 0 2/x + 9.Z/2r. 

The function 9 ^ involves y and z by implication. If it should not in fact 
contain 2 , for instance, then the jiartial derivative vanishes. On the other 
hand, y^, t/t,, Ac. are independent of z; and z^, Zj^., Ac. are independent of y. 


DERIVED EQUATIONS. 

1707 If 9 (. 77 /) = 0, its successive derivatives are also zero, 
and the ex])ansions (17(bd-5) are then called ihofrst, tfcrond, 
and third derived C([iiations of tlie ])rimitive equation 9 (.t?y) = 0 . 

In this case, those equations give, b^^ eliminating y^., 

1708 ihi = —i^- — 

d<v <j>„ ’ (l.v- 

1710 Si milarly, by eliminating y, and yo^., equation (1705) 
would give in terms of the jiartial derivatives of 9 (. 17 /). 
See the note following (1732). 


1711 If <^ (.<■//) = 0 ami g= 0 ; g = -^; 

1712 and 

Proof. —By (1708), 9 , = 0. Therefore (1704) and (1705) give these 
values of y 2 ^ and y^,. 
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1713 If (j>^ and <Py both vanisb, //.^ in (1708) is indeterminate. 
In this case it has two values given by the second derived 
equation (170 t), which becomes a quadratic in y^. 


1714 If and (l>oy also vanish, jiroceed to the third 

derived equation (170*5), which now becomes a cubic in 
giving three values, and so on. 


1715 Generally, when all the partial derivatives of </)(<r, y) of 
orders less than n vanish for certain values x = a, y = ^3 
have, by (1512), <^(fl, h) being zero, 


<j, {a + h, h+lc) — Qid^+M,)’' <p terms of 

uL 

higher orders which may be neglected in the limit, {x, y are 
here put = a, h after differentiation.) Now, with the notation 

of 1406), + Hy.b = 0; 

therefore ^; 

h clx 

the values of which are therefore given by the equation 


1716 {hch-VkdyY<i>{.v,if),a,b=(^^ 

1717 If y^ becomes indeterminate through x and y vanish¬ 
ing*, observe that ^ in this case, and that the value of 

^ dx X 

the latter fraction may often be more readily determined by 
algebraic methods. 


If X and y in the function «/> (<r, ?/) are connected by the 
equation \p (x, y) = 0, y is thereby made an implicit function 
of x^ and we have 


1718 




t ■ 


1719 (•'■>'/) = { AA-K<l>y) r; 

-- ^ fl- 


Troof —(i.) Differentiate both ^ and \p for x, by (1703), and eliminate 
(ii.) Differentiate also, by (1704), and eliminate y, and y^. 


If u, y, z are functions of x, then, as in (1700), 

1720 4>r 
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1721 (»//~) = 

+ ~.r+ “x "x + -</•«» "x.'/x 

4-<^„ H3x + 'A„'/2x+^.-=ax- 

1722 To obtain and fix(.i 7 /.:), make »=,r in tlio 

abovo equations. 


Let U = z,^) be a function of four variables con¬ 

nected by three equations ?/ = 0, r = 0, ir = 0, so tliat one of 
the variables, may be considered independent. 


1723 have, by differentiating for 


w^v^ + iiyf/^ + u\z:^+w^ = b 


(HI ___ (I (4>urir) 1 
17 ? ~ d{ai,x^)J ’ 


where t/ = 


d {i(nr) 

Wii^y 


1 > 70 A (/Nvr) J_ ^!1L — ^ (ftrir) J_ . 

f/f (f//A:) ./ ’ r/f </ (a f::) 

dz _ __ (?nvr) I 

f/? “ (.r//^) J 

Observe that stands for the complete and for the 
partial derivative of the function U. 


Proof.—( i.) is found by taking the oliminant of the four equntions, 
separating the determinant into two terms by means of the element — U^, 
and employing the notation in (IGOO). 

(ii.) a*^, 7 /^, and are found by solving the last three of the same equa¬ 
tions, by (58-). 


IMPLICIT FUNCTIONS OF TWO INDEPENDENT VARIABLES. 

1725 If the equation <p (,r, ?y, z) = 0 alone be given, y may 
be considered an inqdicit function of x and r. Since .r and z; 
are independent, we may make z; constant and differentiate 
for thus, for a variation in x only, the eipiations (1703-5) 
are ])roduced again with </» (x^y^z) in the place of <p (l'/)• 

1726 If .r l)e made constant, z; must replace x in those equa¬ 
tions as the independent variable. 

Again, by differentiating the equation i*{xyz) = 0 first for 
ir, making z constant, and tlie result for z, making x constant. 
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vre obtain 

1727 + + = <*. 

From this and the values of and y^, by (1708), 

1728 V = ~ ~ 

^ 

1729 if X, 7/, in the function </>(,/% //, z) be connected by the 
relation ?/, z) = 0, tj may be taken as a function of two 
independent variables x and ;r. AYo may therefore make z 
constant, and the values of (p^{x,ij,z) and <^ 2 .r 0 ^% .Vj 
identical with those in (1718, ’19) if x, //,be substituted for 
O’, y in each function. 

1730 By changing x into z the same formulae give the 
values of (j)^ (x, y, z) and {x, y, z). 

1731 On the same hypothesis, if the value of (x, y, z), in 
forming which 2 has been made constant, be now differen¬ 
tiated for ,'r while x is made constant, each partial derivative 

i//^, &c. in (1718) must be differentiated as containing x, y, 
and ,'r, of which three variables x is now constant and y is a 
function of 2 . 

The result is 


In a particular instance it is generally easier to apply such rules for 
differentiating directly to the example proposed, than to deduce the result in 
a functional form for the purpose of sub.stituting in it the values of the partial 
derivatives. 


1734 Example. —Let (p (x, y, z) = IxFtnyFnz and \p(x, y, z) = x‘ + y^ + z' 

= I, X and z being the independent variables ; (x, y, z) aud {x, y, z) are 

required. Differentiating considering z constant, 

!/) 2) = = i—m—\ oi'iino Ail — — — . 


dx 

02 x(a‘, y, r) = 


, since = — ^ =-; 

y dx^ \P, y 

y y 

a result which is otherwise obtained from formula (1710) by substituting the 
values tp^ = Z, — 9iy = = 0 ; 

v//, = 2.f, y^y = ‘h = 22 ; 4'2X = ^2y = 'Pi. = 2. 

Again, to find (a:, y, z), dill’ereutiato for z, considering x constant in 
the function 

dx y 


,, dV , XV t 2 

thus , V = = —w- 

dxdz y 1 


du 


since T- =-, =- 


dx 
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1735 T ,(‘t T-- (/> ?/, .7, >/) be a function of five variables 

connected by tliree e(|nations n = 0, r = 0, //’ = (); so tlmt firo 
of tlie variables i] may be considered indi'pendcait. ^lakin^ 
1 } constant, tlie e(|nations in (172d), and the values obtained 
for //f, liold good in the present case for the varia¬ 

tions dno to a variation in observing that </», u, w now 
stand for functions of »? as well as of 

1736 The corres])on(ling values of f',, s’,, arc obtained 
by changing £ into t). 


IMPLICIT PUXCTIOMS OP n IXOEPEXDBN’T VAIUAELES. 

1737 The same method is aj)])licable to the general case of 
a function of n variables connected by recpiations a = (), r = 0, 
2v = 0 ... See. 

The equations constitute anij n—r of the variables we 
please, hulp.ppniJrnf: let these be rj, ^ The remaining r 
variables will be doponiJenf: let these be a’, r...; and let 

the function be U= </> (,r, y^z ... rj, ^ ...). 

For a variation in ^ only, tliere will be the derivative of the 
function U, and r derived equations as under. 

1738 ^ f» 

+ ... + = 0 , 

+ + + ••• + 

&C., 


invohang the r implicit functions x^, y^, See. The solution 
of the r equations, as in (1724), gives 


i>^OQ _ (I (iirn'...) I fit/ _ (I(ttrw...) 1 ^ 


1740 where ./ = 


(I (if nr...) (ir fl ((hiii‘tr) 1 

'''“3? = 7fe7X 


The last value being found exactly as in (172:1) 


1741 AVith ^ re])laced by ii we have in like manner the 
values of y^, z^, l\; and similarly with each of the inde¬ 
pendent variables in tiii’u. 


1742 

"P (•*’, y, 


If there be n variables and but one equation 
...)=: 0, there will be n — 1 independent and one depeii- 
2q 
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dent variable. Tjct ?/ bo dependent. Then for a variation in 
X only of the remaining varialdes, the equations (1703-5) 
apply*to the present case, (p standing for (p {x, ij.z ...). If .r 
be replaced by each of the remaining independents in turn, 
there will be, in all, 7?,—1 sets of derived equations. 


CTTAXGE OF THE IXDEPEXDEXT YAETABLE. 


If y be any function of x, and if the independent Amriable 
X be changed to and if f be afterwards put equal to y, tho 
following fornmla3 of substitution are obtained, in which p = i/jc- 


1760 


__ 1 

f/.l? .Vt .Vy 


l)ifferentiating these fractions, we get 


1762 


fpf/ _ 




PPr 


1765 

1766 


(p>/ _ — at';, 

= ,.5 ■ = PP; + PT2r 


Ex. —If X = r cos 0 and ?/ = r sin 0; then 
1 ► 7 AQ ^ sin ^ _ 7^‘^+2r;—rr.0 

^ (IcV ~~ }'e COS 0—}' sill 0 ’ (Lv* (r^ cos sin 0f * 
'**^'^i’R00F.—Wilting 0 for t in (17G0) and (17G2), we have to find .r„ 

^26, Vie; OlUS, 


Xg = Tg cos 0—r sin 0 ; x.^g = r.g cos 0 — 2r^ sin 6 — r cos 0 ; 

7/g = sin 0 + r cos 0 ; 1 / 29 = ^'-29 sin 0 + cos 0—r sin 0. 

Substituting tlicso Viilues, the above results arc obtained. 


^ ^ I'o change the variable from x to t in (u-f-Lij''y„j,, where 
Xd-i~%r) = c\ employ the formula 

1770 ... (r/,-!)//„ 

in Svhich, multiplication by df by the index law signifies the 
repetition of the operation (J( (1 lh2). 
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I’UOUK.— + = {» hx)" i/,„,x ,} Xf 

Now hxi = e'=. a->rhx,. Substitute this, aiul dciiote + by T,,; 

therefore </i (^"«) = ^ .i = ^ (^1 — 71 ) 

Thorefoi-e t ^ ——^ ..-1 ^ ,.-i = (d, —n —J) r„ 2 , »5:c., 

and filially ~ h (d, —1) Fj. 

But Ti = (a + Aj-) //r = /'-f/'/l = hi/t’ 

’I’hercforo U„ = F‘ (J,—u —1) (d,—/t—-) ... (d, — 1) y,. 

1771 CoK.—(</+ a’",d»rx traiisfoimcd by tlio 

Paine ferniula l)y putting /^=1. 


1772 bet r /’'('■».'/)> ’'vlierc .r, // are connected witli rj 
bv tlio eijiiatioiis ?/ = 0, r = 0. It is rc'gnired to change the 
iude]>endeut variables ci*, ?/ to »? in tlie functions and Vy, 

1773 Ivi'i.K.—To find the value of \\—]ffrrrntiatc Yy n, v, 
rarli irith resjh^'t to x, co)isi(ttO’i)t(f u, /? finirtonis (\t tlo* uidc^ 
pcniJrnt ruriabirs ^y y; andforoi the (dimimnit of the result in j 
e<]U(itions; thus, 


1774 0^ 

r, ];-r. 

*'« 6+»,’?.+"u-= <>[: 


I'i fr + *% Vr + '‘j- = II ■' 



Similarly, to find ] y. 


1775 Ex.—Let .V = r cos 6 and // = r sin 6; then 
] ^ cos 0 — I ^ - , \ y — \ y. Sill 0 \ e — ; — • 

Pkoof.— «=rcosO—j*, r = r.sind —y, 1 y y _y , 

and the determinant in (1771} takes the form cos 0 r sin 0 1 

annexed by wrinnu: r and f) instead of; and >}. . ,, 

. . ... sin y rcosO 0 


! = o. 


A similar determinant ^ives T 


To find Is,, substitute T,cosy— in the p' ce of 1 in the value of 

r 

B, ; and in dillercntiating for r and W, coiusidcr B, and B< a.s functions of 
both r and 0. Similarly, to find and IV„. Tl us, 

‘J sin 0 eos U . sin’ If sin’ 0 
r I r > 2 « J • 


1777 r^=i',,co.s’u + (ir.-r„)- 

1778 »■=.= 


r r* 


By addition these equations give 

1779 r^+r:,= 'V+-^ i;+ij 1 ;.. 


' n 
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1780 Given 7 = /(.r, ?/, 2 ;) and n, I known functions of 
expressed in terms of T xi ^ yi ^ z 

the formula) 

dV _ iHV-nl) . , dV_ d{m) . , dV _ d{inV) . r 

d^ d{.v;/z) ■*’ dt) d{d-i/x) di </(<'/-) 

Proof. —Differentiate V as a function of T = 7j 

»;> ^ with respect to independent variables 1 p" ^ _|_ -pr _l_ ^ = P > 

x^y^z. The annexed equations arc the result, j ^ ^ ^ j'’ 

Solve these by (o82) with the notation of (IGOO). Pf + P »?* + t ^si = f x. 


1781 Given F=/(s’, z), where x, y, z are involved with 

11 , t in three equations ^^ = 0, 'y = 0, w = 0, it is required 
to change the variables to S, ??, ^ in F,., F^, and F.. 

Applying Kule (1773) to the case of three variables, we have 

= F. V 

u^Vx+ w.r = 0 

far+ t'o? = 0 

f.r+ ^(^\Vx+ 0' 


F, -F. 






= 0 . 


The determinant gives F^in terms of 1"^, F^and the deri¬ 
vatives of ii, V, tc. and F^ are found in an analogous manner. 
1782 Similarly with n equations between 2ii variables. 


1783 Ex.—Given 

= r sill 6 cos <j); ^ sin <^; z = r cos 0. 


The equations r, iv become * 

r sin 0 cos 0 —a; = 0 ; r sin 0 sin 0—?/= 0 ; r cos 0 — 3 = 0. 

Writing 0, f instead of >?, <r, the determinant becomes 

r, I'. i; _ -I'-.l 

sin 0 cos ^ rcos0cos0 —rsiu0sin</> —I ' q * 

sin 0 sin ^ ?'cos 0 sin 0 rsinOcos^ 0 i 

cos 0 — r sin 0 0 0 | 

From which Pj^ is obtained. Similarl}', Py and P.; and, by an exactly similar 
process, the converse forms for P,., P,, and P^. The results are 

* In writing out a determinant like the above, it will bo found expeditious 
in ]iraetico to have the columns written on separate slips of paper in order to 
be able to transpose them readily. Thus, to iind the coetheient of V«, bring 
the second column to the left side, and, since this changes the sign ot the 
determinant, transpose any two other columns, so that the eoetlieieut of I « 
may be read off in the standard form as the minor of the tirst element of tho 
determinant. 
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1784 

1785 

1786 

1787 

1788 

1789 


.r ir • /, ^ , .rCOsOcOSA ,r Sill (6 

1 = Vr Sill 0 COS 0 -H I. ~~ K 

^ r ri^niO 

1 - • n • ^ I 7- COS 0 sill 0 , 1 - COS0 

T „ = \ r sill 0 sill 0 + 1 , ^ 1 ♦ . o' 

r ^rsiiiO 

jr ,r n T-sin^i 

T , = ] r cos 0 — ] , 

r 

Vr = Vr sin 0 cos <I>+V,j sin 0 sin ^ + V. cos 0. 

T^, = VrV cos 0 cos (ft V Vy r cos 0 sin </> — V. r sin 0. 

l\ = — I’, r sin 0 sin r sin 0 cos 0. 


1790 To find lx directly; solve the equations v, v, le, in (1783), for r, 0, 

and (p ; the solution in this case being practicable; tlius, 


r= + 0 = tan 




<p = taa"' 


Find Tx, 0x, 0, from these, and substitute in l x = I’^^xd- r,0x+ Simi¬ 

larly, and r,. Also 1',.= V^XrV V,jijrA-V.Zr. Similarly, F, and F^. 


1791 To obtain F,,,, substitute the value of F, in the placo of F, in tho 
value of Fy, in (1785), and, in ditlereiitiating F^, F#, F^, consider each of 
these quantities a function of r, 0, and <p. 


To change the variables to r, 0, and </>, in F 2 y 4 - 


the equations (1783) still subsisting. Result— 

1792 ^2^,+ ^2^+ ^ 2s 

= 1 ^ 2 ,.+ — F,.+ —:r ( Vq cot T 20 + T 2 ,;, c*osec“ 6), 

r V 

Proof.—P ut r sin 0 = p, so that a- = p cos 0 and y = p sin 0, 

therefore, by (1779), Vu+V-iy = ^ ^7+ ^ .(*•)• 

Also, sinco z = r cos 0 and p — r sin0, wo have, by tho same formula, 

u.+ u,= r„+in+V r„.(ii.)- 


Add together (i.) and (ii.), and eliminate F^, by (1770), which gives 

TT ir • n < T' cos 0 
!’■ = 1 ^ Bin 0 -h 1 8 - - . 

/ 

If r be ii fiiuctiou ( 3 f n varial)les .i’, >/, r. ... coiiiiectetl by 
tlie single relation, a''+y’+~’+••• = >" . ('■)• 

1793 r^+ v,„+ r^.+&c. = r,,-i- 


r 
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Proof.— P, = Vrr^ = Vr 

r 


since r. 


r 


by differentiating (i.), 


thereforo I',. = r„ - + F,*^=2^ = F,. 4 + ’>(-- 1)' 

r r- r \ r r / 

Similarly Fj, = F„^y + F, (-1 - 4). 

Thus, by addition, 

V<it + T^ 2 i/ + = T 2 r--b T r 


■b*--\ = y; I y 

\ r r® / r ' 


LINEAR TRANSFORMATION. 

1794 If F = /(a^, y, is), and if the equations r, w in 
(1781) take the forms 

^ = Ay.r+A.i/+A.^x, 

y = + [ j then ^^77 = 7iicr+/>h// + /i>, 

^ ^ = t/icr+Ch/Z+Fajr, 

by (582), A being the determinant {ciih.^c^), and the minor 
of Ui, &c. 

1795 The operations d^., dy, d^ will now be transformed by 
the first set of equations below; and d^, d^ by the second 
set. 

djr = ^id^) d^ = A 

dy = {A^d^-\-BM^-^-C.2d^) 4- A ^ , dy= ^hdx-^^>dy-\~fhdz r • 

de = {A^(l^-\-B.2d^-{-C^d^) 4- A-' d^ = Cidj,-{-Ci>dy-\-c.^(L^ 

Proof.—R y and + ; and the 

values of x^, Ac., from the preceding equations. 


1797 From (1705), 1"^ = d-^sF^. Operating 

again upon F^, we liavo 

F2f = {(i\dj.-\-(^idy-\-a.d,) If = ai(Tf)j.-l-nf2(l f)^d-<^3(Ft)-, 

and by substituting the value of ]"f, and similarb; Avith I'g,,, 
] 2 ^, we obtain tlie formula^, 

1798 

F 2 , = f»\ F2^+5^ Fo^ + Z/y I 2c + -Zy2/>3^ yzA-'^^h^h ^ rx + -Zq5.2 \ ^y > . 

F2^ = Fj^+Cj Fo^^+Cg Fg^+^CjCs ^ I ^.,:+2eie. 
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ORTllOGOXAL TllANSI-’OKMATlOX. 


1799 If the transformation is ortlio^^onal (o81<), wo liavo 

and sinco, bj (582, 584), A=l, = See,; 0(|uatiun3 
(179-1.) now l)oconio 


1800 ^v=a,^+h,r^+c,(, 

y = ((.J+Ly + r.C 

And equations (1795) become 


V = + + 

i = (\d' + c.,y + r;iZ 


(ly = (h(l(+b.yl^+c.yl^ V, = byd^ + h,(Iy + lt:,(I, >. 

The double relations between .r, //, and v, in tlie six 
equations of (1800-1), and the similar relations in (1802-8) 
between dj^dyiL and d^dr,d^, are iudicated by a single diagram 
ineaclicasc; thus, 

1804 i V : <h 


d' a I c\ 

y (ly b.y e., 

- fh fh ^*3 


dr 

(I. 


(f, />, (\ 

(U hi C-i 
*H *3 


180S Hence, when the transformation is orthogonal, the 
Cjuantities .r, //, are cor/rcdlcjit with dj,, J^, (/., by the defini¬ 
tion (1058). 

1807 Extending the definition in (1029), it follows that any 
function n = (p (,r, jf, z), when orthogonally transformed, has, 
for a covariant, the function (p (d^,, dy, c/.) n. That is, if by 
the transformation, 

u = (f) (.r, //, z) = x/f (^, y, (), 
then also (f/,., (/y, (/.) k = xji ((/,, r/^, (F) k. 

1808 ]bit if n. be a (|uantic, then, as shown in (1048), 
</) [dj., dy, (/.) Jf is always a Junctiun of the cocfficienlty only of u, 
and the covariant is, in this case, an Invariant, 

1809 Kx.—Lut u or 0 (.r, + + + 

= 2 {a’ + ^' + c’ + 2/^ 4- -g '4 2/t’}, and this is an invariant of «. 
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1810 When V=f(a’, y, z) is orthogonally transformed, 
r^+r,,+ F^.= r,j+F„+TV 

Proof. —By adding together equations (1708), and by the relations 
0] + + Cl = 1, &c., and + & 1&2 + ^iCj, = 0, &c., 

established in (584). 


1811 If tv\"o functions ?/, v he subjected to the same ortho¬ 
gonal transformation, so that 

= = ^ {tv,0 and !• = </((.)■,»/,s) = 4' 17,0 J 

tlien (j> (< 4 , (l„, iL) r = <l> (<4, </„ v. 

1812 Ex.—Let u = ax^ + hi/ + cr* + ‘ifyz + 2gzx -f 2Jix7j = ^ 

= aV + h'/ + cV + 2/+ ^/a + 2]an = O’, 

and let v x^ + i/-^z‘= =\p and 

Then 0 (d^, d.) v = av.^ -\-hv.>y -\-cv.y. -{-2fVy^ +2i/v,^ -\-2hv,y , 

and «>(d^, d^, d^) v = a\^ + b\^-hcv,^^+2f\^-\-2g'v^^-\-2h'v^^. 

But t' 2 x = 2, and = 0, &e. Hence the theorem gi^es a+h + c 
= a' + 5' + c'; in other words, a + 6 + c is an invariant. 


1813 Contmti'rcdicnf. — When the transformation is not 
orthogonal, (1795) shows that dj. is not transformed by the 
samCy but by a reciiorocal substitution, in which a^, 5i, are 
replaced by the corresponding minors A^, Bi, Gj. In this case 
dj., dy, dg are said to be contragredient to x, y, 


1814 Contrararlant. —If, in (1629), the quantics are sub¬ 
jected to a reciprocal transformation instead of the same, we 
obtain the definition of a contravariant. 


1815 Wlien z is a function of two independent variables x 
and y, the following notation is often used: 


deV 


= P7 



'Ie = 'hi = = 4 , 

dj! d.v d.r dy ’ 


d.v~d.e- ’ 

= f. 

dy d// 


Let 0 (,/’, y, z) = 0. It is required to change the inde¬ 
pendent variables from x, y to Zj y. The formula? of trails- 









MAXIMA AXn MIXIMA. 


30o 


foniiation arc 

1816 

1819 


constant, ^ may be consklored a function of only two variabl(?s, x and ; 

Forniuho (17U8-i)) ,r„ and in terms of partial derivatives of 

sinco z is now constant, and 0 may be taken as a function of the two variables 
a- and y. 

Hut (jf (x, y, z) = 0 is equivalent to \p(x,y)—z = 0\ and the partial 
derivatives of ({> with respect to x aud y are the samo as those of i//; and 
therefore the same as those of z when x and y are the iudepciideut variables. 
Hence z may be written for (jf in the formula). 


dm 

_ 1 . 

dm __ __ 

±. 


d'm _ r 

dz 

~ P ’ 


P ' 


dz^ * 

(r\v 

2.s7>7- 

-tir—rif. 


d\v 

_ i/r-ps 

dif 


P' 


di/(h 

: • 

—Formula) (1701 

, 1703) give X. 

and 

x^,, because, since y remains 


Lastly, 


d\c 


— dPx—pnx 1 _ qr—pif 


dydz \ p)z \ p )X dz p^ p p^ 

The indejjendent variable is here ehanged from z to x^ without rcfcrenco 
to the equation y = 0; aud this is allowable, because y is constant for the 
time being in either case. 


:\IAXLMA AXD MIXIMA. 


Minima and Minima values of a fanctinn of one 
indvpcndrnt variable. 

1830 Definitiox. —A function <l> has a maximum valiio 
when sonic value x=(i make.s <!> {x) tjrcatrr than it is made 
by any value of x indefinitely near to a. Similarly for a 
minimum value, reading less for (jrcatcr. 


1831 Illustration. —If the 

ordinate y in the figure be al¬ 
ways drawn = / (o)), it has 
maximum values at ^1, C, I'j, 
and minimum at Jj and 1> 
(14-03). 

Note. — For tho algebraic 
determination of maxima and 
minima values by a quadratic 
equation, see (38). 


A. 



1832 Rule I. —A function (p (x) is a maximum or mininnim 
uiicn (p'(x) vanishes^ and chaui/es its sitjn as x increases from 
plus to minus or from minus to plus respretively, 

2 E 
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1833 nrr.E IL- Oflinirise (j) (x) is- a maximum or muiimuai 
whrn an oJd nnmhrr of consecnfire dcriratives of (p (x) vanish, 
and the next is minus or jdiis respeetircty. 

Pi^oop.—(i.) The tangent to the curve in the last figure becomes parallel 
to the X axis at the points ^1, !>, C, I), E as x increases; therefore, by (1 
tail Oy which is equal to f (x), vanishes at those points, while its sign changes 
in the manner described. 

(ii.) Let /'‘(.r) be the first derivative of f(x) which does not vanish when 
x = a, being even; therefore, by (1500), f(aAzh) =/(«)+ + 

The last term retains the sign of/"(u.), when h is small enough, whether h 
be positive or negative, since n is even. Therefore / (x) diminishes for any 
small variation of a; from the value a if /"(a) be negative, but increases if 
/“(a) be positive. Hence the rule. 


1834 Note. — Before applying the rule for discovering a 
maximum or minimum, we may evidently— 

(i.) reject any constant factor of the function; 

(ii.) raise it to any constant j)ower,2)aying attention to sign; 
(iii.) tahe its reciprocal; niaxdm um hecoming minimum, and 
rice versa ; 

(iv.) take the logaritliin of a positive function. 


1835 Lx. 1.—Let <p (x) = x^— 7x^—Zhx-\r^y 

therefore 28.r* —35 = 7 5) (a;^ + l). 

Also ({/'fr) = 7 {Cyx^—I2x^). Therefore a; = VS makes (p'(x) and 

(p"{x) positive ; and therefore makes (pix) a minimum. 

1836 Ex. 2.—Let (p (x) = (x-^y*(x-2y\ Here 

f (ai) = U(.ai-3)^^(cK-2)” + ll(a;-3y‘C^-2r= CT-3y^(.i—2)^'’(25x-61), 
and we know, by (444) or by (1400), that, when x = S, the first thirteen 
derivatives of (p (x) vanish ; and 13 is an odd number. Therefore 0 (x) is 
either a maximum or minimum when x = S. 

To determine which, examine the change of sign in ^'(x). Xow (.r —3)’^ 
changes from negative to positive as a; increases from a value a little less 
than 3 to a value a little greater, while the other factors of f (x) remain 
positive. Therefore, by the rule, <p (x) is a minimum when x = 3. 

Again, as x pas.ses through the value 2, f {x) docs not change sign, 10 
being even. Therefore x = 2 gives no maximum or minimum value ot <p (a-)- 

Lastly, as x passes through the value ^ the signs of the three factors 

in fp'(x) change from ( —) ( + ) (—) to (—) ( + )( + ); fhat is, <p (x) changes 
from + to — ; and, consequently, (p (x) is a maximum. 


1837 Ex. 3 . —Let <p (.r, y) = x* + 2x-y — i/ = 0. To find limiting values 
of y. 
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Here y is jjfivon only as nti iin|)liclt function of x. niirL'renliating, in 
order to employ fonnnlie (ITos, 1“1 1), 

<p^ = l.ry, = I I//, = 2.r’ —liy’; 

t/, = 0 makes (/>, = 0. Solving ties ecpnitioii witli <l) (.<\ y) = 0, wo get 
a; = =hl, y=—1 when y, vanishes. 


And then y^, = 




12 1 . 
2-d 


= S, positive; therefore, when a; = ±l, 

y has —1 for a ininimnni value. 

Similarly, by making y the independent variable, it may be shewn tliat, 

8 ’t 

when y = — , .r has both the maximum and mininuim values ± yO. 


1838 A value of cj) (.r, //), 

subject to the condition ^ . 

is obtained from the equation . 0^0 

Simultaneous values of and //, fou id by sol vino- equa¬ 
tions (i.) and (ii.)j correspond to a m iximum or minimum 
value of (/). 

Proof.—B y (1718), ^ being virtually a function of .r only ; and, by (183‘2), 

<i>r {J'y) = 0._ _ 

1839 Ex.— Let f (.f, y) = xy and 6 (x, y) = 2./;’* — .ry + y* = 0 . (i.) 

E(piation (ii.) becomes y (3y^ —.r) = .c (G.r‘ —y). 

Solving this with (i.), we tiiul y’= 2./;’ and a* ( hr— ^2). 

Therefore .r=|y2, ?/= \ 1/4 are values con-esponding to a nm-r/mawi 
value of That it is a maximum, and not a minimum, is seen by inspecting 
e(jnation (i.) 

1840 Most goomcti-ical problems can be treat('d in this way, and tho 
alternative of maximum or miniinuni decided by the nature of the case. 
Otherwise the sign of (f>.^{xy) maybe examined by formula (1719) for tho 
criterion, according to the rule. 


MiLi iiHd (lud Mbiinid rdltirs (tf d funrtloii of til'd 
iiulrprudnit vandhtrs. 

1841 Iti'bEl.— A finirfion «^(x,y) ina riwtnii nr iitnuDvna 
v'liPii <f*^ (lint (jty hnth rnnis/i nint c/niinjp their sn/ns Jram jilns in 
viiiiiis nr frnm itiltiiis tn jitiis rrxjmrtirt hfy ns x dinl y uirrrasr. 

1842 Krid-: II.— Ofhrnrisr^fp^ ntnt </>,. vinsf ninlsh ; </»jx*“•/»xy 
minA 1m pasdtirr, (ind <p.,^ ur must ttr dr(j(itic(\fnr n iinieinmm 
ami j^osifirr for a muiininni raliir nf (p. 

Proof.—B y (1512), writing A, C for (piyy wc have, for small 

changes A, Ic in the values of ur and y, 

^(x+A. y + i-)-f (•'■•. >J) = hf. + lif,+ 'A^I>e^lt)hl+('k■‘) + 

which may be neglecteil, by (I HU). 
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Hence, as in tlie proof of (1833), in order that changin'^ the sign of h or 
Jc shall not have the etTect of changing the sign of the right side of the equa¬ 
tion, the first powers must disappear, therefore 9^. and (by must vanish. The 
next term may be written, by completing the square, in the form 

-J— I ^ ; and, to ensure this quantity retaining its 

sign for all values of the ratio li : h, AG—I^ must be positive. 9 will then 
be a maximum or minimum according as A in the denominator is negative 
or positive. 

It is clear that A and B might have been transposed in the proof. Hence 
B must have the same sign as A. 


1843 A limiting value of (u% //, -), 

subject to tlie condition ip (a*, j /,= 0.(i.), 

is obtained from the two equations 

1844 .(«•)• .(*“•): 

1846 or, as they may be written, i: = ^ .(iv.) 

Simultaneous values of x, y, z, found by solving equations 
(i., ii., iii.), correspond to a maximum or minimum value of 9. 


Proof. —By (1841), 0 being considered a function of two independent 
variables x and z, and, by (172t.h 1730), 

y, z) = 0 gives (ii.), and 9s 2/’ ^ gives (iii.) 

The ciiterion of maximum or minimum in (1842) may also be applied 
without eliminating y by employing the values of <p,x and (pf. in (1710, ’30). 


1847 Ex.—Let <p (x, y,z)= +y-+ 

and 1/. (.1’, y, z) = (7.1’^+?;^+ f.v° + 2/}/z+2yza;-f-2//ry—1 = 0..(i.) 
Equations (ii.) and (iii.) here become 


X 

y 

z 

_ 1 

V 

ax-i-hy-^gz ] 

IX + hy -\-fz 

y-'-'+yy+t’z -/i’ 


Therefore, by proportion ( 70 ) and by (i.), i 

:l" + y + ^- = 


From equations (i^ 

7.) we have 




1848 axi-hy-j-gz = 

nx ^ 

a-B 

u 


lix-\-hy + /> = 

^y [ ; 

h 

h-R f 

- 1 

9'^^ +/// + = 

nz ) 

9 

f c-R 



1849 or (J{.-a){n-h)iR-,-) + 2/;,h 

— {n—a) f^—{ll — h)(f—{R—r)h'‘ = 0, or (see IC tl) 
IV-JV {a+h+c) + ll (/m+«/+«6-/=-g-”-/r)-A = 0, 
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cubic in Ji is the cliiuinant of tlu' tlircM* equations in 
jr, ?/,It is called the (Jisrritniniitinij rnhir of the (juadric (i.), 
and its roots are the reciprocals of the inaxiina and ndiiinia 
values of .r4- 

1850 ^lo show that the roots of the discriiiiinaling cubic 
are all I’eal. 

Let 7i„ lii be the roots of the quadratic equation 

1851 = o .(v.) 

7i, > h and r, and h and c > 

^Make R = Ji’, in the cubic, and tlie result is negative, being minus a 
square quantity, l>y (v.). Make R = 7i\, and the result is positive. There¬ 
fore tlie cubic has real roots between each pair of the consecutive values i-x , 
Ji’,, 7?j. —X) ; that is, three real roots. Hut since the roots are in order of 
magnitude, the first must be a maximum value of R, tho third a minimum, 
and the intermediate root neither a maximum nor a minimum. 


Ma.i iiud and Minima valars of a f auction of three 
or more variables. 

1852 Ijct <l> (.^7/.-') be a function of three variables. Let 

fr;, ho (Icnotcd bj u, />, v, j\ tj, ](; and let 
A, It, C\ h\ (I, Jl be the corresponding minors of the deter¬ 
minant A, as in (1(342). 

1853 Rule I.— <^(x, y, z) is a maximrnn or minimvm v'hrn 

1>xf i^yf vanish and chaiuje thetr si(jns from pins to oninns 

or from minus to plus respectirehf, as x, y, and z increase. 
Othervase— 

1854 Rule II. — The first derivatives of (p must vanish ; A 
and its coefiieient in the reciprocal determinant of A must he 
positive; and (p ivill he a marimnm or minimum aceordimj as 
a is negative ov positive. Or, in the jdace of A and a, n*ad It 
and h or C and c. 

Proof.—P ur.suing the method of (181‘2), let f, ^i. C be small changes in 
the values of.?, y, z. By (loll), 

^(a;-|-£, y + n, « + 0—?» «) 

= 4 + i (<fP 4 hq- 4 4 -/'R 4 4 2//£j;) 4 & c. 

For constancy of sign on the right, , 0; mn.st vani>h. The qinulric 

may then be re-arranged as under by lirst cornpieting the s(|nare of the terms 
in £, and then collecting the terms in C, »/, nnd completing the square. It 

thus becomes ] \ + ^ ^ \ • 

"la C 0 C 1 
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Hence, for constancy of sign for all values of C, it is necessary that C 
and BC—F^ should he positive. This makes B also positive. 13y symmetry, 
it is evident that A, B, C, BC—F\ CA-G\ AB-E'^ will all be positive. 
The sign of a in the first factor then determines, as in (1842), whether <}> is a 
maximum or a minimum. 


1855 The condition may be pnt otherwise. Since 

Ji(J—F^ = oA by (577), tlic condition that must be 

positive is equivalent to the condition that a and A mnst have 
the same sign. Hence we have also the following rule :— 

1856 Rule HE. — (p^, (py, <p,, must vanish ; the second of the four 
determinants below mast be 'positive, and the first and third 
mnst have the same sign: that sign being negative for a max¬ 
imum and positive for a minimum value oj <p (x, y, z). 


1 . 

<l>^s <#>.« 

} 

^xy ^xz ^xio 

1 

<l>iy 


^yx ^ly 4^ys ^yw 


4>zy <l>2z 


^zx ^zy ^2z ^zw 



^lox 4^wy 4*WZ 


1858 The theorem can be extended in a similar manner to 
(p (x, ?/, z, IV, ...), a function of any number of variables. Form 
the successive Hessians of <p (1630) for one, two, three, &c. 
variables in order as shown above; then— 

1859 Rule.— In order that (p (x, y, z, w, ...) mag be n max-^ 
imnin or minimmn, (Px^fPy,f^.,<P^^■, &G.'must vanish; the Hessians of 
an even order must be positive ; and those of an odd order 'must 
have the same sign, that sign Ixang negativeJor a maximum and 
positive for a minimum value of the function (p. 

For a demonstration in full, see Williamson’s Dgf. Cute., 4th Fdit., p. 4o3. 


1860 Ex. —Kequired a limiting value of the function 

n - a.d -f ^+ ^tixy + + 2>jy + 2rz + d. 

The condition in the rule produces equations (1), (2), (o). liquation (4) 
results from Euler’s theorem (11321), thus; introducing a fourth variable u», 
as in (l(34o), we have + = 2a, 

which reduces to (4) by means of (1), (2), (3), and the value of «, putting 
-jy = 1. 


\n^ = ax-\-hy-UfB-]rV = 0... 

...(!)) 

a h g p 

\ liy = hx -\-hy -\-fz + (/ = 0... 

-OH: 

h h f q 

= yx-^fy 4-cz +r = 0... 

... 0 ’-) • 

g f c 

jyx^qy ^rz -\-d = ?<... 


j) q r d—u 



















^fAXT^fA A XV ^frXT^rA. 


nil 


Tlic ilclci-miiiant is tho fliinliiant of llio four o(|iialioiis, by ('*^3), and is 
L'qiiivnleiit, i)V tbc' iiiftiiod of (17-l> Proof, i.), to A —A/4 = ^>, or a = A A 
(Notation of 

'L'o detcniiino wbellicr this value of n i.s a inaximiim or minimum, citbcr 
of the conditions in (ISol, ’(*») may be apjdicd ; and since, in this exainjile, 
*J»i, 11.,^ = - 6 , Ac., the letters a, b, j\ >j, h may be considered identical 
with those in the rule. 


1862 To (letoriiiine a limiting value of <p (,r, //,...), a ftme- 
tion of m variables connected by )i etjualions = h., = 0 , ... 

u,^ — 0. 

libbE. — AfixuiiiP n nntlrfpnnnipil mvltipJiPrs Xi, ... 
V'iih f]ii‘ fdllotrim/ in pti^mUiuna :— 

f. + Xi(iOx + X.,(n.A+ ... +Xn(u„). == 0, 

+ Xi (nOy H" Xo (Uoly + ... + X„ (u„)y = b, 

'tnal'ing in all in + n rgnalmns in m-(-n (juanfif x,y,z, ... 
anil X,,X^, ... X„. Tlip valves of x, y, z, ..., fonml from fhese 
equaliuiis, corrcsj)oncl to a laa.vminm or mntiiiiiini value nj (p, 

]>i{OOF.—Differentiate ^ and ?/,. 71^, ... on the hypothc.sis that a;, y, ... 
arc (irhltranj functions of an independent variable t. ^lultiply the resulting 
equations, excepting the fir.st, by ... A„ in order, and add them to the value 

oi' ft. The coefficients of .r„ ?/m ••• equated to zero, since the 

functions of t are arbitrary, producing the equations in the rule. 


1863 Ex. 1.—To find the limiting values of r’= aj’ + t/’ + s’ with the 

conditions A.e^ A-Vy’+ = 1 and /.r + wiy + «2 = 0. 

Here in = 3, a = 2 ; and, choosing X and /u for the multipliers, the equa¬ 
tions in the rule become 

2.r + 2.lAa; + pZ =0. (I)'n Multiply (1), (2), (3) respectively by 

2y-l-27>Ay + p>a = 0.(2) > . x, y. z, and add; tints /t disappears, 

22 + 2CA.v+^a = 0.(3) ) "'e obtain 

+ X = 0, therefore X = —r*. 

Substitute this iu (1), (2), (3) ; solve for .r, y, z, and substitute their values 
in /.c-b lay + = 0. 

1864 The result is J r + j i ” ^ quadratic in r*. 

Ar —i j>r'—I 0 /‘ —i 

The roots are the maximum and minimum values of the square of the 
radius vector of a central section of the quadric Ax^ A- Vy"^ A- Cz^ = 1 made by 
the ])Ianc IxAmyAn" = 0. 


1865 Ex. 2.—To find the maximum value of « = (a-fi 1) (y + 1) ( 2 + l)j 
subject to the condition X — a’^b^c*. 
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This is equivalent to finding a maximum value of 

log (a- -h 1) + log (y-f-1) + log (z + 1), 
subject to the condition log iV = x \oga-\-ij log 6 + z log c. 

The equations in the rule become 

^+Xloga = 0i ^ + Xlogh = 0; -^+Mogc = 0. 

By eliminating X, these are seen to be equivalent to equations (1846). 
!Multiplyingup and adding the equations, we find X, and thence x’ + l, 1/ + 1, 
2 + 1; the valiTes of which, substituted in tt, give, for its maximum value^ 
u = {log (Xahc) }®-7- 3 log u* log P log c*. 

Compare (374), where a, &, c and x, y, z are integers. 


Continuous Mudima and Minima. 

1866 If (p^ and <py, in ( 1842 ), have a common factor, so that 

= P^|, (.r, y), 4>,= //) .(i.)> 

where P and Q may also be functions of x and y ; then the 
equation \p {x, y) = 0 determines a continuous series of values 
of X and y. For all these values (p is constant, but, at the same 
time, it may be a maximum or a minimum with respect to any 
other contiguous values of (p, obtained by taking x and y so 
that {xy) shall not vanish. 

1867 In this case, (p-2^fp2!, — i>ly vanishes vdth \p, so that the 
criterion in Hide II. is not applicable. 

PiiOOF. —Differentiating equation (i.), we have 

P-U •= 4 + P4'x 7 pry = Py^ + P'^y 7 ^ 

p2y = QyP+Q^y ’ Pv^ = QxP+Q'h ^ 

If from these values we form pi^piy—p.y^pyx, P will appear as a factor of 
the expression. 


1868 Ex.—Take z aB f (.ry) in the equation 

b 


(i-), 




yc-c'+y-; 

The common factor equated to zero gives and therefore z = d=a...(ii.) 

Here a is a continuous maximum value of z, and —a a continuous minimum. 

J'lcjuation (i.) represents, in Coordinnte Geometry, the surfiice of an anchor 
ring, the generating circle of radius a having its centre at a distance h from 
the axis of revolution Z. Equations (ii.) give the loci of tho highest and 
lowest ])oiuts of the surface. 


For the application of the Dilferential Calcidus to the 
Theory of Curves, see the Sections on Coordinate Geometry. 
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IXTRODlICTrOX. 


1900 The operations of diffcrrntiafion and integration are 
the converse of each other. Let /’('’) (hn'iratire of 

then </)(t) is called the integral ofy’('^’) res])ect to .r. 
diiesc converse relations are ex])ressed in the notations of the 
Differential and Integral Calculus, by 

= /(■'■) I'y i /(■'■) = 4 > (,f). 


1901 T IIEOHEM.—Let the curve y =/(t) be drawn as in 
(1403), and any ordinates Lly Mm, and let 0L = a, 0M=b; 
then the area LMml = </)(^) —</>(«). 


Proof. —Let O^bc any value of a*, and PN 
the corresponding value of y, and let the area 
OXPQ = A ; then A is some function of x. Also, 
if NN'=(Jxy the elemental area NX'l*'P = Jul 

= ydx in the limit; therefore “ = y. Thus A 

is that funetion of x whose derivative for each 
value of a; is y or/ (x) ; therefore A = <}> (.c) -f Cy 
where C is any constant. Consequently the area 
LMml = ^ ih) — <p (a), whatever G may be. 



The demonstration assumc.s that there is only ono funetion <{> (x) corres¬ 
ponding to a given derivative fix'). This may be formally proved. 

If possible, let \p(x) have the same derivative as then, with the 

same coordinate axes, two curves may bo drawn so that the arcus detined as 
kbove, like LMml, shall be fp{x) and \pix) re.sj)ectively, each area vanishing 
with X. If these curves do not coincide, then, for a given value of x, they 
have different ordinates, that is, (f (x) and \l>' {x) are different, contrary to the 
hypothesis. The curves must therefore coincide, that is, f(x) and are 

identical. 


o 


S 
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1902 Since — is the sum of all the elemental areas 
like NN'P' P included between LI and that is, tlie sum of 
the elements ydx or /(.r) de taken for all values of .c between 
a and h, this result is wTitten 



1903 The express-ion on the left is termed a definite integral 
liecause the limits a, h of the iutegTation are assigned.* 
AVhen the limits are not assigned, the integral is called inde¬ 
finite. 


1804 By taking the constant (7 = 0 in (1901), we have the 



area 


Note. —In iiractice, the conMant should aheays he added to 
the result of an integration ivhen no limits are assigned. 


MULTIPLE INTEGRALS. 


1905 Let /(a’, y,P) be a function of three variables ; then 



the notation 


is used to denote the following operations. 

Integrate the function for 2 between the limits z=Zi, ^=^ 2 , 
considering the remaining variables x and y constant. Then, 
whether the limits z^, Z 2 arc constants or functions of x and y, 
the result will be a function of x and y only. Next, consider¬ 
ing X constant, integrate this function for y between the limits 
yi and yo, which may either be constants or functions of x. 
The result will now be a function of x only. Lastly, integrate 
this function for x between the limits Xi and Xo. 

Similarly for a function of any number of variables. 


1906 The clearest view of the nature of a multiple integral 
is afforded by the geometrical interpretation of a triple in¬ 
tegral. 


* Thu integral may be read Sum a io by J (.r) dr"', J signifying 









ixmoDrcTiox. 


.‘U5 



Taking rectangular coordinate axes, let the snrfaco 
z = (p (</’, )j) {XYom in the figure) be drawn, intersected by tlio 
cylindrical surface // = ;//(,r) (JiMXnni), and by the piano 
,r = ,ri (LSml). The volume of the solid OLMNolmn bounded 
by these surfaces and the coordinate jdaiies will be 


p.r, pxi pv;«(x) r<l>(x,i/) 

<PCr,//)(/.rf///=\ iLvdnih. 


Proof.—S ince tlic volume cnt off b}" any plane parallel to 0^ and at a 
distance x IVom it, varies continuously with a', it must be some Junetlou- of x. 
Let r be this volume, and let dPbo tlie small change in its value^ due to a 
change dx in x. The!i, in the limit, ilV=- l*Qqp X dxj an clement of the solid 
shown by dotted lines in the figure. Therefore 

<}>{x,y)di/, by (1002), 

Clx Jo 

X being constant throughout the integration for y. The result will be a 
function of x oidy. Making x then vary from 0 to x, we liave, for the whole 


volume, = *[.C' 


since fp (x, y) = z. With the notation explained in (PJOj), the brackets aro 
not required, and the integrals are written as above. 


1907 If the solid is bounded l)y two surfaces = </>, (r, y), z„ = <;>j (,r, t/), 

two cylindrical surfaces »/, = v|/,(.r), y^ = \p.^(x)y and two |)lan<'S .<• = .r,, .r == j'j, 
the volume will then be arrived at by taking the dill’erence of two similar 
integrals at each integration, ami will be expressed by the integral in (l'J05). 

if any limit is a constant, the corres[ionding boundary of the solid 
becomes a plane. 
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METHODS OF IXTEGHATTOX. 


INTEGRATION BY SUBSTITUTION. 

1908 The formula is j (.r) dcV = | (or) ^ dx, 

where z is equal to/(a?), some function chosen so as to facili¬ 
tate the integration. 

Hule I .—Pnt X in terms of z in the given function, and 
multiphj the function also hg x^; then integrate for z. 

If the limits of the prcvposed integral are given hy x = a, 
X = b, these must he converted into limits of z hy the equation 
x = f-(z). 


The following rule presents another ^hew of the method of 
substitution, and is useful in practice. 

1909 Rule II .—If <l>{x) can he expressed in the form F (z)zj; 
then I’ 4 , (.(’) (Iv = f F (x) xj.v - F {z) dz. 


( a t- 

— y T \f —^ • Substitute 2 = ic + + a®) ; 

therefore -— = 1 -]-;— -- = — —X—i = 

( dy^=\ 7='°g -=’°g {*+}• 


(Ix 


KX.O. 

J X-^X* J * 


Here 


dx = - log 

i-u; 


! = r(z) = -i-, *. = -(5x-'+2.o. 


Ex. 3. 


J l+c; 


dx 


cx^ p'{Iax^ c‘ 

j* dj,(x~^~\-<'r) dx 


_ _ r x'^ — c _ d^ _ 

'.<0 J x~^-\-cx v/(cV + x*"‘-‘ + a) 


(u;~‘ + ca;) + + a —2e} 

1 ,_ x\/(a~2c) + \/(l+ff.r- + r.eb 

1+cx^ ’ 


\/{a—2c) 


log - 


1 


P{2c — a) 

Bj (1927) or (1926). Here « = a;-' +c.r. 


I X v/( 2 r —u) 

1+cx^ ' 
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III Examples (2) and (I^) the process is analytical, and leads to the dis¬ 
covery of tlie particular function z, with rcs[)ect to wliich the integration is 
etrected. If z be known, Rule 1. su[)plies the direct, thou<^li not always the 
simplest, method of integrating tlie function. 


INTEGRATION BY PARTS. 


1910 By differentiating 2 iv with respect to a*, we obtain tho 

general formula j = ur — | ul\(Lv. 

The value of the first integral is thus determined if that 
of the second is known. 


Rule. — Separate the quantity to he integrated into tiro 
factor.^. Integrate one factor, and differentiate the other irith 
'reapert to x. If the integral of the resulting quantity is 
known, or more readily ascertained than that of the original 
one, the method by “ Parts” is applicable. 


1911 Note. — In subsequent examples, where integration by Parts is 
directed, the factor whicli i.s to be integrated will be indicated. Thus, in 
example (19-">1), “By Parts |signifies that is to be integrated and 
sin hx differentiated afterwards in applying the foregoing rule. The factor 1 is 
more frequently integrated than any other,and this step will be denoted by J dx. 


INTEGRATION BY DIVISION. 

1912 A formula is 

The expression to be integrated is thus divided into two terms, 
the index p in each being diminished by unity, a step which 
often facilitates integration. 

Similarly, ^ ■^cx'^Y dx 

— a (ciA-tjx''-\-cx”'Y~^ + Jjx" (a ++ + c.c”‘ ((1++ 


1913 Ex.—To integrate j \/{x^-^a^) dx. 

By Parts | dx, | /(.c’ + a’) dx = x v/(.P + a*) — | 

By Division, [ v/(*>+o’) d. = ( + j 

Therefore, by addition, 

j + a') dx = ix .'(x‘ + a’) + i 

z=: lxv^(x‘ + a^)-h Ird log{a;+ by (1009, Ex. 1). 
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INTKGRATION BY RATIONALIZATION. 


1914 In the following example, 6 is the least common de¬ 
nominator of the fractional indices. Hence, by substituting 
z = and therefore = 62®, we have 


x ^-1 

x^-l 


dx = 


j 


z ^-1 

z^-1 


~ = G [ 

dz J 



dz 


Each term of the result is directly integrable by (1922) and 
(1023). For other examples see (2110). 


INTEGRATION BY PARTIAL FRACTIONS. 

1915 Rational fractions can always be integrated by first 
resolving them into partial fractions. The theory of such 
resolutions Avill now be given. 

1916 If <^{x) and F{x) are rational algebraic functions of x, 
^ (x) being of lowest dimensions, and if F(x) contains the 
factor (x—a) once, so that 

F(dj = (.v—a) i|f (.r).(1) ; 


1917 


then 


<f> (-T) _ _d_ A. xif) 

F {.v) .r-«(.f) 


and A 


F'{a) 


( 2 ). 


Proof.—M ultiply equation (2) by (1), thus 

(j> (x) = Alp {x) + (x-a) X 

Therefore, putting x = a, (p (a) = A\p (a). Also, by differentiating (1), and 
putting x = a afterwards, F'(a) = \p (a). Therefore A = (p {a) -f- F {a). 


1918 Again, if F(x) contains the factor (x~a), n times, so 
that F{x) = (.1 —ay ^ {.r). 


Assume 


^ (a*) _ AI . _Aj_t I A„ ■ 


To determine A^. ... AliiUijdij by (x—a)"; 

X = a and differentiate, alternately. 


1919 If F(x) = 0 has a single pair of imaginary roots 
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(I + //3; then, applying (1917), let 

/' (a+/^) J' (ct 

and the partial fractions corresi)Oiuling to these roots will bo 

A-lli A + il^ ^ (.r-a) + ^2l*,p 

d' — a—iP — (a— 

For pracfical inethotla of resolving a fraction into partial fractions in tlie 
clifterent cases which occur, see (235-238). 


INTEGRATIOX 13Y INFINITE SERIES. 


AVhen other methods are not applicable, an integral may 
sometimes be evaluated by expanding the function in a con¬ 
verging series and integrating the separate terms. 


Ex. J 7 + 17 ?= + rr?' 


(150) 


STANDARD INTEGRALS. 


1921 Some elcmentai-y integrals are obtained at once from 
the known derivatives of simple functions. Thus the deri¬ 
vatives (1422-38) furnish corresponding integrals. The fol¬ 


lowing arc in constant use :— 


1922 

^ .r” (/.(’ = 

d' 

ni-f-1 

1924 

1 a’'d V — 



log «■ 

1926 

C dr 

1 

— ■— ( 

J a’\/(cr— «■) 

a 

1927 



J d'\/((rAz<v^) 

a 



-j- \/ (n ’ rb a*‘) 


[Substitute - 
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1928 J = 1«S ± “')} • (1»09, Ex. 1) 

1929 i —n^ —= sill-' il or - cos'’ —. (143+) 

J V (ic — cf') a a 

1930 f , - = ±V{u^±^v'^). 

J \/(^r±cr) 

1931 Cy Parts, Division, and adding results (1918), we obtain 

\ \/(>r^ ± «■) </•»’ = i‘V v/(* 1 ’^ ± «■') ± i- log {.r + \/(.r^ ± (r )}. 

1932 By Parts, Division, and difference of results, 

r .v^(Lv 


.-1 \/\<xr‘ dz (fA) 


i.r\/(*r®±«^) q: log {.»’ +v/(.r®dt«^)} • 


1933 ( \/(a^—a’^) dx = ia® siu"' — + ^,r 

d “ [As in (1031) 

1934 f /f = ¥«”■ siu"' ^ - 2‘P 

J Vitr—x-) u [As in (1032) 


(1436) 


1935 r = i tan-' il or - i- cot-' — 

J a a a a 

1936 f f o = log [By Partial fractions 

J jT—iU "la ci’+a 

1937 f i log [ 

A cl - 2a a—.i’ 


Do. 


1938 J"sin X dx = — cos .r. j cos .r (/.r = sin x. 

1940 tail a'(Lv = — log cos ci\ I cot cV (Lv = log sin d\ 

J A 

1942 I' sec .v(Lv = log tan J eoseCcr = log tan ^. 

Method.—(1940, ’2), substitute cosaj. (P941, ’3), substitute sin.T;. 

1944 j = .V sin"' .V + a/(1 — cC"). 

1945 J cos"' .r (Lv = cV cos"' .v — \/ (1 — .r^). 



















ciPxcrLAU FrxrTjoxs. 




1943 \ tan .r </.r = .r tan"^ .r — I (1 +.r“). 

1947 \ <‘at“^ a f/.r = .^ialr^^+ I lo^(l+.r“). 

1948 \ soc"^r//.r = .rs('c"‘a — lotC !)}• 

1949 \ fOS('c"^r f/,r = .^(•()soc~^^ + Io^^ [■^■+t j} • 

;Mi:n[OD.—(1011) to (1010), intograto by Parts, j <?./?. 


\ 


;ir j' (Ij- =z |()^ 


[Py Parts, J dx 


(Iv 


a-\-b <‘()s d' 

\ 


tan- 


'{. 


1950 

1951 i 

“ V — \ \ (* —«j tail i.r’ 

according as a is > or < />. 

[Subs, tan i.r, aii<l integrate by (1035 or ’37) 


- loo- ^ V>-f^0+\ —^0 tan 


YAirrors fyokfixitf. ixtfcifat.s. 


GKNKllALIZED CIRCULAR FUXCTJOAS. 

1954 j (/d\ \ cos” (ld\ I coscc” dr. 

Method. —M'lien v is integral, integrate the expansions in (77*2-4). 
Otherwise by siiccessiv'e reiliiction, see (2oG(J). For ^ eosee'* r/.r, see (2058). 


1957 

F a — I 

Phodf. —By Divi.slfni; tan” .> = tan" 
■wbicli is integrable; ami so on. 


tan”“^.r tan” '\r « 

-rr-H-^ 

)t —»> a—.) 

"’x sec'.c —tan" ‘‘.r, tlie first term of 


1958 f , , = , . ' 

(^/ + o cos.r)” {(r — h ) * 

jMetiiod. —By substituting tan = tan 


I COS .r)f/g. 

f\/ClTz)- Similarly with 


sin.r in the place of eos.r, snb.ctitutc 


*cos'’ c 
sin Ji r 
2 T 


I fir, I fir. 

J cos li.r J sni/i.i 


1959 I 


COS )ld 
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Method.—B y (^09 & 812), when p and n are integers, the first two 
functions can be"resolved into partial fractions as under, p being < n in the 
first and < n—1 in tlie second. The third and fourth integrals reduce to one 
or other of tlie former by substituting ^tt— x. 

c osP.r _ 1 siii(2r—1) Qcos^f2>’ —1)Q ^ _ X. 

cos )i.c n cos a; —cos (2r —1) d ’ 2/i 

cos^ . r _ 1 sin' rd cos^ rO ^ 0 =—, 

sin 7i.r 7i.sin.K cos a’ — cos/'ft’ u 

The fractions in (10(33) are integrated by (1952) ; those in (19(34) by (1990). 



Formuhe of Eechfction. 

1965 2 ~ tLv- -I (Lv 

J eos^.• J fos''-^r J cos^^■ 

1966 ilv =-2 f "i» il.r+ rcos(»-2)£ 

1967 C^<Lv= 2 r£2M^;^3/.r+ r ^‘” d.v 

1968 f (iv = 2 r - (lv- r ! l! >(»-r) £ dv 

J COS'’“^l’ J cos".c 

Proof. — Tn (19C5). 2 cos® cos (w—1) x = cos «.®+cos (n—2) x, &c. 

Similaviy in (1900-8). 

1969 J siii^ vV sin ?i.v dv 

siii^ ct’ cos Ji.r 


p + n j> + 


^— I sin*'”'.!’ pos (n —1) adv. 
-t-)i J 


1970 


J cos’’ d’ siu ud' (Id' 

cos d cos »d - p — 1 eos’’“*.r sin (« —1) .c <l>’- 

it+u ^ p+n J 


1971 


I siii’’,c cos «,r </.(' 

_ _t!_ rsin”-',r sin («-1) .r ,lv. 

]i + n l> + ii P 


1972 


oo.s^ .r cos tor (Lv 
+ -JL. fcos^-^ .c cos .r (Lv. 

It 4-71 77 4-71 J 































CinCULAR FUXCTIOXS. 




PiJOOF.— J{y Parts, ^ sin 2 /.r (/,#•. In tlio new intcgnil cilantro 

cos j/j; cos u* into cos (?i—1) .r—sin ?<r sin Py successive reduction in 
this way tlic integral may be (bnntl. Similarly in (P.'7U-‘J). 

Otherwise, c.\|)and sin^.r or cos^'tc in mullij)lo angles by (77‘2-d), and 
integrate the terms by the following (brmiihc. 


1973-1975 



1 sill p.r sill )LV (/.V = -ij 

(sill (p — n) a’ 

sin (ii + )i).r\ 


P + it / 


and so with similar forms, bv (GbG O). 


1976 1 < p.t (h i i-in p.i found from 

J cos )U' J cos }LV 

f i cos —sin/J.t’ 7 ,. _ o f 

J cos/t.f 

wlnm p and n arc integers, by ecinating real and imaginary 
parts after integrating the right side by (202d). 

Pkoof.—P ut cos .r + i sin x ■= z \ therefore izdx = Jz. ^fultiplying nume¬ 
rator and denominator of the fracti >n below by cos)t.r-f r sin we get 


cos ;).r + i sin jix _ f, cos (p-\- u) .r + i sin (p-\- 71 ) x _ ^ s'"" 
cos ux 1 + C03 "^nx -j- i sin 2nx 1 -t 2'” 


tbereforo 


f cos )Kr-\-} sin px ^ . f 

J cos 71 X J 1 + 2 '^'* 


1978 f 


COS p.r f/,r 
sin )Li‘ 


and i arc found in the same 

sill ?Lt‘ 


J. f cof> p,v f sm p<r J ^ f ^ d:: 

way from —dx = 2 —-. 

J sin iLC J 1 — 


Pkoof.— As in 
cos ;).r + i sin }>x 


(107<)), by multiplying numerator and denominator of 
cos nx — i sin 7ix. 


1980 

Putting y — 
— id y 


j cosa f/c J sm a -dv 

J ‘ J V^(cosnc) 

cos . 1 .-f-* sit) wo find tan = i (I —y")j tbereforo 


"'(cos nx) 


ydx = - —Hence, nuiUiplying by i, wc have 


f t cos .r —sin _ f tZy 

c (,cos Iix) J 2 - y" 


The real part and tbc coellieient of i itt the expansion of the integral on 
the right by (2021, *2), arc the values rc 4 uircd. 
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1982 [- 

I a c 


d.r. 


I 2 . / . a" — - y} j\ (tan.-g /—)■ [Subs, tana; 

J tt cos a; + 6 sm a; \/(tio) \ y a / 

1983 {6 lo" (a cos.'K + & sin a;) + a.r). [Subs, tana; 

J a-j-O tan a; a’ + o 

+ [Substitute cot a; 

ah) cot X va 


1934 f 

J tt-fosiu aj ^/{a‘ + ub 


1985 [ ^ dx = \ tan“^ (a cos x) — [Substitute acosa^ 

J i + a cos“ X a a“ 

-tCkOn r cos^xdx 1 i -1 a sin a; sin .a; .-c. r 

1985 -o-T" = “rTTi-“//I- ~ —5-* [Subs, smaj 

J 1 — id cos^ X ad \/(l — a') (1 — 

1987 j coss — siu^ a;) cZa; = ^siua;-/ (1 —sin^a;) + ^sin‘'(asina;). 

[Substitute a sin a? 

1938 [ sin X \/(l — (d silica;) dx = — |cosa; </ (1 — a^sin^.^;) 

— —loj? Ic*- cos X + (1 — a“ sin^a;) |. [Subs' a cos x 

1989 j* sin a; (1 — a® siu“.a;)* cZ.r = —icosa;(l—a^siii^a;)5 

+ 1 (1 —a‘) J" sina;<\/(l —sin^a’) da;. [Subs, a cos.a; 


1990 

[ dx 

log { (a cosec a; + Z) cot xY tan® 

J sin .t; (n + Z/ cos a’) 


By 

1 _ 

a—h cos X />■ sin x 

sin X (aA b cos it;) 

(a‘—U) sin X {ad — b‘){aAh cos x)' 

1991 

f tan a; d.r _ 

1 cos . 7 ; \/('Z) — c) 

I x/(a + 6 tan'^ x) 

V{b — ad) Ah 

[Subs, cos a; - a) 

1992 j 

r \/ (rt 4- Z; si n^ a;) _ 

1 sin X 

/7 \/h cos X 

= Vh cos * - --- 

+ U) 

— •da log { s/a cot . 7 ; + v/(« coscc‘a’-|-Z/)}. 

^Ietiiod. —By Division (1012), making tlie numerator rational, and in¬ 
tegrating the two fractions by substituting cot.i; and cos a* respectively. 

1993 J 

dx 

_ c (j , 1 .. _ r .u \ 

u + 'lb CO.S .c + c Cos 2js 

m C J 2ccos.t; + Z; — in J 2c cosa;-t*Z/-r ai 3 ’ 

wliere m = 

= y{b^-2c(a-c)}. 

Then integrate by (1053). 


1994 f- 

J a cos A' 


(Ir 


fie 


+ 6siiK<* + c* J y {^r+l)’) voa e+c 

.METirOD. —Substitute 6 = x — a, wberc tan a = 


. (10o3) 



























EXrOXEXTIAL AND L 0 <iARJTJfMIC FVXCTIOXS. ^ 2 :) 


1995 


r /’(sill .r, cos.c) (I.r 
J o cos ,r+/> sin .c+^' 


bt'iiig an integral algebraic function of sin.r and cos r. 


^iKTlidi'. Substitute f)=x — a as in (lUOl), and tlie rosiiltiii^ integral 


f f (sind, eosO) dO _ 

f <1, (cox il) .1(1 

1 sin U\l/ (ens tl) 

J .1 CoS (J-1-7/ 

) .1 cos « + ft 

J .lco.sO + 7;’ 


s'nee/ contains only iiiteii:ral jiuwers of the sine and cosine, and may there¬ 
fore be resnlved into the two terms as indicated. 

'I'u find tlie first integral on the right, divide by the denominator and 
integrate each terra separately. To find the second integral, substitute the 
detumiiinitor. 


1 QQfi I _ /’ (cos .c) (/ f‘ _ 

J (oi+Z/i cos.c) cos.c) ... co.Scc)’ 

■\vlicrc F is an integral function of cos x. 

;Mi:TiiOD.~nesolve into partial fractions. Each integral will be of tho 

form [ --- (1901). 

J yl -f li cos X 


1997 


I* .1 COS .c + /> sin .c + F 

A o cos sill .c+c 


;Mi:tiiod. — Let <p (x) = a cosx-\-h i^\nx-\-c <;»'(.r) = — asinir-l-^'cos.r. 
Assume A e sin.r-f 6’ = (.r)+/<(/»'(.r) + r. Substitute the values of 

<p (.r) and <}>' aud etpiate the coellieients to zero to determine A, r. Tho 
integral becomes 

1 i X + u ^ -f ’ \ (Jx = Xx + ii log^fa:) -f [ —^— dx^ 

and the la.st integral is found by (1001). 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS. 

1998 b can be found at once when F(x) can be 

expressed as fhr simi of tiro funrfiuus, our if icJiich the 
ih rirofivr of fhr. ofhrr, for 

+ I.r 

1999 and | c" sin”i.i r/.r are respectively = 
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and 


a sill hd —nh cos h.v 
a-+n^U^ 


Ihv -j- 


«()i—1)//- 

u^->rn%‘ J 


sin" ^bd'dd\ 


PjjOOF.—I n either case, integrate twice by Parts, 

Otherwise, these integrals may be found in terms of multiple angles by 
expanding sin” oj and cos”;c by (772-4), and integrating each term by (ll»ol-2). 


2000 j sin”cC cos’” ccr/.r is found by expressing sin”.r and 

cos”a? in terms of multiple angles. 

Ex.: sin®a; cos^ajJo;. Put = 2 in (7G8), 

(2^sina;)®(2 coss:)^ = {z—z~^y(z-\-z~'^y 
= {z^-z-y = iz^-z-'^)-S (z^-z-^) + (iz^-z-^) + 5 (z-z-^) ; 

sin^ x cos® x = (sin 7aj — 3 sin bx + sin 3a; + 5 sin a;). 

Tlien integrate by (1999). 

2001 Theoeem.—L et F, Q be functions of x; and let 

^Fdx = Pi, j* FiQ^dx = F2, J F.2Qj.dx = P3, &c. dlien 

Ji-’QV/.r = T\Q’‘- nP,Q’‘-^+ («-l) PzQ"~'- ... ±liLA.+i. 

PkOOF.—I ntegrate successively by Parts, ^ F dx, &c. 


2002 Theoeem. —Let P, Q, as before, be functions of x; and 

le. P.=(f). P = ({))■ P = 

CP , _ P ^ 

J <7- - (b -1) Qjr-^ («- 1 ) (« -2; V,. 


(«-i)(«-2) («-;}) 

Proof. —Integrate successively by Parts, J — 

Examples. 

2003 j •1’’“"' ('og ■' )” 

= •!!(/»_ iL /'-V” (’'-D ... +(-l)»^). 

in \ m nr nF/ 


Mftiiod.—B y (2001). A = ^ , A =A = 3 . 


















ALGh'i^iAii' rrx(Trnx,^. 


^27 


2004 

I (/./• = 1 .r”* {l +>/./• (it i' lo^.r)"+t^'C.{ ff.t\ 

J J “ Lliy(H'.0 

niul oacli term of tliis result c;iu be integrated by (!2<>0:)). 


2005 


C y”-U/.r 

} (logcr)” 


ill! -g j_ »r/ \ 

7/ —1 ' (y< —1) {ii — 2) 1^/—Ij ' 

tl — 1 } logU‘ * 


:Metiiod.—B y (2002). Rv = a:'", = mx”'-\ R, = mv"-', <tc. 


The last method is not applicable when n = l. In this 
case, Avriting / for log.r, 


2006 i- 


^(l.r 1 , , , , m-p , iiPP , nPP 

,„ — = lofc''+«-/+ + yyrrjyyp- 


-&c. 


~w-l ^mloKx -A • 

yiEinoD: -. Expand the numerator by (loO), and intc- 

lug X X log X 

grate. 

Sec also (2101-G) for similar dcA-clopraents of the expo¬ 
nential forms of the same functions. 


r^\RTICULxVR ALGEBRAIC FUNCTIONS. 

2007 f_- = -1- J_1- 

J n-U(l-.cU-‘ a,-"-') 


+ f__i_1 u 

«-2 C(l-.r/‘-' x”--) 


I ^>b» + 1)...2(»-J_) at 

1 . 2 ... («-l) “ 1-x 

?i being even. (101*^) 


2008 J 


th 


( J + U‘X~} v/ ( i — x’) V (1 + 




[Subs. 


yri-x’) 


2009 [ 

2010 I 


d.r _ t ^ iT + \^(l 

(1+i’) ^(i’-i) y-i ° v(i+x’; 
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2011 


(l.r 


-, ,- Sin*’ a/ > he 

(c + e^') \'^{u-{-bx-) ^{aca—hc^) V V ae.c^A-ac / 

c \/(a-\-hxG A-^^/ihc^—nce) 




— acc) ^ \/{c + ex^) 


2012 

f _ 

2 \/(a-\ bx^) — y/a 

[S*.bs. 4- 

1 X v'{ci-\-bx’^) uy/a ° v/a;" 

2013 1 

r (1 +••>!=) -7,1! 

1 , .tv/ 2+v/n+ah 

[Subs. 

1 (L-a;”) v/(l+a;b 

v/2 1-4^ 

2014 1 

r a-^^)dx 

— ^ sin*’ 

rc? u a*v/- 
[Subs.T^ 

\ (l+x^) v/(1-^.0 

y/'l 1 + a;'’ 

2015 1 

1 1-a;' v/8 ( ^ 1-a;^ 

.[rv/2 ] 

2016 J 

xNlx 

_ 1 


(1— X*) y/ (l + icb 

4v/2l ® l-a;^ 

I +•'»“! * 


[Substitute 2 \/(l+ «;'*) = a; y2 in (2015-b) 


2017 


d,x 




■ tan* 


’ (2.i;“-’ -1 + a; ^ {2x^ - 1 

[Substitute x = z(2.c^—1)^ 


2018 ( 


_ lU _ 

(1 + 0 !*) + 


tan*’ 


_ X _ 

{ v/CL + a3’;-x'|^‘ 


[Substitute 


X 

\ '8 ^ + .c*> — X -} 


2019 

f —~—^ = log 


O' + V I -a:’- 4-. to’*'' [Subs. 

\/b x X 


2020 ( 


—- T- T j ff —;-reduces to (2019j b}' substituting 

(i+a;) y(H-ba: + :i6') ° 


INTEGRATION OF 


cr" ± 1 

Tf I and 7 i arc positive integers, and I —I < then, n 
being even. 


If / = »?, the value of the intogrnl is simply 


logCr"-]). 
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V-i 


.r«-f I 


2021 i’;7^ = '«? (•'—1) (■»’+0 

— — (:osrlfi\o)^{,r —2,('c()srj8+1) —-S sin 
' A' t?v ^ Ii Sin rP 

where 3 = , and S denotes that the sum of all the terms 

n 

obtained by making r = 2, 4, G —2 successively, is to 
be taken. 


If ri be odd, 

2022 j’'^' = -l-log(.r-l) 

+1 2 ; cos rlj3 Iog(.i'-—±c cos ryS +1)—- S sill r//3 1 air' ■ * ^ 

‘ ?i A' ov ' fi siiirp 

with 7- = 2, 4, G ... >? —1 successively. 


If n be even, 

2023 I = _ i_ S cos rl/3 log (.c^—2,r cos r/3+l) 

d .r”+l »» 


n 

1 2 V • 10 4. -i.r— cos)’j3 

4 - ^ sill rIB tan ^ 

ii sill rp 


with r = 1, 3, 5 ... ?? —1 successively. 


If n be odd, 


2024 


J cr»+l “ n 


log (u’ +1) 


— i S cos vjp\og{x'^ —2.r cos ryS+ 1 ) + - S sin r//81 an" ^ a cosj P 
n )i sni rp 

with r = 1,3,5...?! —2 successively. 


Proof.—( 2021 - 4 ). 


'V*' * * • 

Resolve into partial fractious by tbo method 

.r" ± 1 * 


of (1917). We have = d — = ^L- since a" = T 1- The ditferent 

b (a) v/a"'* n 

values of a are the root.s of a;" ± I = 0, and these are piven by x = cos r/3 ± 
t sin r/3, with odd or even integral values of r. (See 4S0, 4Sl ; 2r and 2r+l 
of those articles being in each ca.'^e here rejnesented by r.) The fir.st two 
terms on the right in (2021) arise from the fiietors a: ± 1 ; the remaining 
terms from quadratic factors of the t^-pe 

(a* —cos r/l — 1 sin r/3) (a* —cos r/3 -r i sin r/3) = (.r —cos r/3)’-f sin* r/3. 

These last terms are integrated by (1923) and (1936). Similarly for the 
cases (2022 -4). 

2 u 
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2025 If, in formulae (2021-4), ^ E (^tt —?’/3) sin r/^ be 

added to the last term for the constant of integration, the 
integral vanishes with <r, and the last term becomes 



sill r/)8 tail ^ 


cV sill r/3 
cos rfi' 


reading — in (2021-2), and + in (2023-4). 


2026 





ih, 


where az"" = Then integrate by (2023-4). 


2027 


f- 


,«i —1 —?n —1 A 

-- (Lr = — X sill tan“^ 

cr”+l n ^ 


.r—cos ry3 
sin 


where /3 = tt — ??, and ?• = 1, 3, 5, ... successively up to oi—\ 
or 71 — 2, according as n is even or odd. 


2028 

1 li-i- ^ cos mr^Aog (.r^ —2.r cos r/8+1), 

J cr“4-l n 

with the same values of r; but when n is odd, supply the 

addit ion a 1 term (— 1)"" 2 log (.^ +1) -^ 

Pnoor.--Follow the method of (2024, Proof). 

Similar forms are obtainable when the denominator is .r" —1. 


2029 


W/.r 


1 


, —-—;- 7 , S COS (;?—/)</>.tan 

J —2tr" cos }i9 -\-1 n sin u6 

— sin (n — l) <f>Aog (.r“--2,c cos <^+ 1), 


_1 ,?—cos <f> 


sill (/> 


where </> = G-j- and 7 - = 0, 2, 4, ... 2 (?? —1) successively. 

• iT sin <i> 

But if the inteo:ral is to vanish with i\ write tan"^ —- , 

■ /oAo-\ 1—.rcos<^ 

as in (202o). 


Proof. —By the method of (2024).—The fartor.s of the denominator are 
given in (Hj7), putting y equal to unity. 
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IXTEGRATJOX OF j F'' (a + . 


2030 


1 t/.r = | cos (r//3+liiin) 

J ,r"± I II L 

Xl(>y(,i- —2,i c(>sr/3+l)—2 sill (W^+.^>»7r) lair' '' j • 

with the values of f3 and ;• in (2021—1). 


Proof. —Diflbrentiato tlie equations (2021-I) ii/ times with respeet to I, 
by (1427) anil (1 101-2). If /n be nef^ative, integrate m times with respect 
to I, and the suj/ie formula is obtained by (21o5 G). 


In a similar manner, from (2027-8) and (2020), the general 
terms may be found for the integrals 

2032 


r ±(-1 r ..--"- 1 r 

d a'± 1 J 


.r^~^ (log .r)”’(Av 
2 ci " cos /I 0+l‘ 


INTEGRATION OF j y'^(fLV+dy*)^ (/,r. 

2035 Rule I. — ll7ien is a positive integer^ integrate 

I 

hy substituting z = (a + bx"). Thus 

j“.c-”(«+6,c")b/.c = ^ 

E?'pand the binomial, and integrate the separate terms by (1922). 

2036 Ibit if the positive integer be 1, the integral is known 
at sight, since m then becomes = ?? —1. 


2037 Rfle 11 ,—When negative integer, 


Thus 


substitute z = (ax "4-h)‘*. 

j'.,- i 

Expand and integrate as before. 


. p -1 


dz. 


2038 Hut, if tlie negative integer be -1, the integral is 
found immediately by writing it in the form 
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Examples. 

2039 To find + Here m=i n = h 1? = 2, g=3, ^^^ = 3, 

a positive integer. Therefore, substituting 2 / = (l + a;^)^, a; = (?/* —1)’, 
ccj, = <oy^ the integral becomes 

I (f- 1) i j/y = ^\ y' (y’- !>’ '^y> 

the value of which can be found immediately by expanding and integrating 
the separate terms. 

2040 I x^{aA-b.A)^ Jx ~ J- (a-hhx^)K 

For = 1 (2036) ; that is, m + l = n, and the factor aj® is the derivative 

11 
of 

2041 I n dx, or I aj- • (1+ a')* dx. Here m = -i, n = |, = 2, 

0=3, -p ^ _ 2, a negative integer. Therefore, substitute 

n q 

y = (a;''^ + l)% X = {if—\)-\ Xy = —Q>if (y®—1)'®. Writing the integral in 
the form below, and then substituting the values, we have 
(x~^ + 1)^ Xydij = — Q\if (jf—l) dy, 
which can be integrated at once. 

2042 f . = f dx. Here + ^ = -1; 

J X {a ) J n q 

therefore, by (2038), the integral 

= j a?’"”' («»■"+Z^)'‘ dx = - - log («.«■'*+?>). 


HEDUCTION OF jj {(i + kv^Y (Lv. 

When neither of the conditions in (2035, 2037) are ful¬ 
filled, the integral may be reduced by any of the six following 
rules, so as to alter the indices m and those indices having 
any algebraic values. 

2043 I- To change m and p into m-fi^ 

Integrate hy FartSy Jx“Ulx. 

2044 II* To change m and p into m —n and p + l. 
Integrate hy Farts^ Jx"“^ (a + bx")’’dx. 

2045 ITT. To change m into m-f-n. 

Add \ /op. I'hcn integrate hy l'<n'fs, j x’" dx ; and also 
hy DirisioVy and egnafe (he rcsnl/s. 











liEDUCTJUX OF (/./•. 


33 .^ 


2046 IV. To chan (JO in Intu in —n. 

Add J to p, anil subtract ii from in. Then integrate by 
Parts, \ x"’(lx ; a)id also by Jhrisioii, and equate the results. 

2047 *V. To change p into p + 1. 

Add 1 to }). Then integrate by Division, and the new 
integral by Parts, J x‘‘~^ (ii-f 

2048 VI. To cliaiiijf |) into p—1. 

Intcyrale by Diiur:ion, and the ntor nileijnil by Parts, 
3 X"-' (ii + bx")''. 


2049 ]\IxEMuxic Table for the same JIules. 


I. 

m + ii, P“t 

lit/ Farts (in). 

IL 1 

m —n, p + 1 

Fij Farts (p). 

III. 

m4*u 

(p+1), Farts (m) and Division. 

IV. 

m —u 

(p+1, m —n), Farts (m) and Division. 

V. 

p + 1 

(p + 1), Division, and the new integral hij Parts (p). 

VI. 

p-1 

Division, and the new integral hij Parts (p). 


By applying the rules, Forrnuhr. of reduction are obtained. 
Tims]! any of the six values below may be substituted for the 

integral | {<( (Lr. 


2050-2055 

j {n + Pr^y __ i 

lH+1 /H+1 ‘ 


II. 


/>«(/' + !) 

bn{i,+ \):' 

.r"*'{)t + b.r"Y'"' 

ll(lll + ll+llll+l) 

It (»i + l) 

It {ill +1 j 

y"-''*'(<i+bi”)“*' 

+ 1' 

b (/n + ///>4-1) 

b (ni-b ///>+ 0 * 


m + n + np+i j 
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Examples. 

2056 To 6qc1 I — ^ Apply Hale I. or Formula I.; thus 

dx = + l ^x-'dx (1927). 


2057 To find I- - - -dx. Apply Rule II. or Formula II.; thus 

^x'(a‘-x^)-idx =x>(a‘-x^)-'—3^x^ia‘-xT'dx (1934). 

2058 J cosec’"Substituting sin d = a;, the integral becomes 

I sm-^'d^dx = j.'e'”* (1 -x‘^)~^ dx. 

Apply Rule III.; thus, increasing p by I and integrating, first by Parts 
^x~”*dx, and again by Division ; 

f *-» (I dx = ^-'7^ + 7_ (1 -X*)-* dx, 

J ^ ^ 1 —?u 1—m J 

I(l—a;^)^ c?a; = {\—x^)~^dx—^x'^~'^ {\—x^)~^dx. 

Equating the results, we obtain 

2059 \x-(i-xT‘dx=fyo-x^)i+^\x^-"(i-^T'dx. 

By repeating the process, the integral is made to depend finally upon 

(1 —da; or | (I —d.r, 

according as m is an odd or even integer (10-!7, ’29). 

2060 i sin’"flc?0 is found in a similar manner by Rule IV. The integral 
to be evaluated is f .r*" (1—a;^)~* tZ.c; and the integral operated upon is 

— dx. Otherwise apply Formula IV. See also (1954). 

2061 To find I - g. r .v = increasing^ by 

J (a) + u“) 

1, we have, first, by Division, 

I {y+yy dx = j {x‘ +w®) ■ dx +| {x ^+«’)■’■ dx. 

Integrating the new form ])y Parts, j* a: (.c^ + a’*)"’'d.i*, we next obtain 
^x^x^ + a?)-'dx=^^^jy- - j" (^* + a’)'"'f'-»- 

Substituting this value in the previous equation, wo have, finally, 

2062 

I’ (l,r _ I 2c—^5_ I fl<r 

} (7^+^ ~ 2 (c- I) ir (.r+a'-y ' ir (2c-2) (.r‘+„-‘y-'' 


















REDVCTIOX OF (sill”* 0 cos'^0(/0. 




This equation is given at once by Formula V. Tims r is 
changed into /* —1, and by rt'peating the jirocess of reduction, 
the original integral is ultimately made to depend upon (lOdo) 
for its value if r be an integer. 


Another formula for this integral is 


2063 


(Lv 




1 . 2 ... (r-l) 


( \ 

/3 


tail 



Proof, —Write ft for in (lOo.*)), and ditTerentiate the cqnaiion r—I 
times for/5 by the principle in 


2064 To find Apply Pule V[. P.y Division, we have 

I + = a’l (.I’ + .r’/"-'./.,' + | j'> (a’ + .r’/"“’<?.c. 

The last integral, by Parts, becomes 

I + ^ * (a’ + .>’;*’‘ - ^ j (a’ + i';*”- 

Substituting this value in the previous equation, wo obtain 


2065 f J (,r-+y-y’-'</.r, 

a result given at once by Foi’mula VI. 

If n be an odd integer, we arrive, finally, by successive 
reduction in this manner, at j + (/.r (lOol). 


2066 The integral j siu”’0 cos^0(/0 is reducible by the fore¬ 
going Rules I. to VI., if, in applying them, n />e ahnn/i^ put 
equal to 2; If p he chniujeil into ])i2 instead ot Ji+li 
if Division hr ahrays effected hy separafiny the factor 
cos‘0 = 1 — siirO. 

Proof. \ sin*" d cos**Odd = ^ uj’”( 1—ar')' d.r, where t = sin 0. Thus 
n = 2 always, and the index \ (j) —1) is increased by 1 by adding 2 to p. 


Thus, Rule 1. gives the foimiula of reduction 


2067 

I s\u'''6c('is^6d0 


. P 


)n -b 1 


- + 


-1 


-f 1 * 


|sii 


'^cos^ 'Odd, 
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But tlie integral can be found by substitution in the fol¬ 
lowing cases :— 

If /• be a positive integer, 

2068 1 cos“'"^^r = (^(1 — where ;j = sin.r. 

2069 I cos’’.) r/.i’ = — | (1 —z^z^dz, where 0 = cos<r. 

If m+p = — 2f, 

2070 i sill”*u’cosherr/a’ = | (1+^^)'' where 2 ; = tanjr. 


FUNCTIONS OF a + />,r±Ccr2. 

The seven following integrals are found either by writing 

2071 a + bx-\-cx^ == {{2cx-\-by-\-4ac — b^l -^-4r, 
and substituting 2cx -\-b; or by writing 

2072 a-\-bx—cx- = {4ac-\-b‘^ — {2cx — byi 4r, 
and substituting 2cx—b. 


0073- f ^ ^ 2c.v+b-^/{¥-4ac) 

J a+l>.r+c.v-~ .y{h‘-iac) ^ 2e.r+b+./{U^-^ac} 

2 + -1 2ccr4-Z> 

y{iae-lry 

according as > or < 4ar (2071, 1935-6). 

0074. r _lo<r x/(b°-+'i(ic)+(‘^c.r-b) 

J „+6a—ty-* “ /r’+l.«r ® ^/(//^+l«p)-(2r.i—6)’ 

(2072, 1937) 


2075 


i // I /'* I " n = (2c,i’+6+2y<- v/(rt+&.f+c,i'-)}. 

(h 


2076 \ 




\''f‘ 


2ra'—b 
\ (4^/c4-6“)‘ 

(2071-2, 1928-9) 




















rrymoxs of a-\-lj,r±(\r. 




2077 f ^ /(«+i,r+r..”) ,I.r = (’ ,/(//”-+ ,h>. 

2078 I’ r,.’) <l.r = Jc-S f U,c+f;—,/'-) ,1;,, 

wlicrc y = 2 c,(! + b. Tlic integral;^ arc given at (T.):'!l-■'?). 


2079 


I _,.p-i 1 _ ‘IlL _ 

(« + /Ai+f.c-)" ■ J (//-+ \iw — l>Y 

[l?y (*2071), tho integral being reduced by (20G2-3). 


2080 


=il 


r (Ar +;>0 (Lv 

J {n + kv+(\vy 


{'2(\v-\-ff) (Lr 
*2cJ ((/ + /Ar+rcr-)' 


Y-^)^ 


(Iv 




The value of the second integral is (a -\-hx-^rx^y~^ -r- ( 1 — 77 ), 
unless 7 > = 1 , when the value is log + 

third, see (207d). 


first 


Method. —Decompose into two fractions, making the numerator of the 
b 2c./; 4-6 ; that is, the derivative of + + 


2081 \ —may be integrated as follows :— 

J a+Lr-\-cd'^ 

I. If b“ > Aar, put a and j3 for — cind, 
by Partial Fractions, tlic integral is resolved into 


- L_ 5 (U^ ^ ,/.r (. 

c[a—p) ( J .r—a J a--—^ ) 


(1036) 


II. If A^-<4ar, put '"- = ?i2and 

c c 


?n*, and tho 


2s/(nc)-h _ 
c 

integral may be decomposed into 

90^9 ’ ^ r (IV - 1’ (? -r») ■’— ?»* ff.r 1 

iW-U .(•'+»».<■+/) J .,^-m.v+n y 

the value of wliich is found by (20cS0). 


III. If l^ = 4ac, 

2083 j’ 


2+ ■ 


«+A.r-i-ra* ‘iu + A.r- ‘ \ (2//6) 

2 I 
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2084 

2085 


c?’ (Lr 


r__ 

r y~(h 

J a-\-bd^+c< 


2a 


_ 2a ( 

- b X 


b {2a+b.r) 

1 


/i2al) 


tan H<r\ — 


■r ■) 

2«+t>,r4 
( ) 


HEDUCTION OF J (n+ ?«■“ +rf")" (L,'. 

ISTote.— In the following FormuJcn of Jiediirfiov, for the sake of cjoarncss, 
tu’" (« + 6.r” + c.TJ-")'' is denoted by (tn,p), and the integral merely by J 


2086 («»+1) j {»>, p) = ('«+1. p) 

—hnp j {m-\-n, i)—\) — ‘lcnjy j ()« + 2h,;>—1) . (1). 

2087 i«(r+l) \ = («i—H + l,;)+l) 

— (m —if + 1) I (hi—«, j)-|-l)~'2e))(7»+l) | (mi + h,;>) ...(2). 

2088 2ch (r+1) I {»hp) = ('«—2h + 1,;) + 1) 

— (hi—2h + 1) j (m—2H,p+l)— />»(;)+]) I (w—H,jj),..(3). 

2089 (Hi+»r+i) J p) = ('«+i.r) 

+ (iup r {m, p — \) — cnp ^ (h;+2h, p — l) .(4). 

% »_ 

2090 (Hi + 2HJ)+1) I (hi,;)) = (hi+1,;)) 

+2«H7) { {>», p — l)+hiip I ()H + H,/) —1) .(o). 

2091 h(m + up+l) j ()H, p) = ()H — H + l, /i+l) 

— r/(m--?? + l) ( {)n — n,p) — c{ni-{-2n])~\-n-jr^) I {)n-\-n,p) 

_ ^ .(<>)• 

2092 /)H (/)+!) j■(„,,/)) =-(hi-h + 1,;)+1) 

+ (hi+2h;)+h + 1) ( (hi—H,;)+!)—2h)i(;)+1) ( (hi —h,/)) 

* .(7). 
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vEmrcrios of yr (a + LF'i-cx/ yd.r. 


2093 <'»{/>+l) \ (m,;0 = 

+«)i(/)+l) ((«i —2;i,y>) —(»i + »y< —« + l) j-/i,/>+I) 

. (S- 

2094 «»(/'+!) I /'+') 

+ (w+H/< + H + l) I ('»,/'+l) + <’"(/'+^) j ('» + -">/')•■■(■*)• 

2095 'litn (/'+') i ('"> p) — /'+') 

4-(7ft+2M/) + 2ii + l) i ()/i, yj + l) —6)1 (;>+l) i ('» + "./)) 

^^ .(10)- 

2096 «('» + l) = (»' + !./'+») 

—6())) + up +)i +1) j ("*+” >7')—f'())) + 2))y)+2)) +1) j ())) + 2)), /)) 

‘ .( 11 ). 


2097 


(• ())i+2))/) + l) I {>‘>>p) = ())i —2)) + l, y) + l) 


—6())i + /)y) —))+1) 1 {m—)i,p)—a{m —2)i + l) | ()))— -»•!>) 

' .(I-)- 


Proof.—B y diflurculiatiou, wc have 

2098 

^ (?», j)) = m \ (?H —l,p) + j ()» + n— 1, p - 1) -f 2rrip ^ (m +27i— 1, jj —1). 
PorrauUe (1), (-), and (^3) are obtained froin tliis eciu'ition by altering the 
indices in and p^ so that each integral on the right, in turn, becomes j 
Again, by division, 

2099 J(»b pt) = a \ (»>, p—li) + \ (JJ? + — 1) + Hi + 2a, ji — 1) ..(A). 

iVnd, by changing m into in — n, ami p int<* j)-|-1, 

2100 J(’»—»)i’+U = —+ + .(I^)* 


Fonnnla) ( 1 ) to ( 12 ) n 
( 1 ), by eliiniiiating 
(5), by eliminating 
( 0 ), by eliminating 
(7), by eliminating 


i)' now be found as follows 
(a/ + », —1) between (1) and (A); 

’(a/ + 2a, 7 ) —1) between (1) and (A); 
{m—v, 71 fl) between (2) and (B) ; 

( 7 )i+a, 7 ) between ( 2 j and (H); 
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(8) , from (4), by clianging m into m — 2n, and p intop + 1; 

(9) , from (4), by changing p into + 

(10) , from (5), by changing p> into p-f 1 ; 

(11) , from (6), by changing into 

(12) , from (G), by changing m into m — n. 


If a and /3 are real roots of the quadratic equation 
a + -j-= 0, then, by Partial Fractions, 

2101 f 1 (r.fV.r 

J “ c (a-fi) 1.) or"—a J .i’“—yS ) ’ 

and tlie integrals are obtained by (2021-2). 

But, if the roots are imaginary, 


^diere 


" + t 
cos nO = — 


2\/(ar) 


and z 


d+z^‘ 


2103 f? - ] reduced to (2079-80) by (2097). 

J (rt-t-OcC+c.r)^ 


where y = {x-\-h) \ A = c, B = h~~2ch, C = a—hh-\-ch^. 


2105 J 

2106 j 


dx 

(.tl + /0 

__ 

{x + h) ^l—x^ 


1 




_1 1 + llX _ 

xA-h 


2=rsm^^— 


1 


cosh ’ 


1 -|- hx 

IB /i 


[By (2181). 


Method.—S ubstitute (iB + 70'\ (2]04). Observe the cases in which 

7t = l. 


PI A 7 I __- =z — I 

J (.r+/i)'\/(«+^' ''+f <’-) vi^^+^'Z+^V’)’ 

■with the .same values for A, Tl, C, and ij as in (2104). The 
integral i.s reduced by (2097). 


2108 


l’ (I >'+>") <!<' 
(■''^+^-) ^ ' (a + l^ i A-c-' A 






























IXTl-JCRATIOX BY RATIOXAIJZATIOX. 




]\[ktiiod.— Substitnto 0 bj pntlint? ir = /> tan (0-\-y),^ and dctennino the 
constant y by equating to zero the coellieicnt ot sin '2.0 in the dononiiiuitor. 

The resulting integral is of the form [ 

® J roii20) 


Separate this into two terms, and integrate by substituting sin 0 in the first 
and cosO in tlie second. 


2109 


_ <^(.r) _ 

F{,r) 


where (p (<i') and F(.r) are rational algebraic functions of .r, 
the former being of the lowest dimensions. 


Method, —Resolve into partial fractions. The resulting integrals 

1' (.c) 

are either of the form (2107), or else they arise from a pair of imaginary roots 

of Fix) — 0, and are of the type [ — --—k* Substitute 

J {(a; —a)*-fv/(tt-f 6.c + cj;0 

a- —« in this, and the integral (2108) is obtained. 


INTEGPvATIOX BY BATIOXALIZATION. 


Tn the following articles, F denotes a rational algebraic 
function. In each case, an integral involving an ii'rational 
function of x is, by substitution, made to take the form 
^F{z)d::. This latter integral can always be found by the 
method of Partial Fractions (P.)15). 


2110 




iLv. 


Substitute where 1 is the least common dc- 

nominator of the fractional indices; thus, 

^ ^ />'-« <l£ = ikf-^o) X itc., 

h-fjz^' dz ih-<jz‘y ’ 
the powers of z being now all integral. 


2111 j'. 

Bcducc to the form of (2110) by substituting 
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2112 f 4^' + iLv. Subs, ^/{a-^\/mx-{-n), 

2113 ( y(6cr±c\r^)} f/cr. Substitute x = -^^. 

And therefore \^(hx ± cx^) = , ^ = — 

^ ' z^=fo clz {z^=Fcy 


2114 J {.r, x/(«+6.r+ea'^)} rf.r. 

Writing Q. for a-{-hx-\-cx^, F may ahvays be reduced to 

tbe form wliicli A, 13, 0, D are constants or 

rational functions of x. Eationalizing tliis fraction, it 
takes the form L-\-3\I v/Q. Thus the integral becomes 

^ Ldx-y^ A[\/Qdx, tbe first of wbicb tAvo integrals is 

rational, wliile tbe second is equivalent to 
is of tbe form in (2075). 


MQ 


x/Q 


\ dx, wbicb 


2115 Otherwise. —(i.) When c is positive, the integral may be made 

rational by substituting 
a — cz^ 


2cz 


:l ^ ^ 2e(bz-c>^-a) ^ ^(a + bx + c.^) = + 

b dz {2cz — by vlcz — h I 


(ii.) When c is negative, let a, j3 be the roots of the equation 
a-[-bx—c.d = 0^ which are necessarily real {a, b, and c being now all 
positive), so that a-\-hx—cx~ = c(x — a)(l3~x). The integral is now made 
rational by substituting 


dx 

cr + 1 ’ dz 


2 (a—d) cz 

icz^Viy ’ 


// 1 7 9\ (d —«) cz 

y(^a + bx-cz^) = 


In each case the result is 


of the form j* F (z) dz. 


2116 I .''“E (Lr, 

when is an integer, is reduced to the form (2114) hy 

substituting af. 


2117 

j /■' {.r, ^/{a+kr}, ^ "(/+g-.r)} <Lv. Substitute 




















lyricanALS iiedvcibit: to lu.i.ivric i\ri:iiUAi,s. n - l " 


1 .1 r « —/V’ /f , _i_l A — 

aiul, tlioi-oforo, > 

Tlic form (/’’[r, —obtained, wliicli is 

coin[)reheiided in (2114). 

2118 f.>■”/■’{,(•”, /(«+/r.i="), i.c”±v/(« 

wlicn is an integer, is reduced to tlic form J F{::)ih 

ill 

by substituting z = hx" + v/ {a+b'-x-’), and tbereforo 


V(a + h->x-'‘) = 

m + \ 


r + f7 , 


20:: ’ 

dz 2h^ \ 2hz ) \ z^ / 


r - 

2119 \ {ft+ 0^1'’) y’'(.7’”) (Lr is rationalized by substituting 

either (a-\-Ld')'^ or (u,r“” + according as -^ - or ^ R 

\ ^ ^ ^ ^ n n q 

is integral, whether positive or negative. 

» p 

2120 I {a*”*, a’”, (77 + />a’”)'^ | ^Ar, when ~ is either a 

positive or negative integer, is rationalized by substituting 

{a + bi^y. 


IXTEGKALS EEDUCIBLE TO EJ.LIFTIC IXTEGRALS. 


2121 f yi<i + b.r+r.F-+<l.i'^+r.r')] ,U. 

\Vriting A' for the quartic, the rational function F may 


r+Q s X 

P +Q\ X' 

and this again, by rationalizing the denominator, to the form 


always be brought to the form 
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M+N\/X, where P, Q, P\ Q\ M, X are all rational functions 
of X. J Mdx has already been considered (1915). 

( xVyX (Iv = (iLv or where B is rational. 

J 4.* \/ X J y/ X 


By substituting^ x = and determining p and q* so 

1 +?/ ^ 

that the odd powers of y in the denominator may vanish, the 
last integral is brought to the form 


f: 


7i (hf 


J +<■>/)' 

E being a rational function of y, may be expressed as the 
sum of an odd and an even function; thus the integral is 
equivalent to the two 


2123 


yW)(hi 


+ %'+ e//^) J 


J; 




The first integral can be found by substituting \/ y. 

The second, by substituting -X-—. for can be made to 
depend upon three integrals of the forms 




x/l-Z.-lc'* (Lr 


J 


cLv 


(1 + )icV^) \/1— a'“. 1 — k'iv^ 


By substituting ^ = sin”^ a*, the above become 

2125 i /, 

vl —A*" sm“9 A 

r_ (!<!> 

J (1+w si 11 *'^^) \/1 — Ir shr(j) 

These are the transcendental functions known as FAliptic 
Integrals. They arc denoted respectively by 

2126 


















rXTECn.lLS nEDCCiniE to EIUETJC IXTEriEAlE. .^ ir, 


APl’liOXLMATIOXS TO AXO N {Ir, f) IX SKI!Ili8. 

AVlien h is less tliiin niiity, tlio vnliios of T'(l,-,<j<) and 
from tbo origin f = 0, in converging series, aro 

2127 4’) = 

2128 /•: <^) = <^+1 ^4+ "*»-••• 

+ ( i; 1 i: :7^ 


where 
. sin 2<i , 

^1= — 

^ _ sin J(^ _ i sin 2 j> 


2. l-.O ... n 2'*“ 

[?i being an even integer. 


f 


1 2 

^ _ sin (5 sin t(/> , ir)sin2(^ 

./Irt — -r:-:-1- 


(> 




^ __ sin;?(^ 7/sin(/^—2) C(n, 2) sin (//—t) 


n-2 


n-l 


C(», .-j) 

Proof. —In each case expand by the Binomial Theorem; substitute from 
(773) for the powers of sin^, and integrate the separate terms. 

Tlie values of F{h’y (p) and E (Jcy (p), between the limits 
(p = 0, <p = ^TT, are therefore 

2129 

2130 


But series which converge more rapidly arc 


























346 


IXTEOTZAL CAICUIVS. 


2132 


W(1^ 


wliero 




2133 

J V 


F{,v)<lr 


{<L -|- /Vil’-f" 


- , wlien cun be ex- 


If h 


integrated by 
is negative, and F(x) of tbc form ^.r+ ’ 


pressed in tlie form 
substituting x-}- ^ 


substitute x -. 


2134 

Substitute 

Hence 


F (.r) (Iv 


+ ^cr + cF + (LF+cF + bF + aF) 

i?iL - lL _ _I_^ dz 
v/.f" \2 v5-2 ^^/zF 


and tlie integral takes the form 

r 


v/s+2-x/.^>,7. 


\a {z^--dz)+b (z‘-2)+cz+(l\ ■ 2 v'V-4 

■wliGfe P, Q, are rational functions of z. "Writing Z for the 
cubic in ^Y0 see that the integral depends upon 


r fiz 


and 


C Q j: 

J VZ{z±2)' 


J V Z {z ± 2) 

the radicals in which contain no higher power of z than the 
fourth. The integrals therefore fall under (2121). 


2135 




Expressing J^^{x) as the sum of an odd and an even func¬ 
tion, as in (2i22)), the integral is divi(h*d into two; and, by 
sid)stituting F, tlie first of these is reduced to the form in 
(2121), and the second to the form in (21‘hi) with (T = 0. 






















JXTKCT^ALS HKDrrillLE TO FAJAVTIC IXTEHRAI.S. 317 




r (.r) dr 


Put ,r = // + n, .'I root of tli(‘0(niatioii (( -|- If.r -\-r r--\-(lr^= 0; 

011(1, ill tiio iiitoi>ral, siihstitutu -'.7/ for tlio ck'noiiiiiiiitor. 

k’he form liiiiilly obtaiiiod will bo 

wliicli falls iiiuler (21 d!•), /’and Q being rational fnnetlons 
of .V. 


2137 


iV 


/■’(.,) d., 


\/{n + Lr+(\r') 

Expi’cssing /'’(.<’) as tlie sum of an odd and an oven func¬ 
tion, as in (LM2:3), two integrals are obtained. Py putting 
the doiiomiiiator eipial to in tin* first, and (Mpial to <i’;j in the 
second, each is rcducildo to an integral of the form 

i {r+Q v'a+lS~7 <t~, 

whicli falls under (12121). 

2138 I ^ — ^ F <#-)■ [K.M«a>d by CJ127). 

PnooF.—Snb.stituto cos 'x in (21-3'^), ami 2tati"*.r in (2120). 

2140 ~ ~ ~ " 

t 'I'- = A r(J'^, A or V - /■’( V •> - 

according as /y is > or < 2//. 

Pkoof.—S ubstitute accurdin^b’, .>* = ’2a siii^^ or .v = h f^\u'<{>. 

j \ '(«—,r)(.r —/>)(.!•+(•) ■” ~ \ (« + <•) ^ <i + c' 

Proof.—S ubstitute x =a-{a-b) siii'^», .r being <a and >h. 
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SUCCESSIVE INTEGIIATIOX. 


2148 In conformity witli tlie notation of (11-8/), let the 
operation of integrating a function r, once, twice, ... n times 
for X, be denoted either by 

I V, r ... ( V, or by d_^, ... 

J X J 2.V nx 

the notation d_^ indicating an operation which is the inverse 
of Similarly, since yo^., ys.^, &c. denote successive 

derivatives of y, so y_^, y.o^, y-^xi may be taken to rcjire- 
sent the successive integrals of y with respect to x. 


2149 Since a constant is added to the result of each in¬ 
tegration, every integral of the order of a function of a 
single variable x must be supplemented by the quantity 




... + 



where ai, a^, ... are arbitrary constants. 


Examples, 

The six following integrals are obtained from (1922) and 
(1923). 

When p is any positive quantity, 


2150 


j .u = 


J-.75 + W 


0>+i)(y'+-) ••• 0'+») 


fo. 


When p is any positive quantity not an integer, or any 
positive integer gi’cater than 


2151 


r j_ =_(nir_ , r o. 

(/> —!)(/> —2) ... (n —n).r^ " }nx 


When p is a positive integer not greater thau n, the fol¬ 


lowing cases occur— 


2152 


2153 


r (nD! 

Jpxo:^ I p —1 

I -t = (.r lofr a —.(•) +1 


(^+i).p 
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2154 f = 0. 

J(p+r)x.r^' ji—i l.(r-l)x i J ^ (p+r)x 

For tlic integral 'svitliiii tlie brackets, sec (2100). 

The following formula is analogous to (1101-2) 

. 1 ,. cos ] ou.' ] +j J*> 


SUCCESSIVE INTEGRATION OF A PRODUCT. 

Leibnit/;s Theorem (MOO) and its analogue in the Integral 
Calculus are briefly expressed by the two e([nations 

2157 7>„.(kc) = 0/,+8.)"»c, 7>.„.(oc) = ((4+8 ,)-”in-; 

where D operates upon the product nr, d only upon Uy and S 
only upon i\ Expanding the binomials, we get 

2159 A.x(«c) = «„xC .^^^ »(,.-2 )xC2x +&C- 

2160 c) — W_«xC ^^^^-(»+l)xCx4 ^ ^ ^^-(«+2)x^2x 


Proof. —The first equation is obtained in (14G0). Tho second follows 
from tlie first by the operative law (14So) ; or it may be proved by Induction, 
independent 13 % as follows— 

Writing it in the equivalent form 

f («y) = [ nv—n [ f wi’jx—Ac.(i.), 

J«x Jnx J n»l)x 1 .- J n> 2 )x 

make n = I; then 

I (ku) = I j ^«^^x+ JIV.2X—&C . (ii.), 

a result whieh may be obtained directly by integrating the left member .suc¬ 
cessively by Parts. Now integrate equation (i.) once more for .r, integrating 
each term on the right as a proiluct b}* formula (ii.), and equation (i.) will 
be reproduced with (a+l) in the place of n. 


2161 1 r“.t'”=f“(« + (0-V’»+l (). 0 r, by expansion, 

J nx • w* 

2162 

f \ X” - + 1 + I 0. 

J „x a’* L a 1. 1 ! a I J «x 

If m be an integer, tiic series terminates with ( — I)"* n*" *4-a*". 
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Similarly, by cliangiiig the sign of m, 

2163 

f 1) fm + l) I _j_ f Q 

]«x .x’'* a” Co;'" 1.2 aV"^- ) J>tx 


Pkoof.—P utting u = v = in (2158), the formula becomes 


nx 


Here e®'® is written before within the brackets, because ^ does not 
operate upon e®®. Observe, also, that the index —n affects only the opera¬ 
tive symbols and but it therefore affeets the results of those operations. 
Thus, since produces ae®*®, the o])eratioii is equivalent to uX, and is 

retained within the brackets, while the subject e®^, being only now connected 
as a factor with each term in the expansion of + may be placed on 

the left. 


2164 


__ ' 



J 

~ a I 

L a 


01 

r d V 

__ ( 

1 1 I »» 

m( m + l) , 1 



a ( 




Proof. —Make n = l in (21G2) and (21G3). 


2166 f < 1 ’^ (log cr)”'= ( [Subs, log a;. 

Hence tlio integral of the logarithmic function may ho 
ohtainod from that of the equivalent exponential function 
( 21 () 1 ). 

For another method, see (2003-5). 


HYPERBOLIC FUXCTIONS. 


2180 DErixrnoxs.—The hyperbolic cosine, sine, and tan¬ 
gent are written and defined as follows:— 


2181 

cosli.r = \ (r^'+f ‘0 = cos {Iv). 

(708) 

2183 

yinli cC = ^ = — / sill (/.r). 


2185 

(imh.r= =-/lan(/r). 

(770) 
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By these equations the following relations arc readily 


obtained. 


2187 co!?li 0=1; sinh 0 = 0; cosh x = sinh x = x . 

2191 

eoslt^cr—siidr,r= 1. 

2192 

siiih (.r+//) = siiili .r eo>h //+eo>h .r sinii i/. 

2193 

cosh (.r+//) = coslia’ cosh //+sinli a* >iiili//. 

2194 

. 1 / , \ taiili ,r + tnnh ?/ 

2195 

siuh 2.V = 2 siiili .r cosh .r. 

2196 

cosh 2a’ = cosh‘br+siiih‘^cr. 

2197 

= 2coslr.r—-1 = l + 2siulr.r. 

2199 

sinh 3a' = osinli a’+t sinh* .r. 

2200 

cosh.'la = lco.sh*.f—ilcosli a’. 

2201 

i 1 2 tanli a’ 

tanh2a’= —-——. 

1 +tanlr .r 

2202 

- TO t‘l tanh a'+ianh*a’ 

tanli.5,( = —1 -. 

1 +.»tanlra’ 


2203 

siidi = 

/cosh a — 1 

V 2 

; cosh^ =z 


2205 

tanli-^ = 

/cosh ,v — 1 

cosh a’ —1 

sinh .V 

V cosha’+l 

sinh a’ 

~ Cdsll ,l'+ 1 ’ 

2208 

cosh a’ = 

l+tanlr^a'. 

sinh a’ = 

2faiili i.f 

1 —tanh' .Va’ ’ 

1 — lanh'-^a’* 


INVERSE RELATIONS. 

2210 TiCt ?/= cosh.r, ,r = coslr* = log (j/+v f/-—1). 

2211 r = sinh u’, .r = sinh"^ r = log (r+\/r-+!)• 

2212 ?r = tanh.r, .r = tanli’^r == i log^ii-||-y 
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GEOMETRICAL INTERPRETATION OF tanli S. 

2213 The tangent of the angle n'h lcli a radius from the centre 
of a rectangular hyperhola makes icith tlce principal axis, is 
equal to the hijperholic tangent of the included area. 

Proof. —Let 0 be the angle, r the radius, and S the area, in the hyperbola 
— or r^=sec 2 d; then 

iS = J sec2OcZ0 = \ log tan + (1942) 

Therefore e^s _ l + tan _g therefore tan B = ^ — tanh S. (2185) 

1 —tanO + 


VALUE OF THE LOGARITHM OF AN IMAGINARY QUANTITY. 
2214 log{a+ib) = ^log(tt-+5=) + ?’taii-A. 


Proof.— log 


<7 4-ih 


>1 + ^- 


■K = 


= i tan 


-1 h 


By (771). 


DEFINITE INTEGRALS. 


SUMMATION OP SERIES BT DEFINITE INTEGRALS. 
2230 if{A)(Lv= ^{(i)+f{(i+(Lv) + ...+f{a+)HLr)~jtLv, 

c. a 

where n increases and dx diminishes indefinitely, so that 
ndx = h — a in the limit. 


2231 J^x. 1.—To find the sum, when n is infinite, of the series 


^ ^ d- — . 

n H + I n-\- 2 


1 


(lx 


(lx 


(lx ^ _ 

(i-f-t/.c (b-\-'Zdx 


n-\-n 

+.+ w"' 


Put 


. = -f ; thus, 
dx 


dx f'" dx 

2a J a X 


log 2. 


2232 Ex. 2 .—To find the sum, when n is infinite, of the series 


_I-J- - -p.+ 

dx , dx _, _ 

iTQldxy . 1 + indx)' 


dx 


Put n = - 7 -, then 
dx 

_ dx _ TT 

4* 


(1935) 





























TiiHnrtKMs RESi'KOTixa hiMirs or ixrrouATinx. 35:5 


TIIEOllE.MS ItESrHC'flNG 'fllE 
INTKGltATlON. 

I.IillTS OF 

2233 1 <^(a')t/a-=| <^(«-a)(/a'. 

*'o » 0 

[Substitute a—x. 


2234 f V = 2 

* 0 *0 

or ::rro, according as = i •/» (a—d’) for all values of x 
between U and a. 


Kx. — J siuxdx = 2 


sin xdx. 


cos xdx = 0. 


If that is, if <t>{x) be an even function 

(1101) for all values of x between 0 and a. 

2236 iLv = r.^ (aO (Lr = <l> (■<’) - 

%' —Cl *. 0 ^ *■' 

^ COS = jcos xdx = 


Ex.— 


cos xdx. 


If ^(.r) = that is, if cl>{x) be an odd function 

for all values of x between 0 and a. 

2238 4> (.'■) dA' = (.f) d.v and ^ “ <#> (.c) dx = 0. 

J-a c’o 

Ex.— [ ^sina*ti.r = — P^sinajtZj; and | ^ ^ sin a: J.K = 0. 

^ ~ 2 0 ” 2 

Given ((<c<5, and that x = c makes <!,{.>') infinite, the 

value of 1 1 /.(r) </.i; may be investigated by putting /i = 0, 

after integrating, in the formula 

2240 I </> (a ) d.r = j <f> (a ) </,f + | <}> (a ) d.r. 

»-a » « •- *’■*■'* 

If the function <p{x) changes sign on becoming infinite, this 
expression, when is an indefinitely small quantity, is called 
the jna’ac/paZ value of the integral. 
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"wbicli is the princi^ial value. If, however, /u be made to vanish, the expres¬ 
sion takes the indeterminate form oo — x . 


2241 Given a <c<&, the integral I ^ will always be 

{a V^' 

finitG in value while n is less than unity. 


Proof. —Let /i in (2240) be taken so near to c in value that xp (x) shall 
remain finite and of the same sign for all values of x eomprised between 
c Az Then the part of the integral in which the fraction becomes infinite, 


and which is omitted in (2240), will be equal to 




ilx 


-, multiplied by 


a constant whose value lies between the greatest and least values of ip (,v) 
which oecnr between \p (c — ^<) and i//(c + p). By integration it appears that 
the last integral is finite in value when is < 1. 


2242 ('/(.«■) = {l>-a)f{H+e{b-a)}, 

%■ a 

where 0 lies between 0 and 1 in value. 

The equation expresses the fact that the area in (Fig. 1901), bonnded by 
the curve y =f («;), the ordinates / (a), f {h), and the base h — a is equal to 
the rectangle under h — a and some ordinate lying in value between the 
greatest and least which occur in passing from /(a) to /(Z>). 


If ^ (x) does not change sign while x varies from x = a to 
x=h, 

2243 (7(.r) ^ GO (br =f{u+e(b-a )} \ V (-»') (br. 

Aa * u _ 

2244 If (p(^x, — ^ is a symmetrical function of x and -1, 

j>G0)T=4>(-0)?- 

f ® rl r® 

= + j 

0 Jo Ji 

and substitute — in the last integral. 


^^[ETITODS OF EYALUATIXG DEFIXITE INTEGRALS. 


2245 Ruho 1.— Sifhstihifp a vcir rariahic, and adjufit the 
Jim its a rrordingIy. 

h'or rxnmplrfiy see nuinhers 2291, 2008, 2042, 2.015, 2410, 2425, 2457, 
2500, 2G05, &c. 
















METHODS OF EVALF iTIS^: DEFIMTE IXTEOEALS. 


2246 Kclk \l.— fnf('<jr<ih‘ h// Parts (1^>10), so as to intro- 
duct' a 1cnoteii drjinttc uttctjral. 

For t'xamjtlt's, .<?»■« numbers ‘JiiUO, 2130, 21-53, 21(35, 2*181' 5, 

2(308-1.3, 2(323, 2(325, itc. 


2247 — Plijcrmtiatr or intiijratr ivith rrspret to 
sootr (jiutiifitif other than the rarlablc eoncerned; ij a knoira 
inte(jral is tlins oldaim'd^ eca/aate it, and then rert'rse the. 
operation of differentiation to' intejration before performed 
with respect to the secondartj caritible. 

For t‘.ratii])lrs, see numbers 2310 7, 2301, 2301, 2117, 2121 1, 212o, 2-128, 
2107 8, 2502-^1, 2571, 2575-0, 2501, 2G(J4 2014, 2017-8, 2032, ttc. 

2248 I iUrj3 LV .—Snbstitate intagiaanj valnes for constants, 
and thus transform the i.vpressiun into one capable <f inte- 
(j rat ion. 

For e.vamples, see numbers 2-100, 2104, 2-j 77, 2*501, 2508, 20o3, 2000, 
2015, 2041-2. 


2249 liULE V. —Ejpand the ftoiction, if possible, in a finite 
or conrertjitoj series, and intetjeate the separate tertas. 

For examples^ see numbers 2305-7, 2-102-3, 2418-0, 2470, 25U0, 2571, 
2503, 2*508, 2014, 202(0, 2025, 2020, 2030-2, 2030. 


2250 Rule VI. —Decompose the itttejral info a nnudrer of 
partial intet/raJs, and chanje all Ihtse bij same snbstifntion 
into integrals haring the same limits. IDj summing the 
resulting series, a new integral is obtained- irhich mag be a 
Icnown one. 

For examples, see numbers 2311, 2350 01, 2572, 2038. 


2251 Rule fpnrate tin fnnetion to be Integra <(i 

into two factors, and replace oiU' of them ftg its mine in the 
focm of a defnife integral taken intireen constant limits irifh 
respect to soni(> neir cacintde. 'riii donide integral s<t obfaiaed 
wag frcqnentlg In' cralmitcd hg changing the order uj integra¬ 
tion as explained in (22(51). 

For examples, .see numbei's 2507, 251(0, 2573, 2010. 


2252 Rule Vlll. —Mnltiplg a knoim ibfinite integral irhieh 
is discontinuous between certain values of a constaut which it 
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contains^ hy some function of that constant, such that the 
intcyrat of the jivoduct with resjwct to the constant is known, 
A neiv definite integral may thus he obtained. 

For examjles, see numbers 2518, 2522. 


Particular artifices not included in the foregoing rules are employed in 
2293, 2305, 2310, 2314-5, 2317, 2367-9, 2104-15, 2422, 2429, 2456, 2495, 
2514, 2518, 2585, 2600, 2626, 2635, 2637. 

Additional formula) for integration will be found at 2700, et seq. 


DirFEEENTIATIO]Sr UNDER THE SIGN OF 
INTEGRATION. 


Let u~ f{f) dx, wlicre a, h, and f[x) are independent 
J a 

of eacli other; then 

3253 ^=/W and ^ = -/(«)■ 

Proof.—L et u —<}> (h)—(p (a). 

Therefore Uf, = f (h) =f(h) and Ua — (a) = —/(a). 

r* 

Let u = \ f (x, c) dx. Then, when a and h are inde- 
J a 

pendent of c, 

2255 w,= r {/(.»’, c)} rf.p and = T {/(.r, c)} f/u’. 

Proof.— ^ ~ j /G> ^^ + ^0 /G’ 0 | ^ 

= I J,x (since h is constant relatively to ir) = j ^x. 


2257 


Rut if a and h also are functions of c, 
(la 


dc 


; = .1 i Tc 7?7- 


Proof.— The complete derivative of n with respect to c will now be 
«, + rA+R<.«c'. Jbit u^=f{b,c) and Wa = -/(«»0, by (2253-4). 














A rrnoxntA te ixTEOitA rrnx. 


. 3.-,7 


INTKCIKATIOX BY DU'’FKI{EXTIATtNTi UNDER THE SIGN OF 
INTEGRATION. 

2258 Ex. I.— = = (-25C) 

hy (llGi), a anti x being transposed. 

2259 2- j smlxdx = f/„,, j*e" sin &xcZj;. 

The last integral is given in (1009), putting n — 1. 

2260 Ex. 3.- 

\^xa^-'dx = [(.t').* = 


INTKGRATIOX UNDER THE SIGN OF INTEGRATION. 
When the limits are constant, 

2261 I i VX'’.= i \ 

• j", % y\ •. yi * J*i 

That is, the order of integration may be changed. 

But an exception to this rule occurs when, nt any stage 
of the integration, an infinite value is produced. The double 
integrals above will not then have the same value. 


APPEOX or AT M 1 XT PG R AT [OX. 


BERNOULLI’S SERIES. 


2262 fV(.r) ihv = „f{u)—fyj'{a)+ 

Proof. —Integrate successively by Purls, Jd.r, Ac. Or change 

fix') into fix) in (1510). 


2263 

jyX') = (*-")/(")+^^^^^/'(«)+jy^/''(«)+>*cc. 
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Proof.— Put/(a) for (p (tt) in tlie expansion of tlie right side of equation 
(1902), by Taylor’s theorem (15UU) ; viz., 


/ (x) dx = 0 (b) —<!> (a) = (b—a) <p' (a) + ^ 


(h-ay 


1.2 


<p" (a) + &c. 


The following is a nearer approximation ;— 

Let (h — a) = nh, where is an integer; then 

2264 !/(.»■) (Lv = It {i/®+i/(«)+/(«+/0+...+/(«'-/<)} 

— //’ n 

--TT 

Proof.— Expand 1) — 1) by ordinary division, and al.so 

by (15dl.)), and operate upon /(.r) with each result; thus, after multiplying 
by /i, we obtain, by (1520), 

(^) +/(® + ^0 +/(aJ + 2/i) +... +/(a5+?i —1 b) } 

which expression, by changing into a and x + nh into 6 , is equivalent to 

f x + JiA 

/(x) dx. 


2265 

—r:ir~+ nrn '^'~\. 2 ma 


Proof. — Assume x = ce**. Then x is equal to the coefficient of — 
in the expansion of —log (1“ ^—j- Thus 


^ 2hi^ ^ ^ 

" = ^+ 1 : 2 +rr2T3 + r 


m' 


+ ... 

3.4 


Substitute dj. for x, and therefore d^e for c in this equation, and operate 
with it upon (x + h)dxj employing (1520). Finally, wu'ite f(^x) for 9 "(a*), 

and a for x. 


A more geucral result, obtaiued in the same way, is 

( *a + nh /,?. 

/(.-■) ,l.v = nl,f(u-l,) + ,t («+ 2 ) I^f{a-2h) 

a } .— 

+(«+•*)• |-^/" {<i—:Mi)+&c. 















Tin: L\T 7 :ah\\LS \){l, m) AXIJ !’(//). 


3 :>!) 


TIIH IXTKCRALS r» (/,///) AXl) r(/0. 


KULEirS FIllST INTI-GIIAL H (/, m). 
Tlie tlircc principal forms arc— 


2280 

1 . 

!>(/,///)= 1 ’( 1 —a-)’" hAr=B(m,/). [Ry( 22 :L 3 ) 

0 

2281 

II. 

U* 3. 

!’.(/,«()= t rn—^.[By substituting ini. 

% o (l-f-.r) 

2282 

III. 

/ * * ,m 1 -1 

[Bysubstituting-^inl. 

• 0 (1 T’‘r) 


AVlicn I and m are positive, and / is an integer, 

2283 B {I, >») = 

If m be the integer, interchange / and ni. If both I and 
m arc integers, the forms are convertible. 

Proof.— Integrate (2280) by parts, thus, 

Jo J 0 

Kepeat this step successively. 


EULER’S SECOND INTEGRAL r(n), 
n being a real and positive quantity, 

2284 r()i) = (loK (Lr. 

The second form being obtained by substituting C' in the first. 


2286 i’(l) = l. b(:2)=1. 

2288 r(» + l) = = n (n-\) ... (n-r) r(/i-r). 

2290 r (n + 1) = |_n , vhen n is an integer. 

( a, „ » I 

‘d.r = ^x”Jx. 

The fraction becomes zero at each limit, as appears by (U>S0), diTcrentiu< ing 
the numei’ator and denominator, each r times, and taking r>n. 
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INTEGRAL CALCULUS. 


2291 c-Kv^-ULv = (^log(/.r. 

Proof. —Substitute lex in the first integral, and so reduce it to tbe form 
(228-t). Ill the second integral, substitute —log.u, reducing: it to the former. 
Wheu n is an integer, f2291) may be obtaiued by differentiating ?t —1 

times for k the equation j" e~^'^dx = 


AYhen n is an indefinitely great integer, 


2293 


r(«) = 


1 . 2 .;$ 


w()l + l) ... («+g) 




1 2 . 

Proof. — log— = lim. /i (1 — ®'*) (1583). Give it this value in (2285), 
^ 1 

and then substitute y = xl^ ; thus, in the limit, 

r (n) = ^\l — x^^y^-^dx = j ’/■’ Then, by (2283), 

changing fx finally into /* + 1 in tbe traction. 


logr(l-l-M) IN A CONVERGING SERIES. 

2294 Let 71 be <1, a* indefinitely great integer, and 
'5r=l+4r + -^+...^, tlien 

logr(l + H). 

2295 = {\og,i-s^)n+-isy-isy+isy-is,n^+Scc. 

2296 = i log-7^^^ + (logg—Si) n—lS.y—iSs,ii^—&c. 

Sill ilTT 

o i> 

2298 = i log -i log]^' +-422784a» 

sin Htr I —It 

—()G735:$0>i’- 007g855ti*--0(»ll!)27«'- 00(»22gl)t8- &c. 
paooi..-By(2203), I'd+io= :: 

since - - -= 1, when u = co . AVheiice 

iogr(i+,o = «;t«-;(i+»)-;(i+|)-'(i+-y )-•••-'( 1 + 7 )- 













TUV: ;,V77;r77iM/>,S B(/, m) AMi V{n). 


;U)l 


Dovelopiiif^ tlie loofaritlinis by (1 <lio scries (2*205) is obtained. The next 
series is deduced IVoni this by siil)sli(nliiii; 

,S>* + ’ Sy + ^4- \ Sy + ite. = lo" »7r —1( (j,' siii n tt, 
a result obtained from (815) by putting 0 — urr and expanding the logaritliins 
l,y(15G). 

The series (2207) is deduced from the preceding by adding the expression 

0 = —log J +n+ 4 -Ac., from (157). 

1 — w 13 i> 


2305 


B (/, m) = 


r(/) r(m) 

V{t + m) • 


Pkoof. —Perform tlm integrations in the doal)lo integral 

first for .r, by formula ( 2201 ), and then for //, by (2281), and the result is 
B (/, m) r (/ + >j/). Again pei'form the integration, first for //, by (2201), and 
the result is !’(/) P(’' 0 » “* 2 ( 8 -l). 

XoTR.—The double integral may be written by the following rule:— 
irWte xy for x in B(/)> oinltiplij hi/the factors oj P(>u4-1). We 

thus obtain [ 1 e*^^(.r//)'“’X 

Jo Jo 

w’hieh is equivalent to the integral in question. 


2306 

2307 

2308 


B(/, nt) B(/+//i, //) = tt) B(/>< + //, /) 
= B(//, /) B (// + /, tn) 
T(l) r{m) r{n) 

- r{l+m+„) 

r.c'-’f/.r = B(/. "O- 

. 'ft 


[By (2305). 
[Substitute — . 


Op f 1 

If j; and q are positive integers, and if yii = 


2309 


2310 


(Lv=-y-z -—. 

Jo l+a’-'^ '2q>i\n)inr 

- 

.’o 1 —ar'' ^vtanniTT 




Proof.— (i.) In (2023) put 7 = ‘2p + l, v = 27, and take the value of the 
integral between the limits ± 00 . Tlie fir.st term becomes log 1 = 0 ; tlio 
sec'bnd gives the scries 


TT ( . /tt , 

- ] sin - 
q L 2q 


sill ... +sin 

\q 27 


(27-1) ^ . 


*-'7 


7 sin miz 


by (800). The integral required is one-half of this result, by (2237). 
(ii.) (2310) is deduced in a similar manner from ( 2021 ). 

3 A 
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INTEnnAL CALCULUS. 


2311 = s 


r.v” 

1 - 


(Lv = 


tan »<7r’ 


l+i^’ siiuxTr’ 1 

where m has any value between 0 and 1. 

o„ I I 

Proof.— By substituting in (2300-10). Also, since on = by 

taking the integers p and q large enongli, the fraction ma}’', in the limit, be 
made equal to any quantity whatever b'ing between 0 and 1 in value. 


2313 1’()h) r(l— w) = —, m being <1. 

Sin iitTT 

Proof. —Put 1 in the two values of U (Z, on) (2282) and (2305) ; 

thus, (”0 P(l—?») = f 7 -= -r^—5 by (2311). 

’ V / \ ^ Jo Id-a; sni y/tn- 


2314 Coe.— r(J) = V IT. 

The following is an independent proof: 

I'd) = f e-^x~^dx = 2 [ e-^\hj = 2 [ e-^\h. 

Jo Jo Jo 

Now form the produet of the last two integrals, and change the variables to 
r, 6 by the equations 

y 9 sin 6 } whieh, by (1G09), dych = ^^'^-drdO = rdrdO. Hence 

z = rcosd) ’ Jv j ([(rO) 

{r(|)}® = 4j' I = 4 j* I e~^o’d)'dd = tt 

Jo Jo Jo Jo 

the limits for r and 0 being obtained from 

tane = i^. 


2315 >'(i) ■'(!) ■■(!) ■ '-(M) = . 

Proof. —Multiply the left side by the same factors in reversed order, and 
apply (2313) thus 

di) dn) ;)••• d'-^) 

« -1 r> >i - 1 M _ 1 

by (814). 


• TT . 27r . (11 - 1 ) TT 

sm sin ... sin -— 


2316 


r(,r) r(,,•+!)... r(.(■+—) = 

/ii (t/,r) \ )i/ \ it J ^ u 




















rilF, IXTFilJtALS !!(/,»/) -I.V/; 


Pkoof.—P ull tlu* (‘xpicssioii oil tlio U'fl .r to ./• + r, wlioro 

r is any infand cliann-n oacli (Jainiiia liincti*>ii l»y the Idrniula 
r(4* + r) = j''■ r(.f') 'I'lio result al'ter rciluclion is <l>(.r). Jlenco 

^(j') = liowevcr ^reat r niay bo. Tliorolbro ij>(x) is independent of 



Tlio foruiul.i may also be obtaijicd by moans of (‘2201). 


NUMPUICAL CALCULATION OF r(.r)- 


2317 All vnluos of r(.r) may be found in teians of values 
lyino- bi'tweon r(0) and l'(i)- 

AVlieii .r is > 1, formula reduces r(./’) to the value 

in which .v is < 1 ; and when ,r lies between 1 and formula 
(■Jo 18 ) rt'dnces the function to the value in which x lies 
between 0 and h 

Ahdues of r(.r), when x lies between 0 and 1, can also be 
made to dei)end upon values in which x lies between i and 3, 

tLi'k •p/'vi*ni n 1 Oi 



Proof.— To obtain (2dl8), make n = 2 in (231b)- To obtain (2310), 
put (1-f-,r) in (‘.;3io), and cliaiigc x into l-c in (2318), and iberi 

eliminate P 



of enijiloijiiuj tin' foriiniUi '— 

2320 (i.) AVhen X lies between § and 1 , reduce r(r) to 
r(l-u’), by ( 2818 ). 

2321 (ii.) When x lies bt'tween -3 and 3, reduce by ( 28 > 19 ), 
the limits on the right of which will then be i and }^. 

2322 (iii.) When x lies betweem 0 ;nid ^ 1 , rf'diicf* by ( 2818 ) ; 
*'(i+'') will then involve the limits and and will be 
reducible by case (ii.) 

If 2,r is <1, reduce (- 818 ), writing 2.r fnr x. If 

this gives d'r<,l, reduce again by the same formula, writing 
4 x for Xj and so on. 
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2323 Tlie figure exhibits the 
curve whose equation in rect- 
anguLar coordinates is ?/=r(,r). 
Let the unit abscissa be OA = 
AB=1. Then the ordinates 
AB, BG are also each — 1 hy 
(2286-7). ^ 

The minimum value of r(,r) 
is approximatelyO'8556032,cor¬ 
responding to x= 1 •4616321. 

The values of log F (<r) in 
the table at page 30 correspond 
to ordinates taken between 
AD = r{l) and BG = r{2), 



INTEGRATION OE ALGEBRAIC FORMS. 


( *1 _L 

PpiOOr.—Add together (2281) and (2282). Separate the resulting in¬ 
tegral into I I ’ substitute — in the last part. 


2342 A’“ * ,/ 


[Substitute 


x + ax 
x-\-a’ 


2343 fVvi = Ln(L, m). 

Jo n \n J 


[Substitute aj”. 


Jo Jaa’+6(l--‘cr)j ^ ^ 


The integral is also equivalent to 


T sill"' 


Jo {n siir^+^ cos-^)' 


^ d6, and similarly in other cases. 


2345 


cr»-b/.r __ 1 

Jo + nab"' 


[Substitute 


a -f lx' 
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2346 




I (m-l) 


Jo + /('“> II"'IF 

PUOOF.—DiHerentiale (23 15) 1 times for a. 


(22.-,r,) 


2347 


/** 


< 1 . 


ntTT 

PiiOOF. —Substitute x = ay in (2311), and then diflerentiate n times for a. 

ooyio IT niTT .r”*"V/,r 

2348 I -n—-=-(*o.sec—, \ -j. = ~eoi—, 

*'o l+<r n Jo 1—.r n fi 

where VI and n are anij positive quantities, and vi is < 

j_ 

Proof. —Clian^e m into - ^ iu (2311-2), and then substitute 2;'*. 
n 

When n is positive and greater than unity, 

rtnerk 4’* dir 7T IT 1** deV TT , TT 

2350 1 1-1 -= — cosec) -j-;; = — COt 

Jo ]+a" n n Jo 1—a” n n 

Proof. —Substitute x'^ in (2311-2) and cliange m into —. 


div 


TT . TT 
z= — col —. 


r»rier» 4*^ diV TT TT 

2352 I -TT-= —cosec—. , 

Jo -s/1—+ 

Proof. —Substitute —in (2350), and ■ ■ in (2351). 

v^l-|-.c^* V 1—2?” 

When VI lies between 0 and 1, 

nnc.A C'"^d”d.v TT VITT C'^.r^^diV tt . wtt 

Proof. —]Makc n = 2 and write ?)^+l for m in (2318-0). 

2356 . T* = ^!L_. * = 

Jo i-j-cf Sin ;a7r *’o I —.r lanniTT 

where vi lies between 0 and 1. 

Proof. —Separate (2311-2) each into two integrals by tbe formula 
I =1 ^ I * substitute x~^ in the last integral. 

Otherwise, in (2001) substitute e”", and change a into ttu —jjt. 




























INTEGRAL CALCULUS. 


8C)G 


notro , TT mn , tt . ?;m 

2358 


1 + 

Piioor.—From (2354-5) by the method of (235G). 


2360 

2361 


^ 

I -—!-t/.r = — cosec —. 

Jo l+.c” )l H 

/M ^ 

1 --- tLv = — cot-. 

Jo 1—cC" n n 

Proof. —In the same way, from (2348-9). 


2362 

2363 


C- 


- (i,v = — sec -7—. 

2n 2n 


1 +.r“" 

= —- tail--—. 


I'l 

0 1 tC 


2a 


Proof. —In (2601) substitute e 2« and pnt a = In (2595) substi- 

, . -— 1 , 

tute e « and put a = —. 


/•X3 J 

2364 .lf4^r = | 


i 


{n-D 


■?—rr, a bein^ an iateo’er. 


Proof. — By successive reduction by (2062), or by differentiating 
li—l times with respect to a®. (2255) 

+ a? 2a 


‘’SGS I ^ — 


ir cosoonir 
(1+ />)"* ■ 


[Sabs. (2311) 


2367 J.(rS-ra) *■ = '»*“■ 

Proof.—T he value when a = 1 is log??.. The difference, when the value 
, f ‘_.r« ' , 

IS a, IS —-f/.r—?? 5 --—f/.r, 

Jo |-® J_» 

which, by substituting .r" in the second integral, is seen to be zero. 

F{x) being any integral polynomial, 

2368 i nlicrc .1 is equal to the constant 

• -1 v" (' ) . . / 1 \-^ 

term in the product of and the expansion of M • 




























LOCAIUTirMir AXl) EXroyEXTJ [fj FOEMS. 


:ur 


.( 1 ), 


pKOOF. liy successive reduction by (-Ood), we know that 

( :\i-% = f . 

wliorc 0 (t) is some inti tjral i)olynoini:il and .1 is a constant. Tlicreforo tlio 
intcirral in (picstion = Air. To determine - I write the last e(ination thus, 

Kxpand each binomial ; ])crform the integrations ami equate the coeflicient.s 
of the two logarithmic terms in the result. 


F{,r) being an integral polynomial of a degree les.s than «, 

J^ut = f (j- c) + ^ where f is of a dimension lower than n—1 

w — r X — c 

(t21), and therefore d ^ / ( r, c) = 0. lienee the integral on the right 

t/c"" J« x—c dc'‘~ \ & + c3 


IXTEGRATIOX OF LOGAlUTItillC AXD 
KXPOXEXTIAL F<)li*MS. 


2391 


I".' 




-1 

(p+ir 


Jo log.r 


= log (/»+!). 


Phoof. — These are eases of (22tt2). Otherwise; to obtain tho first 
integral diflerentiate, and to obtain the second integrate, the equation 

[ dx = — with respect to (2255 and 22dl). 

Jo P + 1 


2393 j+qiog.iON/.r = 

Proof. —Sec (2202). Otherwise, when a is cither a positive or negative 
intcurer, the value may be obtained, as in (2dm), by pertorming tlie diller- 
entiation or inlcgratit)n tliere described, n tiini'S snece.ssively, and employing 
formula) (21G0), and (2100) in the case of integration. 


Jo Ing.r 


(Id' = log 


!!±1 

V+l 


2394 


[By (23<f2). 
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/n n^nc (.7‘2rt-2 ,,2n-l 

2396 j. ''■•■ = - V = -j. 

2397 I "= n..^ = <'■••• 

Jo l+tV An Ao e -\-L 

Proof. —Expand by dividing by \ and integrate by (2393) ; thus 

(1*177“(i-i + - j;+*•■)■ 

Tlie first series is summed in (1545). The difference of the two series mnl- 
tiplicd by equal to the first; this gives the value of the second series. 


2399 

C^S!E^clv = = - i_ 1 

^'o 1 —<.V ^’o >-V 



2400 \ 


*Moir.r 
0 l+.i’ 


diV = —l-j- 


1 



7i 

12 


Proof. —As in (2395-7), making n = 1. 

The series (2399) may also be summed by equating the coeflBcieuts of 0 
in (704) and (815). 



Proof. —The integral is half the sum of those in (2399, 2400). 



it’ 




d.r = 


4 


Proof. —Expand the logarithms by (155) and (157) and integrate the 
terms. The series in (2400-1) are reproduced. 


2404 Let I I^IS-Q—ilr/.r = <f>((0^ ^ being <1. 

Jo .i’ 

Substitute 1 —» = y ; therefore, writing Z for log. 



The second integral by (2399), and the third by Parts, make the right side 

= — ’L -(- Zrt Z (1 - a) — f ^11 —iZl Therefore 

^ Jo 1 / 
























LOaAU[TIL}[IC AXIJ I'JXrOXhWTfAL FORMS. 


8 GO 


2405 (t>[(t) + (t)[i — (i) = Uiga Uy^{l—a) — }y. 

^ * A i — 


Again, ^ (.r) 




-C 


ih, (by 12253) 9 (r) = 


_ 


(i.) 


^ \1 —.r/ Jo l—x x{.v—l) jo 1— •« 1 — ‘T; Jo ^ 




Put for X; then 
l+.r 

2406 -^(-A+'/>(i^,)= HI«S('+•'■)}'• 

Also, ^(a!) = —j (l+!•+f" + ■^ 

= -(•'+ o! + 33 + 43 

Henco 'l>(.x) + <p (-x) = - ^ {f+^ ^ + &c.) = I f W)- 

Eliminate <p {—’>') by (2406) ; thus 

2407 = -Ul«g(l+-0}'- 

11 

Let —^ = X-. and therefore x = —~+ — \/5 = /3 say, 

x+1 I - 

.-. by (-’.to?), |-V 05’)-? (/3) = 4 {i (1+/5)!’, 

or I- ^ (1 -/3)-^ Qi) = 1 (//3)’; [•■• /3‘ = 1-/3 and 1+/3 = -| ; 

and by (2405) 


2408 


2409 


^,(l-/3) + ^(/3) = 2(//3)’-i3^^ 

(/ 3 ) = ( 1 / 3 )’— 4 "’ '’“‘5 ?( 1 —/ 5 ) = ( 3 /’)’— 4 ”’’ 


2410 Let rt bo >1, then ^ (n) contains imaginary elements, but its 
value is determinate. Wo have 

, „=j; f; 10^ ^. j; , 

3 K 
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the integration by 2309, and ^ (—1) = by (2214). The last integral 

= nila+ [" (l-^) } f = «*“+! J, 2 (^-7) ?• 

Substitute — = w in the last integral, and it becomes 

X 

]± y Jo 2/ Jo 2 / ^ ^ ®' 

a 

Hence, when a is >1, 

2411 <f>{u)+<f> (1) = - ^ +m log«+i(log«f. 

If a = 2, this resalt becomes, bj employing (2405), 

2412 V l2£(l^ +^i iog2. 

Jo cl’ 4 

2413 Let ,^(a.) = 1 iloglii rfa,’. 

Jo AcV 1 —cV 

Therefore ^ I (^) = 

therefore 4> = f therefore 

\l+aj/ Jo \ 1 — x 2x 1—x / 

2414 »/' i-v) +'!> (1^!) = log 1^. 

The constant vanishes, by (2403) and (2401), putting x = 1. 


Let X = ^ and therefore x = v^2 —1; then, by (2414), 



Proof. —Substitute f = tan~*.r; then, by (2233), 

r~ r— r— 

j ^2 (1 4* tan 0 ) = J ^ 2 ^ 1 4-tan (-^ | = j ' ^ j—^ 


2417 Tly Oiffeventiating or integrating the equations (2341) 
to (2303) with respect to the index m, the integrals of func- 
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tions involving log,>* arc ]n-o(]iicc<l ; llius, from (2330), hy 
integrating for vi between the limits I and vij wo have 


2418 


(l+.t ) lofj. 


r/.r = log laii- 


(UM3) 


Otherwise, tliis result may be arrived at by formiiiji^ the expansion of the 
fraction in powers of.r, and integrating tlio terms by ; the reduction 

is theu eirectcd by 815-G. 

In a similar manner, we obtain the more general formula 


2419 (’' >,+i, „i+-2i> »+.'!/) 

Jo (l+.r'') log.f « (»+/) "+-/> ’ 


2420 


.1 { 


,w-l 




. (/,v = log 1 


0 

Pkoof. —Integrate (2oG0) for m from 2n to m. 


2421 


r '■ — 1 >) lojJr.r 

'« (log''')" 


dr 


= (7)+1) log (yj4-1)—(r +1) log(r +1)+()• —yj) J1+10jf(</ + 1)} 


Proof.—I nregrato (2394) forp between the limits r and j). 


2422 1" 

Jo (logJ’)‘ 

= log . 

Proof, —AVrite (2421) symmetrically for ?*, p] p, q and 7 , r. Multiply 
the three equations, respectively, by 7, r, p, and add, reducing the result by 
(2394). 


2423 

^’0 6"+.r“ u 

Proof. —Differentiate for a, ami resolve into two fractions, liffect the 
integration for a*, and integrate finally with respect to a. 


2424 

.« 

log 

* 0 

Proof.—I n (2423) put « = 1, ami substitute ^ = y; multiply up by 1, 
and integrate for h between limits 0 and , and in the result substitute 6y. 
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2425 




[Substitute kx^. 


2426 = 

% 0 A 

Proof.- —Substitute k.v^. Otherwise, differentiate the preeeding equation 
71 times for 7c. 




dx = log «—log h. 


2427 r 

3428 = 0-i+l.g‘;2;. 

Jo \ X / ® nV 


Proof.- 


.—Making = 1 in (2291), f dx = “. Integrate this for a 
Jo ® 

between limits h and a to obtain (2427) ; and integrate that equation for 6 
between limits 6 and c to obtain (2428). 


Proof. —Make c = a in (2428). 

Otlienvise .—Integrating the first term by Parts, the whole reduces to 




• dx. 


The indeterminate fraction is evaluated by (1580) and the integral by (2427). 


f ^ bx ^.—(xx 

(« —h) 

{a — hf 

1 A^ 


2x ) 


PllOOF.—By two successive integrations by Parts, j.r““dr, <fcc., 

J. -— + IT j, —;— 


Also 




dx. 


Substitute these values, and make e = 0. The vanishing fractions are found 
by (1580), and the one resulting integral is that in (2427). 

In a similar manner tlie value of the subjoined integral may be found. 























IXriUlHATIOX OF CinCVl.M! FORMS. 


n7;j 


2431 

^,.-1'^—,.''^ (^,1—I,) 

Jo (“7= I.-J.r- 




<l.r. 


IXTEGKATION OF CIliCULAl! FORilS. 


XoTATiON.—Let ftj“’ signify tbc coiitiiiueil product of 7i 
factors in aritlimetical progression, the first of uliich is a, and 
tlio common difference of which is h, so that 

2451 a["^ = a{a+h){a + 2 h) ... {a + {n-\)h}. 

Similarly, let 

2452 a'"l = a{a — b){a- 2 h)... {o —(ji —1)6]. 

These may be read, respectively, “a to n factors, differ^ 
once b”; “a to n factors, difference minus b.” 


2453 


i ■''siii".rfAr = -—- i ^ J?iii'* KviLv. 
Jo n Jo 


Proof.—B y (2048) ; applying Rule VI., we have, by division, 
|sin”a:c?j; = j*siii“~^a;dA; —|sin’''^.T eos^aJtZj*, 


and by PiirtSj 


, |sin"‘ 


, , sin” *.f cos.r 1 

xco^'xox = -;-1- , I sin xa.e. 

?i—1 I 


n—i 


xdx. 


fl’" 1 . 

Therefore sin"'‘.r eos‘du?j; = - , I sin” 

Jo n-ljo 

The substitution of this value in the first equation produees the formula. 


If n be an intet»'cr, with the notation of (24') 1), 


I (») 


2454 \ ' ^ and | ’ siir",rf/,f = ^ 

• ’o .0 -2 

PnoOF.—By repeated applieation of forniiila (2 I-*!!). 


ir((//(Vs Formula. — If ))i be any positive integer, we liavc 



2456 
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And since tlie ratio of these limits to each other constantly 
approaclies unity as m increases, the value of either of them 
when m is infinite is 

Ex.—With m = 4, lies in maguitade between 

2 h 42.02.8 22.42.02.7 


1 .32.52.72 

Proof.—P at then 


and 


1 .32.52.72' 


riff Tiff ^ _I riff 

1 sin’‘“^i2;c?a;, 1 sin”^^d.^’, and - i sin"“’a;dj; 

Jo Jo J 0 

are in descending order of magnitude; the first and second because sin a; is 
< 1 ; the second and third by (2453) ; then substitute the factorial values by 
(2454-5). 


2457 = 


[Subs. a; = tan2^ in (2311). 


2458 f siii^ a’t/.r = 2 r siii”aa/cr. [By (2234). 

An .'rt 


pff /'iff 

2459 siu’hr cos^au/a’ = 2 I sin” a’ (!Os>^cV(Lv or zero, 

. ^ A - ' A 


according as p is an even or odd integer. 


[By (2234). 


2461 ( siii”a* cos^aa/a’= I siiPhi’eos”aa/a’. [By (2233). 

Jo 4'o 

2462 f eos'’,r(/.r = [Subs.sin’x(2280). 

Let either of the integers n and j?, in (2461), be odd, ai^l 
tlie other eitlier odd or even; tlius, let n be odd and 
= 2ai4-], then 

( 'iff qOh) 

siu-“«.^'cos^r</,»• = (2151) 

Proof.— Transposing the indices by (2401), we have, by Parts (2007), 

silica; cos2'"*L’(?.i' = sin*’* 2 ^. cos2"'‘*a,’(/a:. 

Jo P+1 jo 

By repeating the reduction, the integral finally arrived at is 

2464 


1 sin*' X Cos x AiV = ^ 

Jo p+ :!//(-hi 
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If botli llio indices arc even, tlu'n 

2465 -j- (24.-.1) 

p’T 

Proof.— Ivodnce by Parts as before. The final integral is sin’"' 
the value of which is given nt (CP’i-5). 


2466 Should eitlier of the indices 1)0 a neo-;itivo intep^er, tlic 
value of the integral is infinite, as the forep^oint^ retluction 
shows, for the factor zero will then occur somewluTO in the 
denominator. 


2467 ( sill sill pavAr = I cos nx cos pj cLv = 0, 

do do 

when n and j) are unequal integers. 

2469 siiuM’ cos p.rd.v — ^ or zero, 

*’o ;r—p 

according as the difference of the integers ii and p is oSd or 
even. [% (1073-5). 

d’" d’' 

2470 1 siir?i.r(Ai’= I cos“ na cLv = 

* 0 •- 0 

when n is an integer. 

Proof. —Express in terms of cos 2nx, and then integrate. 


2472 \ siif*aa/<i 


( '2-^ 

cos'\v(Lv 



1 

(l-.r') ^ rAr. 


The following four integrals (2d73-9) all vanish for in¬ 
tegral values of n and p excepting in the cases here specified. 

2474 sin ,I.V(LV j^/>, 

when p and n are both odd, and n is not greater tliau p. 

2475 But if p be even, and n odd, the value is 


_!_ o (/'-0 I 

'' n‘—{p — -lf'^n-—{i>—hf 


V 


...{-ly 


•_v' 'e 
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2476 f siii^ .V COS 7i.v(U' = {—\)^c(^p, 

when j? and ii are both even, and n is not greater than 

2477 But if }) be odd and n ccen, the value is 

. 1 f l> C(/).l)(/.-2) C(/,,2)(/)-l) 

\ ) {p—'iy-—n‘' {p—Ssf—ti^ 


2478 I cos” .r cos n.vdx = C L, 

when 2^ ond n are either both odd or both even, and n is not 
greater than ]?• 


2479 f cos^aj sinnxdx, when p ^ n is odd, takes the value 

n ( 1 , C (/?, 1 ) , C (/), 2 ) ? 

2/^-2 ip—(p—2f n^—{p—4ty ■ ) ’ 

the last torni Vvdthin the brackets being 

when p is odrZ and when p i 

\ ^ ^ ^ _ ^ , 


;r-l 


n even, or 


IS even 
and n odd. 


Proof.—(F or 2474 to 2470.)—Expand by (772-4), and apply (24G7-2470) 
to tbo separate terms. 

COROLLAIUES .—n being any integer, 

2480 rcos",rcos«av/.r = j%os”a'Cos«.rf/.r= 

•h - CO 

2482 \ siu“'hr cos2wa’r/.r = ( —1)";^, 

Jo —' 

i'Vnr""’.r sin(2« +1) ■v<Lv = ( -1)» 

c'O - 


2484 i‘ cosbr cos ihvd.v 



',v cos nd’(/j'. 
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:U 7 


2485 

1 I * cos'-^r siiunf/.r— ./' —■ 

Jo />-—«- .'o l>—It 

Proof.—(F or either formula) Py Parts, j cos ; and the new iutej^ral 
of highest dimensions in cos j;, by Parts, j| 'a;sinx(/j'. 


i'iir 

2486 \ vo^n.vd.r = i). \ cos'* siii/t.r^/.r 

'rt .' n 


Proof.—!M ake p = u in (‘2 t84-o). 


1 

n~V 


When h is a positive integer, 

piTT 

2488 cos’* ^.r cos/tavAr = 0, 

* 0 

2489 I cos"^’-=*.rco.s/i.if/.t’ = 

% 0 1 « 

Proof.—T he first, by putting p = n — 2,n —t, ... n — 2k successively in 
(2i'S4) and employing (248i’>). The second, by putting j) = ji + 2, /t+ t, 
... n-\-2k successively and employing (2481). 


When A* is not an integer, 

2490 \ cos”“"*a’ co.-^ )hV(Lv = 2' sin A’tt/ i(n—2A*+1 , A). 

* 0 

Proof.—I n (2700) take /(a)]= a”*-**, and transform by (700). eo- 

cfiicicnt oft vani.shes by (2240), and the limits are changed by (2247). 


pi’T 1 , 0-2 OT O'lX 

2491 y cos^a* sin n (vAr = ■:j7ri(^“+ ^ + ^ 

Proof.—B y succcs.sivc reduction by (1070), making «i = ti, and tho 
integral definite. 


2492 When panel n are intc'gcrs, one odd and the otlier even, 


I'i" 

I cos^r cos irreAr = 


_ i(/>) ^ ^nt]l p odd, 

1 —, ^vi ’ 




til p even. 


Proof.— Kcduce successively by (2-18 !•). The final integral, according as 
j) is odd or even, will be 


, eos \vn 
cos.r cosn.rt/.r = —-— 

0 1 —;t 


— : ---- nr I ( 




or eos n.r dje — ‘ 
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/*7r 

2493 eos^ci’ cos/^r(/tr = ^ siii^”tr cos^ "^xcLv, 

«. 0 Ig C 0 

where n aud p are any integers whatever such that p—n 
is > 0. 


Proof. —When p—n is odd, each integral vanishes, by (2478) and (2459). 
When p — n is even, let it =2k; then, by (2488), 

r’^cos-^^eosnon^. - + ^ 

1 ^ cos xcosnxaa. — i «) o'n^k) 


pkj 

(n+2ky::i 


ir 


|^\in^"aj cos^ajc^o;, (by 2405). 


But n-\-2k =p, and by (2234) the b'mit may be doubled. Hence the result. 


TT 

2494 \ < 1 ' .V sin )li (Lv = — -:p.. 

Jo — 1 ) 

Proof. —Tn (2707), put k=l and f{x) = a;”"^ Give e’”® its value from 
(760). The imaginary term in the result vanishes, and the limits are changed, 
by (2237). Finally, write x instead of 6. 


2495 


1 f" (cos.t*) siii-“cC<Ai’ = 1 .;5... 

^ 0 


(2/# —1) r f {cos cv) QOS UdHLv. 
Jo 


Proof. —Let z = cos .a;. By (1471), we have 

(-1)”-'1.3 ...-(211-1) .(i.) 

n 


Also, by integrating n times by Parts, 

I' fizKl-zr-'^Az = (-1)”!' /(z)./.,(l-r)'‘-4il, 

= -1.8... [' fiz) by (i.) 

Then substitute z = cos.t. 

Otherwise. —Let / (z) = A^z-^ A^z'-^ &c. = S/lpZ^, 

f“{z) =:^p(p-l) ... (p-n-tl)ApZ^-\ 


I /(cos.r) cos7^r(/,r = -Jp | cos^.x* cos nxdx 

= T-T, - jr, -TV f/" (cos 33) sin’^”cf.r, by (2493). 

1.0 ... {^n— 1 ; Jo 


2496 


(r <*()s^r+^- siir. 


IT 


(19«2) 
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A 7 A 


2497 

,-1. 

vuS' .rd.r 


TT 

1 lilT. rentiate (24'dO) fora. 

Jo {fr 

COS’ ./'+/P .sill ' 

•'f 

“* TaJ/ 

2498 


.siir ,r(/.r 


TT 

[ DilTei'cnt iaic (2 I'.H’)) for 5. 

Jo {fi- 

COS",/'4-^/' sill" 

■'■r 

17/7’ 

2499 

i*W 

dr 


( 

[A<i(l together (*.407-^) 

Jo {a- 

c()s^i*+//- sill" 

<>r 

■“ l//6\ 

2500 


dr 


TT 

(A+A + ilY 

Jo {(r 

c().s".c+/r .sill" 

.rf 

Wuih 


2501 


dr 


TT 

/ ,1 ♦» t) I ^ 

Jo {ir 

vos\r+fr sill" 


~ :V2n/j 


(2500) and (2501) arc obtained by repeating upon (2100) the operations 
by which that integral was it>elt'obtained fnnn (2400). 


2502 


Jo .77(1^) 


(Lr 




Proof.— Denote the integral by ?t. 

(hi _ p_Jr_ 

Jo(l+.nV)v/l-V' 

_ r- C*' lid _ 


_ TT 1 

“ 2 V(l+<r)’ 

O +n'). 


[by (200^) 


(1D2H) 


2503 


r t:urW/.r 

Jo u {I+,('-) 


fir 




Proof. — Dinerentiate for a. Integrate for r l»y partial fractions, and 
then integrate for a. 


2504 



i/.r 




Proof.— From (25o:j) we olhain 

1 * tan“’.r _ tt l og (1 +n) 

JoJC (fP + r^) 2 <P 

Integrate for a between limits and x , and in the result substitute hjr. 
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2505 


tan ^a.r—if\n~^ h r , tt , a 
-r/,i- = ^ log-. 


Jo a’ 

Pkoof. —Applying (2700), <p (0) here vanishes. Also, by Parts, we have 

(/.C 
X 


J h, X 2 J h 


sinee hx is infinite and therefore tan"* {hx') = — in evenj element of the 
integral. lienee the required value is 

IT dx TT , a 


2506 


f O' sin cr , tt' 

Jo l“|”COS“tl’ 


Proof. —(i.) Substitute tt — a*, and the integral is reproduced, and is 
thus shown to be 

= ^ ~ ^ (tan~* cos tt— tan** cosO) = 

2 Jol + cos'*?/ 2 ^ ^4 

(ii.) Otherwise, expand by dividing by the denominator, and integrate 
each term of the result by Parts. Em})loying (2478) we obtain the series 


2507 = f 8il£rf,,. 

Jo -/a* V 2 Jo V 

Proof. —By the method of (2251), putting 
1 2 r a 

v/.r v/tt Jo 


the integral becomes 

\ I ~ cosa*dy(?.c (22G1) 

The second integral is obtained in a similar manner. 


2509 



Proof.— Substitute y’, and (2507-S) are produced. 
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When n and p are integers, 

2510 = \ 

^'o 1 ... (jf — i)do do 

The integration for x in the doiddo integral is given in 
(2008-9), and the original integral is thus reduced to the 
integral of a rational fraction. 

Proof. —By tbo method of (2251), patting 

I =_L-r 


e-’‘z'-'dz. 


[By (-2291). 


2511 [.,(=^ 0 ). 

2512 = 

do cl’ do 




[By (2.510) 
&‘(2081). 


f* COS —COS n.r , i p 

2513 ——i-,/.p = iog^. 

I'o .1 7 

Pjjoof.—B y (2700). Transforming the numerator by (073), and putting 
1 (p + 2) — a, h ip—q) = this becomes 


2514 


ri}}}jLLi^',i.v=ho 


a-\-b 


2 ^ a — l> 


2615 I 

^ 0 cl " 

Proof.—I ntegrate (2572) for r between the limit.s p and q. 


If a and h arc positive quantities, 

2616 ^ O. 0, 

»'0 cl - 

according as a is > or < b. 

Proof.— Change by (CCG), and employ (2572). 


2518 r *. or 

•.'o ‘t - - 

according as a or b is the least of the two numbers. 
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Proof. —From (2515), exactly as in (2513). 

Otherwise, as an illustration of the method in (2252), as follows. De¬ 
noting the integral in (2516) by 2 i, we have, (i.) when 6 is > a, 

I *udb = I" <i6+j*0<Zi. = ^ ; 

that is, ^ = f" f’ dbdx=f (22G1) 

JoJ« » Jo » 

(ii.) Wlien h is < a, | udb = 1" ^db — 

If a is a positive quantity, 

2520 r »i"'-'-7’" .A.- = ^C2-„) or 0, 

Jo 00 4 

according as a is or is not less tlian 2. 

Proof. — sin^a? cos ax = \ sin a; {sin (l + O’) » + sin (1 —a) a;} ; 

and the result then follows from (2518), the value of the integral being in 

the two cases ^—^ = 0 and —^ («“!) = "v 

4 4 4 4 4 


rtcftrt siller sill f/.r , tt /1 

=Y T - 4 > 

according as a is > or < 2. 

Proof.— Denote the integral in (2520) by u ; then, when a is > 2, the 
present integral is equal to 

j uda=\^ -^(2 —a)rta + | 0da=-^. 

And, when a is < 2, | nda = | (-~f*) - 


INTEGRATION OF CIRCULAR LOGARITHMIC 
AND EXPONENTIAL FOILMS. 


r* ^ sin r.r , 4-1^* 

2571 \ - (Iv = tan . 

Jo iC (I 

Proof. —Difforentiato for r, and integrale by (2581). 

Othcrausa. — Expau 1 sin ?-.r by (764), and integrate the terms by (2201). 
Gregory’s series (701) is the result. 
















cnici'L.in i.oaAnrniMic axu xxroxxxriAh ^81 


2572 


r'siiir.c , TT 

Jo - 


Proof.—( i.) Py nmking a = 0 in (*2071). 

(ii.) Othf'rwisc. By the metliod of (225U). First, ob.sorving that the in¬ 
tegral is independent of r, which may be proved by siib.stituting rx, let r = 1. 

Then 

Now, n being an integer, the general term is either 

r’ 5jllf = f ,, by substituting * = ( 2 »-l) ^ + y, 

(jj. f = r — sin yih/ -^ by substituting a; = ( 2 ;t— 1 ) jt —y ; 

Ji2ii-2)>r U 

. rsi£.;a:=rsinyf-j-^ + 5 -^- 7r — + T^ - &o.] dy 

’■ Jo •» Jo Ctt —y TT + y 6ir-y ott + ij oir~y ) 

= h I'sin y tan dy (SDlo) = |" sin’ ^ dy = 

2573 d.r = ^ e- = f' ,IA. 

Jo l+.r“ 2 Jo r-+‘< 

Proof.—( i.) By (i-Jr-l), putting , = 2 [ o-'"** ‘‘ydy (2201), 
the integral takes the form 

2 I f cos ra;e“‘‘'= 2 [ [ e‘^^y cos rxdydx 


= y>r| c'‘^'»‘dy (2014) ="^^(2004). 


. i* sin ax cos hr , 

(ii.) Otherwise. By the method of (22o2), putting m = I - «.'*, 

Jo 

it follows from (2olG) that 


Therefore 


2575 


2576 


ne ^da = | 0c*®da + | ^ e’^^da = ^ e'*. 


r t/.f = 4r-. 

.’0 l+.t- -2 

l‘* sill r.r , TT 

JTT+ 7 j)■ 


Proof.— For (2575) diUcrcntiate, and for (257C) integrate equation 
(2573) with respect to r. 
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2577 


cosV aj 

Proof.—B y (22D1), Jx = 

Jo ^ 

Put Z; = a + ib, and a = r cos 6, h = r sin $ ; tlius 


i: 


= (cos )i6—{s\nv6) 


POO 


by (757). Substitute on the left side for e"**® from (707), and equate real 
and imaginary parts. Otherwise, as in (2250). 


2579 



sill 

cos 


(hx) iLv = 


r(^0 siii/ /i7r\ 

eosV'T/ 


Proof. —Make (i=0 in (2577). 


2581 


Sill 
' cos 


{b.v) 


■ llv = 




r(m) 


sill / ?>i7r\ * 

cos\~^ / 


Proof.—P ut n = 1 —w? in (2579), and employ 

r^i r(l-»o = = -T-^. 

siii»<7r sin ??i7r 


2583 f 


' sill bd 


(Iv = ^ ( e {^osbx(Lv = 

a- + b“ Jo (r+b- 


Proof. —Make n = \ in (2577-8). 

Otherwise .—Directly from (1909), putting w = 1, and —a for a. 


2585 f 


cos^"”"’^ sill 


cos^' 


— ?i) r(;i) sill / ii7r\ 

W) eosVT/’ 


where n is a positive integer > 1. 


Proof.— In (2577), put tan"* —= d, thus, writing ji for n, 

r eo.S^ ^ 

Jo 

^Multiply this equation by 5”“*d5 = a” taiC~^0 see Odd. 

and integrate from 5 = 0 to oo, by (2579). Then the corresponding limits 
in the integration for 0 will be 0 and 
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2587 

Proof. — Put 7t=p —1 in (2585). 


— cos//i7r\ 1 

+siiivT//>—r 


2589 r 

. * A 


Of <i>" </'■ = r('0 


..«-i 1 1 

COS) 


Proof.—I n (2700), let ^ (.r) = cos (x tan 0) ; 


.*. by (7C5), .<^lo = 1> = ■“ 

vanishing. Therefore 

a (g + l) 


1.2 ’ 


A,= 


1 . 2 . 3 . 4 ’ 


<^C. ^ ^1) '^8* ^'C. 


^±ihan’0+"';; tan'0-^,tan'0+ ... = 


f g-Tajo-i cQs (a; tan 0) dx 
0 


i? 


dx 


The series on the left = ^ (1tan 0)-® +-J-(1—i tan 0)-», which by tho 
values (770) and (7G8) reduces to cosa0cos®0. Then change a into n. 
Similarly, with sine in the place of cosine. 


2591 r 'il!l_£_!lsiui.r(/,r = liin-*-^—tau-'-^. 

Jo cl’ b b 

Proof.—I ntegrate (2583) for a between a = n and a = /3. 


2592 


r* 

1 cos a.i’ sill" jc (Lv, 
Jo 


where n is any positive integer. 


See (2717-20) for the values of this integral. 


2593 \ —^siii)ii.r(/,r=-:j - 

Jo c—c - ' 

a being < tt. 


' + 2 cos 


Proof.—T ho function expanded by division boeouics 


Multiply in and integrate by (2583). The result is 

V __ _ + V _ ^>1 _, 

{(2h— 1) TT-u }* + ?»’ ~ j(2« —l)7r-f 

But this series is also produced by differentiating the logarithm of cq\iation 
(2053). Heiieo tlie result. 
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ntLc\A i e^^—e j sniff 

2594 \ -WM f/ r = ■ . - 

Jo 6'’"+2eosff 




Proof. —Change m into iO in (‘2503), thus 


i: 


+e"®®) _ sin 0 

gTTX — Q-nx cosa + cos0 


Now change a into im and write a instead of 0. 


ncAc , _taiivff r*siii wj.rf/r \ 

2595 

Proof. —Make m = 0 in (259i), and « = 0 in (2593). 


2597 




sin mx (Lv 


Proof. — Make a = Tr in (2593). 


1 

2 


2598 


“ 4?i 


Ihn- 


Proof.—E xpand sin ?wa5 on the left side of (2596) by (764). The right 
side is = — tan (^im) by (770). Expand this by (2917), and equate the 
coefficients of the same powers of m. 


p" ^a.r_ .,-ax 

2599 \ -I-—r- siirmcrf/cV = 


2 (f?”—e"”') sill a 

e-”^+2cos2«+6>-‘‘^”»* 


- ■ — —T— cos mxdx 


2 (c’”4"^'‘”*) cosrf 

6*“''‘+2cos2ff+c^‘‘ 


PiiooF.—To obtain (2599), pnt a + ^v and a—^ir successively for a in 
equation (2593), and take the difference of the results. (2600) is obtained 
in tlie same way from (2594). 


2601 



see a. 


Proof. — IM ake m = 0 in (2600). 


2602 \ sill f/.r = 1 cos (f*.r)“ f/.r 

^'n ^ 
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PnooF.—By (2125) j* dx = 

Put a = ^^—c. Substitute on the left from (70G), and equate real and 
imaginary parts. 


2604 




C 


- 2 « 


Proof. —Denote tbe integral by u. Dillercntiatc the equation for a, and 

substitute — in the resulting integral to provo that and thcre- 

X da 


fore 


AVhen a = 0, we get 


= 0=iv/7r (2125). 


2605 




LV/.- 


Proof. —Substitute .r %//»:, and integrate by (2G01). 


2606 

pi:ooF.— In (2G05) put /.: = cos 0 +<’sin 0 ; substitute from (7G<3), and 
equate real and imaginary parts. 


2608 = 

- *n 


1 .-i.:’.... (-i/i + i) 


(«-+i)(''''+:»-) ••• (<r+-^»+V) 


2609 \ 


1 .2.;J ... 2n 


e siir'*cr^/cr = — . -j x- 
'o (I (^r+ 2 ") (f/‘+i") ... ) 


2610 


( r cos-" ^r f Ar = ■ 


a 1) 2ii 


/o ■ fr+{2n+\ f~^{(r+2n + + - 1') 

ar 2 » + l) 2 u (2n-\)(2a~‘2') + 4 - __JL£ 11 ±L__ . 

(«’ + 2a + 10 (a’ + 2n - 1') (u* + 2n(n-+2ji+P) . (n’-fl) 
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2611 fcos^"A ’(Lv = - 

Jo U-+{2)1 


{u'‘+2n)ia^+2n-'I-) 

a2»(2»-l)(2«-2) (2n-3) , , _»I jiL _ 

{a^-\-2u-) {a^-\-2n~V) ... (a^ + 2^) 


a 2n ( 2/1 — 1) 


Pkoof of (2008-11).—Reduce successively by (1999). The integral 
part after each reduction disappears between the limits in the cases (2608-9), 
but not in the cases (2010-1). See also (2/21). 


2612 


26i: 

f' 


{<r+\){a^+‘,i^)...{<r+2n + l-y 


1.2.3 ... 2k 


j, a (rt"+2")(rt-+4-)... («-+2 k-) 

Proof. —By successive reduction by (1999). 


an fin 


2614 


fcos 2hxtlv = y^e 

Jo 2 u 


Proof. —Denote the integral by «, then 
du 
tlb 

the second integration being effected by parts, j* 2x dx. Therefore 
log 1 / = log 0— ; and 6 = 0 gives G = (2425). 


2x sin 26a; dx = — [ ^ cos 2lx dx — — ~ , 


Othervnse ,—Expand the cosine by (705), and integrate the terms of the 
product by (2420). Thus the general term is 

(-«• ‘ff i: ' 

= (“■!■)" (—') - - 1 which gives the required result by (150). 

2a \ a / 1.2 ...n 


2615 


( ,.-aV •2k,- = ^ . 

Jo 2a 


(2181) 


Proof, Change 6 into ih in (2014). 
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2617 f sin 

% 0 — 

2618 sin (■->/«•+ i«7r) ,l.r = ^, 

Proof.— To obtain (2617), pnt <1=^1 iti (2Gl i), and clitrereiitiale for A. 
To obtain (2018), cliflerentiate, in all, ?< + 1 times for b. 


2619 


(M)S c?’ — r , I 
I - (Lv = lotr^f. 

-'n 


Proof. — By (2251) putting — = [ Jy (2221), and changi 

Jo 

order of integration, the integral becomes 
J* I (cosa; —e"“') J.C = J J 


ng the 


(e*^^cosa;“-e''“‘^’0 dy dx 


= f ( - <hj (-584, ‘>201) = log a. 

Jo \l+y" n + y; 


2620 I (1—2f/ eos.r+ff'“) dv = 0, 

Jo 

when a is equal to, or less than, unity; hut is equal to 
27 rlog^/, when a is greater than unity. 

Proof. — (i.) a= 1. By (2G35), since 

log 2 (1 —cos x) = log 4-f 2 log sin l x. 

(ii.) a < 1. By integrating (2222) from 0 to x. 

(iii.) a > 1. As in (2920), integrating from U to rr. 


2622 1 Io{j:( 1—)i fos.i) (At. 

0 

AVhen n is less than unity, the values of this intogi’al depend 
on those of (2()20). Sec (2983). 

2 R 23 r = -lof? 'I +«), or 1 ok( 1 + i), 

I_2rt cos .(■+«- a ^ ^ ^ U "V "/ 

according as a is less or greater than unity. 


Proof. —Integrate [ log ( 1 — 2(1 cos + dx by Parts, j d.r, and apply 

(2G2U). Jo 


2625 r cosr.r log (1 —2a cos a’+a*) dv = 
Jo 

according as a is less or greater than unit} 


TT(t 

—, or 
r 


7ra 

r 
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Pkoof.—S ubstitute the value of tbc logarithm obtained in (2922). T 
integral of every term of the resulting expansion, excepting the one in which 
u — Tj vanishes by (24G7). 


2627 r 

Jo 


sin .r sin nr (hv 

1—2a cosci +a'^ 




or 


mi 


-(r+l) 


2 


according as a is less or greater than unity. 
PiiOOF. —Integrate (2625) by Parts, J cos rx dx. 


3629 


r 


cos i\v (Lv 


l--2a coSci+a^ 1—a^ 


a being < 1. 


Proof.—T he fraction = cos ra; (l + 2a cos a; + 2a.^ cos 2a; + 2a® cos 3a; + ...) 
4-(l —a^), by (2919), and the result follows as in (2025). 


3630 


1 


(Id? 


* 1—2a coscd?“l-a^ 2 {l—(i^) 


1 + ae-^ 
1-ae-^' 


Proof. —Expand the second factor by (2919), and integrate the terms 
by (2573). 


0 / 50 -I r* log (1—2a cosccr+a^) f/cr , 

2631 \ - ..-. rr .. ^ -= 7rlog(l-'ae ^). 

Jo 1 -j- iT 

Proof. —Expand the numerator by (2922), and integrato the terms by 
(2573). 


2632 


f 

Jo 


d' sin c.r (Lv 


(l+cr‘‘^)(l— 2a cosCcT+a") 2 (c""—a)‘ 


Proof.—B y differentiating (2031) for c. 

Otherwise .—Expand by (2921), and integrate the terms by (2574). 


gg33 n-loK(l+.TOS.r) ^ ^ K _(eos- e)^ • 

Jq costc " t 4 ' ) 

Proof. —Put a = 1 in (1951), and take tlie integral between the limits 
0 and -TT, then integrate for b between limits 0 and c; the result is 


f 


log( 1 +ccos(r) 


dx : 


> f tail-' J^ M, 

Vl+5 


and the integral on the right is found by sub.stituting cos ' h. 
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f'loff (1+c cos.^) , . _i 

2634 i cos.^- >cLv = ^sm c. 

Proof.—A s in (2633), by taking 0 and tt for the limits of aj. 


2635 pogsiu.^•rfa■= |logl 

f |ir ^ ('a’r 

sin X d.t — I cos x dx (2233). Add these integrals and sub- 
0 Jo 

stitnte 2.r, applying (2234) to the result. 


2637 f log ^ log 

Jo ^ 

Proof. — | x^ log sin xdx = ^ (ir—xy log sin x dx, by (2233). Equate the 
difference of these integrals to zero. 


t ?i7r 

cV log sin^ cvdcV = —nV log 2, n being an integer. 

,, 0 

Proof. —Method of (2250), 

(nir rn r2iT • 4 

xl sin^ xdx = \ xl sin'* xdx-\-\ xl sin** aj da? + ... + xl sin’ x dx 

0 Jo Jit Joi-Ujt 

= f xlsirdxdx+[ (Tr-f-y) Z sin’y dy+... + j* {(?i —1) 7r + yJ Zsin’y (Zy. 
Jo Jo * 0 

Each integral reduces by (2635) and (2637) ; for example, 

[ (TT + y) Z sin’ydy = 2 f (7r + y) ZsinycZy = 27r j" ZsinytZy + 2 f yZsinycZy 
Jo Jo •'0 Jo 

= - 2:r’ log 2-7r’ log 2 = - 37r2 log 2. 

The result is —{1 +3+ 5+ ... + (2^^—1)} tt’ log 2 = — ?i’7r’ log 2. 


2639 = 

Jo —1 ^ \ 

Proof. —Develope sinr/M? by (764) ; 
.sum the series by (1539). 



integrate the terms by (2396), and 


2640 


. too • 

1 Sill 

Jo 


(Lv = 


J_ 

2ni 


TT 
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Proof.—D evelope sin mx bj (764) ; integrate tbe terms by (2398). The 
resulting series is = + — cosec mr, by (2918), which is equivalent to the 

above by (769). 



fte = ^log 


1 + 

T+7?' 


2642 




d.v = tau- 


log 


n. 


Proof.—P ut p = im and q = in in (2394), and equate corresponding 
parts. See (2214). 


2643 

sill (nlog,y) 

Jo log.i? 


tan 


r‘vcrs{Hlog,r) 
Jo log A' 


dx= ^log 


1 

l + «^' 


Proof.—P ut m — 0 in (2641) and (2642). 


MISCELLANEOUS THEOREMS. 


FRULLANI’S FORMULA. 

2700 f * fij, _ ^ log ^ + r» d.v, 

Jo (I J — iV 

h being = oo , and tlie last term generally = 0. 

Proof.—I n the integral [ — tS91 dz substitute z = ax and z = h.r 

Jo ^ 

and equate the results thus, 

Jo Jo * J. * Jo * 

f o f(ax)-<i(l,x) _ r* ^ p 2i2) dx = f (0) log A.. 

J„ a; Ja a; ai a 

° B b 

Then make h infinite. For applications see (2513) and (2505). 
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(O)(logp -<i+b^-{a-b} 

with A = CO . 

Pboof.- 4 j J“ I = f ° ^ ^ 

(0057) = f la-tO'l. 


Jo 


7i ’ 


by making 6 = 1 in the proof of (2700). Integrate for a between limits 
a and h, thus j“ ^ d.. 

= + {ala-blb-a + b}- , 

and the left is = J“ dx - [tiM dx. 

POISSON’S FORMULAE. 

2703 .C-«=iaiSTp"-lS./(»+-)- 

c being < 1. 

Peoof. —By Taylor’s theorem (1500), and by (2919), the fraction is eqnal 
to the product of the two expansions 

2 |^/(a)+/(a)cosa5+ cos 2a; + (a) cos3a5+... | 

and {1 + 2c cos x + 2c^ cos 2ai+2c® cos 3a;+ ...} 

divided by (1 —c^). By (2468) the integral of every term of the product 

vanishes, except when it is of the form 2 f cos^ nx, and this is = tt, by 
(2471). Hence the result. 

2703 

2704 

r^ f^a+e-)-f{a±ep ^ Jy(„+e)-/(a)} ■ 

Jo 1—2c COS ct’+c" c 

Peoof. —As in (2702), adding unity to each side of (2919), and employing 
(2921, 2467, 2470). 
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ABEL’S FORMULA. 


Given tliat F{^i-{-a) can be expanded in powers of e 
then 


2705 


C- F{,r+iut)+F{.v-i^ ;rF(,r+«). 

Jo 1+U 


Proof. —Assume F{x-\-a) = A+Aie~^ + A^e~^^-\-A.^e~^^-{-&c.y 

-F (aj + iat) -^F {x — iat) = 2A + 2Aj cos at A 2A.^ cos 2at + &c. 
Substitute and integrate by (1935) and (2573). 


Ex.—Let F (.t) = - 


then 


1 . 


dt 


(1A 


RUMMER’S FORMULA. 


2706 i f(2x qo^OF^) — milxTT ( {l—zY ^f{a?x) dz. 

J-i; Jo 


Proof. —If h = then x-\-h = 2a;cosGe*® by (76G). Substitute these 

values in the expansion of f (x + h) by (1500); multiply by and in¬ 

tegrate ; thus, after reducing by (769), 

I"’' / (2.r cos de^^) e^^dd = sin hn 1.L^(/a2) ” ) 


Again, putting h = — x<p in (1500), multiplying by <f~'^ J(/>, and in¬ 
tegrating, we have I {x—x(p) d(p — the foregoing series within the 

Jo 

brackets. Equating the two values and changing (p into 1 — 2 , the formula 
is obtained. 

For an application see (2490). 


2707 "VYlien li is an integer, 

f{2.v cos ^<'’0 6(10 = P(1 -zy-\f{a'z) (h 

J —iir At *'o 


Proof.—D ivide equation (2706) by sin A-tt, and evaluate the indeterminate 
fraction by (1580), differentiating with respect to h. 

For applications see (2490), (2494). 


2708 If A' be a function of x so chosen that 

fx/•0^ /.•) * = 0, f A7(.r, 0) dx .(i.), 

Ja * a 

and if the series 

AJ{x, 0) +AJ{x, 1) +AJ-{x, 2) + *c. ... = f Or)... (ii.), 
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wliere ^ is a knoAvn function, then 

Cx6{.v)(Lv 

AoCq-\-A2C.2-\-&G. ... = -vf .. (^^^0 

\ X/Gr, 0) civ 

i. 

PROOr.—Multiply (ii.) by X, and integrate from a to h, employing (i.) 


2709 If the sum of the series 

+ + + + ... =<p{x) 

be known, then 

^Q+^ia+^2®'(®"k 1) + ^8a’(a-j-l)(a+2) + &C.... 

^ Jo_^ 

I civ 

Jo 

Peoof.—I n (2708) let X = and /(a?, Tc) = a;\ Then since, by 

Parts, we have f = a (a + 1) ... (a-f^— 1) i e~^x^~^dx, 

Jo Jo 

it follows that (7^ = a (a + 1) ... (ad-^—1). Hence, conditions (i.) and (ii.) 
bein^ fulfilled, result (iii.) is established. 

For an application see (2589). 


Theorem .— Let f {3s-{-{y) = P -{-iQ . 

2710 TL»£f^,Wi,= . 

£Cf"!' = -.Cf§''''*. 

Proof. —Differentiating (i.) independently for x and y, 

f (x + iy) = iQ^, if (x + iy) = + iQ^t 

.-. Pa,d iQ:c = Qy — iRy, = Qy ^nd — ~Py. 

Hence by (2261) the equalities (ii.) and (iii.) are obtained. 


.(i.) 

(ii.) 

(iii.) 


Ex.—Let /(x + iij) = = e“^e^’ (cos 2xy—isin 2xy). 

Here P = cos 2xy, Q ~ — sin 2xy^ therefore, by (iii.), 

[ e~®* (e^^cos 2/3x — e‘^^cos 2ax) dx = f (e“*^sin 2I)y —e"“ sin2ay) dy. 


Put a = a = 0, 6 = 00 ; therefore 

I (e^ cos 2Ijx — 1) dx = 0, 
^ 0 



cos 2/3.r dx 
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CAUCHY’S FORMULA. 

3712 Let ^ x^'^F{jr) dx = being an integer, then 

fX I 

Proof. —In the integral F (z^) •= 2A2nj substitute a — oj— 

and it becomes f (. - U’" (I+ ^) ^ [ (.- i)’ j f = 2a.„ .(i.) 

Jo * 

Let the integral sought be denoted by Coni then 

This is proved by substituting ^ in the first integral. Therefore by addition 

. 

Now, in the expansion of cos (2n-\-1) 0 (776), put 2 cos 0 = a!+ — and 
2i sin 0 = 33 — —, where x = by (768-9), and multiply the equation by 

X 

u| [x —Iand integrate from 33 = 0 to 33 = co . Then, by (i.) and 
(ii.), the required result is obtained. 


2713 Ex.—Let F (x) = 6““^, then 

J 0 


i.r = L j 11 y TT and Aq = -^—r" • 


Therefore 






^ dx 


" 2 v/<t r ^ l'“> iv + -iW ^ 1<*) 4V ^ ) 


FINITE VARIATION OF A PARAillETER. 


2714 Theorem (2255) may be extended to the case of a 
finite change in the value of a quantity under the sign of 
integration. 
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Let a be independent of a and h, and let A be tbe differ¬ 
ence caused by an increase of unity in tlie value of a, tben 

j A(^ (ci% a) (Lv = A \ <j) (<r, a) dd\ 

J a A a 

2715 Ex. 1. I e-°^dx= —, I = A that is 

j —1) dx = ■ 

J 0 

Also, by repeating tbe operation, 

J 0 

2716 = 


1 

a (a -t-1) 
, 1 


dx = A”-—, that is 
a 


a (a+1) ... (a+«) 


2717 Ex. 2.—In (2583-4) put for a and (2a —m) for 6, tben 


O 

e-^'^ A sin (2a-w) x dx = ^ .(i-)» 

I A cos (2a -m) a; dx = ^ .("*). 

In (ii.) let m = 2p, an even integer, tben 


A'^cos (2a —2p} X = cos (2a + 2p) a?-2p cos (2a-|-2j3—2) a:+ ... 

... -fcos (2o —2p) X 

= cos2aa3 [cos 2pa;—2 j 9 cos (2j) —2) a!-f 0 (2]^, 2) cos (2^? —4) a;—... 

... + cos 2px'] 

— sin 2aa5 [sin 2jaaj—2j? sin (2p—2) a?+ ... 

... — sin 2pa;], 

Tbe coefficient of cos 2ax, in wbicb equidistant terms are equal, is 
= (—1)® 2-^ sin^^a; (773) ; while tbe coefficient of sin 2aaj vanishes becausQ 
tbe equidistant terms desh’oy each other. Therefore 

A^^ cos (2a—2 j9) X = ( — ly 2-^ cos 2aaj sin^^ x. 

Hence (ii.) becomes 

2718 e-'‘^ cos 2a.r sin'='’^rdr = t-Ai ^~^ y..-2_|_^2a —2/i)- ' 


2719 Again, in (i.) let m = 2p + l, an odd integer, then 

sin (2a -2p-l) .r = sin (2a + 2p + l) a:-(2p + l) sin (2a + 2p-l) a; 
+ (7(2jj + l, 2) sin (2a + 2p —3) a; — ... — sin (2a —2p —1) x 
= sin 2«a5 [cos ( 2 p + l) a?-(2pH-l) cos (2p —l)a34-... —cos (2p + l) a?] 

+ cos2aa; [sin (2j?+l) a?-(2^ + 1) sin (2j) —l)aj-l- ... + sin (2p + l) xj. 
The coefficient of sin 2aaj vanishes as before, while that of cos 2ax is 
= (-l)P2'^*'sin2^^Lr (774). 
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Therefore equation (i.) becomes 

2730 

f>-icx 2a,r fim~^^\v(Lv = 

0 

To compute the right member of equation (2718), we have 

^ = jc r ^ 

+ (.2a - 2pY Lyt' + (2a + 2py 

- + 1 1 
A:2 + (2u +2^3-2)** 7c* + (2a + 2^3-4)’' " k^ + {2vi-2pfS 

Let a = 0, then the equidistant terms are equal, and we obtain in this case 

0701 ^___ ( 1)^ 1 _ 

/.■^+(2a-2/>)^ k (/,2+4)(fc2+ IG) ... {ft^+(27))4 ■ 

Thus formula (2609) is proved. 

Similarly, by making a = 0 in (2720) after expansion, formula (2608) is 
obtained. 


(-1)^ 2a-2/,-l 

2^^+! 


Let p be any integer, and let q and a be arbitrary, but 
q<,2p in (2722), a-nd <2y) + l in (2723). 

2722 

r”cos2a£sin^ , _ (—I)” f” _ fl~ 

Jo 2‘'^r(r/+l) Jo »H(2a-2n)^ 


2723 


r 

- 'A 


cos2aci’ 


^,<2 + 1 


- (Lv 


i-^Y r%.„.x (2a-2/>-I) 


2-'’+‘r(7+l) Jo 


''^+(2a-2;r)^ ’ 


where A has the signification in (2714). 


Proof. —Employing the method of (2510), replace 
1 . 1 

^ r(q + l) 

q being integral or fractional; therefore 


cos 2aa; dz dx, 

0 

by changing the order of integration. Substitute the value in (2718) for 
the integral containing x, writing the factor under the operator A, since it 
is independent of a. 

Similarly, with 2p + l in the place ofp, we substitute from (2720). 


f. 


cos 2a.r sin'^ ® _ 

^(7 + 1 


r(j+i) 


i:i 
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It may be shown that, whenever a > _p, formula (2722) 
reduces to 

2724 

r ^ _A=^(2a-2»)’. 

-« 2-^’+‘r(5+l)siu^ 

For a complete investigation, see Cancliy’s “ Memoire de I’Ecole Poly- 
technique,” tome xvii. 


2725 Ex—Let a = 2, = 1, g = i, 

r£Sl±!lpli^clx= _^51._.A''(2a-2)h 

Jo 8r(A)sin^ 

and A2(2a-2)^ = (2r,+ 2)^-2 (2a)^ + (2a-2)^ = 6^-2.4^ + 2^ 


FOUEIEE’S FORMULA. 


2726 



when a = cc and h is not greater than 


Proof. —(i.) Let <p(x) be a continuous, finite, positive quantity, de¬ 
creasing in value as x increases from zero to h. 



/-Hit r— r— r* 

=M>f> 


(i-)> 


— being the greatest multiple of — contained in Ji. The terms are alter- 

Of €1/ 

nately positive and negative, as appears from the sign of sin ax. The fol¬ 
lowing investigation shows that the terms decrease in value. Take two 
consecutive terms 


- (j) (x) dxy 


f “ sin 

J(«+iK siE 


- ^ («) dx. 


Substituting x—~ second integral, it becomes 

(w+ 1) TT 


f a sin ax ^ ( 

J ^ sin 1 


r \ 

1 


and since (j) decreases as x increases, an element of this integral is less than 
the corresponding element of the first integral. 
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Xow, by substituting ax=:y^ we have 


(w +1) t: 


r “ sino.T3 si’n?/ ,/f/] 7, WAN sin 7/, ... 


r(«+l)7r • 


when a is infinite, because then 0 (^) ~ asm'j- = y. 

Hence the sum of 7i terms of (i.) may be replaced by <I>(P) I ' 

^ JO y 

which, when n is infinite, takes the value 0(0) by (2572) ; while the sum 
of the remaining terms vanishes, because (the signs alternating) that sum is 
less than the term, which itself vanishes when n is infinite. 

(ii.) If 0(aj), while always decreasing, becomes negative, let (7 be a con¬ 
stant such that (7+0 (aj) remains always positive while x varies from 0 to h. 
The theorem is true for 0+0 (a?), and also for a function constant and equal 
to 0, and it is therefore true for the decreasing function 0 whatever its sign. 

If 0 (a?) is a function always increasing in value, —0(aj) is a decreasing 
function. The theorem applies to the last function, and therefore also to 0 (a;). 


2727 Coe.—H ence the same integral taken between any 
two limits lying between zero and -^Tr, vanishes when a is 
infinite. 


2728 

Jo sill X 

= 7rA(j>{0)+<l>{n) + (j>{2iT)+...+(j>(n~l)ir+(j>(ii'!r)}, 

when a is an indefinitely great odd integer, and 7i7r is the 
greatest multiple of tt less than li. But when a is an indefi¬ 
nitely great even integer, the second and alternate terms of 
the series have the minus sign. 

T, sin ax / n , (""’sin ax w \ 7 ■ f* sin aa; . n , .. v 

PiiOOF. 1 —^-0 (a;) dx — 1 ^-0 lx) dx + | ^- <b (x) dx .(i.), 

JoSma) sinaj 

decompose the second integral into 2a others with the limits 0 to to r, 

TT to |7r, ... (2n — 1) ^TT to iiTT j and in these integrnls put successively x = y, 
TT — ?/, tt + t/, 27r — y, 27r + ?/, ... mr — y. The new limits will be 0 to ^jt, to 
0 alternately, with the even terms negative, so that, by changing the signs of 
the even terms, the limits for each will be 0 to Also, if a is an odd in¬ 
teger, —is changed into by substitution, so that (i.) becomes 

sin X sin y 

f' {0 ('Z) + 0 (’T-y) +0 (tt +y) + ... + 0 (uTT^-y) } dy 

Jo ri* • 

, I sin ax f N 7 /... N 

+ — 0(.x)d.r .(ill.) 

S111.C 

But, when a is even, the substitution of rr + y for x makes minus 

Sin y 
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whenever r is odd. The limit of the first part of (iii.) is 

Y{0 (0)-f 2^ (7r)+20 (27r)d-... + 2^ Oi-1) TT + tp by (2726). 

In the last part of (iii.) put a; = n:r + y, and the integral becomes 



by (2725). 


If h—nir lies between |Tr and tt, decompose the integral into two others ; 
the one with limits 0 to \tt will converge towards \Tr(p (nx), while the other 
with limits Jtt to h—rnr becomes, by putting y = 7 r—z, 

the limit by (2727). Hence the last term of (iii.) is ^Tr6 (mr). Substi¬ 
tuting these values, (2728) is obtained. 



2729 


Put 5 = 0, 1, 2 ... n successively, and add, after multiplying the first equa¬ 
tion by i, thus 


(iq. cos 2a; + cos 4a; +... + cos 2na;) dx 


The left side 



and, if = (x>, becomes 


Y + + (2728) ; 



_1 


Put 7ra = a and i = /3; therefore 


a 


2730 



with the condition a/3 = w. 


2731 



when a is an infinite integer. 

Proof.—T he integral may be put in the form 



3 F 
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therefore, by (2726), when Ji is > 2 ’’’? ^7 (2728), if h is >l'7r, the value 

is 57 ra> (0), since in (2728) (tt), 4> (27r), &c. all vanish. But ^ (0) = ^(0). 

Henee the theorem is proved. 


When a and j3 are botli positive, 

2733 f .iv = « = *■. 


2733 


Proof. 


r 


- (j) (a*) (Lv = 7r<^ (0). 


'.-(i.) p = - r == fm-l f (0). (2729). 

(ii.) =J“ +j^ = |H0)+f^(0). 


by substituting —a; in the second integral. 


2734 rfV(.r) COS iicvdu (Lv = ^ (0), when a = go . 

c'o *'o 

Proof. — f Qosuxdu. Substitute this in (2731). 

^ Jo 

AYhen « and ft are positive, the limit when a is infinite of 

( ■»« pj3 

I (i> (a*) cos in cos iixdu cLr, 

. 0 Ja 

or of r r <^(a’) sin///sin ?/av/nr/cr, 

is -iTTfj) (/), if f lies between a and ft, lirij) (t) if f — a, and ::ero 
for any other value of t. 

Pr lOF.—When a = cc we have, by (668), and integrating with respect to n, 
j :r) cos vx cos tn dx du ~ bt ft ^ ^ ^ (») dx 

= .ir'f’jL'I£^r.+0*+jr‘™’“M--0* .(i-). 

\a-t ^ ]a+t ^ 

by substituting z — x — t and 2 = .r+/ in the two integrals respectively. 
When a is infinite, the limit of eacli integral is knowm. 

When (I and /I are positive and f lies between them in value, the 

limit of (i.) is 0 (t), by (2732 3) . (ii.) 

When a and /3 are positive and t docs not lie between them, the 
value is zero, l)y (2732). (iit) 
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If a = Hn (i.), the first integral becomes = ^7r(j) (f) by (2731), and 
the second vanishes as before; so that the value, in this case, is ^ (^...(iv.) 

The same demonstration applies in the case of (273G), transforming by 
(669) instead of (668). 


Hence, by (ii.), if t be always positive, 

^CC /'IOC 

2737 W(.f ) COS tu cos UcIHIu cLv = — ^ (^) 

Jo Jo ^ 

= 1 I sill luvducLv. 

Jo Jo 


3739 Ex.—Let 


Therefore*, by (2584), 


0 (x) = e-^^, 
cos tu cos uxcludx = 


which is equivalent to (2574), with ^ = 1. 


f ® a ( 
0^ 


cos tu 


The expres.sions in (2737-8) being even functions of ?/, we have, supposing 
t to be always positive, 


i:i 


0 {x) cos cos ux du dx 


I CO r® 

-Jo 


0 {x') sin tu sin ux du dx ... (i.) 


Replacing (x) by 0 ( —aj), and afterwards substituting —x^ these 
equations become 

( [ 0 (a’) cos tu cos ux du dx = Tr<p ( — t) 

_» J -» rO 

= — I 0 (x) sin tu sin uxdudx .(ii.) 

From (i) and (ii.), by addition and subtraction, we get 

2740 J J ^ 0 (a;) cos tu cos ux du dx = tt [0 (^) + 0 ( — 0]? 

2741 ( J 0 (x) sin tu sin ux du dx = tt [0 (t)—(p ( —0]* 

Whence, by addition, 

2743 f f ^G^) (t—<v) dudx = 277^ (^), 

® *) —00 

the original formula of Fourier’s. 
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THE FUNCTION 


The function c/_j.log r(aj) is denominated 

2743 = 

when /t is an indefinitely great integer. 

Peoof.— By differentiating the logarithm of (2293). 


2744 Cor. V-(1) = 1 — 

when /t = GO , 

= -0 o77215,004901,532800,GO ... (Euler), 

All other values of \p(x), when a? is a commensurable 
quantity, may be made to depend upon the value of \p(l). 


When X is less than 1, 

2745 (1 —ii’)—(u’) = TT cot wa\ 

Proof. —Differentiate the logarithm of the equation 
r (») P (1 — «) = TT 4- sin 7r.r (2313). 


2746 V* (•»’)+'/' ■^)+'/'('*’+ ■^)+ • • • 

= 7i\jj{n<i)—n log?i. 

Proof.— Differentiate the logarithm of equation (2316). 

2747 To comjmte the value of £-) ichen ^ is a proper 

fraetion. ^ ^ ^ ^ 

Find xf from the two equations 

2748 i/; ^1 ——= TT cot £-7r, (2745) 

2749 

= 2 I i/i(l)—log 7 +cos^^^ log ^2vers^^ 
+ cosl^ log ^2 verscos log^2 vers Ac.|. 
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The last term within the brackets, when q is odd, is 


cos 


{q-\)pT 


log^2 vers— q^'} ’ 


and when q is even, the last term is + log 2 according as p 
is even or odd. 

Proof. —Equation (2743) may bo written 

^ (,) = _ i+Z2- 

ft being an indefinitely great integer. 

Replace x successively by —, —, — ... ^ 1; where q is any in¬ 
teger ; thus I 9. I 9 

’^( 7 ) =“ ® 

Hj). =- 


Z<i + 2 


-(i-) 


f 

xL 1 9rA ] =-i-+Z 2 - 2 L. ^-_ + Z5- 

^ \ q I £ — 1 2q — l 3q—l 4:q — l 

;P( 1 ) =- 1 +Z 2 - i +Z|- i +zf- i +H-- 

Now, if 6 be any one of the angles —, —, — ... —> we shall have 

’ ^ ^ q q q q 

1 = cos = cos 2q(p = cos Sq<p = &c.(h.)> 

cos 0 = cos (g + 1 ) 0 = cos ( 2 ^ + 1 ) ^ = cos (3q + 1)0 = &c.(iii*)i 

cos0 + cos20 + cos 30 +... +COS (2 —1) 0 + 1 = 0 by (803).(iv.) 

By means of the relations (ii.) and (hi.), equations (i.) may be written 

cos 0 0 ^—^ =-- q COS0 + cos 0Z2 — —cos (2 + 1 ) 0+cos0^1-—, 

cos 20 0 ~ —^ 20 Z 2 -cos ( 2 ^ 4 " 2 ) 0 + cos 2<pl^ , 

cos 300 ^ cos 30 + cos 30Z2— cos ( 5 + 3) 0 + cos30Zf—, 

cos( 2 '—1)00 =-cos(g'—1) 0 + COS (^q —1)0Z2 

— ^ ^ Tcos (2n-l) 0 + COS (g— 1)0Z|—, 

23 — 1 

0(1) = -l + ?2 - I t T’ 

Upon adding the equations, the coefficient of each logarithm vanishes, by (iv.) 
The remaining terms on the right form a continuous series, and we have 

COS00 ^y)+COS 200 (-^^+...+ COS (^i'-l)00 (^-^)+0(l) 

= — 5 {cos 0 + J cos 20 + 1 cos 30 + in inf.} 

= ig" log (2 — 2 cos 0 ) by (2928). (v.) 
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2 yr 

Let — — (o. Then, by giving to <p in equation (v.) its different values w, 
2 w, 3w ... (^— 1 ) ‘*>1 "we obtain $' — 1 linear equations in the unknown quanti¬ 
ties \p 4' (~) ••• ^ —")* solve these equations for xp 

p being an integer less than q, multiply them respeetively by 
cos cos 2pu) ... cos (q — 1 ) put, 

and join to their sum equation (2746), after putting x = ~ and ?i = q. 

(h\ . . . ^ 

The coefficient of xj/ i —) in the result, Jc being any integer less than q, is 
cosj)w cos /iw + cos 2q)oj cos ... +cos {q—^)p(»> cos (3 — 1 ) + 1 . 

By expanding each term by ( 668 ), we see by (iv.) that this coefficient 
vanishes excepting for the values k=q — p and k = p)> i^ each of which 
cases it becomes = \q. Hence, dividing by \q, we obtain 

^- 21 ^ = 2 i//( 1 ) — 2 /^ 4 -cospwZ (2 — 2 cos w) 

4 -cos 2p(jil (2 — 2 cos 2 a/) 4 - 4 -cos {q~V)pb}l { 2—2 003 ( 5 — 1 ) 

The last term = cospwZ(2 —2 cos w) = the third term 5 the last but one 
= cos 25 )(oZ (2 —2 cos 2 a^ = the second term, and so on, forming pairs of 
equal terms. But, if q l)e even, there is the odd term 

cos \qpto log (2 — 2 cos \q^) = ± 2 log 2 , 
according as p is even or odd. 


Examples. —By (2748-9) we obtain 
2750 4(J) = >/'(l)-3log2+|-, ^(1) = >/,(!)-3log2-1-, 

2752 ^(i) = 4(i)-|iog3+^3, 4(4) = 4(1)-flog3-^, 
2754 4(1) =4(1)-2 log (2). 


DEVELOPMENTS OF 4( («+,(■). 

VTien . 1 ? is any integer, 

2756 0+1+,.^,+^,+ 


••• + 


I 

- 1 


Proof. —By (2289), putting n = a-\-x — 1 and r = .r— 1, 

r (a + x) = (a4-a;—1) (a4-aj—2) ... (rt4-2)(a4-l) a r(rt). 
Differentiate the logarithm of this equation with respect to a. 


2756 


a + 

.r(.r-I)(,i—2)(.r-.‘i) 

4« (rt+l)(o+2)(«+;{) 


■J-&C. 
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If be a positive integer, the number of terms in tins 
series is finite, and tlie value of \p(a-{-x) can be found from 
that of 

Hence, by tliis or tbe preceding formula, in conjunction 
with (2747), the value of wheniV' is any commensurable 

quantity, may be found in terms of 4(1)- 


Proof.—L et 4 (a+a;) = A-FEx-\- Ox (a?—1) ■i-Dx (x —1) (x —2) + &c. 
Change x into ar + l ; then, 

Axp(a + x) = \p(a + x + l)—4' + =dj,{logr (a + a! + l)—log P (a + a;)} 

= 4 log + (2288) = , 

Ax = 1, Aa: (aj —1) = 2a;, Aa; (a; - 1) (a; - 2) = 3a; (a;—1), &c. Therefore 

— =BF20x+SEx(x-1) + 4Ex (x-1)(x-2) + , 
a-j-x 

A -1— = 20+2.3Dx + 3.4Ex (x-l) + , 

a + x 

A^ — =2.3E + 2.3.4.Ex + , 
a + x 


2.3.4^;+. 

a + x 

Put a; = 0 in each equation to determine the coefficients A, B, 0, D, &c.; 

1 1 


Urns A = 4,(.a), B = -, 20 =Ai = -U 
a a a +1 

2.37) = A*-i- = A - 


a (a + 1)’ 


2.3.45; = A*—= A 


a(a+l) a (a-f-1) (a + 2)’ 

2 2.3 


a. («+1) (a +2) a (« + l)(a + 2) (a + 3) 


and so on. 


SUMMATION OP SERIES BY THE FUNCTION 

2757 Fonmaal. « + + + 

= T-7'^(7+0''’T’^(7+”+0- 

Proof. —Let S „ denote the w terms of the series to bo summed. We have 

f(7+"+ 0 =H'f'( t+H 

or /S«+i- (— + n + 2\ = S^— — \p (—+n + l). 

c \ c / c \ c / 

Hence the difference is independent of n, and therefore 

(A+i) = |-^4-(l+i). 
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2758 Ex. i+i + |+... + ^ = i-i'I'(f)+4'K«+|). 


2759 Fonmaall. 


6+(2m+1)c 


hib + c) 

Proof.—T he series is equivalent to 

« 1 I ^ ■ +_JL__|-A_+_^_ 

b 6 +2c &+4c &4-2nc Lb-^c fc-j-c-f-c 

and the result follows by Formula I. 


...+ 


& + C + 2?/c 


]■ 


2760 Formula III ,— 

b 6+c^6+2c 


•... in inf. 


~-b{b+c)^ 

Proof. —Make a = oo in Formula II. 




The last two terms become equal. 


2761 Ex. 1.—In (2760) let fc = c=l, then 

=i+i !'!' (2)-'J' (f)} = '°g 2. 

For 4-(2) = I+g/(l), by (2755); ,J/(|) = 2 + <Kl)-21og 2, by (2754-5). 

2762 Ex. 2.—In (2760) let i = l, c = 2, then 

l-i+i-|+<S^e. =i + k'i> (J)-i-> (I) = 

2763 «/>(l+«) = 

c'o it’ — 1 

Proof, i (1 +a) ='j- (1) +«- + - Ac. [by(2750) 

But = a - r- - Ac., 

tberefoi’e ^^(^+n) = f —i^tlj;4-^(l). 

Jo ® 

Substitute 1 —a; in the integral. 


2764 dr. [By (2703) 

»’o it’— 1 
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Ex.—Put h = —a) then 

(1 + a) —(1—a) = ——a) (2756) = ——Trcotirct (2745). 


2765 Therefore j* ' x — ^ — ~a — ^ ^ 


i/r(a?) AS A DEFINITE INTEGRAL INDEPENDENT OF i/r(l). 

2766 «,.) = -]■;( 


Proof. \l/ (x) = log /i— 


1 

x + 1 


x+fi — 1 

„ , 1 , 1 , , 1 _ f' 

But —• H-—r + ... H-;-- — I -Ij--- 

X aj + l x + iLt — 1 1 — z 


with ^ = GO (2743). 

dz^ 


- dz, /i = 00 


(i) 


by actual division and integration, 

Also log/K = f ' * (2367). 

Put z = y'^ in the first integral, therefore 

^dtj = i^ \ - dy. 

0 1—Jo 1—2/ 

Replace y by a, and suppress the term common with the second integral 
of (i.), and we get (*) = j | j *• 

Pat 2 ^ = w, and this becomes 

'!'(») = [ 1 — - —r" 

1 

But when ^ = oo the product /i (1—?t^) has — logw for its limit (1584) ; 
and u>*- = \. Hence the result. 


\ — u 


du. 


2767 *W=ri'’“-(Ti5=i?' 

Proof. P (a?) =r f e~’‘z^~^dz', da,P(«)=j e’^z^^'^logzdz. 

Jo Jo 

But, by (2427), log 2 = f ^7\ZlZ^ da, 

Jo ^ 

3 G 
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d^r (x) ~ I I ---- dzda 

= 1 r®““ [ (i~~dz — { e~0+a) 

Jo ^ Jo Jo 

^vhich establishes the formula since 

£Z^r(a3) -r r(a;) = cZj,iog r (x) =\p (x). 



2768 

logr(.^) = f^[(.. l)ef 

r- 1 

2769 



2770 




nda 

) U 


Proof. —Integrate (2767) for x between the limits 1 and x, observing 
that log P (1) = 0 ; thus 

Jo - l 08 ’(l t-“) 

Subtract from this the equation obtained from it bj making x = 2, and 
multiplying the result by x—1. We thus obtain 

’(.) = (‘[(.-i)(i+«)-- 

Substitute I = log (1 + a), and (2768) is the result. To obtain (2769), sub¬ 
stitute z = (l4-a)“b Lastly, (2770) is the result of differentiating (2768) 
for X. 


iogr( 


NUMKRICAL CALCULATION OF log r(cr). 


2771 The second member of (2768) can bo divided into two parts, one of 
which appears under a finite form, and the other vanishes with a'. If we put 

0-^ ...1 r>_ 1 


(•'' ^ 1-e-f) i, ’ 


and Q — , 


then log r (;c) = f (P + d^ 

J 0 

If Q be developed in ascending powers of 
negative iiuliees arc = h* yny. 


(i.) 


the terms which contain 
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Pat 


and rs (x) 


= (■[((*-!)- Tib) (j+i) f.("•)’ 


= f(Q--R) 

J I) 




Then, by (i.), log T (ai) = F {x)rs {x) .(iv.) 

F (x) can now be calculated in a finite form, and w {x) will have zero for its 
limit as x increases. 


First, to show that F (|) and w (i) can be exactly calculated. 

and, by substituting 

= .(V.) 

Again, jmtting ai = l in (iii.), we have 

. 

and, by substituting 

.<"■' 

The difference of (vi.) and (vii.) gives 

0 = r (-1 _^ e-(^ .(viU,). 

e'^ 

*1 i T oh *” 1 

Subtract (viii.) from (v.), thus 

. (1)=j f - b) =-2 - ¥ 

Also, by (iv.), F (^) + tar(|) = ZF (|) = ^Z^r, .*. F (1) = ylog (27:)—^...(ix.) 


F (x) may now be found by calculating F(x) — F(^) as follows: 

By (ii.), -PW-P© = (bi) 

- 1 £2 • 9 ! p ^ 

Jo *’ “ Jo ^ 

= i-^K+C^-i) logo; (2427-8), 

F(x) = ^log{27r) + (x-i)\ogx-x, by(ix.); 


.*. by (iv.) log r (^) = I log (2::) + (a; — ^) log® x-\-'ci{x), .(x-) ? 

2772 •*• 1' (a^) = e--^-a’-'*-V(27r) .(xi.) 
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When X is very largo, differs but little from unity. For tsr(a;) diminishes 
without limit as x increases, by the value (iii.) 

licplacing -cr (x) in (x.) by its value (iii.)> and observing that 
log r (a; +1) = log ai + log F (a:), 
we get log r (a; +1) = ^ log (27r) + (aj+1) log x — x 


Now, by (1530), 


+ 



1 


4 





dj, 
^ ■ 


(xii.) 


/ 1 _ "L _1\ JL - 

\l-e-f ^ 2/1 1.2 1.2.3.4"^'‘ 1...2;i ■^1...2n + 2’ 

where d is <1. Also 


So that equation (xii.) produces 

2773 logr(.t’+l) = ■*■(■*’■*'y) 


1^2 ^4 I -|- ^^2n + 2 

1. 2.V a. {2n +1) (27i +2) 


This series is divergent, the terras increasing indefinitely. The comple¬ 
mentary term, which increases with n and is very great when n is very great, 
is, however, very small for cmsiderahle values of n. For instance, when 
X— 10, the values obtained for log F (11), by taking 3, 4, 5, or G terms of 
the series, are respectively, 

1C-09082009G, 16T04415343, 16T044125G5, 1G-1041125G3. 


CHANGE OF THE YAHIABLES IN A DEFINITE 
JNIULTIPLE INTEGRAL. 


2774 Let x,y,z be connected with v, I hj three equations 

ii = i), v~0, w = 0. 

Then, when tlie limits of the integral containing the new 
variables can be assigned independeutly, we have 


f ’ C I* V(.r,y, z) dA'dydz 


(1 {uvu') 


= - f f <1> (?, -n, 0 77^ dHridi, 

d (iinr) 
d {a'i/z) 
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T^liere is what F becomes when the values of cT, y,z, in terms 
of 7 j, t, obtained by sohdng the equations ii, v, to, are sub¬ 
stituted. 

Proof. ||J F{x,y, z) dxdydz = ||| ‘^ (^’ ^ ^ di]d^. 

To find consider tj and <r constant, and differentiate the three equations 
n, V, w for 'i, as in (1723). To find consider ^ and x constant, and differ¬ 
entiate for r/. To find consider x and y constant, and differentiate for C 
We thus obtain 

d {uvw) d (ttvw) d (uvw) d (jiivw) 

^ ^ ^_ d (bjz) d d. (^En) __ _ d (^tjQ 

dl di] dC d (uvw) d {uviv) d (uviv) d. (uvw) ’ 

d (xyz) d (yzii) d (zS,t]) d (xyz) 

observing that two interchanges of columns in a determinant do not alter 
its value or sign (559). 

Similarly in the case of any number of independent variables. 


When, however, the limits in the transformed integral 
have to bo discovered from the given equations, the process 
is not so simple. 

In the first place, we shall show how to change the order 
of integration merely. 

2775 Taking a double integral in its most general form, we shall have 

n <i> (j?) rp 

F(x, y) dxdy =2 F(x, y) dydx .(i.) 

The right member will generally consist of more than one integral, and S 
denotes their sum. The limits of the integration for x may be, one or both, 
constants, or, one or both, functions of y. ^ is the inverse of the function xp, 
and is obtained by solving the equation y = xp(x), so that x = '^(y)< Simi¬ 
larly with regard to ^ and 

An examination of the solid figure described in (1907), whose volume 
this integral represents, will make the matter clearer. The integration, the 
order of which has to be changed, extends over an area which is the projec¬ 
tion of the solid upon the plane of xy, and which is bounded by the two 
straight lines x = a, x = h, and the two curves y — 4^ (*r), y = <p(x). 

The summation of the elements PQqj^ extends from a to h, and includes 
in the one integral on the left of equation (i.) the whole of the solid in 
question. 

But, on the right, the different integrals represent the summation of 
elements likePQ^p, but all parallel to OX, between planes y = a, y = d, &c. 
drawn through points where the limits of x change their character on account 
of the boundaries y = 4^ (^)? 1/^9 (‘^) being straight lines parallel 
to OX. 

















414 


INTEGRAL CALCULUS. 


2776 Example. —Let the figure represent the i)ro- 
jeeted area on the xy plane, boanded by tlie curves 
y = \p (x), y = <p (x), and the straiglit lines x = a, x = h. 
Let y = <p (») have a ruaxinmm value when x = c. 
The values of y at this point will be ^(c), and at the 
points where the straight lines meet the curves the 
values will be ^(u), ^(6), (a), v//(&). 

According to the drawing, the right member of 
equation (i.) will now stand as follows, I/" being written 
for F{x,y), 


r\p (a) rb 


f'P (a) rb f<i> (b) rb 

Udydx+l I Udydx+l 1 Udydx + 
Ji//(a)Ja J <f> (a) J ^ (ff) 


cf>(x) 


f4>(c) r*j(i/) 




Udydx. 


The four integrals represent the four areas into which the whole is divided 
by the dotted lines drawn parallel to the X axis. In the last integral, ^i(^) 
and 4 * 2 ( 2 /) values of x corresponding to one of y in that part of 

the curve y = <p (») which is cut twice by any x coordinate. 


2777 To change the order of integration in a triple integral, 
from z, y, x to y, x, z^ we shall have an equation of the form 

E(x, y, z) dxdydz = 2 ^ dzdxdy 

j 1 ^ 1 ( 2 :, a^) .(ii.) 

Here the most general form for the integrals whose sum is indicated by S 
is that in which the limits of y are functions of z and x, the limits of x func¬ 
tions of z, and the limits of z constant. Referring to the figure in (lOOG), 
the total value of the integral is equivalent to the following. Every element 
dxdydz of the solid described in (1907) is multiplied by F (xyz), a function 
of the coordinates of the element, and the sum of the products is taken. 

This process is indicated by one triple integral on the left of equation (ii); 
the limits of the integration for z being two unrestricted curved surfaces 
z = y), z = 92 y) ; limits fori/, two cylindrical surfaces y = 

y = ip 2 (x) ; and the limits for x, two planes x = a’l, x = x.j. 

But, with the changed order of integration, several integrals may be 
required. The most general form which any of them can take is that shown 
on the right of equation (ii.) Solving the equation » = 9i C'’’ 2/)’ 

2 /j = <I)^ (z, x), 1/2 = ‘ 1*2 (z. x) be two resulting values of y ; then the integra¬ 
tion for y may be elfected between these limits over all parts of the solid 
where the surface 2 ? = 9 i (x, y) is cut twice by the same y coordinate. 

The next integration is with respect to x. and is limited by the cylindrical 
surface, whose generating lines, parallel to OE, touch the surface z = fiix, y). 
At the ])oints of contact, x will have a maximum or minimum value for each 
value of 2 ! ; therefore dj,<pi (x^y) = 0. Eliminating y between this equation 
and that of the surface, we get x = (z), a; = 4^2 (^) limits of x. 

Lastly, the result of the previous summations is integrated for z between 
two parallel planes 2 = z,, z = z^, drawn so as to include all that portion of 
the solid over which the limits for x and y, already determiued, remain the 
same. 
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The reiiiaining' iiitegratioris will take place between z — and similar 
successive parallel planes ; and, according to the portion of the solid which 
any two of these planes intercept, the limits of x for that integral will be ono 
or other of the bounding surfaces, curved or plane, the limits of y, one or 
other of the curved surfaces. 


The general problem to change the variables in a mnltiplc 
integi^al, and determine the limits from the given equations, 
may now be solved. 

2778 Fi: rst, in the case of a double integral, 

( X2 ri^aM .. 

F{x,y)clvdij . (lu)., 

J 'M (x) 

to change from ^r, y to n, having given the equations u = 0, 
involving the four variables. 


To change y for rj, eliminate ^ between these equations ; thus y = f (a% »j) 
and dy = fr, (x, t/) drj. Substituting these values, we shall have 

F(x, y) dy = F{x,f{x, ri) dr} = F^(x, rj) dtj- 

Also, if corresponds to the equations y^ = /^i («) and y^ —f (aj, will 

give — Similarly (x). 

Hence the integral (iii.) may now be written 


f x2 r^ifsix) rvz X 

(a;, tj) dxdt] = 2 F^{x^r]) dr] dx . 

the form on the right being obtained hy changing the order of integration^ as 
explained in (2775). 

Next, to change x for £, eliminate y between the equations w = 0, = 0; 

thus, x = g{k, »;) and dx = g^(f, r?) d^. Substituting as before, we shall have 

F, {x, v) dx = F, (^, 7?) d^.. 

Also, corresponding to x^, the equations x^ = (n) and x^ = g (4, rj) pro¬ 
duce ^i = Wi(»7), and in the same way = Hence, finally. 


f x2 Tfizix) Criz r. 

F(x,y)dxdy = :^\ 

Xl J IJ-l {x) J T?1 J i 


rmziv) 


F.i(f, ri) dg d'S, .(v.) 

J mi(v) 

In the last transformation from x to £, the most general form of the 
integrals which may be included under S has been chosen. When any of the 
limits of X are constants, the process is simplified. 


2779 Again, to change the variables from x, y,z to 
in the triple integral, 

f^a f'/'at-r) |•X2(.-c,2/) , 

F{x,y,z) dxdyclz .(vi.), 

(a;) Jxi (x,y) 

having given the equations = 'y = 0, w = 0 between the 
six variables <r, y, C 
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First, to cliango from z to eliminate I and n between the three 
equations, and let the resulting equation bo z =f{x^ y, 0* From this 
(Iz = f^(x, y, i) thei’efore 

F(x, y, z) dz = F{x, y, f (x, y, C)} y, 0 = FiVi 0 

Also, if corresponds to the limit the equations Zi = Xi (^> Z/) 
g^ve Cl = (a;, z/). Similarly Ca = 9)3(0;, y). 

The integral (vi.) may therefore be written 



F^(x, y^ 0 dxdydii = S 

M^v,y) 



•^■2 (^. **) 

Fi(xj y, 0 d'Cdxdy 

.(vii.)) 


the last form being the result of changing the order of integration, as ex¬ 
plained in (2777). We have now to change from y to vj we therefore 
eliminate z and C from the equations u, v, obtaining an equation of the 
form y = X, 17 ), and proceed exactly as before. The result, as respects 
the general form of integral in (vii.), will be 

a ^2(0 fA2«.CC) 

F.i(x, y, dCdxdij .(vm.) 

The order of x and y has now to be changed by (2775). Since C is a 
constant with respect to integrations for x and y, T^i(C)j T^aCC) will also be 
constants, while \^(^,x), will be functions of the single variable a?. 

Suppose y = Xii^,x) gives x = y). Similarly, x = A^{l,y) maybe 

the other limit. 

At the point where a; = T^i(C) and y = \(^,x), we shall obtain by 
eliminating a;, say, 77 = /ij(C). Similarly, from a; = q^j(C) and y = X 2 (^,x) 
suppose, we get y = /A^(Q for the next limit; then a general form for the 
transformed integral will be 


rf2 Cy-AO rMi,-n) ^ 

F^(x,y,i^) d^dydx .(ix.) 

It now remains to change from the variable x to C. Eliminating y and z 
between the equations w, v, zr, we have a result of the form x-=f (C, y^ C). 
Substituting for x and dx as before, we arrive finally at the form 


r^2 fMaCO r»'2(^,’)) , , ^ 

F,{l,y,^)didydl .(x.) 

It should be noticed that the limits x=. Ai(C, ??), x= A 3 (C,»;), in (ix.), ai’e 
not necessarily different curves. They may, in some of the partial integrals, 
be different portions of the same curve. This was exemplified in the last 
integral of (2770). 


MULTIPLE INTEGEALS. 


Tlie following theorems, (2825) to (2880), which are 
given for three variables only, hold good for any number. 

Let Xy ij, z be quantities which can take any positive values 
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subject to tbe condition that tbeir sum is not greater than 
unity; then 


f*L i^l-x 

2825 

-' ft -n . ’ ft 


r(0 r(wO r(>t) 
r(/-|” -|-n-j-1) 


Here X‘^y-\-z = \ is tbe limiting equation. 


Proof. —Integrate for z ; then for y by (2308) ; finally for x by (2280), 
and change to the gamma function by (2305). 


rf L) r(—) rf—) 

2826 ffffI ?”-'(II = q*/ ^>0 

V 7 ; <7 r / 

when (iy + (jy + ( = 1 is tbe limiting eqnation. 

Proof.— Substitute a; = V = ^ = (^) » (2825). 


2827 When tbe limiting equation is simply + 2 = 

tbe value of tbe last integral becomes 

7 ,;+»+» r(/) T(m) T(n) ' 

r (/4“ wi"l“ “I” 1 ) 


2828 Tbe value of tbe same integral, taken between tbe 
limits 1i and li-\-dh of tbe sum of tbe variables, is 


i i+m+n~i r(/) r(ni) r(M) 
r(/+m+n) 


dh. 


Proof. —Let u be the value in (2827) ; then, by Taylor’s theorem, the 
value required is 




r(l)r(m)T(n) 
r(Z+?^t+7i+i) ’ 


which reduces to the above, by (2288). 


2829 

_ r(Z) r(m) r()i) ^7,^ 

r(/+ni + n) Jo 
3 H 
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if x-\-i/-\-z ■= h and varies from 0 to c. In other words, the 
variables must take all positive values allowed by the condi¬ 
tion that their sum is not greater than c. 

Proof. —For each value of 7t the integration with respect to x, y, z gives, 

by (2828), /(li) . (’>») !'(«> j], 

r (t-|-m + 7 i) 

the variations of .r, y, z not affecting h. This expression has then to he in¬ 
tegrated as a function of h from 0 to c. 


2830 


jyqr -p / / m i ^ 


VT+T + t) 

with the limiting equation ^ -j- -p ^ = c. 
Proof. —From (2820) by substituting x = ^ , &c. 


^dh. 


2831 If X, y, z he n variables, taking all positive values 
subject to the restriction x^z^. >1; then 

nr (lvdf/(h.&c. _ 

JA' “ 2'T{i(H + l)}' 

But, if negative values of the variables are permitted, omit 
the factor 2'^ in the denominator. 


Proof. —In (2830) put l=.ni=&c. = lj a = /3 = &c. = 1; i’ = 2 = &c.: 
/(/O = "TT^j- TTi c=l; and the expression on the I'ight becomes 

2“P(i«)l„(i_,,)i 


(Ih. 


The integral is = B Qn, i) ( 2280 ) = ^^‘9 ( 2305 ). 

TTcnce the result. i ^ Uj 


o. 


Put if negative values of the variables are allowed under the same re- 
stricrion, .*■-f-f .f'+ 1, each element of tlie integral will occur 2” times 

foi* once under the fir.st hypothe.''is. Therefore the former rc.sult must be 
multiplied by 2”. 
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2832 If positive variables, rr, 7 /, &c., are limited by tbe 

condition 1, then 


^(rttr’+%+c;^+&c.) (hdt/dz ... 




. 'a 


2”->r{i(H+i)} J 

where Jc^ = 

Proof. —Change the variables to r], ^ by the 
orthogonal transformation (1799), so that 
a^pU + c^p&c. = and axpl)ypc;:p&c. = It 
The integral then takes the form ' 

with f + >/Hr+*tc. > 1. 

l^Tow, integrate for t, &c., considering 4 con¬ 
stant, b}^ adapting formula (2826). The limiting 
equation is 

(7(13?))'+ (7(77^)+ *“ 

Therefore put l=.m= &c. = 1 ; T = <1 — &c. = 2 ; a = /3 = &c. = \/(l — ^^). 


Ik k 

a b' c 

k k k 

h'^ 

k k k 




(1-^1 ^ 


The result is , ^ ^ ^ 

which is equivalent to the value above. 


dt 


2833 With the same limiting equation for n variables and 
the same value of /v, 

OT <^(<hr+%+cs+&c.) I j 

JJJ y(l-a;*-yW3&c.j - 




’(4») 

Proof. —Making the same orthogonal transformation as in (2832), the 
integral changes to j||... 

Considering I constant, the integration for the remaining variables is effected 
by (2830). Adapting the integral to that formula, we have 

0(7.:£)da rr dndt... 

for the limiting equation. 
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Here I — m — &c. = 1; P = 2 = = 2; a = /3 = &c. = -v/(l —; 


f{h) = 


1 


c = 1 ; and the reductions are similar to those in (2832). 


2834 If ill (2832-3) negative values of the variables are 
admitted (since the limiting equation is satisfied by such), 
each element of the integral with respect to >?, &c. will then 

occur 2'*"^ times, and therefore the result in each case must 
be multiplied by 2"^“^ and the limits of the integration for 5 
will be —1 and 1 instead of 0 and 1. 


EXPANSIONS OF FUNCTIONS IN CONVEROINa 
SERIES. 


The expansion of a function by Maclaurin’s theorem (1507) 
can be at once effected if the derivative of the function is 
known, or if merely the value of the same, w^hen the inde¬ 
pendent variable vanishes, is known. Some derivatives of 
different functions, in addition to those given at (1461-71), 
are therefore here collected. When the general value would 
be too complicated, the value for the origin zero alone 
is given. 


DERIVATIVES OF THE ORDER. 

The following is a general formula for calculating the 
derivative of a function of a function. 

If y be a function of and 2 a function of x, 


2852 


dcv'^ ^ ^ dz^' dd'' \a 


where ?• = 1, 2, 3, ... n successively, and a is put in each 
term of the expanded binomial, after differentiation. 


Proof.— Assume 2/3z + ••• + 

To determine any coefficient A,., form r equations from this by making 
y = Zf z\ ... z^ in succession : multiply these r equations respectively by 
rz-\ —C (r, 2) ij-*, C (r, 3) ... (—I)**** and add the results. All the 

coefficients excepting A^ disappear. This is shown by dilierentiatiug the 
equation (1 —»)*' = l—rx-\-C (r, 2) x^—C (r, 3) as*-f-... i 
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successively for x, and making x zero after each differentiation. Thus, finally, 
0 2) {z^)nx . 0 3) (^^)nx _ ( _ MiiHI ]. 

with a put = », after expanding and differentiating the hinomial. 


2853 Examples.— The formula may bo applied to verify 
equations (1416-19). 

Jacobi’s formula (1471) may also be obtained by it. 


2854 




_ 1.3... (2w-l) n 1.3C(w, 2) 

~ 2"(l-a-)’'(l-a''")U 2»-l 2«-1.2n-3 

1.3.5C(«,3) - Z^+..,±Z'‘l, where E = 

27i—1.2n—3.2n—D J 


1—x 
1 +aj* 


Proof. (sin“^ a3)(„+i)a. = | (1 —«) “(l + a;) ^nx (1434). 
Expand the right member by (1460). 


2855 tan"^r. This derivative is obtained in (14C8). 
The following is another method, which also includes the 
result in (1469). 

dx tan"^ X = 3 “ 4- j -i 5 

l + x^ 2 Lx-{-i x—\) 

, ln-1 (-1)” ( 1 11 ... 

by (1425) d„,,tan »_ ((a;^-^)« {x-iy) . ‘ 

Put 35 = cote, therefore x^i= ^(l-\-x'^) (cos 0 ± ^ sin 0), which values 
substituted in (1) convert the equation, by (757), into 

(tan“^ x)^x = ( —1)”"‘ I n—1 sin” 0 sin nO. 


2856 </„*{e*™“cos(.rsma)} = <r"'=““cos(u7 siua+Mo). 

Proof. —By Induction. 


LAGRANGE’S METHOD. 

2857 Lemma .—The derivative of a function u—f{x) 

will, by Taylor’s theorem (1500), be equal to 1.2 ... n times 
the coefficient of li^ in the expansion of /(a^-h/^) in powers of 
h by any known method. 


























422 


INTEOEAL CALCULUS. 


Let u = a-\-hx-\-cx^, and tlierefore Ti^ = h-{-2cx; then 
dr,r(ct-{-hv-\-cx^y is equal to either of the following series, 
with the notation of (2451-2). 






(r—p) 7 
n i 


'!!L+ ]■ 


2858 1 (>-) T J(r- 2 )j ,2 --- j(p)j(r-2rt 

2859 or, putting 2n = m and Aac — 1/ = cf, 

( «(2) (2p) ^ 


Proof. —Changing a; into a; + /i in ?<•”, it becomes {u-\rUxli + ch'^Y. Then, 
by (28o7)j will be = [j^times the coefficient of in the exjDansion of 

this trinomial. (2858) is the result, and it may be obtained by expanding 
{(w + ^ta-Zi)+ c/i’}” as a binomial, and collecting the coefficients of h*' from the 
subsequent expansions. The value (2859) is found by taking 

(u+uj^+chr =«” j (i+ (g)' ] ”, 

expanding, collecting coefficients of 7^, and multiplying by 1.2... r, as 
before. 


2860 Ex.—To find + Applying formula (2859), we have 

u = a^ + a5®, = 2x, q= 2a, r = n. Therefore 


(a? + ^r = (2«)'”i [ ®”+ p'l ~\ aV 

C 2a(2a—1) 


n^in-iy (n-2){n-Z) , 
1.2.2a... (2a-3) 


^ + &c. I . 


2 2 C 

2861 + 

with r = 1, 2, 3, &c. in succession. 

Proof. —By the method of (2857). Putting expand 

the factors containing h by (150), and from the product of the two scries 
collect the coefficients of /t”. 


2862 d^x 
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Peoof.— (cos^r’^ + isinaj^) = Expand the right by (2861), 

putting since, by (766), = = Also put 

= COS jx>+ + isin [ j , 

and then equate real and imaginary parts. 


2864 = (-1)“[e""+ {»+l-2'‘} 

+ 5 0 (ti+1, 2) - 2» (» +1) + 3” i 

+! C ()1+1, 3) -2»C (« +1, 2) + 3” (»+1) -4”} e'”-='» + &e.^ 

Proof.—L et « be the function. By differentiating ti it is seen that 

the A’s being constants. To determine their values, expand u = (e^ + l)“\ 
and also (6^ + 1)""^^ by the Binomial theorem; thus 

= (_1)« {e-^-2”e-='^+3”e-^^-4”e-'^ + &c.(, 

(e:tq_l)«4i = e(«>i)^+(^j + l) e«®q.O(n + l,2) 0(n + 1, 3) + 

From the product of the two expansions the coefficients A,,, A„_i, &c. may 
be selected. 


2865 <4.^taM-'.y = (-1) ^ jw-l ov zero, 

according as n is odd or even. 

Proof. —By Rule IV. (1534). The first and last differential equations 
(see Example 1535) are, in this case, 

(l+aj^) 7/2x4= 0.(i.) ; 2/(«+2)xo+^ 0^ + 1) 2/wa:o = ^.(ii*) 1 

with ya,o = 1 and f/ 2 a;o = 0. 

Otherwise. —By (1468), putting » = 0. 

2867 = l.o^5^.. {n—2y or zero, 

according as n is odd or even. 

Proof. —By differentiating (1528). 

Othenuise. —As in (2865) where equations (i.) and (ii.) will become in this 
case (1 -x^) 2 / 2 X = ^Vx .Od 2 /(»^ 2 )xo = '>^^ynxo .(ii-) 


2869 (sin-^r)'^ = 2.22.4^6^ ... (^-2)' or ^ero, 

according as n is even or odd. 

Proof.—A s in (2865) ; equations (i.) and (ii.) being identical with those 
in (2867). 
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2871 tZ„^ cos (msiir^c) 

= (_i)f ,„2(„i2_2-^)(m^-4=) ... [»i^-(n-2)-]. 
or zero ; according as ii is even or odd and > 0 if eycn. 


2873 (/„,„sin(msiu \v) 

= (—1)"^ ... [m^—(n—2)^], 

or zero ; according as n is odd or even and > 1 if odd. 

2875 <Z „,0 cos rw cos-^r) 

^ (_l)^,n (m^-l)(»r-3^) ... [m^-(«-2)-] sin^, 

2876 or 

= (—1)^ (m^—2'-)(m^—4®) ... [m^—(n—2f] cos^^, 

according as n is odd and > 1, or even and >0. 


2877 sin {m cos ' .r) 

= (—l)'2wi^(j«®—2''‘)(>ft^—4^) ... [m^—(«—2f] sin^wir, 

2879 or 

= (—1)*^l)(m®—3”)... [m^—(«—2)®] cos^mir, 

according as n is even and > 0, or odd and > 1. 

Observe that, in (2871-3), sin'* 0 = 0, and in (2S75-9), 

cos~’ 0 = ^, are the only values admitted. 

Proof.—F or (2871-9). As in (2865) ; equations (i.) and (ii.) now be¬ 
coming in each case 

(l-x^) f/ 2 x-a^ 2 /x+w% = 0.(i*) yin. 2 )cvo = {n^-rri^) .(ii.) 

Otherwise .—By tbe method of (1533). 

2880 Let y = ^ cot .t, tlien 

n cos^ii^ Ti = }/oSiu.^ir+...+»/rxoC' (u, r)siu^i.j^ ir+... 

••• "l“//(»-l)a^0 “s 

witli integral values of r, from 0 to n — 1 inclusive. 
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2881 Thus, denoting y„^o shortly by y^, we find, by making 
71= 1, 2, 3, &c. successively in the formula, 


y2 = - 


3’ 




ys = - 


128 
15 ‘ 


Proof. —Take the ?tth derivative of the equation a; cOvS a; = y sin a; by 
(1400), reducing the coefficients by (1401-2), and putting x finally = 0. 

2882 The derivatives of an odd order all vanish. This may be shown 
independently, as follows :— 

Let y = f (a:), then ^ (a?) is an even function of x (1401) ; therefore 

(0) = - (0) ; (0) = 0. 


n—l 


2883 rf„,o{(l+cr^)® sm(»»tau ^.r)] 

according as n is odd or eveii. 

^ = ( — 1) ^ or ze7'o. 

m 

2885 r4xo { (1 +<»^) ^ cos (w tau-\r) 

according as n is even or odd. 

[ = ( — 1) ^ or zero. 


Proof. —As in (2805). Equations (i.) and (ii.)> both for (2883) and 


(2885), are now (!+«■) y-zx—^ (m —1) xy^c + m (»72-—1) y = 0.(i.), 

and 2 /(nt 2 )xo = — (w—n) (m—n—1) y„^ . (ii.) 


Formula (ii.) gives the factors in succession, starting with y^ =0, yx =■ 'nt 
in (2883) ; and with ?/o = 1, ?/j, = 0 in (2885). 

2887 {(1 ^ COS {m tan“^ a .')} = ( — 1) ^ or zero, 

according as n is even or odd. 

Proof. —Change the sign of m in (2885). 

Note. —In formulje (2883-7) zero is the only admitted value of tan"^ 0. 


2889 = (“0 or 

according as n is even or odd; by (1539). 

2891 When y> is a positive integer, 

n—p r /. 1 

f4.ro cos hx) = idd^l{d^+ljr) ^ cos 1 (n—p) — ^ 

or zero, according as 7i is > or < p. 

Proof.— Put y = e"® cos hx and z = x^ in (1460), employing (1465). 

3 T 
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MISCELLANEOUS EXPANSIONS. 

The following series are placed here for the sake of 
reference, many of them being of use in evaluating definite 
integrals by Kule V. (2249). Other series and methods of 
expansion will be found in Articles (125-129), (149-159), 
(248-295), (756-817), (1460), (1471-1472), (1500-1573). 
For tests of convergency, see (239-247). 

Numerous expansions may be obtained by differentiating 
or integrating known series or their logarithms. These and 
other methods are exemplified below. 


2911 


cot .V = 


iV 


1 


TT — .V 


1 1 

TT+a^ 27r—iv 

+ I L 


—i-&c. 

371 + 07 


Proof.— By differentiating the logarithm of equation (815). 


2912 wcotjT.r 


1 


07 


1 

0-1 


a'-2 

+ -^+-++^4 

o’+2 07—3 o’+3 


&c. 


Proof.— By changing x into ttx in (2911). 


2913 tan .r = j- 


|7r+ct7^|^—.r ■|7r+07 


Proof.— By changing x into in (2011). 


-&C. 


2914 cosec O’ = 


TT — 0’ TT + cC 


1 


27r+. 1 ’ Btt—O’ Btt+07 Itt— o’ 

Proof.— By adding together equations (2011, 2013), and changing x 
into lx. 


1 


1 


-c^C. 
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2915 


smmTT 


7n 


1—m 1+m 

1 . 1 


2—m ' 2+?>i ‘ 3—m 

Proof.— By putting x = imr in (2914). 


3+m 


-&c. 


2916 = 

lA l± LiL 

For proof see (1545). The reference in that article (first edition) should 
be to (1541) not (1540). 


2917 

, 2^2^-!) „ , 2‘C2^-1) D , 2«(2®-l) 

tan X = —V;t ' li.2X+ —Vj- - -Y? ~ 

|2 \_^ 

2918 cosec ct? = — 

X 12 

+ —n ^ ^ 16 


B^x^+kQ. 




Proof.— By (2916) and the relations 

tan aj = cot»—2 cot 2a;, cosec x = cot \x —cot x. 


2919 

--- = l+2a coScr+2a^ cos 2cr+2a^ cos3c^’+&c. 

l--2a cosc^’+a^ 


2920 


1—2a cos.2 + a^ 

= —^L__l LifL (coScT+a cos2cr+a^cos3c?7+fl^ cos4ci’+&c...) 
1—a^ 1— 


2921 

-, -- = sintr+« 8m2x+a^ sin3ci’+«^sm4ci’+&c. 

1—2a cos < 2 ’+a 


Proof.—B y (784-6) making a = /3 = a; and c —a. 


When a is less than unity and either positive or negative, 
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2922 

-^log(l+2« cosa’+rt^) = a cosci’—^ cos2ci*+^cos3cr—&c. 

2923 tan~^ Y' f — = « siiia’— sin 2a + ~ sinOo?—&c. 

1+acosa’ 2 3 

Proof. —Putting z = a (cos a;+ ^ sin a;), we have 
log (l + ! 2 ) = log (l + acosa;+msinaj) 

= 5 log (l + 2 a cosa?-i-a®) 4-4 tau‘*-2i£2L£L (2214), 

1 + a cos X 

and also log (!+«) = «—-^ -^ + &c. 

Substitute the value of z and equate real and imaginary parts. 

2924 Otherwise. —To obtain (2922), 

log (1 + 2 ci cos + = log (1 +ae’*) + log (1 4 -ae"*^). 

Expanding by (154), the series is at once obtainefl by (7G8). 

2925 Otherwise. —Integrate the equation in (786) with respect to a, after 
changing a and /3 into a?, and c into — a. 

2926 When a is greater than unity, put 

log (l+2a coso'+w^) = log «^+log + cosa^+r^"^), 

and the last term can be expanded in a converging series bv 
(2922). 

2927 

log2 cosher = cosef—^cos2a+ 3 cos3a’—^cos4a’+&c, 

2928 

log 2 sin = —cos |cos 2a?—^ cos 3a’—i cos br— &c. 

2929 i c = sill a’—^ sill 2a’+^ sin 3a’—} sin 4a’+&c. 

2930 i (tt— a’) = sin a’+i sin 2a’+} sin 3a’+} sin 4a’+<^c. 

Proof.— (2927-30) Make ±1 iu (2922-3). 

2931 4 ^ = sin a’+} sin 3cr+i sin oa?+&c. 

2932 2v/2(l+}-i-|+v+-n—&c.). 

Proof. — Add together (2929-30), and put x = 577 . 


AYhen 71 is less than unity, and a = 1 + \/(l-{-;r), 

S2933 log(l+« COSO') = log(l-f-2« cosa*+a“)—log (l + ^0> 









EXPANSIONS OP FUNCTIONS IN SERIES. 


429 


and is therefore equal to twice the series in (2922), minus 
log’(l + a“). But if a be greater than unity, expand, as in 
(2926), by 

2934 log (l+n coscv) 

= log (l+2a"^ cos.r+«“^)+loga^—log (l+«^). 


2935 

(l+2« cosu’)" = A-}-Ai cos<r +^2 cos2ci'+^3 cos3.r+&c., 
where 


^ = 1 + 2) 2a^+... + (7 (n, 2p) C(2p, p) 

A, = 2a{n+Cin, 3) . A C (n, 2p + l) C(2p + l,p) 


and 


A^i (n—r+I) a—rA^ 


^ (/i+r+l)« 

If n be a positive integer, the series terminates with the 
term, and the values of A and are also finite. 


Proof. —Differentiate the logarithm of the first equation; multiply up 
and equate coefficients of sin rx after transforming by (G66) ; thus ^;.h.i is 
obtained. 

To find A and A-^, expand (1+ 2(i cosaj)'* by the Binomial Theorem, and 
the powers of cos* afterwards by (772). 


2938 

with 


LEGENDRE’S FUNCTION X,,. 

(1 2«tr-|-a'') 1••• 


Proof.— Expand by the Binomial Theorem, and in the numerical part 
of each coefficient of a’* express 1.3.5 ... 2?2-—1 as j 2n -f- 2” j n . 


Consecutive functions are connected by the relation 

2937 = (2m+1) X.nA'dx^n-l' 

Proof. —Differentiate the factor once under the sign of differentiation in 
the values of and X„_i given by the formula for X^ in (2936). 


A differential equation for is 

2938 d^X,-2xd,X„-\-n (n+1) X. = 0. 
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2939 When j) is any positive integer, 

P+2p+3"+... + («--1)'’ 

-I _ o 

/> + ! 2 p ~^ |2 \ p — l |4 I 0 | p~5 

concluding, according as n is even or odd, with 

(_l).p«^ or (-l) 4 (»+i) 

liL l?>-i LLj 

Proof. ^—. Expand the left side by division, and 

—1 X 6 ^—1 

each term subsequently by (150). Again, expand the first factor of the right 
side by (150), and the second by (1539), and equate the coefficients of in 
the two results. 

See (276) for the values of the series when p is 1, 2, 3, or 4. But the 
general formula there is incorrectly printed. 


Let the series (2940-4) be denoted by ^'zn> as 

under, n being any positive integer; then 

111 (yin-l 

2940 'S2„=l+^ + ^. + ^+&c.... = -j-^w^“-B2„. 

1 ^ 1 92»-l_1 

2941 Sk = 1 - ^ ^ +&C- - = 

2942 H1 + A + ^ ^ +&C.... = Ig 

Proof.—( i.) Szn is obtained in (1545). 

(ii.) 8 ,„- Si„ = 2 + Jj + &c.) = 2|a. This give S^. 

(iii.) = i (£(,„+Si„). 


2943 

2944 


.= l+jp + Ji: + ^+&c._. 




-1 


- —i 

c/ — 4 . 


- 1 111 1 1 _ '^^^2r..r cd^ 

•prtTT » ^2«+i y2«+i I * 42/i+i I * 2)1 


, — 1 


Proof. —By difierentiatiug equation (2912) successively, and putting 
ir = 4 in the result. To compute (1525). 



















EXPANSIONS OF FUNCTIONS IN SERIES. 


4G1 


2945 The following values have been calculated by formulaa 


(2940-4). 

^2 = 

77^ 

*0’ 

c _ 

* 1)0’ 

a — 

" 1 )1.')’ 

Cf — ^ 

* 9150 ’ 

<?' — 

TT^ 

c' 

g,_ .‘il7r« 

12777^ 

O 2 — 

12’ 

720 ’ 

;50240’ 

' 1209000 

^2 = 

77^ 

• II 

^1= 

II 

1777’ 

** “ 101280 ’ 

5 ; = 

77 

T’ 

II 

57T= 

1530’ 

/ 6177^ 

“ 184320’ 


2946 

2947 TSf-[>-(;5g.][>-T;f5'][‘-(3^^^ 


X 1 




(37r + a)^JL (Stt— a/. 

Proof. cos«-cos« ^ sin l (« + j) sin j (a-») Expand tlie sines by 

1 —cosa shT 

(815). The two n + F^ factors of the numerator divided by the corresponding 
ones of the denominator reduce to 
2ax + x^\ ^ 

V'^4r^K‘-a?) r'^4^iV-aV 

^ /i„ ^3 \ /. a; \ X \/t_ _ 

\ %nT — a) \ 2/(Tr + a/ \ 2ii7r—a/ \ 2mrAa/ 

= (l - ^ _ ] (l— ^ y 

\ (2?i7r — ay) \ (2?i7r + u)^/ 

Similarly with (2047) employing (816). 

3948 oos.+tan|sin.= (l+^J (l-^J (l+^J 

2949 cos»-cot|sin*= (l-^) (l + .^J (^“27?^) 


Pkoof. cos X + tan — sin x = ^. Expand the cosines by (816), 

2 cos 

and reduce. Similarly with (2949), employing 815. 
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2950 

2951 


e^—e' 




2 

e® + e" 


- [‘-(?)'][>+(S)'J['+(S)]. 


Proof.— Change 6 into ix in (815) and (816). 


2952 


e®-2 cos a + e"® 


2 (1 —cos a) 

t^ + 2 cos a + e'^ 


&c. 


2953 


2 (l + cos a) 

- [>- tn [■* (*)'] [■ t (3*-.)'] [»(sA-.)i ■ 

Proof.— Change x into ix in (2946-7). 


FORMULA FOR THE EXPANSION OF FUNCTIONS 
IN TRIGONOMETRICAL SERIES. 


2955 When X has any value between I and —I, 


f/y ...(i.), 


where n must have all positive integral values in succession 
from 1 upwards 

But, if x=l or —I, the left side becomes l(p{l) + 


Proof.— By (2919) we have, when li is < 1, 

--- = 1 27i cos 0 + 2/i“ cos 20 -f 2/i’ cos 30 + &c.... 

1 — 2/i COB 0 + 

Put 0 = ^ . j^uitiply each side by 0 (v), and integrate for v from 

— Z to Z; then make h = l. The left side becomes, by substituting z = v — x, 

J ■ ^ 1 — 2/i cos ^ ^ (1 — hy + 4/i sill* — 

I 2Z 

AVhen 7i = l each element of the integral vanishes, excepting for values of v 
which lie near to x. Therefore the only appreciable value of the integral 
arises from such elements, and in these z will have values near to zero, both 
positive and negative, since x has a 6xed value between Z and —Z. Let theso 
values of z range from —(3 to a. Then between these small limits we shall 

op = ^, and v>(^ + ^) = 0 (•*?), 


have 
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m 


and the integral takes the form 





“ __ 

(1-A/ + 






•when h is made equal to nnity, which establishes the formula. 

In the case, however, in which x—l, sin^ vanishes at both limits, that 

is, when z = 0 and when z = — 21. We have therefore to integrate for z 
from -/5 to 0, and also from —21 to being any small 

quantities. The first integration gives l(p (1) as above, putting a = U. The 
second integration, by substituting y = produces a similar form with 

limits 0 to a, and with f in the place of 0 (a*) giving Itj) (~0 'vhen 

x = l. Thus the total value of the integral is I<l> (I) F l*!^ i — The result 
is the same when x = — 1. 

That the right side of equation (i.) forms a converging series appears by 
integrating the general terms by Parts; thus 



which vanishes when n is infinite, provided <!>'(v) is not infinite. 

Hence the multiplication (jf such terras by JF when n is infinite produces 
no finite result when h is made = 1, although 1 is a factor of indeterminate 
value. 


2955« A function of the form <p{x) cosnx, with infinitely 
great, has been called “ a fliictuatluj Janet lor the reason 
tliat between any two finite limits of the variable x, the func¬ 
tion changes sign infinitely often, oscillating between the 
values (p{x) and —The preceding demonstration shows 
that the sum of all these values, as x varies continuously 
between the assigned limits, is zero. 

By similar reasoning, the two following equations are 
obtained. 

2956 If ^ any value between 0 and I, 

= ... ( 2 ). 

ZlJo t ..'o f' 

But if a? = 0, write li(^(0) on the left; and if write 

If X has any value between 0 and ?, 

2957 0 = i rff+ysr fV(iO cos'i^d^) rft,...(3). 
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4 U 


Blit if x=0, write i<l>(0) on the left; and if x=I, write 
_ 

2958 fi^r) = I fV('-) ,/r 

/ *'o / ( *^ 0 I 

This formula is true for any value of x between 0 and /, 
hotli inc/ih^irc. 

But if be >/, write </)(,r~2»i/) instead of (/)(.r) on the 
left, where 2ml is that even multiple of / which is nearest to x 
in value. 

If the sign of x be changed on the right, the left side of 
the equation remains unaltered in every case. 

2959 = 4 I .(5)- 

i I «.'o f 

This formula holds for any value of x between 0 and I 
exchmive of those values. 

If X be > /, write ±4(<i3 ~ 2mJ) instead of fj>(x) on the left, 
4- or — according as x is > or < 2nil, the even multiple of I 
which is nearest to x in value. 

But if X be 0 or /, or any multiple of I, the left side of this 
equation vanishes. 

If the sign of x be changed on the right, the left side is 
numerically the same in every case, but of opposite sign. 

Proof.- —For (2958-9). To obtain (4) take the sum, and to obtain (5) 
take the clifterence, of equations (2) and (o). To determine the values of 
the series n hen x is > ?, put x = ''2ml ± so tliat x' is < 1. 


Examples. 

For all A’alues of x, from 0 to tt inclusive, 
TT 1 \_, cosilr , coso.r 


^ \ , COSOcP , COS U.C , f 

2960 = vr-] cos d'+ ^ + cVc. ^. 

2 77 C ♦> J 

Proof.—I n formula (4) put ^ (x) = .v and Z = tt, then 

, r-ysiu?ii; , cos???;!’^ 2 ^ 

V cos nv «y = -|-r = — t 

,0 L n n- Jo 

according as n is odd or even. 

Similarly, by formula (5), equation (2929) is reproduced. 


For all values of x, from —oTt to Itt inclusive. 
Ortr'i ^ • siiio.r , sino.c n ) 

2961 .(■ = — ] siii'C- — + - i. 

TT I t> O J 

IhiooF.—Change x into Itt—x in (29G1). 














EXrANSIONS OF FUNCTIONS IN SERIES. 


4^0 



2963 If be not a contiuiioiis function between 

and x=l, let the function be </>(.?’) from x = 0 to x = a, and 
4{x) from x = (i to x=l; then, in forimd^e (4) and (5), we 
shall have (p {x) or 4 respectively on the left side, according 
to the situation of x between 0 and n, or between a and 1. 
But, if X = a, we must write i + foi’ Ibe left 

member. 

Proof. —In ascertaining tlio value of the integral in the demonstration 
of (2955), we are only c oncerned witli the form of the fnnction cl >ffe to the 
value of X in question. Hence the result is not affected by the discontinuity 
unless X =a. In this case the integration for z is from —/3 to 0 with <p (x) 
for the function, and from 0 to a with 4 (x) for the function, producing 
■50 + (^ 0 - 


2964 Hence an expression involving x in an inlinite 

series of sines of consecutive multiples of may be found, 

such that, when x lies between any of the assigned limits 
(0 and a, a and />, b and ... h and /), the series sh dl be equal 
respectively to the corresponding assigned functions 


/i(9. fX>’)r fXe)---fNX 


provided that the integrals 



can all be determined. 

2965 The same is true, reading cosine for sui > throughout, 
with the additional proviso [as appears from formula (4)] that 
the integrals 



can also be determined. 


2966 Ex. 1.—To hud in the form of a series of cosines of multiples of 
X a function of x which shall be equal to the constants a, /S, or 7 , according 
as X lies between 0 and a, a and 6 , or h and tt. 
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Formula (4) produces, putting l = 7r, 


1 

TT 


2 «=» 1 c f*" , r* 1 ) 

H-^ — cos nx <« cos iix dx -j- I b cos nx dx + I y cos 7 }.c dx > 

Uo J« J6 J 

{ a (a —/3) + Z; (/3 — y) + Try } 

2 ji=x 1 

+ — '< siima+ (/3 —y) siu n& + y siu titt}. 



2967 2.—To find a function of x Laving the value c, when x lies 

between 0 and a, and the v’alne zero when x lies between a and 1. 

By formnla (4), we shall have 

f^ ??7ry / V 7 f'* nirv j cl . mra 

cos- (p{v)dx = c\ cost/y = ^ sin , 

i J i UK I 

* 0 Jo 

since <p (v) = c from 0 to a, and zero from a to Z. 

m p L / \ ca , 2c ^ ■ Tra ttx . \ . 2-k(i 2i^x 

Ihcrciore ^ (a;) = — -f - -j sin - cos — + -- sin- cos - - 

ZttCZ L 2 I I 

, 1 . OTTU StiX , n 7 

+ ysinT-cos-r+'^^-j- 

When x = a, the value is | [0 (a) + 0] = |c, by the rule in (2963). This 
may be verified by putting a = — ] in (2923). 


2968 Ex. 3.—To find a function of x which becomes equal to I'x when 
X lies between 0 and ^Z, and equal to I (l—x) when x lies between yZ and Z. 
By formula (4), 

d jnrv T . 1 /I \ n-TTV j 

Zi-ycos—p (Zy-f- Jc(l — v) cos - dv. 

^ JiZ ^ 


j «/> (y) cos’-^ dv — j*' 


This reduces to f2cos ~ —cosnTr —l) = — -P- or 0, 

7r^)d \ 2 / 7rhd 

according as ?i is, or is not, of the form 4?u-f 2. Also 

( I ell 7.72 

<p (y) dv = Zj I y dvA-li | (Z — y) dv = 

8Z.-Z ( 1 27r 


^ Z-Z 8Z.-Z ( 1 27rj; , 1 Gttx , 1 IOtt.!* , „ 7 

^ = 4 “ 1 2 '^ ““ r + IF + iu^ “T + 3 ■ 


APrEOXBIATl'] INTEG RAl’IOX. 


r* 

2991 Lot \ f{a’)dx be the integral, and let the ctirve 

V — tlruwn. By snmniing the areas of the trapezoids, 

wliose parallel sides are the e(piidistant ordinates 
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2/oj Ihi ••• Vtii we find, for a first approximation, 

\ /C*’) Oyo+%i+%2+---+-z/»-i+//«).0-) 


SIMPSON’S METHOD. 

2992 If?/, be the ordinate intermediate between y{i~f (a) 
and y.^=f{b), then, approximately, 

j/(‘O ('/o+l'/i+'/j) . (ii-) 

Proof.—T ake n = 3 in formula (i.) ; write for ^/g, and suppose two 
intermediate ordinates each equal to //j. The area thus obtained is equal to 
what it would be if the boundini^ curve were a parabola having’ for ordinates 
?/o’ Vv Ih parallel to its axis. Otherwise by Cotes’s formula (21)95). 

2993 A closer approximation, in terms of 2n-\-l equi¬ 
distant ordinates, is given by Simpson’s formula, 

[//o + i/ia + 'I (//i+//3+ ••• +.'/2a-l) 

+ - 0/2+//i+ • • • +//2a-2)].(lii-) 

Proof.—W e have 

i — — 1 

j / (x) do; = I / (A dx +1 j/ 

^ ^ n n 

Apply formula (ii.) to each, integral and add the results, denoting by the 
value of y corresponding to x = A, 


2994 When the limits are a and h, the integral can be 
changed into another having the limits 0 and 1, by sub¬ 
stituting x = a-\-{b — a) ?/. 


COTES’S METHOD. 

Let n equidistant ordinates, and the corresponding 
abscissse, be 

-,^12 n—\ 

?/o, 2/n ?/2 ... Hn and 0, — ... —1. 

lb lb lb 

2995 A formula for approximation ^vill then be 


(/O’) dx = + 


where 


! r ' n — r Jo ihv—r 


(iv.). 

(‘245'2) 













438 


IXTEORAL CALGULVS. 


Proof. —The method consists in substituting for / (x) the integral 
function 

Lnx\n {nx — r) \ r | n—r 

“1 

•■•+(- 1 )“ 

r taking all integral values from 0 to n inclusive. When x = r, we have 
if/(r)=^^; so that (x) has values in common with f(x). The 

approximate value of the integral is therefore I \p (x) dx, and may be written 
as in (iv.) 

By substituting \—x, it appears that 

Jo —7' Jo7iaj—(n —r) 

and therefore = A„_^. Consequently it is only necessary to caleiilate 
half the number of coefficients in (iv.) 


2996 The coefficients corresponding to the valnes of n from 1 to 10 are 
as follows. Every number lias been carefully verified, and two misprints in 
Bertrand corrected; namely, ‘2U80 for 2089 in line 8, and 89500 for 89000 in 
line 11. 


77. = 1 : Ag = Ai = 

2 ‘ 




n = 2: A, = A,= 

1 

“6’ 

A = f 



71 = 3 : ^Iq = A^ = 

1 

8’ 

A, =Ay=: —. 

1 2 y 



II 

II 

II 

7 

90’ 



2 

Tb' 

= 5 : A^^=^ A^ = 

19 

28«’ 


A,= 

A — 

3- i4t' 

II 

II 

■o 

II 

M 

8du’ 

‘ “ ao ’ 

A.^ = 

^^“105* 

— 7 , A — A — 

751 

A-A 




17280’ 

' " 17280’ 




49 

040’ 

. , 2080 
“ * 17280' 



n = 8 : — yly = 

989 

28350’ 

A-^ 17 - 1^175- 

A.= 

, 101 

^ “ 14175’ 

11 

11 

5218 
14175’ 
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n = 9: A = 

^3 ~ ^6 


28-^ ^ =^1 
8i)GU(/ ^ ^ ® HDGUij’ 

1209 . _ ^ _ 2«89 

SGuO’ ^ ^ ~ 4480ij‘ 


-^^2 — -^7 


27 

2240’ 


iA 1 _ j _ 1G0G7 . _ , 

»-10: A„- ^10- 5;,f5-52’ 

. j _ 5G75 . _ . 

- i5I75’ 


2G'>75 , _ , _ _ 1G175 

149688’ ^ ® 199584’ 

_ A = 

11088’ ^ 24948' 


GAUSS’S METHOD. 

2997 "When / (< 73 ) is an integral algebraic function of degree 
2n, or lower, Gauss’s formula of approximation is 

f /00 = ^„/(.r„)+-+^./4O+-+^»/0’«) (y), 

•^’0 

where ^0 n-{-l roots of the equation 

V.(a0srf,„,„4.r»+'G*’-1)”"'} =0 . GU> 

and A,= r O-.r.) .. (.-■,v„)(.r-.,v.O Q-jy) 

Jo (a',, a’o) ... \<Pr ‘*V-i)(‘^V r+i) - • • r ‘^Gi) _ (vii.) 
The formula is evidently applicable to a function of any 
form which can be expanded in a converging algebraic series 
notha\dng a fractional index in the first 2/i terms. The result 
will be the approximate value of those terms. 

Proof.— Let '4'C'^) = — ••• 

and let /C^) = Q^' Oi^)+B . (viii.), 

where/(.'») is of the degree, Q of the 1*^^, and II of the since 4>(iv) 
is of the ?i+ 1“‘ degree. 

Then the method consists in choosing a function xj/ (x) of the ?i+1^'' degree, 
so that I Q ^ (•'®) shall vanish ; and a function B of the degree, which 
shall coincide with /(x) when x is any one of the n+l roots of xp (x) = 0. 

(i.) To ensure that | Q (x) dx = 0. We have, by Parts, successively, 
writing N for yp (^’)» with the notation of (2148), 

= a;^| W+p(p —1)| 

= &c. &c. 

= j* (i?-l) (ix.) 

Kow Qp (x) is made up of terms like x^ p (x) with integral values ofp from 
0 to n — \ inclusive. Hence, if the value (vi.) be assumed for p(x), wc 
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see, liy (ix.)> that j* will vanish at both limits, because the factors 

X and x — l will appear in every term. 

(ii.) Let li be the function on the right of equation (v.) Then, when 
^ = 3 *,,, we see, by (vii.)? that .1,.= 1, and that the other coelficients all vanish. 
Hence E becomes f(.v) whenever x is a root of (x) = 0. 

The values of the constants corresponding to the first six values of n, 
according to Bertrand, are as follows. The abscissa) values, only, have been 
recalculated by the author. 


= 0 : .To = -5, ^j=1. 

n = l: X, = •2113'2487, A = = *5, log = 9-6989700 ; 

a-j = -78867516. 


71 = 2: Xo= -11270167, Ao = A, = log = 9-4-16G975 ; 

fCi = -5 ; 

a;, = -887-29833, A, = f, log = 9-6478175. , 

n = 3 : cT'o = -06943184, A, = A^ = -1739274, log = 9-2403681 ; 

a-j = -33000948, = A.j = -3260726, log = 9-5133143 ; 

a-, = -66999052 ; 
a)3 = -93056816. 


» = 4 ; 


n 


= 5: 


a;, = -04691008, = A^ = -1184634, log = 9-0735834 ; 

jKj =-23076531, Hi = Jg =-2393143, log = 9-3789687 ; 

a-, = -5, Ho = '2844414, log = 9-4539975 ; 

a’g = "76923466; 

= -95308992. 

S’.,, = -03376524, H^ = A, = "0856622, log = 8-9327895 ; 

aq=-16939531, H^ = H^ ='1803808, log = 9"2561903 ; 

x.y = "38069041, Hj = Hg = *2339570, log = 9*3691360 ; 

a;” = -61930959; 
a;^ = -83060469; 
x^ = '96623470. 


As a criterion of the relative degrees of approximation obtained by tho 
foregoing methods, Bertrand gives the following values of 

[‘ '<« (‘ +H dit = - log2 = •2721082(;i3. 

Jo l+'C^ 8 

^lethod of Trapezoids, 7i = 10, '2712837. 

Simpson’s method, n = 10, '272*2012. 

Cotes’s „ *2722091. 

Gauss’s ,, 4, *2721980. 

For other formula) of approximation, sec also j). 357. 



























CALCULUS OF VARIATIONS. 


FUNCTIONS OF ONE INDEPENDENT VARIABLE. 


3028 Let y =f (ct), and let F be a known function of x, y, 
and a certain number of the derivatives y^, y<^^, &c. The 

chief object of the Calculus of Variations is to find t\ie form 
of the function f{x) which will make 

i7= fVf/u’.(i.) 

J.ro 

a maximum or minimum. See (3084). 

Denote y^, y._^, 1 / 3 ^, &c. by p, q, r, &c. 

For a maximum or minimum value of Z7, SZ7 must vanish. 
To find SU, let Sij be the change in y caused by a change in 
the form of the function y =f(x), and let ^q, &c. be the 
consequent changes in jh q, &c. 

Now, p = 

Therefore the new value of p, when a change takes place in 
the form of the function y, is 

p+^p — ( 2 /+%)* = y.r+FAr. 
therefore that is, 8 (^) = 

Similarly, ^q = 

8 r = (dq)^, &c.(ii.) 

Now 8 D'=[ ' 8 Fcfe (1483). Expand by Taylor’s theorem, 

J a’o 

rejecting the squares of Sy, Sp, Sq, &c., and we find 
8 U = p (i; 8 y + Sp + F, 82 +...) dx, 

or, denoting F„ F„, F„ ... by N, P, Q, 

8 U = P {My+PSp + QSq+...)dx .(iii.) 

Lo 







442 


CALCULUS OF VABIATIONS. 


Integrate eacli term after the first by Parts, observing that by 
(ii.) = hj, &c., and repeat the process until the final 

integrals involve hjdx. Thus 

is unaltered, 

j* F^p dx = Fhj —I% dx, 

j" QSj'xix = QSp—+ Q.i^hjdx, 

j* HZvdx = — j" R^^ydx, 


3029 Hence, collecting the coefl&cients of hj. Bp, Bq, &c., 

SU^£{N-P,+ Q.^-R,„+...) ^!/dx 

+S/A { P - Q .+ R -^-... h-H (H-<?x+K2x-...)o 
+Bp^{Q-l{^+S.^-...),-Bp,{Q-R.+S,,-...), 

+Sq, {R-S, + T^-...),-Sq, (7t-S, + 7L-.-.)o+&c. (iv.) 

The terms affected by the suffixes 1 and 0 must have x 
made equal to q\ and x^^ respectively after differentiation. 

Observe that P^., 0^, &c. are here complete derivatives; 
2 /jP> (7j which they involve, being functions of x. 

Equation (iv.) is written in the abbreviated form, 


3030 ^U= r/^8^8cr+//i-i/o. 

•Jxo 

The condition for the vanishing of SP, that is, for mini¬ 
mum value of U, is 

3031 K = 1V-H,+Q.^-H3x+&c. = 0 .(H.). 

3032 and /A-//,= 0.(vii.) 

Proof.—F or, if not, \vc must have 
f Khjdx = 


that is, the integral of an arbitrary function (since y is arbitrary in form) can 
be expressed in terms of the limits of ^ and its derivatives ; which is impos¬ 
sible. Therefore Hi—Hq = 0. Also K = 0 \ for, if the integral could vanish 
without K vanishing, the/erm of the function ^y would be restricted, which is 
inadmissible. 
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The order of K is twice that of the liighest derivative contained in V. Let 
n be the order of K, then there will be 2n constants in the solution of equa¬ 
tion (vi.) and the same number of equations for determining them. For 
there are 2)i terms in equation (vii.) involving hjf^, &c. If any of 
these quantities are arbitrary, their coefficients must vanish in order that 
equation (vii.) may hold; and if any are not arbitrary, they will be fixed in 
their values by given equations which, together with the equations furnished 
by the coefficients which have to be equated to zero, will make up, in all, 2n 
equations. 


PARTICULAR CASES. 

3033 I .—When V does not involve x explicitly, a first 
integral of the equation K = 0 can always be found. Thus, 
if, for example, 

'>'> s)> 

a first integral will be 

V= Pp 

+ QPa: —Q.P 
+ J^Pzx — i^.tPx + ^ 20 ! P 

+ ^Psx “ ^x Plx + ^Ix Px ~ SsxP + 

The order of this equation is less by one than that of (vi.) 

Proof.—W e have Vx= Np -^-Fq-^Qr+Ils. 

Substitute the value of N from (vi.), and it will be found that each pair of 
terms involving P, Q, P, &c. is an exact differential. 


3034 II .—When V does not involve y, a first integral can 
be found at once, for then N= 0, and therefore iC = 0, and 

we have = 0; 

and therefore = A. 

3035 III.—When V involves only y and 

V = Pj)+A, by Case I. 


3036 lY.—When T involves only lo and 

V = Qq-\-Ap-\-B. See also (3046). 

Proof. K = —-P,,-}- Qjx = 0, giving, by integration, P = Q^^+A. 

Also = Pq-\- Qr = Aq+ Qjq + Qr. 

Integrating again, we find V = Qq-\- Ap + B, 

a reduction from the fourth to the second order of differential equations. 
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3037 Ex.—To find the brachistochrone, or cnrve of quickest descent, 
from a point 0 taken as origin to a point measuring the axis of y down¬ 
wards.* _ 

Velocity at a depth y = V^lgy. 

Therefore time of descent = [ dx. 

_J -^0 V 2(/y 

Here V = ^r . +A, by Case III. 

V y y{y(i+/)} 

By reduction, y = 2a-, an arbitrary constant, 

A. 

That is, since p = tau 6, y = 2a cos^ d, the defining property of a cycloid 
having its vertex downwards and a cusp at the origin 

Hi—Hq reduces to (Ph)o} = 

If the extreme points are fixed, ^y^ and BiJq both vanish. 

The values x^, y^, at the lower point, determine a. 

Suppose »!, but not y-i, is fixed. Then is arbitrary ; therefore 
its coefficient in (3) (P— must vanish; that is, (Fj,)i = 0, or 

{ — — ^ 1=0, therefore v, = 0, which means that the tangent at the 

lower point is horizontal, and the curve is therefore a complete half cycloid. 


3038 In the example of the brachistochrone, it is useful to notice that— 
(i.) If the extreme points arc fixed, ^y-^ both vanish. 

(ii.) If the tangents at the extreme points have fixed directions, 
both vanish. 

(iii.) If the curvature at each extremity is fixed in value, cqi 

all vanish. 

(iv.) If the abscissns only have fixed values, ^y^ are then 

arbitrary, and their coefficients in 11^ —11^^ must vanish. 


3039 "Wlien tlie limits are variable, add to tbe value of 

Win (3029) V^dx,-Y,clx,, 

Pkoof, —The partial increment of Z7, due to changes in x -^ and x ^, is 

4^<fe,+ dx, = V,dx,-r,dx,. By (2253). 

dxi dxQ 

3040 AVhen Xi and y^, Xq and arc connected by given 

equations, yi = 'P (.’i), 2/o = X W- 

Eule.—P ut 

8//i= ('/''(u'l)—Pi} and ?)/„ = {x”(''’o)-“Pn| 

* The Calculus of Variulions originated with this problem, proposed by John Bern ulli 
in 16 j 6 . 
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and afterwards equate to zero tlie coefficients of dx\ and dx^^, 
because the values of tlie latter are arbitrary. 

Proof.— being a function of 

therefore cyi-fpicZj^i = 4'(®i) neglecting 

Ex.—In the brachistochrone problem (3037), the result thus arrived at 
signifies that the cycloid is at right angles to each of the given curves at its 
extremities. 


3041 If V involves tlie limits Xq, yi, Ih^ Ih^ &c., tbe 
terms to be added to in (3029), on account of tbe varia¬ 
tion of any of these quantities, are 

[yx,+ Vy,]pi+V^^qi+...] dx 

+(ia’or {V^.+ V,,p,+ r^q,+ ...} dx 

+ f { + VpAh + dx. 

J J*0 

In tbe last integral, Syo? ^J/i, may be placed outside 

tbe symbol of integration since, they are not functions of x. 

Hence, when V involves tbe limits Xq, Xi, iR, yi, ih, Pi, &c., 
and those bmits are variable, tbe complete expression for 
is 

3042 BU= V{N-P,+ Q.^-It^+&o.} Si/dx 

Jxo 

+{u+f'c •••) 

*/Jo 

- { F,-f‘(F,,+ F,j,„+ F,.7,+ ...) d.v, 

+ {{P-Q.+Ru- •••)i+£‘ VyAA hi 

%J Jo 

+ {(Q--R.+ ...)i+£' hi 

-[{Q-R.+ S,,-...)- £ F,/7.q- B2H+&C. 

Jo 
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3043 Also, if = and y„ = x(«o) be equations re- 
strictiug tlie limits, put 

= {^P'{x^)—2h} and = (x O^o)—Pol (3040) 

The relation K=0 is unaltered, and, by means of it, the 
additional integrals which appear in the value of Ih — lh 
become definite functions of x. 


3044 Ex.—To find the curve of quickest descent of a particle from some 
point on the curve i/o= x(^o) curve yi~^ (^i)- 

p, and iJq. Equation (3042) now reduces to 

SU= r'(W-P,)^!/<l»+F',(Za:,-{F„-[ 'v„paix}dx^ 

J To J ^0 ^ ^ 

+ P, 


— {-^0“ f 

Jxo 


( 1 ). 


Now K=0 gives N-Po, = 0; therefore Y= Pp+A (3035); 

\±Z= -p!_^ + A 

y—Vn V{.y-yo){\+f) 


therefore 


Clearing of fractions, and putting A = 

(2/-2/o)(l+/) = 2a, 


this becomes 


.( 2 ). 


Also P-V,- I yfsa). 

Hence F= F,. = -F, = -if = -P. (by K = 0). 

Y{2.cl) 

therefore j* Vy^dx = Pq—P i = . 

Substituting the values (2), (3), (4), in (1), the condition Ifi—ITo produces 

(1+J’P dx^-{l-\-pQ2h) dxQ-\-2\^yi-}h^yo = 0. 

Next, put for and hj^ the values in (3040) ; thus the equation becomes 

{l-l-_pi^'(a;i)} c?.ri~{l + 2’iX (^o)} dxo = 0 .(5) ; 

cZiCi, dcTQ being arbitrary, their coefficients must vanish; therefore 
Pif (^i) = —1 PiXM = -1* 

That is, the tangents of the given curves \p and x points x^ijo and 

arc both perpendicular to the tangent of the brachistochrone at the point a;,y,. 

Equation (2) shews that the brachistochrone is a cycloid with a cusp at 
the starting-point, since there y = y^, and therefore p = <x). 
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OTHER EXCEPTIONAL CASES. 

(Continued from 3030.) 

3045 V.—Denoting y,y^,y. 2 ^ ... by y,Pi,ix^ ...p„; 
and r„ F^_, i; ... by N, A, A ... A; 

let the first m of the quantities y,Pi,p-i, &c. be Tvanting in the 
function Y ; so that 

V... Pn)- 

Then K=cl„^r,^— ^(m+1)x-^TM+l ”1“ • *• ( ^nx^n 

which equation, being integrated m times, becomes 

Pm — dj.P^+i-\-d2xPm+2 ••• ( 1 )” ”^d(^n~m)xPn 

= Co+Cicr4-...+c^_ia?’““^.(i.), 

a differential equation of the order 2n~m. 


3046 Yl. —Let X also be wanting in V, so that 
P = f{Pm,Pm+l 

then K =0 is the same as before, and produces the same 
differential equation (i.) From that equation take the value 
of P,„, and substitute it in 

Px = PmPm+l + P 771 + 1 Pm+2~\~ • • • Pfi 

Each pair of terms, such as Pm+ 2 Pm+ 3 — d 2 zPm+ 2 Pm+iy is an 
exact differential; and we thus find 

F — C-\-P Ptw+I “{“ {Pm+2Pm-^2 ^ 07 ^ 771 +2Ptw+i) “!"••• 

+ iPnPn — d:rPnPn-l + d2^PnPn-2)—-^- i—^T~”'~''(-hn-m-l)xPnPrn+l 

+ 1 (Co + Cl*+...+C„_i!»”"')p„+l(f!i:. 

The resulting equation will be of the order 271—m—1, or 
7 ?^d-l degrees lower than the original equation. 


3047 YII.—If y. be a linear function of that being the 
highest derivative it contains, P„ will not then contain 
Therefore clnxPn at most, of the order 27^—1. In¬ 

deed, in this case, the equation K = 0 cannot be of an order 
higher than 27i—2. (Jelletty p. 44.) 
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3048 VIII.—Let 2'>m the lowest derivative which V in¬ 

volves; then, if —f[x), and if only the limiting values of 
X and of derivatives higher than the be given, the problem 
cannot generally be solved. {Jellett, p. 49.) 


3049 IX.—Let N = 0, and let the limiting values of x alone 
be given; then the equation K = 0 becomes 

or, by integration, P—+ = r, 

and the two conditions furnished by equating to zero the co¬ 
efficients of hjQ, viz., 

(P-Q,+&c.)i = 0, (P-Q, + &c.)o = 0, 

are equivalent to the single equation r = 0 , and therefore 
= 0 supplies but 2n~—l equations instead of 2n, and 
the problem is indeterminate. 


3050 Let U=rVdx+V', where 

r= F{x, y,p, q ...) and V' x^, ?/<,, yuP<„Pi> &c-) 

The condition for a maximum or minimum value of U arising 
from a variation in y, is, as before, iv = 0 ; and the terms to 
be added to 11^—IIq are 

Lj/L’o + + ... + + &c. 

If the order of V be n, and the number of increments dx^, ^ijo, 
&c. be greater tlian ?i + l, the number of independent incre¬ 
ments will exceed the number of arbitrary constants in iv, and 
no maximum or minimum can be found. 

Generally, U does not in this case admit of a maximum 
or minimum if either L or F' contains either of the limiting 
values of a derivative of an order = or > than that of the 
highest derivative found in V. (Jelleff, p. 72.) 


FUNCTIONS OF TWO DEPENDENT VARIABLES. 


3051 Let V be a function of two dependent variables y, ;r, 
and their derivatives with respect to x; that is, let 

V .( 1 ), 
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where p, q, , as before, are the successive derivatives of y, 
and q, ... those of 

Then, if the forms of the functions y, z vary, the condition 

( ■»! 

Vdx is 

W= r{KSy+K'hz) + 0 ... ( 2 ). 

Here K', IV involve z, p\ q\ precisely as iT, H involve 
Vi P> q^ .*•; the values of the latter being given in (3029). 


3052 First, if y and ^z are independent, equation (2) ne¬ 
cessitates the following conditions: 

7^=0, 7^=0, 77i-i7o+77/-77o'=0.(3). 

The equations iT = 0, 7r = 0 give y and 0 in terms of x, 
and the constants which appear in the solution must be deter¬ 
mined by equating to zero the coefficients of the arbitrary 

quantities Syoj ^Ih ••• ^iVj ^Ih', ... i 

which are found in the equation 

E,-n,-^II'-Eo = 0 . (4). 


3053 The number of equations so obtained is equal to the 
number of constants to be determined. 

Proof.—L et V = f{x, y, y^, ... z, Zj,, 22* • • • 

K is of order 2n in y, and of form f (x, y, y^;... i/ 2 „x> 2 , *(«+n)jc) ••• (i*)» 

K' is of order 2m in 2 , and /. of form <p (x, 2/, 2/x ^^(w+«)x> z, Zj. ... Z2mx) ••• (h.) 

Differentiating (i.) 2m times, and (ii.) m-hfi times, 3?w + « + 2 equations are 
obtained, between which, if we eliminate z,Zj. ... 2 ( 3 flt+„)x 5 get a resulting 
equation in y, of order 2(??i-fn), whose solution will therefore contain 
2(m-|-») arbitrary constants. The equations for finding these are also 
2 (m+ti) in number, viz., 2n in and 2m in H'l — K'q. 


3054 Note. —The number of equations for determining the constants is not 
generally affected by any auxiliary equations introduced by restricting the 
limits. For every such equation either removes a terra from (4) by an¬ 
nulling some variation (cy, &c.), or it makes two terms into one; in each 
case diminishing by one the number of equations, and adding one equation, 
namely itself. 


3055 Secondly, let y and 2 be connected by some equation 

3 
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fj, = 0. y and 2 are then found by solving simultane¬ 
ously the equations 

(.r, = ^ and K : <f)y — K' : (f>^. 

Proof.—^ (a;, y, 2 ) = 0, and therefore ^ (x, + z + ^z) = 0, when the 
forms of y and z vary. Therefore <j>y^y + <l)gh = 0 (1514). Also Kcy-\-K'h = 0, 
by (2). Hence the proportion. 


3056 Thirdly, let the equation connecting y and ^ be of the 
more general form 

4>{'V,ij,p,q ... ...) = 0 .( 5 ). 

By differentiation, we obtain 

+ ••• =0...(6). 

If (which rarely happens) this equation can be integrated so 
as to furnish a value of in terms of Sy, then dj>', Sy', &c. 
may be obtained, by simple differentiation, in terms of bj, ^jp. 
Generally, we proceed as follows :— 

I^^y -!"••• ~{'N' ^z-\-P Q ... ...(7). 

Multiply (6) by X, and add it to (7), thus 

(^+X0,) Sy + (P + Xy ... 

... ^z-\-{P -j-.(8). 

The expression for SZ7 will therefore be the same as in (2), if 
we replace iVby N-\-\(i>y, P by P-|-X(^^, &c., thus 

3057 {\{{N+\<l>y)-{P+\<l>ph+...} Sy 

+ — ...} 5^] (IV 

+ {P + X^^“(Q + ^<^q)x+--.}l^//l 

-{P+\<t>p-{Q+HX+...]o^!/o 

4 - { Q+— (7^+X<^,.)^ +...} 1 S/q 

— {Q+X<^^—(7^+X(^,,)^-h.‘-}o^7^o 
&c. tfec. 

+ similar terms in P, Q ...p, (/ ... &c. ...(0). 

3058 To render SP independent of the variation ^,v, we must 
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then equate to zero the coefficient of under the sign of 
integration; thus 

(P'+X^p^)^+(Q'+X(^^,) 2 a.—&c. = 0 .(10), 

the equation for determining X. 

3059 Ex. (i.)—Given V= F(x, 7 j,p, q ... z), where 

0 = ^vdx and v = F(x,y,p, q 4 :^ 

The equation ^ is now 0 ~-^vdx = 0 or v—z^ = 0, 

^1/ = 9 p = = ^ 9 ’ 

= 0, <pp'= —Ij *Pa'— vanishing. 

Substituting these values in (9), we obtain 

BU= {''\{N+^v,-{P-\^\v^'),+ (Q+\v,'),,- ...} + \N' +X,] S:]dx 

J 

+ {Q + Xi^^—(P+X?;^)^4**.*}i + —(P+Xvy)j, + ...}q + 

For the complete variation DU add V^dx^—V^/lXf^. To reduce the above so 
as to remove Sz, we must put N' + \jc= 0, and therefore X =”“j N'dx. Let 
X = be the solution, u being a function of x, y,Pfq ... z. Substituting this 
expression for X, the value of c CT becomes independent of ^z. 

Ex. (ii,)—Similarly, if z in the last example be = (2148), (p becomes 

v —= 0 ; and, to make iV'+X^, vanish, we must put X = —^^^^N'. 


dx . 


P'= ■ 


3061 Ex. (hi.)—Let P= f ^l + ylVzl 

J J-o 

Here iV=0; N'=0‘, P=—=^==, ^ -—====, 

Vi+p^-hp^ v^l +P +P 

Q' = 0; and the equations K=0, K' =■ 0 become 

^ p. = 0, p; = 0, or = 

Solving these equations, we get 

y^=m; z^ = n; or y = mx-\-A; z = nx + D‘ 


....( 1 ). 

Q=0; 


.= b. 


3062 First, if ajj, y^, z^, x^, y^, z^ be given, there are four equations to 
determine m, n, A, and B. 

This solves the problem, to find a line of minimum length on a given 
curved surface between two fixed points on the surface. 


3063 Secondly, if the limits x-^, x^ only are given, then the equations 
(P).= 0, (P)„=0, (P')i=0, (P')o=0, 

arc only equivalent to tbo two equations Til = 0, n — 0, and A and B remain 
undetermined. 
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3064 Thirdly, let the limits be eonnected by the equations 

2/n ^i) = 0, ^ (a^o. 2/o« ^o) = 0. 

We shall have (0^, + + <Pz, Ih) dx^ + <?»y, ^ 2/1 + = 0. 

Substitute = 'tn^fpx,* 0z. = Pi = ’’h Pi = ; thus 

(1+ mWj + ?i7ij) da;j +Wi^2/i + 7q^2i = 0. 

Eliminate dajj by this equation from 

and equate to zero the eoeflScients of ^y^^ and ; then 

— (P)i (l4-7m7?i + 7mi) ; = (JP')-^(\+m7n-^-^nn.^. 

Replacing F^, by their values, and solving these equations for m and n, 
we find 1)1 = Wi, n = 

Similarly from the equation (a’^, ^o) = 0 we derive in = w = n^. 

Eliminating iTj, y^, z^, y^, z^ between these equations, and 

y^=mx^+A] «j = ?7a;i + P; y^=mxQ-^A', z^=nx^-^B\ 

0 (*n 2 / 1 , »i) = 0 ; i/ (.7-0, yo, = 0 ; 
four equations remain for determining m, n, A, and B. 


3065 On determining the constants in the solution of (505G). 
Denoting p, g,r ... by Pujhilh •••» bave 

F = F{.v, If, 2h, ih ... r», »>;>;. ih — p'm ); 

and for tbe limiting equation, 

<l> y. Pl, P-l, ... p'u pi ... p'm) = 0. 

V is of the order n in y and m in z. 

^ is of the order n in y and ni in z. 

3066 Eule I.— If mhe y m', and n either > or < n', the 
order of the final differential equation will he the greater of the 
two quantities 2(m-bn'), 2(m' + n); and there will he a 
sufficient numher of subordinate eqiiations to determine the 
arbitrary constants. 

3067 Ei le it.— If m he < m', and n < n', the order of the 
final equation u'ill generally he 2(m' + n'); and its solution 
may contain any numher of constants not greater than the least 
of the tu ‘0 quantities 2(in'~m), 2 (11' —n). 

For the investigation, see Jelleft, pp. 118—127. 


3088 If V docs not involve x explicitl}", a single integral of 
order 2 (m-{-n) — l maybe found. The value of b is that 
given in (303G), with corresponding terms derived from z. 
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Proof.— dV — Ndy-\-P^dp^ +... + P^dp^A-N'dzFidpiP ... + P^dp'^- 
Substitute for and iV'from the equations ^1 = 0, £'=0, as in (3033), 
and integrate for V. 


RELATIVE MAXIMA AND MINIMA. 

3069 In tills class of problems, a maximum or minimum 

pi , . 

value of an integral, Ui = V-^dx, is required, subject to the 

J Xq 

( X\ 

V.idXy involving the 

Xq 

same variables, has a constant value. 

Rule. — Find the maximiim or minimum value of the func¬ 
tion Ui + alJg; that is, take V^Yi-j-aVp,, and afterwards 
determine the constant a by equating Tig to its given value. 

For examples, see (3074), (3082). 

GEOMETRICAL APPLICATIONS. 

3070 Proposition I.—To find a curve s which will make 
I F (x, y) ds a maximum or minimum, F being a given function 
of the coordinates x, y. 

The equation (5), in (3056), here becomes 

= 1 ; 

where p = P — Vsi ^ V being the dependent variables, and s the in¬ 
dependent variable. 

In (3067), we have now, writing u for F {x, y), 

N = N' = % = 2p, fp, = 2p; 

the rest zero. The equations of condition are therefore 

f u^—dg(Xxg) = 0 and ny — dg{\y^) = 0.(1). 

Multiplying by Xg, yg respectively, adding and integrating, the result is 

X = u, 

the constant being zero.* 

Substituting this value in equations (1), differentiating uXg and uyg, and 


putting Ug = u^Xg + Uj,yg, we get 

VsiUg^yg-u^Xg) = ux,g .( 2 ), 

= '^y^s .(3). 


* See Todhunter’s “History,” p. 405. 
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Multiplying (2) by y , and (3) by x„ and subtracting, we obtain finally 
U (III (It/ (III (l^ 

p (Lv ds (ly (Is 


3071 


(4), 


p being the radius of curvature. 

To integrate tliis equation, tbe form of u must be known, 
and, by assigning different forms, various geometrical theorems 
are obtained. 


3072 Proposition II.— To find the curve which will make 

y) ds -k ^f{x, y) dx .(1) 

a maximum or minimum, the functions F and f being of given 
form. 

Let F(x, y) = n and f{x, y) = v. 

Equation (1) is equivalent to J (u + vx^) ds. 

In (3057) we now have V = u + vp ; and for 0, p^+p'^ = 1, as in (30/0). 
Therefore N = tix j P = Vp = v] 0p = ^P} 

N' = ^v+ P'^u ; 

Therefore, equating to zero the coefficients of ^x and the result is the two 
equations ^<^x+P^x~i'^'V^p)s = 

Uj;+pvj,— (\/), = 0; 

or dg(\xi)-^v, = u^ + XgVj.j 
ds(><y,) =My + ir,v 

Multiplying by Xg, ijg respectively, adding, and integrating, we obtain, as in 
(3070), X = and ultimately, 

on>7‘i 1_l/ih 

p II \(Lv ds dy ds^ dy) 


3074 Ex.—To find a curve s of given length, such that the volume of the 
solid of revolution which it generates about a given line may be a maximum. 

Here \{ifxg—o})ds must be a maximum, by (3060), a? being the arbitrary 
constant. The problem is a case of (3072), 

u = Ux = 0, iVj, = 0, V = y’, Vy = 2y. 

1 2 ?/ 

Hence equation (3073) becomes — = 

Giving p its value, — ^ ■ Twhere p = integrating, the result 


— ^ : from -wliiclj » 

Vl+f o 
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FUNGTIOXS OF TWO INDEPENDENT YAPIABLES. 


3075 Let V = f{x,y,z,p,q,T,s,t), 

in whicli x, y are tlie independent variables, and q, r, 5, t 
stand for Zy, z^^, z^y, z.^y respectively (1815), 2; being an in¬ 
determinate function of x and y. 

Let f Vdxdy, 

J Xo A yo 

and let tbe equation connecting x and y at the limits be 
^ {x, y) = 0. The complete variation of JJ, arising solely from 
an infinitesimal change in the form of the function 0, is as 
follows:— 

Let F^, Fp, &c. be denoted by Z, P, Q, P, P, T, 

Let ^ = {P-R.-iSy) dz^iS^ d-Pgp, 

q. = (Q^Ty-iS,) ^z+is^jj+nq, 

X— ^Pi>-~'Qy~\'R2x’^^xy-\-T2y) 


The variation in question is tlien 

3076 SC/ 

•i>dy\ + \dxdy. 

Vo _Jx=j?o %JxQ%/y(i 


PfiOOF. 


. pi p/i , pi fa 

•— ^ I ydxdy =\ 1 

ja/oJi/o J»oJj 


hVdxdy 


= P ?\zhz + P^p^-Q^(i + Ph+S^s+Tlt)dxdy 

ixojyo 


as appears by differentiating the values of <j> and q. But 
Jyo dx dx 




by (2257), and 
Hence tbe result. 


f' 


fy^y = h.. 




3077 The conditions for a maximum or minimum value of 
U are, by similar reasoning to that employed in (3032), 

<^> = 0, i' — O, x = ^- 
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CALCULUS OF VARIATIONS. 


GEOi\IETRICAL APPLICATIONS. 

3078 Proposition I.— To find the surface, S, which will 
make jj F{.v, y, z) dS a maximum or minimum, 7^ being a given 
function of the coordinates x, y, z. IJelhtt, p. 276. 


Here, putting F (x, y, z) = 

z=yr+7+?^i •p = 


V = u\/l-i-F "t 3^ > 

Q-- 

\/ 1 -hF + 2 ^ 


uq , 


and Tv, 7^ are all zero. 

^ip ^ p 

dx v^l-pp®-p 2^ ' dz / (l+p* + 2*)^ 

dQ_ q (dn du\ (1+?^^) 

dy v^l+p® + 2’ (t+p^ + 2b^ 

The equation x = 0 or Z—P^-Qy = 0 gives 

(l+2^)r-2p2^ + (l+?>^)/ . 1 ( =0. 


If E, B' be the principal radii of curvature, and I, m, n 
the direction cosines of the normal, this equation may be 
written 


3079 i+^ + l(<^+»$+.V) = «’ 


and according to the nature of the function u different 
geometrical theorems may be deduced. 


3080 Proposition II.—To find the surface S which will make 

|[ J'X*: y> “) |j/(a;, y, z) dxdij 

a maximum or minimum; F and / being given functions of 
the coordinates x, y, z. 

Let F (x, z) Z=u and / (a;, y, z) = v. Proceeding throughout as in 
(3078), we have 7 = it-Zl +p’ + 2“ + ^^> 

Z = '/r+p’ + s’^^r + 'y^. 

and the remaining equations the same as in that article if we add to the 
resulting differential equation tho term — on the left. 
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This equation maj then be put in the form 


3081 i+i 


1 

u 



du . du 

— \-n- - 

dy ^ dz 


dr \ 


where I, m, n are the direction cosines of the normal to the 
surface. 


3082 Ex.—To find a surface of given area such that the volume contained 

by it shall be a maximum. 

By (3069), the integral Ij* dxdy 

must take a maximum or minimum value. The problem is a case of (3080). 
We have u — —a^ v = z, -24^ = 0, = 0, — = 1; 

and the differential equation of the surface (3081) reduces to 

(l-t-2^)r—2pi7s+(l+p*)i + = 0; 


3083 


or 



a' 


APPENDIX. 


ON THE GENERAL OBJECT OF THE CALCULUS OF 
VARIATIONS. 

3084 Definitions.— A function whose form is invariable is 
called determinate, and one whose form is variable, indeter^ 
minate. 

Let dib be the increment of a function u due to a change 
in the magnitude of the independent variable, Su that due to a 
change in the form of the function, Dii the total increment 
from both causes ; then 

Du = dti-\-hi. 

Thus, in (3042), the terms involving dci\ and dx^ constitute du, 
and the remaining terms ^it; the whole variation being Du. 

Su is called the variation of the function u, 

3085 A primitive indeterminate function, u, of any number 
of variables is a function whose variation is of arbitrary but 
constant form; in other words, Shi = 0, 

3 N 
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GAWULTJS OF VARIATIONS. 


3086 Let V F.u be a derived function,—tbat is, a func¬ 
tion derived by some process from the function u ; F denoting 
a relation between the forms, but not between the magnitudes, 
of it and v. 

The general object of the Calculus of Variations is to 
determine the change in a derived function r, caused by a 
change in the form of its primitive u. 

The particular derived functions considered are those 

whose symbols are d and |, denoting operations of differ¬ 
entiation and integi^ation respectively. 


SUCCESSIVE VARIATION. 

3087 Let the variation of the variation, or second variation 
of V due to a change in the form of the involved function, 
y =f{x), be denoted by S (SF) or the third variation by 

and so on. 

By definition (3085), y being a primitive indeterminate 
function, and Sy its variation, S-y = 0. (1). 

3088 The second variation of any derivative of y is also 

zero, i.e.y &c. all vanish. 

' Proof.— = a = {a (^y)},^a. = G^y)nx = 0 by (1). 


3089 If F = /(.r, y, p, y, r, &c. ...), where y is a primitive 
indeterminate function of x, then 

F = (8y fZ, + d,+^rj + ...)” F, 
where, in the formal expansion by the multinomial theorem, 
By, Bp, &c. follow the law of invohition, but the indices of d^, 
dp, &c. indicate repetition of the operation dy, dp, &c. upon F. 

Proof.— First, a F = {^ydy-\-l'pdp-\-^<iclq-]r...') F. 

In finding a^F, each product, such as hj d^V, is differentiated again as a 
function of y, p, q, &c .; but, since tlie variations of ^y, &c. vanish by (2), 

it is the same in effect as though hj, a^?, &c. were not operated upon at all. 
They accordingly rank as algebraic quantities merely, and therefore 
PV= (^yd, + Spdp + ^qdq+...yV. 

Similarly for a third differentiation ; and so on. 


IMMEDIATE INTEGRABILITY OF THE FUNCTION F. 

3090 Bef. —AVhen the function F (3028) is integrable 
without assigning the value of y in terms of x, and therefore 
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integrable wliatever the form of the function y may be, it is 
said to be immediately integrable^ or integrable per se. 

3091 The requisite condition for V to be immediately 
integrable is that K = 0 shall be identically true. 

Peoof.— Vdx must be expressible in the form 

J^o 

where (p is independent of the form of y. Hence, a change in the form of y, 
which leaves the values at the limits unaltered, will leave 

^ [ Vdx = 0; that is, [ K^y = 0. 

J “•o 

But the last equation necessitates K= 0, since hj is arbitrary. And 
must be identically true, otherwise it would determine y as a function of x. 





DIFFERENTIAL EQUATIONS. 


GENERATION OF DIFFERENTIAL EQUATIONS. 


3050 By differentiating ordinary algebraic equations, and 
eliminating constants or functions, differential equations are 
produced. Some methods are illustrated in the following 
examples. 


3051 From an equation between two variables and n 
arbitrary constants, to eliminate the constants. 

Kule. —Differentiate r times (r<n), and from the r + l 
equations any r constants may he eliminated, and thus C (n, r) 
different equations of the order (3060) obtained, invoicing 


^ &c 

dx--’ dx’-i’ 


Only r + l, however, of these equations tvill he 


independent. By differentiating n times and eliminating the 
constants, a single final differential equation of the order 
free from constants may he obtained. 


3052 Ex.—To eliminate the constants a and h from the equation 

y = ax^-\-bx . (i.) 


^y- = «ax + h. 

ax 


. (ii ) 


Differentiating, we find 

Eliminating a and b in turn, we get 

+bx = 2y, x^ — ax‘-\-y . (iii., iv.) 

dx ax 

Now, differentiating (iii.) and eliminating b produces the final equation of 
the second order, 

*'f4-2,+ +2;/ = 0.(V.) 

dx dx 

The same equation is obtained by differentiating (iv.) and eliminating a. 


3053 To eliminate the function (}> from the equation z = <l> (r), 
where -y is a function of x and y. We have 

= («)'’*> b') 

+ ^ y — ^y ^ X' 


Therefore 
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3054 To eliminate from u = (p(v), where u and v are func¬ 
tions of X, ij, z. 

Consider x and y the independent variables, and differ¬ 
entiate for each separately, thus 

and, by division, 'p'(v) is eliminated. 


3055 To eliminate (pi, (p 2 , ... (pn from the equation 
F [x, y, z, <pi{ai), (p^i^i), ... (pnMl = 
where ai, a^, ... are known functions of x, y, z. 

Rule. —Differentiate for x a,nd j as independent variables, 
forming the derivatives of ¥ of each order, up to the (2n —1)^^ 
in every possible tvay; that is, F; F^, F^,; Fa^, F^^, Fg^; 
There will be unknown functions, consisting of cpi, (p. 2 , ... (pn 
and their derivatives, and 2n'‘^ + n equations for eliminating 
them. 


3056 To eliminate 5, (pfS), ^> 2(^)9 ... ^«(^) between the 
equations 

F{x,y,z, 5, (Pi{^), (p^iK) ... (PniK)] = 
f[x,y,z, 5, ^i{V}, (pti^) ... (pn{^)] = 0- 

Rule. — Consider z and 5 functions of the independent 
variables x, y, and form the derivatives of F arul f up to the 
2n —order in the manner described in (3055). There will 
be 4n^+rL functions, and 4n^ + 2n equations for eliminating 
them. 


3057 To eliminate ^ from the equation 

F{x,y,z,w, i>(a,f3)} = 0, 
where a, j8 are known functions of x, y, z, w. 

Rule. —Consider x, y, z the independent variables. Dif¬ 
fer entiate for each, and eliminate (p, (p„_, (p^ between the Jour 
equations. 
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DEFINITIONS AND RULES. 


3058 Ordinary differential equations involve tEe derivatives 
of a single independent variable. 

3059 Partial differential equations involve partial deriva¬ 
tives, and therefore two or more inde^Dendent variables are 
concerned. 

3060 The order of a differential equation is the order of the 
biffhest derivative wliicli it contains. 

O 

3061 The degree of a differential equation is the power to 
which the highest derivative is raised. 

3062 A Linear differential equation is one in which the 
derivatives are all involved in the first degree. 

3063 The complete primitive of a differential equation is 
that equation between the primitive variables from which the 
differential equation may bo obtained by the process of differ¬ 
entiation. 


3064 The general solution is the name given to the complete 
primitive when it has been obtained by solving the given 
differential equation. 

Thus, reverting to the example in (3051), equation (i.) is the complete 
primitive of (v.) which is obtained from (i.) by differentiation and elimination. 

The differential equation (v.) being given, the process is reversed. 
Equations (iii.) and (iv.) are called the first integrals of (v.), and equation 
(i.) ihe final integral or general solution. 

3065 A particular solution^ or particular integral^ of a 
differential equation is obtained by giving particular values to 
the arbitrary constants in the general solution. 

For the definition of a singular solutiouy see (3068). 

3036 To find when two differential equations of the first 
order have a common primitive. 

Rule.— Differentiate each equation, and eliminate its 
arhitrary constant. The two results will agree if there is a 
common primitivc^ndiieh, in that case, will he found by elnni- 
noting y^ hetvwen the given equations. 


Ex.—Apply the rule to equations (iii.) aud (iv.) in (3052). 
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3067 To find when two solutions of a differential equation, 
each involving an arbitrary constant, are equivalent. 

Rule. — Eliminate one of the variables. The other will also 
disafpear, and a relation hehoeen the arbitrary constants mill 
remain. 

Otherwise, if V= G, v = c be the two solutions : V and v 
being functions of the variables, and G and c constants; then 

dV dv _ dV (h 
dw dy ^ dy dw 
is the required condition. 

Proof.— V must be a function of v. Let F = 0 (-y) ; therefore Fc = 
and Vy—^„Vy\ then eliminate 

Ex.—tan~* (a; + ?/)+ tan“^ (:r —2/) = a and x^ + ^hx = 2 /® + l are both solu¬ 
tions of ^xyy^c = + Eliminating y, x disappears, and the resulting 

equation is 6 tan a = 1. 


SINGULAR SOLUTIONS. 


3068 Definition. — “A singular solution of a differential 
equation is a relation between x and y which satisfies the 
equation by means of the values which it gives to the differ¬ 
ential coefficients but is not included in the com¬ 

plete primitive.’’ See examples (3132-3). 


3069 To find a singular solution from the complete primitive 
^ {x, y, c) = 0. 

Rule I .—From the complete primitive determine c as a 
function ofx, by solving the equation yg = 0, or else by solving 
Xc = 0, and substitute this value of c in the primitive. The 
result is a singular solution, unless it can also be obtained by 
giving to c a constant value in the primitive. 

3070 If the singular solution involves j only, it results from 

the equation yc==0 only, and if it involves x only, it results 
from Xc = 0 only. If it involves both x and y, the two equa^ 
tions Xc = 0, jc = 0 give the same result, . 
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3071 ^neii the primitive equation (p (xyc) = 0 is a rational 
integral functioUy <po = ^ instead 0 / Xg = 0 or 

yc = 0. 

Proof. —Let 0 (a;, y,c) = 0 be expressed in the form 


y = f(x, c) .(1). 

Then, if c be constant, y^ = fx . (2) ; 

and, if c varies, i/x =fx+fcCx . (2)* 


When c is constant, the differential equation of which (1) is the primitive is 
satisfied by the value of ?/* in (2). But it will also be satisfied by the same 
value of yx when c is variable, provided that either /<, = 0 or /a, = cx), and in 
either case a solution is obtained which is not the result of giving to c a 
constant value in the complete primitive; that is, it is a singular solution. 
But f^ = 0 is equivalent to y^ = 0, and /a, = co makes y^ = <x), and therefore 
X = constant. 


GEOMETRICAL MEANING OF A SINGULAR SOLUTION. 

3072 Since the process in Rule I. is identical with that 
employed in finding the envelope of the series of curves 
obtained by varying the parameter c in the equation 
<l> {x, y, c) = 0; the singular solution so obtained is the equa¬ 
tion of the envelope itself. 

An exception occurs when the envelope coincides with one 
of the curves of the system. 


3073 Ex.—Let the complete primitive be 

y = cx-h v^l—c*, therefore ijc = x - . ^ . ; yc = ^ gives c = — ; 

vl —c® Vi+a’® 

Substituting this in the primitive gives y = \/l-\-x^, a singular solution. R 
is the equation of the envelope of all the lines that are obtained by varying 
the parameter c in the primitive; for it is the equation of a circle, and the 
primitive, by varying c, represents all lines which touch the circle. See also 
(3132-3). 


3074 “ The determination of c as a function of x by the solution of the 

equation yc = 0, is equivalent to determining what particular primitive has 
contact with the envelop at that point of the latter which corresponds to a 
given value of x. 

“ The elimination of c between a primitive y = f {xy c) and the derived 
equation yc = 0, docs not necessarily lead to a singular solution in the sense 
above explained. 

“ For it is possible that the derived equation = 0 may neither, on the 
one hand, enable us to determine c as a function of a*, so leading to a singular 
solution ; nor, on the other hand, as an absolute constant, so leading to a 
particular primitive. 
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“ Thus the particular primitive y = being given, the condition yc= 0 
gives = 0, whence c is +co if a? be negative, and — co if aj be positive. 
It is a dependent constant. The resulting solution y = 0 does not then 
represent an envelope of the curves of particular primitives, nor strictly one 
of those curves. It represents a curve formed of iDranches from two of them. 
It is most fitly characterised as a particular primitive marked by a singularity 
in the mode of its derivation from the complete primitive.’’ 

[^Boole's ^'‘Differential EquationsSupplement^ p. 13. 


DETERMUJ^-ATIOi^^- OF A SINGULAR SOLUTION FROM THE 
DIFFERENTIAL EQUATION. 

3075 HuLE II .—Any relation is a singular solution luhicli, 
icliile it satisfies the differential equation, either involves y and 

malces Py infinite, or involves x and males infinite. 


3076 “ One negative feature marks all the cases in which a solution 
involving y satisfies the condition py = co . It is, that the solution, while 
expressed by a single equation, is not connected with the complete primitive 
by a single and absolutely constant value of c. 

“ The relation which makes Py infinite satisfies the differential equation 
only because it satisfies the condition y^ — 0, and this implies a connexion 
between c and x, which is the ground of a real, though it may be unimportaut, 
singularity in the solution itself. 

“ In the first, or, as it might be termed, the envelope species of singular 
solutions, c receives an infinite number of different values connected with the 
value of X by a law. In the second, it receives a finite number of values also 
connected with the values of aj by a law. In the third species, it receives a 
finite number of values, determinate, but not connected with the values of a;.” 

Hence the general inclusive definition— 

3077 “4 singular solution of a differential equation of the 
first order is a solution the connexion of which ivith the com¬ 
plete unit ive does not consist in giving to c a single constant 
value absolutely independent of the value of 

[Boole s “ Dijferential Equations p. 163, and Supplement, p. 19. 


RULES FOR DISCRIMINATING A SINGULAR SOLUTION OF 
THE ENVELOPE SPECIES. 


3078 Eule III. — ]Yhen py or is made infinite by 

equating to zero a factor having a negative index, the solution 
“ may be considered to belong to the envelope species.” 

3079 “In other cases, the solution is deducible from the 

3 0 
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complete primitive by regarding c as a constant of multiple 
value,—its particular values being eitlier, 1st, dependent in 
some way on tbe value of x, or, 2ndly, independent of x, but 
still such as to render the property a singular one.” 

\_Boole’s “ Differential Equations p. 164. 

3080 Rule IV .—A solution which, tvhile it makes py infinite 
and satisfies the differential equation of the first order, does not 
satisfy all the higher differential equations obtained from it, is 
a singular solution of the envelope species. 


Ex.: y^. = my has the singular solution y = 0 when m is >1. 

Now yrx = 1) ... (m—r + 1) y , 

and, when r is > w, the value y = 0 makes y^x infinite. The solution is, 
therefore, by the rule of the envelope species. 

3081 Rule Y. — “ The proposed solution being represented by 
u = 0, let the differential equation, transformed by making u 
and X the variables, be Ux+f(x, u) = 0. Determine the in¬ 
tegral f 4? ^ function of x and u, in which U is either 

Jo U 

equal to f (x, u) or to f (x, u) deprived of any factor ichich 
neither vanishes nor becomes infinite when u = 0. If that 
integral tends to zero ivith u, the solution is singular^' and of 
Die envelope species. [Boole, Supplement, p. 30. 


3082 Ex.—To determine whether ^ = 0 is a singular solution or par¬ 
ticular integral of Vx — V (log yf. 


Here u = y, and 


r dy ^ 

Jo2/ (logy/ 


1 

logf 


As this tends to zero with y, the solution is singular. 

Verification .—The complete primitive is ?/ = and no constant value 
assigned to c will produce the result y = 0. 


3083 Professor De Morgan has shown that any relation 
involving both x and y, which satisfies the conditions Py —■ oo , 
= cc , will satisfy the differential equation when it does not 
make as derived from it, infinite; that it may satisfy it 
even if it makes y.^x infinite ; and that, if it does not satisfy the 
differential equation, the curve it represents is a locus of 
points of infinite curvature, usually cusps, in the curves of 
complete primitives. [Boole, Supplement, p. 35. 
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3084 M+N-^ = tt, or M(Lv+N(ly=0, 

M and N being either functions of x and y or constants. 


SOLUTIOT^' BY SEPARATION OF THE VARIABLES. 


3085 This method of solution, when practicable, is the 
simplest, and is frequently involved in other methods. 


Ex. 

therefore 


xy (l + a;2) dy — (1 + 2/'') 
ydy _ dx 
1 + 2 /^ *( 1 + 85 ^)’ 


and each member can be at once integrated. 


HOMOGENEOUS EQUATIONS. 

3086 Here if and N, in (3084), are homogeneous functions 
of X and y, and the solution is afiected as follows :— 

Rule. —Put y = vx, a^id therefore dy = vdx-f-xdv, and 
then seimrate the variables. For an examiile^ see (3108). 


EXACT DIFFERENTIAL EQUATIONS. 

3087 Mdx-pNdy = 0 is an exact differential when 

My — Nj., 

and the solution is then obtained by the formula 
iMdv + A^-dyilMdx)} %= C. 

Proof. —If F = 0 be the primitive, we must have Vx = Vy — N\ 
therefore Vxy — My = Nx. Also F = | Mdx-jr<{> (y), {y) being a constant 

with respect to x. 

Therefore N — Vy = dy\ M dx + (p' (y), 

therefore 0(2/) = j {N—dy\Mdx} dy-\-G. 

3088 Ex. {a?~oxSj') dxA{if — ^^) dy = 0. 

Here ili^ = — 3.r^ = N^. Therefore the solution is 

= ^ [ f'J-y = —F* 
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3089 Observe that, if Mdx’{-]Sfchj can be separated into two 
parts, so that one of them is an exact differential, the other 
part must also be an exact differential in order that the whole 
may be such. 

3090 Also, if a function of x and y can bo expressed as the 
product of two factors, one of which is a function of the 
integral of the other, the original function is an exact differ¬ 
ential. 


3091 “ cos — dx— —■ cos - dy = cos — . - — Q. 

y V y^y y y' 

Here — is the integral of the second factor. Hence the solution is 

y 

• X 

sin — = 0. 

y 


INTEGRATING FACTOR FOR Mdx-\-Ndy = 0. 

When this equation is not an exact differential, a factor 
which will make it such can be found in the following cases. 


3092 I.— ]Y]ien one only of the functions Mx + Ny or 
AIx—Ny vanishes identically, the recij^rocal of the other is an 
integrating factor. 


3093 IL-//, when Mx+Ny^O identically, the equation 
is at the same time homogeneous, then is also an in¬ 

tegrating factor. 


3094 III .—If neither Mx-j-Ny nor Mx —Ny vanishes identi¬ 
cally, then, when the equation is homogeneous, —— ^^ - is an 
integrating factor; and tvhen the equation can he qnit in the 
form .j)(xy)xdy + x(xy)ydx = 0, ^ is an intcgratinfj 


factor. 


Mx-Xy 


Proof.— I. and III. — From the identity 

M dx + Ndy = J I {Ux ^-Ny)d log xy + {Mx - Ny) d log y | , 
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assuming the integrating factor in eacli case, and deducing the required 
forms for 31 and Ny employing (3090). 

11.—Put v = 31 = x^(f> (v), N = (v)y and dy = xdvA'^dx in 

X 

3IdxANdy and 3IxA-Ny. 


3095 The general form for an integrating factor of 
Mdx-\~Ndy = 0 is 


where v is some chosen function of x and y ; and the condition 
for the existence of an integrating factor under that hypothesis 
is that 

3096 must he a function of v. 


Proof. —The condition for an exact differential of 3IiJidx-\~Niidy = 0 is 
(3Iii)y = {Nil)x (3087). Assume ft = 0 (-r), and differentiate out; we thus 


obtain 


<fv _ 3ly—Nx 

0V NVx—3IVy 


The following are cases of importance. 

3097 I .—If an integrating factor is required which is a 
function of x only, we put ju = <0 {x), that is, v =^x; and the 
necessary condition becomes 

he a function of a? only. 


3098 II .—If the integrating factor is to be a function of xy, 
the condition becomes, by putting xy = v. 


M„-N^ 

Nt/-Mx 


must he a function of xy only. 


3099 III-—If the integrating factor is to be a function of 
the condition is 

X 

'i^'^ust he a function of 

If Mx-{-Ny yanishes, (3092) must be resorted to. 
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In tliis and similar cases, the expression found will be a 
function of v = if it takes the form F (v) when y is re- 
placed by vx. 


3100 \Y. — Theorem, — The condition that the equation 
Mdx-\-Ncly = 0 may have a homogeneous function of x and y 
of the 71 *^ degree for an integrating factor, is 

^{N-M,)+nKv ^],ere u = JL. 

31 iV “ 1 “ ^ 

3101 The integrating factor will then be obtained from 

Proof.—P at fx = v = (ti) in (3097), thus 

1 = 

V Nvj^—MVy' 

Perform the differentiations, and, by reduction, we get 

\p (u) illaJ-f-Ny 

The right member must be a function of u in order that \p (n) may be found 
by integration. 


3102 Ex.—To ascertain whether an integrating factor, which is a homo¬ 
geneous function of x and 2 /, exists for the equation 
(iT + axy^) + 

Here 31 = — («2/* + ^2/ + 2/^)> ^ ~ (y^-hcixi/^-i-xj/-hx^). 

Substituting in the formula of (3100), we find that, by choosing n = —3, 
the fraction reduces to and, by putting y = ux, it becomes —, 

y 

a function of u, 

{S=pdu = -^-S\ogu. 

J W 


= 


e 


ax 



the integrating factor required. It is homogeneous, and of tho degree — 
in X and y, as is seen by expanding the second factor by (150). 


3 


3103 If by means of the integrating factor the equation 
/.lAIdx-^-uNdy = 0 is found to have V = C for its complete 
primitive, then the form for all other integrating factors Avill 
be where /is any arbitrary function. 
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Pkoof. —The equation becomes 

fiMf (F) dx+fxNf(V) cly = 0. 

Applying the test of integrability (3087), we have 

Differentiate out, remembering that 

(j,M\ = Vy = V, = 

and the equality is established. 

3104 General Rule. —Ascertain hy the determination of an 
integrating factor that an equation is solvable, and then seelc to 
effect the solution in some more direct ivay. 


SOME PARTICULAR EQUATIONS. 

3105 {axA-hij+c) dy = 0. 

This equation may be solved in three ways. 

I. — Substitute x = 5—a, y = tj— /3, 

and determine a and j3 so that the constant terms in the new 
equation in $ and v niay vanish. 


IL—Or substitute ax-j-by-j-c = axA-b'y-^c = y, 

3106 But if a: a = b : b', the methods I. and II. fail. The 
equation may then be written as a function of ax by. 

Put ^ = ax + by, and substitute bdy = dz — adx, and after¬ 
wards separate the variables x and 

3107 HI. —A third method consists in assuming 

{Av-{-0)dKi-{A'^ + G') du = 0, 

and equating coefficients with the original equation after sub¬ 
stituting S = T} = x-\-m 2 y. 

nil, m^ are the roots of the quadratic 

am^ + (b + a) m-\-b' — 0. 

The solution then takes the form 

1 

I (rt —«') (cU + 1 jy) + —c' I 

— 1 — ^ • 

I {a}}i.y^a)(d'-\-m2y)-\-cm2--c' | 
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3108 Ex. (Sy—7x-{-7)dx-\-(7y—Sx + S)d7j = 0. 

Put X = i —tty y = — thus 

(3v-70 d^, + i7n-S^) drj = 0 .(i.), 

with equations for a and /3, 7a —3/3 + 7 = 0; 3a — 7/3 + 3 = 0; 
therefore a = —1, /3 = 0.(ii.) 


(i.) being homogeneous, put rj = vly and therefore dr^ = vdl-\-idv (3086) ; 

i7v'‘-7)m+i'?v-Z)i^dv = 0, or lp.+ |^* = 0. 

q /V—7 

The second member is integrated, as in (2080), with 6 = 0, and, after 
reduction, we find 5 log (»/ +-f 2 log (>/—^) = G. 

Putting ^ = x—1 and v = y, hy (ii.) the complete solution is 
(y + ir-l)H2/-aj + l)2= G. 


3109 When P and Q are functions of x only, the solution 
of the equation 

= 0 is y=C'e”h*’ . (i.) 

by merely separating the variables. 


3110 Secondly, the solution of 

^+Py=Q is y = c'h"" { C+J qJ^^^Lv} . 

This result is obtained by the method of variation of 
parameters. 

Eule.— Assume equation (i.) to he the form of the solution, 
considering the qmrameter C a function of x. Differentiate (i.) 
on this hypothesis, and put the value of so obtained in the 
qiroposed equation to determine C. 

Thus, differentiating (i.), we get Py, 

therefore Q = therefore (7 = J* +O'. 

Then substitute this expression for G in equation (i.). 

Otherwise, writing the equation in the form {ry — Q)dxA-dy = 0, the 
integrating factor may bo found by (3097). 


3111 Vx+Dji = Qf 

is reduced to the last case by dividing by ?/“ and substituting 
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^3212 l\clv+P,dy+Q {^vdy-ijilv) = 0 . 

Pi 5 P. 2 , being homogeneous functions of x and y of the 
degree, and Q homogeneous and of the degree, is solved 



Put y = vx, and change the variables to x and v. The result 
may be reduced to 

dv (j) (v) -|- ^4 (^) ^ (^) + ^‘4 (^) ’ 

which is identical in form with (3211), and may be solved 
accordingly. 

3213 (A, + B,x + a,y) (xdy--ydx) - (A, + B,x + C,y) dy 

— (^3 4- B^x 4- G^y) dx = 0. 

To solve this equation, put a; = ^ + o, y z= tj +ft, 

and determine a and ft so that the coefficients may become homogeneous, 
and the form of (3212) will be obtained. 


RICCATI’S EQUATION?. 

3214 .(A). 

Substitute y = if.x, and this equation is reduced to the 
form of the following one, with 7 i = m4-2 and a — 1. It is 
solvable whenever w(2^ + l) = ~4t, t being 0 or a positive 
integer. 


3215 d'y^—ay\-htf=VA^' . (B). 

I.—This equation is solvable, when 7 i = 2a, by substituting 
y = dividing by and separating the variables. We 

thus obtain T”? = x^~^dx. 

c~bv^ 


Integrating by (1937) or (1935), according as h and c in 
equation (B) have the same or different signs, and eliminating 
V hj y — vx^i we obtain the solution 


3216 


2jc" '/(bp) 



( 1 ). 


* The preceding articles of this section are wrongly numbered. Each number and 
reference to it, up to this point, should he increased by 100. The sheets were printed oS 
before the error was discovered. 


3 p 
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3217 or ,/ = , 


.( 2 ). 


3218 II. — Equation (B) may also be solved whenever 

n—2a , -x- • X 

—— = t a positive integer. 

Rule.— Write z for y in equation (B), and nt+a /or a 
in the second term, and transpose b and o, if i he odd. 

Thus, we shall have 

{nta) z-{-hz^ = ex'"' (when t is even).(3), 

xz^—{nt-\-a) z-{-cz^ = hx^ (when t is odd) .(4). 

Either of these equations can be solved as in case (I.), when 
n = 2 {nt-{-a), that is, when t. z having been de¬ 

termined by such a solution, the complete primitive of (B) 
will be the continued fraction 

y = — 


h I + « 


(/ — I) tif-a 


• c ■ b . A* 

where h stands for h or c according as t is odd or even. 


f—...(5), 


3219 III. 

n-{-2a , -x- • X 

= t a positive integer. 


Equation (B) can also be solved whenever 
The method and result vlll be 


the same as in Case II., if the sign of a he changed throughout 
and the first fraction omitted from the value of j. Thus 

y— _ _ „ _ 

•( 6 ). 


{t — 1) n — a 


Pkoop.—C ase II.—In equation (B), substitute y ■= xi+ and equate 

a 

the absolute term to zero. This gives A — ^ or 0. 

Taking the first value, the transformed equation becomes 
a? ^ — (n + ft) ?/i -h cy\ = 


Next, put ?/, = -j- go on. In this way the transformed 

C 7/2 

equation (3) or (4) is obtained with z written for the substituted variable yt- 
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Case III.—Taking the second value, ^ = 0, the first transformed equa¬ 
tion difiers from the above only in the sign of a ; and consequently the same 
series of subsequent transformations arises, with —a in the place of ct. The 
successive substitutions produce (5) and (6) in the respective cases for the 
values of y. 


3220 Ex. 

Putting 


+ = cx 

du 
dx 


(3214) 


. ^yx—y 


and the equation is reduced to 2/+2/^ — of the form (B). Here 

and = 2, Case III. By the rule in (3218), 

2n 


a = l, 6 = 1, = 

changing the sign of a for Case III., equation (3) becomes 

■ 1.9 2 . 

— = CX^. 

Solving as in Case I., we put a = vx^, &c.; or, employing formula (1) 
^Ge^dox^-\-l 


directly, 


! = 


Qq&^cx-^I 


and then, by (6), y — 


i + L* 

Zo a 


is the final solution. 


FIEST ORDER NON-LINEAR EQUATIONS. 


3221 Type 




•( 1 ). 


where the coefficients 1 \, Pg, ... I'n may be functions of x 
and y. 


SOLUTION BY FACTORS. 

3222 If (1) can be resolved into ii equations, 

.^a,—i»i = 0, Pi = 0, ... . (2), 

and if the complete primitives of these are 

Fj = c„ Fi=e„ ... F,. = c,..(3), 

then the complete primitive of the original equation 'vvill be 

(F,-c)(Fi-c) ... (F,-c) = 0.(4). 
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Proof. —Taking n = 3, assume the last equation. Differentiate and 
eliminate c. The result is 

(V,- (V- v,y (V- v,ydv,cu\civ, = o.(s). 

By (2), lU\ = {yx—ih)dx, &e., where is an integrating faetor. Sub¬ 
stitute these values in (5), rejeeting the faetors whieh do not eontain differ¬ 
ential coeffieients, and the result is 

6a-Pi)(?/x-P2)(2/;.-Ps) = 
whieh is the differential equation (1). 

3223 Ex.—Given = 0. 

The eomponent equations are 7/^ + 1 = 0 2 /» + 2 = 0, giving for the 

eomplete primitive 

(7/+a? —c) (v + 2.r—c) = 0. 


SOLUTION WITHOUT RESOLVING INTO FACTORS. 

3224 Class l.—Tyye (.r, ji) = 0. 

When X only is involyed \Yitli p, and it is easier to solve 
the equation for x than for p, proceed as follows. 

Rple. —Obtain x = f(p). Differentiate and eliminate dx 
by means of dy = pdx. Integrate and elimmate p by means 
of the original equation. 

Similarly, lohen y =f(p )5 eliminate dy, &c. 

3225 Ex.—Given x = ay^^Ahyl, i.e., x = ap-\-hp^ . (1), 

dx = adpA^ hp dp, therefore dy = pdx — apdpA 2hp\lp, 

therefore 2/ = ^ + ^’ + a 

Eliminating^between this equation and (l),the result is the eomplete primitive 
(axAQhy — bcy = (6a?/ —4.r^—uc) (a^d-46.i’). 


3226 Class II.— 

•A{l>)+i/^{l>) = xiJ>)- 

Eule. —Differentiate ami eliminate y if necessary. Inte¬ 
grate and, eliminate p by means of the original equation. 

If the equation be first divided by I {p), the form is 
simplified into 

3227 // = a(^0>)+x(/>)- 

Differentiate, and an equation is obtained of the form 
x^-\- Px = Q, where P and Q are functions of p. 

Tliis may be solved by (3210), and p afterwards eliminated. 
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3228 Otherwise, a differential equation may be formed 
between y and ]), instead of between x and ju 

3229 Or, more generally, a differential equation may be 
formed between x oy y and t, any proposed function of after 
which t must be eliminated to obtain the complete primitive. 

3230 Clairaufs equation, which belongs to this class, is of 

the form y = lLV+f{p). 

Rule. — Differejitiate, and two equations are obtained — 


(1).= 0, and 2 ^ = c; (2).= 0. 


Eliminate p from the original equation by means o/(l), and 
again by means of (2). The first elimination gives y = cx+f (c), 
the comqMe qyrimitive. The second gives a singular solution. 

Proof. —For, if Rule I. (3169) be applied to the primitive y = c.r+/ (c), 
we have a;+/'(c) = 0; and to eliminate c between these equations is the 
elimination directed above, c being merely written for p in the two equations. 


3231 Ex. 1. 


y = px+x\^l+p^. 


This is of the form y — xtp {p), and therefore falls under (3227), Differ¬ 



entiating, we obtain x dp + 1x^1 + 

since dy = pdx ; thus 



in which the variables are separated. 

Integrating by (1928), and eliminating p, we find for the complete 
primitive x^A-y^ = Cx. 


3232 Ex. 2. y =px A- ay. 

This is Clairaufs form (3230). Differentiating, we have 



The complete primitive is y z=. cx A (E— ; 

and the elimination of p by the other equation gives for the singular solution 
cdi/—Ux^ = a%^^ an hyperbola and the envelope of the lines obtained by 
varying c in the complete primitive, which is the equation of a tangent. 


3233 Ex. 3.—To find a curve having the tangent intercepted between 
the coordinate axes of constant length. 
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The differential equation which expresses this property is 

yAI±£-xyi+p = a, 

P 

or 2 /=P‘^+- 7 ==. 

Vl +p“ 

Differentiating gives ^ ^ . 

Eliminating p between (1) and (2) gives, 

1st, the primitive y = cx -\— . ■ . (3); 

\/l + c^ 


2nd, the singular solution x^Ay^ — . (^O- 

(3) is the equation of a straight line; (4) is the envelope of the lines 
obtained by varying the parameter c in equation (3). 


3234 Class III .—Homogeneous in x and j. 

TyiJe = 0 . 

Eule. —Put j = vx, and divide hy x”. Solve for p, and 
eliminate p hy differentiating j = \x; or solve for v, and 

eliminate v hy glutting n = and in either case separate the 

variables. 


3235 Ex. y = px-^xy/\ 

Substitute y = vx^ and therefore p = This gives v = p + -/l +p*. 

Eliminate p between the last two equations, and then separate the variables. 


The result is 


(lx , 2vdv Q 

X 1 +’ 


from which x = G or Ay^ = Cx. 

The same equation is solved in (3131) in another way. 


SOLUTION BY DIFFERENTIATION. 

3236 To solve an equation of tlie form 

J' {<!> 1>> !/■<■)’ 'p (■'■’ .'/> .'/•■■)} = 

Eule. —Equate the functions <p and \p respectively to arhi- 
trary constants a and b. Differentiate each equation, and 
eliminate the constants. Jf the results agree, there is a common 
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primitive (8166), which may he found by eliminating between 
the equations ^ = a, (p = h, and subsequently eliminating one 
of the constants by means of the relation F (a, b) = 0. 


Ex. ^-yyx^f(.y^-y^yl) = 0. 

Here the two equations x—yyx = f (y^—y^yl) = t?, 

on applying the test, are found to have a common primitive. Therefore, 
eliminating we obtain 

f{y^-(x-ay] = h. 

Also, by the given equation, a + h = 0. 

Hence the solution is f {y^—(3s-\-hf} = h. 


HIGHER ORDER LINEAR EQUATIONS. 


3237 T'wg+f.® 






where Pj ... and Q are either functions of x or constants. 

Lemma.—I f y^, y^, ... y„ be 7 h different values of y in terms 
of X, which satisfy (8237), Avhen Q = 0, the solution in that 

case wll be t/ = Ci?/i+ ... + 

Peoof. —Substitute ?/i, y ^, ... in turn in the given equation. Multiply 
the resulting equations by arbitrary constants, O^, C^, ... G,i respectively; 
add, and equate coefficients of P^, ... Pn 'with those in the original 
equation. 


LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS. 


3238 ^/n^+aly^«-l)^+ — +a^n.l)y^+a„!/ = Q .(!)• 

3239 Gase I.—JVhen Q = 0. 

The roots of the auxiliary equation 

m^+apn''-^+... + a^_iin+a^=^0 . ( 2 ) 

being 711 . 2 , ... the complete primitive of the differential 
equation will be 

3240 y = Cie”'*+C,e”‘='^+... + C„e’v.(3). 


If the auxiliary equation (2) has a pair of imaginary roots 
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{a ± ih), there will be iu the value of y the corresponding 
terms 

3241 cos Be^^' sin hx .(4). 

If any real root m of equation (2) is repeated r times, the 
corresponding part of the value of y will be 

3242 0+^ 2'^*'’" + • ■ • + ^ r-i • 

And if a pair of imaginary roots occurs r times, substitute 
for A and B in (3241) similar polynomials of the r—degree 
in X. 

Pkoof.—( i.) Substituting y— in (1) as a particular solution, and 
dividing by the auxiliary equation is produced, the roots of which 

furnish n particular solutions, y = y = tfec., and therefore, by 

the preceding lemma, the general solution will be equation (2). 

(ii.) The imaginary roots aAiib give rise to the terms 
which, by the Exp. values (766), reduce to 

(0+0') cos 'bx + i{C— O') e”-® sin hx. 

(iii.) If there are two equal roots put at first The 

two terms Oie’"‘®+become (Oi + Oge''*®). Expand by (150), 
and put 0i + Og = A, OJi = B in the limit when h = 0, 0, = oo , Og = — oo . 
By repeating this process, in the case of r equal roots, we arrive at the form 

(. 4 , AA,x + A,x^ +... + . 1 ,. 1 ; 

and similarly in the case of repeated pairs of imaginary roots. 


3243 Case II. — When Q in (3238) is a function ofx. 

First method. —By variation of parameters. 

Putting Q — 0, as in Case I., let the complete primitive be 

y = Aa A- Bp -\- Cy &c. to 11 terms.(6), 

a, /3, y being functions of x of the form c’"*"*. The values of 
the parameters A,P, C, ..., when Q has its proper value 
assigned, are determined by the n equations 

3244 A,a + 4- to 11 terms = 0, 

= 0 , 

-hB^p.^,. A- „ — 0 , 

+ 3 5 = Q> 

A.,., /)\., See. being found from these equations, their integrals 
must be substituted in (b) to form tlic complete primitive. 
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Proof. —Differentiate (6) on the hypothesis that A, J?, Oy &c. are func¬ 
tions of X ; thus 

Vx ~ + 

Now, in addition to equation (1), n —1 relations may be assumed between 
the n arbitrary parameters. Equate then the last term in brackets to zero, 
and differentiate y, in all, n — 1 times, equating to zero the second part of 
each differentiation; thus we obtain 


yx = 

+ Djj^ 

+ &C. 

and 

Axtt 


+ &C. = 0, 

y2x = ^^2x 

+ D^2x 

+ &C. 

and 

A^a^ 


+ &C. = 0, 

y{,n-\)x — 

■na: + ^/^(«- 

.1)3,+&C. 

and 


.2)®+P®Am. 

.,)3,+ &C. = 0. 


The n quantities A^, &c. are now determined by the n—1 equations on 

the right and equation (1). For, differentiating the value of we have 

^nx 

and if these values of i/a;, yix) ••• 2/»a! substituted in (1), it reduces to 

-Pa;/^(w—1) a;”l“ 

for the other part vanishes by the hypothetical equation 

since the values of y^^i ••• y{n-i)xi and the first part of y„xi are the true values 
in this equation. 


3245 Case II .— Second Method.‘—Bi^eventmte and eliminate 
Q. The resulting equation can be solved as in Case I. Being 
of a higher order, there will be additional constants which 
may be eliminated by substituting the result in the given 
equation. 


3246 Ex.—Given yix—'^yx+^^y — ^ . (!)• 

1st Method.—Bviitmg x = 0, the auxiliary equation is 7?^’—7m+ 12 = 0; 
therefore m = 3 and 4. Hence the complete primitive ofy2:,—7y^-^12y = 0 

is y = A^+Be^ ...(2). 


The corrected values of A and B for the primitive of equation (1) are found 
from 

dA^e^+4iB,i 


= xr 


A, = -xe-^ and A= §5^6-=*+a. 


P, = a-e"*' and P= — 


9 

4aj+l ^. 4 . 


16 


+ b. 


Substituting these values of 4 and B in (2), we find for its complete primi- 
3 _ , , 4 ^ , 12a;+ 7 

tive 2/ = “e!f+ie‘+-r7T-- 


3247 2nd Method, 2/2*“72/*+ = x 

8 Q 


( 1 )‘ 
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Differentiating to eliminate the term on the right, we get 

2/4x-7^3r + 12?/2*= 0. 

The anx. equation is 7m^ + 12in^ = 0; therefore m = 4, 3, 0, 0. 

Therefore y = + Daj + D.(2) ; 

2/, = 4^e^"+3i?e®*+ D; 2 / 2 * = 16^e^+9J5e^ 

1 7 

Substitute these values in (1) ; thus 0 = —; D = ; 

therefore, substituting in (2), y — Ae*^+Be^-^ — + as before. 


3248 When a particular integral of the linear equation 
(3238) is known in the form y =f(x), the complete primitive 
may be obtained by adding to y that value which it would 
take if Q were zero. 

Thus, in Ex. (3247), 2/ = ^ + tL" ^ particular integral of (1) ; and 
12 144 ; 

the complementary part is the value of y when the dexter is zero. 


3349 The order of the linear equation (3238) may always 
be depressed by unity if a particular integral of the same 
equation, when Q = 0, be known. 

Thus, if y-ix+B^y-u+P^yx-^-B^y = Q .(1)> 

and if 2/ = ^ be a particular solution when Q = 0; let 2 / = be the solution 
of (1). Therefore, substituting in (1), 

the unwritten terms containing v„ Vaxi and Vz^, 

The coefficient of v vanishes, by hypothesis ; therefore, if we pub = «, 
wc have an equation of the second order for determining u. u being found, 

v — ludxA-G. 


3250 The linear equation 

(a+icr)’'/y„j,+ .4 (^f+6a’)’^“^^(„_2).r + ••• 

...+!///= Qi 

where A, B, ... L are constants, and Q is a function of <r, is 
solved by substituting a-{-hx=^e^, changing the variable by 
formula (1770), and in the complete primitive putting 
t = log {a-\-hx). 

Otherwise, reduce to the form in (3446) by putting 
(f + ke = and solve as in that article. 
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HIGHEE OEDEE NON-LINEAE EQUATIONS. 


3251 Type 



y 


dij dh/ 



0 . 


SPECIAL FORMS. 

3252 F(a;, yrxi y{r+l)x ••• dtix^ 

When the dependent variable y is absent, and y^.^^ is the 
derivative of lowest order present, the equation may be de¬ 
pressed to the order n—r by putting If the equation 

in z can be solved, the complete primitive will then be 

y= \ ^+[ 0 (2149). 

J rx J rx 


3253 F{y, ^(,.+ 1 )^. ... y„^) = 0 . 

If * be absent instead of y, change the independent vari- 
able from x to y, and proceed as before. 

Otherwise, change the independent variable to y, and 
make (= y^) the dependent variable. 


For example, let tlie equation be of the form 

3254 F (y, 2/*, 2/2*, 2/3*) = 0.*.0)- 

(i.) This may be changed into the form 

F(y, Xj,, X 2 y, X 3 y) = 0 by (1761, ’63, and ’66) ; 
and the order may then be depressed to the 2nd by (3252). The solution 
will thus give x in terms of y. 

3255 (ii.) Otherwise, equation (1) may be changed at once into one of 

the form F (y, ]), p 2 y) — 9, by (1764 and ’67), 

the order being here depressed from the 3rd to the 2nd. If the solution of 
this equation be y) = 0 ( 2 /, Cj, C 2 ), then, since dy =pdx, we get, for the com¬ 
plete primitive of (1), x = ( — Jdf . -q-Cg. 

J 0 (2/> ^ 1 , ^ 2 ) 


3256 yn^—F{x)- 

Integrate n times successively, thus 

J nx 
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3257 yu=P{.y)- 

Multiply by 2y^ and integrate, thus 


dy 


y{2 \ F{y)dy->rCi) 


+ C2- 


3258 ynx — P {y(M-i)4f} > 

an equation between two successive derivatives. 
Put 2/(„_i)* = s!, then z^ = F{z), from which 



If, after integrating, this equation can be solved for z so 
that z = <j>(x, c), we have y(n-i)x = 1’ (*> c), which falls under 
(3256). 


3259 But if 2 cannot be expressed in terms of x, proceed as 
follows:— 

y{n-i)x — ^ 9 y{n-2)x ~ j* ^ ’ 

_ { dz [ dz 

2/(n-3)*-J J . 

-r^. n [ dz [ dz [ dz 

Finally, = j _ J J 

tbe number of integrations and arbitrary constants introduced 
being n—\» 


3^60 ynx — ^ \y{n—2)x^ • 

Put y(n- 2 )x = ^'9 then Z 2 ^ = F{z), wbicb is (3257), the 
solution giving x in terms of z and two constants. If z can be 
found from this in terms of x and the two constants, we get 

^ or y(n- 2 ):, = <l>{^9Ci,C.,), 

which may be solved by (3256). 

3261 But if cannot be expressed in terms of x, proceed as 
in (3259). 


DEPRESSION OP ORDER BY UNITY. 

3262 When F{. 1 \ //, 7 / 2 .^., ...) = 6 

is rendered homogeneous by considering 

y, i/jcy yix9 lhx9 &C. 
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to be of tbe respective dimensions 1, 1, 0, —1, —2, &c.; put 
a' = e\ y = &c. 

The transformed equation will contain the same power of e in 
every term, and will reduce to the form 

F{e, ...) = 0, 

tlie order of wHcli is depressed by unity by putting a, = xi. 


3263 When the original equation is of the 2nd order, the 
transformed equation in and ^ may be obtained at once by 
changing //, y^, y-i^. into 1, u+z, ii-\-nUgi respectively. 
The solution is then completed, as in example (3264). 

Proof. —We have aj = e®; y = \ 

2/a; = + 2; 2/2® = + ; 2/3® = ; and so cn. 

The dimensions of y, y^, &c. with respect to eg are 1, 1, 0, —1, —2, &c. 
Therefore the same power of e® will occur in every term of the homogeneous 
equation. 


3264 Ex.: 2 / 2 ® = (2/—2^2/®)*- 

Making the above substitutions for a?, y, 2/xj and 2 / 2 a-> the equation becomes 
%9 4 

Put Zg = u; thus 

= —Ug = —ttu,. therefore + 1 = —u, - f - — = —dz, 

ir + l 

therefore tan"^j = u —2 (1935), therefore Zg — u — t&n (a—z), 
therefore dd = cot (a—z) dzy therefore 6 = —log 6 sin (a — z) (1941). 

But d = log X and z = 

X 

therefore hx = cosec ^or hx = sec (^4 
by altering the arbitrary constant. 

3265 When F {x, xj, y^, xj^, ...) = 0 

is made homogeneous by considering y^ &c. to be of 

the respective dimensions 1, ?/, n—1, 2, &c.; put 

X = y=. ze^\ 

and depress the order by putting Zq = it, as in (3262). 


3266 When the original equation is of the 2nd order, the 
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final equation between u and z may be obtained at once by 
changing 

.!/> 2/^> 2 / 2 ^ i'lto l,%, u+ns, iiu,+ {2H—l)u+n{n—\)s, 

respectively. 

3267 Ex.: VixVx = . (!)• 

Witli the view of applying (3265), the assumed dimensions of each 
member of this equation, being equated, give 

— \ = 1 + therefore n = 4. 

Thus a; = e*; y — {z^ + 4^) ; = e-® (z^^ + 7^8 + 12z). 

Substituting in (1), e disappears ; and by putting Zg = u, ^20 = fli® equa¬ 
tion is reduced to 

(u^+4uz) dti+(7ii^ + 40iiz + 4Sz‘—z) dz = 0 , 
which is linear and of the 1st order. This equation is also obtained at once 
by the rule in (3266). 


3268 When F{a', y, y^, y.^,, ...) = 0 

• T 0 J. [utlx 

is homogeneous with respect to ?/, i/zx, &c., put y = e' , 
and remove e as before by division. The equation between it 
and X will have its order less by unity than the order of F. 


3269 Ex.; y2x+Pyx+Qy = ^ .(i)> 

P and Q being functions of x. 

Here y = yx^uy \ y^x = {'if'x+u^) y- 

Substituting, the equation becomes + + Q = 0, an equation of the 

1st order. If the solution gives u=(l>(x,c), then j<l> (x, c) d.v = logy is 
the complete primitive of (1). 


EXACT DIFFERENTIAL EQUATIONS. 


32YO Let dU — ^ (x, 7/j y 2 .»j ••• ?/«.»•) 6 

be an exact differential equation of the order. The highest 
derivative involved will be of the 1st degree. 

3271 Rule for the Solution (Sarms).—Integrate the term 
involring y,jx ultlt resyieet to y(n-i)x only, and call the resnlt Uj. 
Find dUi, considering both x and y as variables. dU —dUj 
will be an exact differential of the n —1^'^ order. 
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Integrate this tvith respect to y(n- 2 )x onhji calling the result 
Ua, and so on. 

The first integral of the proposed erguation ivill he 
U = U, + Ua+...+U, = C. 


3272 Ex.: Let dU = — = 0. 

Here dU^= dx ; 

dU—dUi = {7/-\-(2xy—l) yx—xy2x\dx = 0i 
U2 — —xyx, dU2 — —{yx-\-xy2x)dx, dU—dUi—dU2—(7/-\-2xyyP)dx; 
therefore U^z=xy^^ and U = X^y2x~xyx-^X7/= C 

is the first integral. 

3273 Denoting equation (3270) by dU ~ Vdx, the series of 
steps in Eule (3171) involve and amount to the single condi¬ 
tion that the equation 

iV —P,^-f Q2.i-“”^3.r+&C. = 0, 

ivith the notation in (3028), shall be identically true. This 
then is the condition that F shall be an exact 1st differential. 

3274 Similarly, the condition that V shall be an exact 2nd 
differential is 

P-2(3,+3i?a.,-4^^3.+&c. = 0. 

3275 The condition that V shall be an exact 3rd differential 

is Q-3R,+ ^ S.^-T^+&C. = 0, 

and so on. [Euler, Gomm, Petrop^, Vol. viii. 


MISCELLANEOUS METHODS. 


3276 m.+P>/.+ Q!fl=3 .( 1 ), 

where P and Q are functions of » only. 

The solution is y = j 

Proof. — Put = 2 , and multiply (1) by z\ then, since z^ = Pz, 
^yxA- Qzyl = 0. Put zy^ = J Qz~-dx), &c. 


3277 !/2.+ Q!/i+^=-^ 

where Q and It are functions of y only. 


( 1 ). 












48S 


DIFFUBENTIAL EQUATIONS. 


The solution is ic = j (2| ^dij. 

Proof.— Put = z , and multiply (1) by z. 

(zy^)^ = Bz, zy^ (zy^)^ = Bzhj^, (zy;)^ = 2 J Bz^dy, &c. 

3278 ih.+P!h+Q!/'i = ^^ 

where P, Q involve x only. 

Put = z, and the form (3211) is arrived at. 

3279 Ih.+Pul+Q!r. = (>- 

This reduces to the last case by changing the variable from x 
to y by (1763). 


3280 For a few cases in which the equation 
yx-{-Py^-\-Qy-^P = ^ 

can be integrated, see De Morgan’s “ Differential and Integral 
Calculus,” p. 690. 


3281 = ax-^-hij. 

Put ax^-hy = t (1762-3). Eesult = hi. Solve by (3239) 
or (3257). 

3282 (1 -d’^) = 0. 

Put sin“^a3 = t, and obtain y 2 t-^d~y — 

Solution, y = /I cos {q sin"^ x) + B sin {q sin"^ x). 


3283 

Put I 


dx 


\/ (1 d-^^P) 


= t, and obtain ijui.'fy — 0 as above. 


3284 Lloiiville's equation, i/.^x + l/x+ P (//) //!• = 9. 
Suppress tlie last term. Obtain a first integral by (3209), and 
vary the parameter. The complete primitive is 


3285 Jacobi’s theorem .—If one of the first integrals of the 
equation !lu—f{.<r,y) is y^ = <{> {.v, y, c) .(i-, ii-)> 
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tlie complete primitive will be 

^'l>c{d}i-<i>(lv) c. 

Proof. —Dififerentiafcing (ii.), we obtain <l>^ + (p(j)y =/ (x, ?/), and differen¬ 
tiating tins for c, = 0. But, by (3187), this is the condition 

for ensuring that (l)cdy—(})c<l>dx=^0 shall be an exact differential; therefore (pc 
is an integrating factor for equation (ii.)) Vx—^ (®j Vi 0 = 0. 


Equations involving the arc s, having given 

3286 ds^ ~ dx^ + dif or s^. = \/l + . 

3287 S = ad+bij. 

Here \/l -^yl = a-]-hy^^. Find from tbe quadratic equation. 

3288 ‘t ’25 = (i. 

Change from s to x by (1763) ; = <^5 **• = 

or = — /. - l\dx+c'. 

2ax+c JV\ 2 aa? + c / 


APPROXIMATE SOLUTION OF DIFFERENTIAL EQUATIONS 
BY TAYLOR’S THEOREM. 

3289 The following example will illustrate the method :— 
Given 2 / 2 ,„ = = (*^+2) y^+iey. 

Generally, let = A^y^+B^y; — *l„+i 2 /a.+-S„+il/- 

But, by differentiation, 

Vin+l) X — {An xA-AnA- Sn) Vx + (^«+ y , 

An^^^ AnXA-A'ndrBn and 
But A^ — x, ^ 3 =aj^ + 2, B^ = x\ 

A^ = x^A- i ?4 = 33 ®+3, &c. 

How, when x = a, let y = h and yx = then, by Taylor’s 
theorem (1500), 

4-&C., 

which converges when is small. [De Morgan, p. 692. 

3 R 
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SINGULAR SOLUTIONS OF HIGHER ORDER 
EQUATIONS. 

DERIVATION FROM THE COMPLETE PRIMITIVE. 

3301. Let — (j} (tVj y, y^x ••• ...(^) 

be tbe differential equation, and let its complete primitive be 

y =f{x, a, h, e ... s) .(2), 

containing n arbitrary constants. 

3302 Rule .—To find the general singular solution of (1), 
eliminate abc ... s between the equations 


and 


L, 

Th 

= = fax 

..o 7(11-: 

1) X — ^(n-1) X • • 

....(3) 


fax 

ta2x • *» 

^a(n-l) X 



fb 

Lx 

fb2x ••• 

^b (ii-l) X 

- 0. 

.. (4). 


Lx 

fs2x ••• 

fs (n-1) X 




The result is a differential equation of the n — order, and 
the integral of it, containing n —1 arbitrary constants, is the 
singular solution. 

Proof. —Differentiate (2), considering the parameters a, b ... s variable, 
thus =/i+/aftx+.••+/»^x* Therefore, as in (3171), 

y. =/. if fa a.+fb L+ .../, S. = 0, 

Via — fix if fax^xA" fbx^xA" ••• fex^x ~ aS Well J 

and so on up to ijnx ^ fnx- Eliminating a^, b^, ... s* between the n equations 
on the right, the determinant equation (4) is produced with the rows and 
columns interchanged. 


3303 Ex.: 


From which 

and tho determinant equation is 
I + it; 

I a; +2Zf, 1 


lA-jx-i/L- {Vx-xy^y = 0. 

.(!)• 

= + . 

.(2). 

— ax + b . 

.(3), 

1=0 or H-2Z>a; = 2a . 

.O). 















SINGULAR SOLUTIONS OF HIGHER OLDER EQUATIONS. 491 


Eliminating a and b from (2), (3), and (4), we get tlie differential equation 

. (5), 


My -\-(2x±x^) dx ^ 


the integral of which, and the singular solution of (1), is 

v^(l+ 35*) +log {«!+ y (1 + 3}®)} + (7. 

[Boole, Sup., p. 


49. 


3304 Either of the two ‘ first integrals’ (3064) of a second 
order differential equation leads to the same singular solution 
of that equation. 

3305 The complete primitive of a singular first integral of 
a differential equation of the second order is itself a singular 
solution of that equation ; but a singular solution of a singular 
first integral is not generally a solution of the original equa¬ 
tion. 

Thus the singidar first integral (5) of equation (1) in the 
last example has the singular solution l(jy-{‘4x^-\-x‘^ = 0y which 
is not a solution of equation (1). 


DERIVATION OF THE SINGULAR SOLUTION FROM THE 
DIFFERENTIAL EQUATION. 

3306 Eule. — Assuming the same form (8173), a singular 
solution of the first order of a differential equation of the n^’^ 

order %vill nialce ^ infinite; a singular sohition of the 
d (7(11-1) x) 

second order tv ill mahe ■ ^ ^ (y»x) infinite; 

(7(11-1) x) cl(y(,,_2),) 

and so on, [Boole, Sup., p. 51. 


3307 Ex.—Taking the differential equation (3303) again, 

y-^yx4Wy-~^-yl^~-{yx-^'yixf - 0.(i), 

and differentiating for and i/o* oiily> 

(y^-xyoA-'^yA <^(.y2^)-{^-^^(yx-^y2x')} diy^c) = 9 . 

The condition = oo requires 

d{yO ^ 

Ja;H2.r {yx—xy2^) — ^-iz = 0. 

Substituting the value of 7 / 2 * obtained from this in equation (1), and rejecting 
the factor (a5^+l), the same singular integral as before is produced (3303, 
equation 5). 
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EQUATIONS WITH MORE THAN TWO VARIABLES. 


3320 P<M’+Qrf//+R</s: = 0. (1). 

P, Q, R being here functions of *, y, «, the condition that this 
equation may be an exact differential of a single complete 
primitive is 

3321 P {Q-R,)-¥Q (R.-P.)+R {Py-Q.) = 0. 

Proof.— Let /x be an integrating factor of I*dx-\-Qdij + Bdz = 0. Then 
—fxPdx = ijQdy-\-fiIidz, and, by (3187), for an exact differential, we must 
have Write this symmetrically for P, Q, and P, differentiate 

out, and add the three equations after multiplying them respectively by P, 
(3, and B. 

To find the single complete primitive of equation (1). 

3322 Rule .— Consider one of the variables z constant^ and 
therefore dz = 0. Integrate^ and add (z) for the constant of 
integration. Then differentiate for x, y, and z, and compare 
with the given equation (1). If a primitive exists, (/)(z) loill he 
determined in terms of z only by means of qyreceding equations. 

The complete primitive so obtained is the equation of a 
system of surfaces, all of the same species, varying in position 
according to the value assigned to the arbitrary constant. 

3323 Ex.: {x-^-z) dx + {2y-Zx) dy + {z-x) dz = 0 . (1). 

Condition (3321) is satisfied; therefore, putting dz = 0, we have 
{x—'^y-~z)dx-\-(2ij—^x)dy = 0. 

Applying (3187), My = — 3 = and integration gives 

— Zxy—zx + y'^ {z) = 0 . 

Differentiating now for x, y, and z, 

(x—^y—z) dx -f (2^/ — 3ii’) dy + {f (z) — .r} dz = 0. 

Equating coefficients with (1), f (^z) — z, therefore 0(z) = ^z^+(7, 
Hence the single complete primitive is 

'x^-^2y^+z^-6xy-2zx = 0, 

the equation of a system of surfaces obtained by varying the constant C. 


3324 Wlien the equation rdx+ Qdy-{-Rdz = 0 is homo¬ 
geneous, put x = uz, y = vz. The result, when the coefficient 
of dz vanishes, is of the form 

3325 MdiiI‘Ndv = 0, 
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solvable bj (3184). Otlierwise it is of the form 

3336 ~ = Mdii+Ndv, 

Z 

and the right ‘will be an exact differential if a complete primi¬ 
tive exists. 


3327 Ex. : yzdx-\-%xdij+ xych = 0 .(1). 

Condition (3321) is satisfied. Putting 

x = uz, y = vz, dx =■ udzA'zdu^ dy = vdz-\-zdv, 

(1) becomes ^ ^ -j. = 0 

z 6u 3 z 7 

and tlie solution is log = G or xyz = G. 


When the equation 

Pdx-\-Q,thj-\-Bdz = 0 .( 1 ) 

has no single primitive: 

3328 Rule.— Assume (p (x, y, z) = 0 .(2) 

and differentiate; thus 

^^dx + ^ydy+.^,dz = 0 . (3). 


The form of <p being given, eliminate z and dz from (1) by 
(2) and (3). The result, being of the form 

Mdx+Ndy = 0, 

can be integrated, and the solution tahen loith (2) constitutes a 
solution of equation (1), and represents a system of lines {by 
varying the constant of integration) drawn on the surface 

f(x,y,z)=0. 


3329 Ex.: (l4-2m) xdx+(1—x) ydy + zdz = 0. 

The condition (3321) not being satisfied, assume x^ + jpz^ = 7'^ as the 
function therefore xdx + ydy-\-zdz = 0 ; and by eliminating z and dz, 
27ndx — ydy = 0, the integration of which gives 7/—4i7nx = 0, a cylindrical 
surface intersecting the spherical surface in a system of curves (by varying 
G), whose projections on the plane of xy are parabolas. 


The condition that 

3330 Xdw+ Ydi/+Zdz+ Tdt = 0 , 

where X, Y, Z, T are functions of x,y,z,t, may be an exact 
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differential, may be shewn, in a manner similar to that of (3321), 
to be expressed by any three of the equations 

3331 -T,)+z {T, ~ Y,) + r (i; - = 0, 

Z (T^-X,) + T{X,-Z^)+X(Z, - 'l\) = 0, 

T (A;- r„) +X(Y, -T,) + Y{T,-X,) = 0, 
X{Y,-Z„) + YiZ^-X,)+Z(X,-Y^) = 0, 

the fourth being always deducible from the other equations. 

If this condition is fulfilled, the solution of equation (3330) 
is analogous to (3322). 

Integrate as if ^ and t were constant, and therefore dz and 
dt zero, adding for the constant of integration «^(^, /). 

Differentiate next for all the variables, and determine by 
comparison with the original equation. 

3332 If a single primitive does not exist, the solution must 
be expressed by simultaneous equations in a manner similar 
to that of (3326). 


SIMULTANEOUS EQUATIONS WITH ONE 
INDEPENDENT VARIABLE. 


GENERAL THEORY. 

3340 Let the first of n equations between n -}-1 variables be 
l\Li+l\dy+P.,dz+ ... + PJw = i) . ( 1 ), 

where P, Pi ... Pn m^y be functions of all the variables. 

Let X be the independent variable. The solution depends 
upon a single differential equation of the order between 
two variables. 

Solving the n equations for the ratios dx: dij : dz : &c., let 

dx _ dt/ _ d^ _ _ dir 

e ” “ "ft Qn ’ 

dtj _ Q]_ dz _ Q.2 du^ _ Q„ 

dx “ 77 ’ llx~lt' . dx ~ Q‘ 

Differentiate the first of these equations 7/—1 times, substi¬ 
tuting from the others the values of ... /r^., and the result 
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is n eqiiatioDS in l/^., y-zx Hnx^ the primitive Vciriahles 

x,y,z...w. 

Eliminate all the variables but x and y, and let the differ¬ 
ential equation obtained be 

F(x,y,y^ ... y^,,) = 0 . 

Find the n first integrals of this, each of the form 
F{x, y,y^ ... y^n^Dx) = G, and substitute in them the values of 
yxi y^xi ••• ynx, terms of X, y, z ... w, found by solving the n 
equations last mentioned. Thus a system of n primitives 
is obtained, each of the form F(x, y,z ... lu) = G. 


3341 The same in the case of three variables. 
Here n = 2. Let the given equations be 
Pi(Lv-\- Qidi/ -{-llidz — 0, 
P,d.v+Q,df/+R,d::: = 0. 


3342 Therefore 


dx 


dy 


dz 


QA-QzE, Pi^Pz-FzF^ PiQz-P.Qi 


From these let = «/> (x, y, z), z^^ = (oj, y,^). 


Therefore y.^^ = <l>x + M.v + 

Substitute the value of .s'.,,, and eliminate 2 ’ by means of 
= (j) (a’, y, z). An equation of the 2nd order in x, ?/, y^,, y^^, 
is the result. Let the complete primitive of this be 

y = X 0^5 Then we also have {x, y, z) = d^^x 0^5 ^)- 

These two equations form the complete solution. 


FIRST ORDER LINEAR SIMULTANEOUS EQUATIONS WITH 
CONSTANT COEFFICIENTS. 

3343 In equations of this class, the coefficients of the 
dependent variables are constants, but any function of the 
independent variable may exist in a separate term. 

Such equations may be solved by the method of (oo lO), 
but more practically by indeterminate multipliers. 


3344 Ex. (1): +7.^-2, = 0, ^L+2x+5!j = 0. 

Multiply the second equation by ni and add. The result may be written 

.<'>■ 
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To make the whole expression an exact differential, jmt 


gives 


— 1+t , —1 —i 

I — -!— m = -.. 


2.m + 7 


This 

■•( 2 ); 


(1) now becomes ^ + (2w +7)(a3 + ?n7/) = 0, 

and the solution is and x-\-my = *' ^ 

Solving these equations, and substituting the values (2), 

iy = e''M(c-0 cost~i(c + c) sin^|, 

« = e-« } (<^ + ^^39 sio.} , 

or 7 / = e'“(0cosi—0'sin 0i » = 


3345 Ex. 2 : Xt + ^x + y = e\ yt + 3^ —« = e'K 

Multiply the second equation by in, and add to the first 

cl(x±!^ + (5-,n) \ *+ y ] = e‘+me='. 

dt C o — m) 

Put ^ - = m, thus determining two values of in, and put x + viy =z\ thus 

5—m 

— in) z = e*' + ine^^ This is of the form (3210). 

Note. —The equations of this example, written in the symmetrical form 

of (3342), would be -— 

^ e^ — hx—y e-^ + x—Sy 


3346 General solution hij indeterminate multljjUers. 


Let 

be given with 


dm __ _ dz 

T7^ i\~ i \ 

1\ = aiX-\-hiy-\-ri::-j~di, 

l\y =z tUX-\-lj.,lJ H-<4j 


Assume a third variable t and indeterminate multipliers I, in, n such that 
dt _ I dx + in dy + n dz _ 1 dx + in dy + ndz ^ ^ 

T“ U\ + ml\ + nl\~ \ {lxi-my + nz + r) .^ 


The last fraction is an exact differential, and, to determine X, 7, in, n, r, 
wo have 


aiZ + ajin + n^n = X7, 
6 j 7 + 63 in + 7/g n = Xin, 
6 * 1 7 + c-i 'ill + Cg ii = Xn, 
t7^ 7-j--}-(7git = X?', 


aj — X (/; 

hi Zij —X 

Cl Cj 


«8 

Cg- X 


= 0 . 
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The determinant is the eliminant of the first three equations in Z, m, n. 
The roots of this cubic in X furnish three sets of values of Z, m, n, r, which, 
being substituted in the integral of (1), give rise to throe equations involving 
three arbitrary constants : thus, 

JL 1 

Cjt = m^y + + ri)^b c^t = -f- m^y -|- 

fgZ = (kx + m^y -j- n^z + r^) 

Eliminating t, we find for the solution two equations involving two 
arbitrary constants. 

A similar solution may be obtained when there are more than three 
variables. 


3347 To solve ^ 41), 

wliere P = ax-\-hy + c, Pi = aiX + h^y 4- fi, &c. 


Assume p = a^-\-br]I-cC, pi = -f-&c., 

and take —- = = —. (2), 

Pi Pi P 

the solution of which is known by (3346). Substitute 4 >? = 2 /^j and 

these equations become 

xdi:-\-ldx ^ ydK + ^dy ^ 


and therefore 


Pi Pi P 

^dx ^ ^dy _d(: 


Pi-xp Pi-yp p 

Dividing numerators and denominators by the first equation in (1) is pro¬ 
duced, and therefore its solution is obtained by changing y in the solution 
of (2) into and yC 


Certain simultaneous equations in which the coefficients 
are not constants may be solved by the method of multiphers. 
Thus, 

3348 Ex. (1): Xt+P (ax-\-by) = Q, yt + P (a'x + b'y) = E, 

P, Q, B being functions of t. Multiply the second equation by m, add, and 
determine m as in (3344). The solution is obtained from 

x+my = j dt\, (3210) 

with two values of m. 


3349 Ex.(2): Xt+j(x-y) = 1, ^ (£» + %) = ^ 

are equations solvable in a similar manner, and the results are 

«+2/=4(o.+|+|). *+2y=y(o,+f+|). 


3 s 


[Boole, p. 307, 
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REDUCTION OP ORDER IN SIMULTANEOUS EQUATIONS. 

3350 Theorem. — n simultaneous equations of any orders 
between n dependent variables and 1 independent variable are 
reducible to a system of equations of the first order by sub¬ 
stituting a new variable for every derivative except tlie 
highest. 

3351 The number of equations and dependent variables in 
the transformed system will be equal to the sum of the indices 
of order of the highest derivatives. This will, therefore, in 
general be the number of constants introduced in integrating 
those equations. If, after integrating, all the new variables 
be eliminated, there will remain n equations in the original 
variables and the above-named constants. These equations 
form the complete solution. 

In practice, such reduction is unnecessary. The following 
are methods frequently adopted :— 

3352 Rule I.— Differentiate until hy elimination of a vari^ 
able and its derivatives an equation of a higher order in one 
dependent variable only is obtained. 

3353 Rule II.— Employ indeterminate multipliers. 

3354; Ex. (1); X 2 t=-ax + hy^ y 2 t= cix-\-h'y. 

By Rule I., differentiating twice for t and eliminating y and y.^t^ we obtain 
Xu'-' (a+ h') X 2 t-\- {ah'—ali) x = 0, 
which may be solved by (3239). 

Otherwise by Rule II., exactly as in (3344), we find 
aW+ (a — h') m—h = 0, 
and for the exact differential 

{x + my) 2 t = (a -}- mai) (® -f my)^ 
the solution of which, by (3239), is 
x+my = 

in duplicate with the two values of vi. 

3355 Ex. (2) : X 2 t — 2ayt-hbx = 0, y2t-\-2ax^-\-ly = 0. 

Diflcrentiate, and eliminate y, y^, y 2 t > thus 

"t 2 (2a® + h) X 2 i + Irx = 0, 
and solve by (3239). Otherwise assume 

x = i cos at-\-y} sin at^ y = /; cos at —I sin at, 
and the given equations reduce to 

= — W + Vu = — («■ + ^) 

which are solved in (3257). 


[Boole, p. 311. 
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3356 Ex. (3).—Let u = 0, v = 0, tv = 0 be three equations in x, y, z, 

involving derivatives of t up to y^u 

To obtain an equation between x and t. Differentiate eaeh equation 
G+7 = 13 times, producing 3 + 13 x3 = 42 equations involving derivatives 
of t up to ajjGij ^ 2 o<- Between these 42 equations eliminate y, yt, ... yi 9 <, 
in all 41 quantities, and an equation of the IGth order in x and t 
is the result. [De Morgan. 


3357 If a number of equations involve the quantities x, x^t, 
x^f, &c., yt, y^ti Vhu all in the first degree, these quantities 
may be eliminated by assuming 

ct7 = Z/ sin y — Mcos|)L 


3358 If there be n linear homogeneous equations in n vari¬ 
ables x^y^z, ... and their derivatives of the 2nd order only, 
the equations may be solved by putting 

w = L mipt, y = z = N sm/>^, &c. 


3359 Ex. : X 2 i = ax A- hy, y 2 t = gx +/i/. 

Putting x~L sin 2 Jt, y = ^I sinpt, 

{aAp^)LAhM=0\ , U+/, h f . 

^J^+(/+P^)^^ = 0r **l 9 , /+/! ’ 

p and the ratios L : 31 are thus found. 

Suppose L——hh and 21/ = h (p^ + a), 

then X =■ —hh sinpt^ y = h {p^Ad) sinpt, 

and Ic and t are arbitrary constants. 


PAETIAL DIFFERENTIAL EQUATIONS. 


3380 An equation is termed a general primitive or a com- 
plete primitive of a partial differential equation, according as 
the latter is obtained from it by eliminating arbitrary functions 
or arbitrary constants, as illustrated in (3150-7). 


LINEAR FIRST ORDER P. D. EQUATIONS. 

3381 To form the P. D. equation from the primitive 
n = (p (r), where n and v are functions of x, y, z. 
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Rule. —Differentiate for x and j in turn, and eliminate 
P'{y). See {^064). 

Othenvise.—Differentiate the equations u = a, v = b; thus 
Ujdx + Uydy+u^dz = 0, 

V3,dx4-Vydy+v,dz = 0. 

dx _ dy_dz 

P “"Q 


Therefore 


where 


p = d M 


Then the P. D. equation will he 

PZid-QZy = R. 

Proof.—S ince 2 ; is a function of x and y, z^dx-^-z^dy = dz. But dx = /jP, 
dy = hQ, dz = A*P, therefore TcFzx + hQzy = hR. 


3382 Ex.—The general equation of a conical surface drawn through the 

point (a, 5, c) is ^^ =6 (-— 

the form of (p being arbitrary. 

Considering « as a function of two independent variables x and y, differ¬ 
entiate for X and y in turn, and eliminate <j> as in (3154). The result is the 
partial differential equation 

(aj—a) z^ + (y—h) + c = 0. 


3383 To obtain the complete primitive; that is, to solve 

the P. D. equation, Pz^-\-Q^y = Pi 

P, Q, B being either functions of x, y, z or constants. 

Rule. —Solve the equations 

dx _ ^ ^ 

'P~ “ Q “ RT* 

Let the two integrals obtained he u = a, v = b; 
then u ^ (jy (r) 

nnll he the complete primitive. 


Propositions (3381) and (3383) extended to any number 
of variables. 

3384 To form the partial differential equation from the 
primitive ^ ••• ^^0 = ^ . (l)j 

where u, v, w are 7i given functions of n independent vari¬ 

ables x,y, ... z and one dependent t. 
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Eulb. —Differentiate for all the variables thus, 

f„du + i|)„dv+ ... +^i„dw = 0.(2). 

Therefore, since <j> is arbitrary, du, dv ... dw must separately 
vanish, giving rise to the n equations 

du = Uxdx 4 -Uydy+...+Utdt = 0, 
dv = Vxdx+Vydyd-... d-Vtdt = 0, 


dw= Wjdx+Wydy-i-... -j-Wtdt = 0. 


Solving these for the ratios, hij (583), ire get 
dx _ dy _ ^ 

P “"Q'“ ■** R “ S 


(3), 


P, Q ... R, S being functions of the variables or else constants. 
Noiv, t being a function of all the rest, 

tjdx+tydy+... pt^dz = dt. (4), 

therefore, by (3) and (4), the jpartial differential equation 
required is 

3385 Ph+Qty+...^Rh^S. 


3386 If u,v ... IV be n functions of n variables, x,y ... t, the 
condition of interdependence of tbe functions or existence of 
some relation expressed by equation (1) is J{u, v ... w) = 0 
(see 1606); that is, the eliminant of equations (2) must vanish. 


3387 Conversely, to integrate the partial differential equa- 
tion ^.(^)* 


Rule. —Solve the system of ordinary equations 

dx dv o dz dt 

_ = .. 


( 2 ), 


and let the integrals obtained u = a, v — b, ... w — k ; 
then (p (u, V, ... w) = 0 ivill be the complete primitive. 

I/P,Q...R,S are linear functions of the variables, the 
integrals of equations (2) can always be found by the method of 

(3346). 
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Note. —Suppose, in equation (1), fhat any coefficients P, Q 
vanish; then, by (2), ch = 0, dy = 0, and therefore the cor¬ 
responding integrals are x = a, y — h. The complete primi¬ 
tive thus becomes 

{x, y, u, V ... w) = 0. 


3389 When only one independent variable occurs in the 
derivatives of the partial differential equation, the equation 
may be integrated as though the others were constant, adding 
functions of the remaining variables for the constants of 
integration. 


3390 1) ' ~~ ~ ^ — . Integrating for x as though y w^ere con. 

dx 

stant, the complete primitive is 

z = y sin-^ ~ -\-<p(y). 

y 


Some equations are reducible to the above class by a transformation. 
Thus : 

3391 Ex, (2): = Put = 

therefore Uy = jbH !/^ therefore u — z^ — x^y + 0 (x ), 

therefore 2 = \x^y + ixy^ -{-j (p (x) dx-h^p (y ), 

or z = i (xhj + x^f) (2/)- 


3392 Ex. (3) : 

Solving by (3283), 


(x-a)z^-\-(y-b)Zy = c—z. 
dx _ dy _ dz 
x-a y—b z—c 


The integrals are 

log(y-2/)-log(aJ-a) = loga 1 

log (sj —c) — log (a;—a) = log 0 ; ’ x—a ’ 


i=^=0', 

x—a 


therefore -—- = 0 I -—is the complete primitive. 
x—a \x—al 

For the converse process in respect of the same equation, see (3382). 


3393 Ex. (4).—To find the surface which cuts orthogonally all the 
spheres whose equations (varying a) arc 

x^ + y^ + z^—2ax = 0 .(1). 

Let f (x, y,z) = 0 be the surface. Then 

(x — a) + + = 0 

by the condition of normals at right angles. Substitute the value of a from 
(1), and divide by ; thus, 

(x'—y^—z^)Z;, + 2xyZy = 2zx. 
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By (3383), 


dx 




^ = — gives ^ = c for one integral. 
y X z 

Substituting y = cz, we then have 
dx 


_ dy _ d^ 
z^ 2xy 2z.r’ 


dz 


x^-(c'^Al)z^ 2zx 
which, being a homogeneous equation in x and z, may be solved by putting 
z = vx (3186). The resulting integral is 


X -\-y +z _ Hence the com¬ 


plete primitive is ^ ^ and the equation of the surface sought. 

3394 Ex. (5).—To find an integrating factor of the equation 

{cc^y-2if) dx+{xy^-2x^) dy - 0. (1). 

Assuming z for that factor, the condition {Mz)y = {Nz)^ (3087) pro¬ 
duces the P. D. equation 

(xy^-2x^) z^+{2y^-x^y) Zy = 9 z .(2). 

The system of ordinary equations (3283) is 

dx _ dy _ dz 
xy^ — —xSj 9 {x^—y^) z 

The first of these equations is identical with (1) (and such an agreement 




Also 

which reduces to 


y 

ydx-\-x dy 


dz 


xy^—2x^y -f- 2xi/ — xSj 9 (aj^—2/ 

Sdx 3dy ^ _ q . 

X y z * 

and thus the second integral is x^y^z = c. 

Hence the complete primitive and integrating factor is 




Any linear P. D. equation may be written as a homogeneous 
equation with one additional variable; thus, equation (3387) 
may be written 

3395 "h S 


SIMULTANEOUS LINEAR FIRST ORDER P. D. EQUATIONS. 

3396 Pror. I.— The solution of such equations may he made 
to dejpeiid uqton a system of ordinary 1st order diferential 
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DIFFUBENTIAL EQUATIONS. 


erjnafions harhig a number of variables exceedlncj by more than 
one the number of equations. 

Let tliere be n equations reduced to the homogeneous form 
(3395) involving one dependent variable P and n-{-m inde¬ 
pendent. Select n of the latter, x,y ... and let the remaining 
m be From the n equations find Py ... P^ in 


terms of p,... Po and arrange the results as under : 
P.v + (^iP$-p^iP7, ... = 0 


P^-\-a,P, + bJ\...-^hP, = 0 

Pz~^^^'nP^ + bnP^ ... -\-KP^ = ^) 


( 1 ). 


Multiply these equations by Xi, \i • • • respectively, and add; 

thus, 

MP.+... + S (Xa) P, + 2 (Xb) P,... +2 (Xlc) P, = 0 

.( 2 ). 

From this, as in (3387), we have the auxiliary system 

cbe _ dy _ dz _ d^ _ drj _ dl 

2 (M ~~ 2 "”2(X/c). 

and, by eliminating Xj, Xg ... X„, 

d^ — aftx—a^dy ...—a^^dz = 0 
dy) ~ bi dx—h^dy...— b^^ dz = 0 

d^ — hi dx — h2,dy ... — h^^ dy. = 0 

Then, if u = a, v = b, &c. be the integrals of (4), they 
will be values of P satisfying the equivalent system (1), and 
the integral of that system will be F{2ii v, ...) = 0. 



3397 Prop. II. —To integrate a system of linear 1st order 
P. D. equations. 

Let A = ad^-\-bdy ... -\-hd^^ 

so that NP = 0 represents a homogeneous linear P. D. equa¬ 
tion of the 1st order. 

Eui-R .—^^Jieduce the equations to the homogeneous form (1); 
express the result synihoUcally by 

A^P = 0, A^P = 0, ... A„P = 0, 
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and examine iclietlier the condition 

(A,A^-A,AOP = 0 

is identically satisfied for every Lair of equations of the system. 
If it he so, the equations of the auxiliary system {Prop. I.) ivill 
he reducihle to the form of exact differential equations, and 
their integrals being ii = a, v = b, w = c, the complete 
value of P will he F (u, v, w, ...)j /orm of F heiiig 
arbitrary. 

“ If the condition he not identically satisfied, its application 
will give rise to one or more neiv partial differential ecquations. 
Combine any one of these ivitli the previous reduced system, and' 
again reduce in the same way. 

“ With the neio reduced system proceed as before,and continue 
this method of reduction and derivation until either a system 
of P. D. equations arises, hetiveen every two of which the above 
condition is identically satisfied, or, which is the only possible 
alternative, the system = 0, Py = 0, ... aqjpears. In the 
former case, the system of ordinary equations corresponding to 
the final system of P. B. equations, will admit of reduction to 
the exact form, and the general value of P will emerge from 
their integrals as above. ' In the latter case, the given system 
can only be satisfied by supposing P a constant.^' 


3398 “Ex.: Pa;A(t-\-xy + Q!z)P;,A{y + z—ox}Pt = 0, 

Py + {xzi Ay- xy) P. + {zt -y)Pt—0. 

Representing these in the form = 0, = 0, it Avill be fonnd that 

—P = 0 becomes, after rejecting an algebraic factor, xPgAPt = f 
and the three equations prepared in the manner explained in the Rule will 
be found to be 

P,-f(3.P+OP- = 0, P, + yP, = 0, P, + xP, = 0. 

No other equations are derivable from these. We conclude that there is but 
one final integral. 

“ To obtain it, eliminate P^, Py, P. from the above system combined with 
P^dxAP.dy + P^^^ + Ptdi = 0, 
and equate to zero the coefficient of P^ in the result. We find 
dz—{tA^x^) dx-'ydy — xdt = 0 , 
the integral of which is z — — = c. 

“ An arbitrary function of the first member of this equation is the general 
value of P.” \Poote, Sup., Ch. xxv. 

For Jacobi’s researches in the same subject,' see Crelles Journal, Voh lx. 

3 T 
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NOX-LINEAR FIRST ORDER PARTIAL DIFFERENTIAL 
EQUATIONS. 

3399 Type F (X, y, z, Zy) = 0.W- 

CiiARPiTs’s Solution .—Writing i), q limtcad of and Zy, 

assuine the cqnations 

= . ( 2 ). 

-qp ’ q-^PUp q^+pqz 

Find a value of p from these hy integration, and the corres- 
jjonding value of q from the given equation, and substitute in 
the equation 

(lx = q)(Lv+q(lf/ .( 3 ), 

and integra te by ( 3322 ) to obtain the final integral. 

Pkoof. —Since dz = pdx + qdy, we have, by the condition of integrability, 
Express py and on the hypothesis that 2 is a function of .r, y ; 
p a function of .r, y,z-, q vl function of.T, y, z,p ; considering x constant when 
finding py, and y as constant when finding qjc> Equating the values of and 
q^ so obtained, the result is the equation 

+ = D, 

in which A, B, C, B stand for -q^„ I, q—pq^, qxFpqz- 

Hence, to solve this equation, we have, by (3387), the system of ordinary 
equations (2). 

3400 Note.—M ore than one value of p obtained from equations (2) may 
give rise to more than one complete primitive. 

The first two of equations (2) taken together involve equation (3). 


DERIVATION OF THE GENERAL PRIMITIVE AND SINGULAR 
SOLUTION FROM THE COMPLETE PRDHTIVE. 

Rule. —Let the comqAete primitive of a P. D. equation of 
the 1st order he 

= f b. yj L.(!)■ 

3401 Tlie general prunitire is obtained by eliminating ;i 

between z = f {x, y, a, and = 0.(2), 

the form of(j> being specified at qyleasure. 

3402 dlie singular solution is obtained by eliminating a a^td 
b between the complete primitive and the equations 

f„ = o, f„ = 0.(:.!). 
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Proof.—B y varying a and h in (1), 

P = q =fy+fa(^i/Ffb'^i/' 

Therefore, reasoning as in (3171), we must have 

fa<^x+fbh^ = 0 and =0 . (3), 

therefore either /„ = 0, /* = 0, leading to the singular solution; or, elimi¬ 
nating fa, fb, ci^ hy—ciy = 0, 

and therefore, by (3167), & = 0(ti). Multiply equations (3) hj dx, dy re¬ 
spectively, and add, thus fu^^^Ffbd^ — 0. Substitute h = (j) (u) in this and 
in (1), and the equations (2) are the result. 


SINGULAR SOLUTION DERIVED FROM THE DIFFERENTIAL 
EQUATION. 

3403 Rule. —Elwiinate p and q from the differential equa- 
tion hy means of the equations 

Zj3 = 0, Zy = 0. 

Proof. —Let the O.E.he z = f{x,y,p, q), and the C.P. z = F(x, y, a, h). 
Now p and q being implicit functions of a and h, we have, from the first 

equation, Za, = UpPa + S'a? ^b = ^pPb + \qb' 

Hence the conditions Za = 0, Zi, = 0 in (3) involve, and are equivalent to, 

Zp = 0, z,^ = 0. 


3404 All possible soliitious of a P. D. equation of the 1st 
order are represented by the complete primitiye, tlie general 
primitiye, and tbe singular solution. [Boole, p. 343. 


3405 To connect any given solution witb tbe complete 
primitiye. 

Let ^ = F(x, y, h) be tbe complete primitiye, and 
z = (j) (x, y) some other solution. 

Determine tbe values of a and h wbicb satisfy tbe three 

equations F ~ (p, F^. = = ^y^ 

If these values are constant, the solution is a particular 
case of tbe complete primitive; if they are variable so that 
one is a function of the other, tbe solution is a particular case 
of tbe general primitive; if they are variable and unconnected, 
the solution is a singular solution. 

3406 Cor. —Any two solutions springing from different 
complete primitives are equivalent. 
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3407 Es.: 

By (3299), 
and we have 


z—2>x + qy^]jq .( 1 ). 


dx ^ dz dp 

-j = ^'v = - = -t- 


z—px , xy + z 


Hence (2) becomes ^ ’ 


xy-\-z 


2pz + yz —p^x 


dz = a dx + ^ dy. 
a + y 


By (3322), making z constant, — — - + = 0, 

^ ® ’ z — ax a + y 


( 2 ), 


.*. dp = Of p = a ] q = ~——. Substituting in dz = pdx-{-qdy, 

a + y 


.(3). 


therefore — log (« —aa?)+ log (a + ?/) = 0 («) .(4). 

Differentiate for x,y,z, and equate with (3), thus <{/(z) =■ 0, therefore 
0 (z) = constant (say — log&); therefore, by (4), z = aa’ + &y + a&, the C. P. 
of ( 1 ). 

3408 To find a singular solution by (3402), we must eliminate a and h 
between z^ = 0 , = 0 ; that is, a; + 6 = 0 and y-\-a = 0, 

therefore z = —xy—xy-^xy = — xy 

is the singular solution. 

To find the general primitive by (3401), eliminate a between the two 
equations z = ax(y-{-a) ^ (a) and x + {y + a) (p' (u) + 0 (a) = 0 . 


NOK-LINEAR FIKST ORDER P. D. EQUATIONS WITH MORE 
THAN TWO INDEPENDENT VARIABLES. 

3409 Piiop.—To find tlie complete primitive of the differ¬ 
ential equation 

F{d'i,A\i ... d\,S,}h,Pi —Pn) = 0 .( 1 ). 

1 dz dz e ^ 

where Ac. 

dx. dx.. 


3410 


Eule. —Form the linear P. I), equation in d> denoted hy 


, r/dF^ dPXdcl) 
■'‘■Udx;'^P’'dz)clpr 



the summation extending from i~ 1 to r = n. From the 
auxiliary system (3387) n—1 integrals 

= = ^2, ... = 
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may he obtained. From these equations, together with {l),jincl 
Pi 3 P 2 ••• Pn terms of Xj, Xo ... x^, substitute the values in 
dz = pidxi + paclxg ... +PnClXn 5 

and the integral of this last equation will furnish the solution 
required in the form 

f (xi, X 2 ... Xnj z,ai,a2 ... an) = 0. 

[Boole, Dif. Eq., Ch. xiv., and Sup., Ch. xxvii. 


SECOND ORDER P. D. EQUATIONS. 


3^20 Type T {w, l/, iv, ^ 2 x 3 ^Xy3 ^2y) 

The derivatives Zy, Zo:,, z^^y, z. 2 y are briefly denoted by 
p, q, r, s, t respectively. 

z being a function of the two independent variables 03 and 
y, the following values are of frequent use 

3421 = pda -^qdy ; dp = rdw’\-sdij; dq = sdw-^-tdi/. 

If u be any function of x, y, and z, the complete deriva¬ 
tives of u are indicated by brackets, thus 

3422 {nf) = u^-^pu,, {Uy) = Uy^qu,. 


A linear 2nd order P. D. equation is of the type 

3423 Rr+Ss+Tt= V . ( 1 ), 

in which B, S, 1\ V are functions of x, //, 2 ;, p, q. 


Proposition.—A ny P. D. equation of the 2nd order which 
has a first integral of the form u =/(r), where u and v involve 


X, y, z, p, q, is of the form 

3424 Rr+Ss + Tt+U{rt-s^) = V .(2), 

where Bv, S, T, U, Fare functions of 03, y, z,p, q, and 

3425 U = .(3). 


Proof.—D ifferentiate u=f(v) for a3 and y separately, considering a;, y,z, 
p, q all involved in n and r, and eliminate f' (y). The result is eq^uation (2), 
with the values 
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3426 = »p(»v )—M ^p> (»^)—0>) 

fiS = Vp(»(.,)-(i-v) {u,) + (i^) 

fiU = u.pV, — u^Vp, fiV= ((',)0'.»)-(%)('"!,)> 

with the notation (3422), fx being an undetermined constant. 


3427 CoK.—The condition to be fulfilled in order that 
equation (1) may have a first integral of the form n =f{v) is 

SOLUTION BY MONGE’S METHOD OF 


3428 Rr+Ss+Tt= V. 

Kule. —Write the two equations 

Rdif’-Silidij+Tdi^ = 0.(1), 

R dp dp - Vdw dp+ Tdq dw = 0.(2). 


Resolve (1) into its factors, jjroducinff the tivo equations 
dy—lUidx = 0 and dy—m 2 dx = 0. 

From dy^nijdx and equation (2) combined, if necessary, 
'iuith dz = pdxd-qdy, find two 1st integrals u = a, Y = b; 
then u = f (v) will be one 1st integral of the given equation. 
Similarly from dy = lUgdx find another 1st integral. 

3429 The final 2nd integral may be found from one of the 
1st integrals by Lagrange's method (3383). 

3430 Otherwise, determine qj and q in terms of y, z from 
the two 1st integrals; substitute in dz = iidx-\-qdy, and then 
integrate by (3322) to obtain the final integral. 


3431 If c(iuation (1) is a perfect square, there will be only 
one 1st integral, and Lagrange’s method only is applicable. 

Proof. — By (3427) we may put iiq = v,j = mi'>p ; and also 
dz = 2 )dx-\- qdy (3321) in the complete derivatives 

(du) = ti^dx + Hydij-^n.dz-^-VpdiJ-bngdq = 0, (dv) = ite. = 0; 

.-. by (3422) (w,) dx-\- (u,,) dy-\-Up (dq^ + mdq) = U ) . , 3 . 

(i\) (Vp) (tyl-Vp (dqi-^-mdq) = 0 3 
Solving these equations for the ratios dx : dy : djy + mdq, we obtain at once 

dx _ dy-\-mdx _ rndji _ d}i'\-indq ^ 

IT “■ ~ T ~ V . 

with the values of It, 8 , T, V in (3 42G). 
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Equations (1) and (2) are the result of eliminating m from (4). These 
two equations with dz = pdx-\-q^dy suffice to determine a first integral of 
(3428) when it exists in the form u—j (r). 


3433 Ex. (i.) : <1 (l + f/) r — {p-\-q-\-2i)q) s+p (l+p) t = 0. 

Solving the quadratic equation (1), we find 

pdx-^qdy = 0, or {l+f) dx+ dy =■ 0 .(5). 

First, dz = qj dx + qdy = 0, z = A, 

Monge’s equation ( 2 ) is 2 (1 + 2 ) d][}dy-\-p ( 1 +p) dqdx = 0 , 

which, by pdx =—qdy, gives ~ 


Hence a first integral is -—- = (b{z) .(fi). 

1 + 2 

Next, taking the second equation of (5) with 

dz = pdx-\-qdyj d.xirdy -{-dz = 0, x-\-y A= C. 

Also, by (5), equation (2) now reduces to qdp = pdq, and by integration, 
p = qD] therefore the other first integral is p = qA{;x + yAF). 

For the final integral integrate —24 = t); i.e., Zj^—'ipz,, = 0, by (3383) ; 

_= A ••• - = A, and iU = 


do! = - - 


4 (^+ 2 /+^) 0 ’ ' ' 1 — 4 (^+ 2 /+^) 

^ = f / =F(x+y + ^} + B. 

J l-4(u; + y + 2) 

Hence the second integral is x—f(xAyA^) = E {z). 


3433 Ex. (ii.) : = 0. 

(i.) Here, in (3428), R = I, S = 0, T =-a\ r=0; therefore (1) 
and (2) become dif—a^dx' = 0, dpdy — dhJqdx = 0. 

From (1) cZ?/ + ad^« = 0, giving y + a^B = c, and converting (2) into 


dp + adq = 0 , which gives 2 J-l-a 2 = > therefore a first integral is 

pAaq = t{)(yAax) . (3). 

Similarly, from (1), dy — adx — 0 gives rise to another first integral 

p-aq = \p (y—ax) . (4). 


Eliminating 2 ^ and q by means of (3) and (4) from dz = pdx A qdy, we find 
dz = (2a) ■ ^ {^ (?/ + ) (tZy + a dx) — 4 (2/ — ^ }, 

therefore, by integrating, z = ^ (jj A ax') +4^ (y—ax). 

For the symbolic solution of the same equation, see (3-566). 


SOLUTION OF THE P. D. EQUATION. 

3434 Iir+Ss+rf+Uirf-s‘‘) = V .(1). 

Let 7/?15 lUz be the roots of the quadratic equation 

3435 >n -- Sm+RT+iV=Q .(2). 
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DIFFEIiENTIAL EQUATIONS. 


Let III = ^'i = U .2 = a\ v.^ = b' be respectively 

the solutions of the two systems of ordinary differential 
equations. 

3436 TJdp = m. 2 dij— Tdx ^ Udp = midy—Tdx ^ 

ihlq = midx — Udy ( ( 8 ), Udq = m.ylx—lldy > (4). 

dz = p dx 4 - (idy) dz = p dx + q dy ) 

Then the first integrals of (1) will be 

To obtain a second integral: 

3437 1 st.—When m-i^ are unequal, assign any particular 
forms to fi and f.y, then substitute the values of p and q, found 
from these equations in terms of x and //, in dz = pdx-\-qdyi 
which integrate. Otherwise, assign the form of one only of 
the functions /i, involving an arbitrary constant 0 , solve 
for p and g, and integrate dz = 2 )dx + qdy, adding an arbitrary 
function of C for the constant of integration. 


3438 2 iidly. —When mi, m^ are equal, and therefore, by (2), 

S'^ = 4{BT-\-UV) . ( 5 ). 

Equations ( 8 ) and (4) coincide, and, since m = ^S, 
reduce to 

3439 Udp = ^Sdy^Tdx .( 6 ), 

irdq = ESdx-Bdy .( 7 ), 

dz = p dx4- (idy .( 8 ). 

Here Py = 7 . 1 ., and therefore the last equation is integrable 
if the values of and q, obtained by integrating ( 6 ) and (7), 
be substituted in it. Let u = a, v — h be the integrals of (G) 

and (7); and let z = ^ {x, y, a, h, c) . (9) 

be the integral obtained from (S). 

The general integral is found by making the parameters 
a, h, c vary subject to two conditions h=f{(i), r = F (a); 
that is, by differentiating 

z = <p {», tj, a, /{<()> 
for rt, Jiiul eliiiiinatiug a. 

3440 The general intt'gral therefore represents the envelope 
of the surface whose equation is (9). 
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Proof.—(B oole, Siq^., p. 147.) Assuming a Ist integral of the form. 
u=f{v), eliminate//and V from equations (d426) by multiplying (i.) by 
(ii.) hy (u^)tCp, (iv.) by (v.) by and adding. Again, 

eliminate fx and v by multiplying (i.) by («a.)^ (ii.) by (^^^)^ (iii.) by 
(v.) by (Uj.) Uq, and adding. The two resulting equations are 

-R Uq + T (u^') Up - U (m^) {uy) ■^VupUq = Q I 

E (Ua^y A S (u^) (Uy) + T (Uy) ‘ + F { (u^) Up + (Uy) Uqj = 0 ) 

Multiply the 2nd of these by m, divide by F, and add to the 1st equation ; 
the result is expressible in two factors either as ( 11 ) or ( 12 ), 

{S(n,) + m,(u^) + Vu^}{m,(u,)+T(u^) + VuJ = 0 .(11), 

{M(».)+m,(u,) + VuJ{m,(u,) + T(u,)+1\} = 0 .(12), 

m^, being the roots of the quadratic (2). By equating to zero one factor 
of (11) and one of (12), we have four systems of two linear 1st order P. D. 
equations. Taking each system in turn with the equations 

Qt:c)-)-rUp + snq = 0 , 

(Uy)+SUpAtUq = 0, 

and eliminating (rJj (%)» ^e have the de¬ 

terminant annexed for the case in which the 1 st 
factor of ( 11 ) and the 2 nd of ( 12 ) are equated to 
zero. In this case, and also when the 2nd factor 
of ( 11 ) and the 1 st of ( 12 ) are chosen, trans¬ 
posing m-i, m 2 ill the determinant, the elimiuant is equivalent to 

V{RrA8s + Tt + U{rt-s^)--V} = 0, 

having regard to the values of and m^ + m 2 from ( 2 ). 

When the 1st factor of both (11) and (12) is taken, the 2nd order P. D. 
equation produced by the elimination is 

n-R(rt~^) = 0 , 

and when the 2 nd factor of each is taken, the elimination produces 
Yr^TQis’^) =0. 

Hence the hypothesis of a 1 st integral of (1), of the form 
involves the satisfying one or other of the systems of two simultaneous equa¬ 
tions, (13) or (14), below : 

R (%) (Uy) + ViCp =01 B (?0 + m2{Uy) + Fq, = 01 

m.2{u:)A T{uy) + Vuq = 0y"^ m,{u;)AT {ny) + Vuq = 0 3*’'^ 

Now multiply the 2nd equation of (13) by X and add it to the 1st. 
In the result, collect the coefficients of Uj^, Uy, Up, Uq, u.. The Lagrangean 
system of auxiliary equations (3387) will then be found to be 

dx __ dy _^ ~ 

R -f-Xwj uii -|-X2’ F XF + uiiq + X {TqY i^qp) 0 

Eliminating X, equations (3) are produced. Treating equations (14) in 
the same way, equations (4) are produced. 

3 u 


XV iHi y I 

m2 T 0 F I _ . 

1 0 r s I ’ 

0 1 s ^ I 
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POISSON’S EQUATION. 

3441 P^{rt-s^YQ, 

where P is a function of q, r, s, t, and homogeneous in r, .s, 
t; Q is a function of x, y, z, and derivatives of z, which docs 
not become infinite when rt — s^ vanishes, and n is positive. 

Eule .—Assume q = <p (p) and express s and t In terms o/qp 
and r; tlinSy rt —s‘^ vanishes, and the left side hecoraes a func¬ 
tion o/p, q, and qp. 

Solve for a 1st integral in terms o/p and q, and integrate 
again for the final solution. 

Proof.— s = q, = = q,, r ; t = qy = q^Py = ; 

therefore rt^s~ = 0. Also P is of the form (r, s, O'" = r"' (1, q^, qlY^. 
lienee the equation takes the form (1, q^, ql)’"' = 0. 

LAPLACE’S REDUCTION OF THE EQUATION. 

3442 lir + Ss+Tt + Pp + Qq + Zz = U . (1), 

where B, S, T, P, Q, Z, TJ are functions of x and y onl 3 ^ 

Let two integrals of Monge’s equation (3428) 
Bdy^-Sdxdy-\-Tdx^ = 0 
be f (,v, y) = ((, ^ (®, ij) = h. 

Assume I = f = y). 

3443 To change the variables in equation (1) to £ and »?, 
we have 

P — ‘'’.V — Ki’4" ^‘u 4“'-TJ ^0 ’ 


S KvUx 4-4-s5 ^^1) 

^ - ^2// - ^2^ 4" - ^J/Uy 4" Uy 4" '-iy 4" U-yy 5 

5 — ^.vy ~ ^2^ ^.v ^y 4~ ^2») U.c ’0 4“ (kv’L 4“ ^y uf) 4" '-.vy 4" U^y • 
The transformed equation is of the form 

,^^ + Lz,A^2rz^ + Xz=V . (2), 

where L, A/, N, V are functions of £ and jj. This equation 

may be written in the form 

id, + 2I){d,-^L)z-\-{X-LM-L,)z== r.(3). 

If X~LM~Jj^-0 . (4), 

we shall have 

r with (f/,+ /y)?: — 








LAW OF BEGIPBOCITY, 


515 


and the solution by a double application of (3210) is obtained 
from 

By symmetry, equation (1) is also solvable, if 

X-LM~-M^ = 0 . (5). 


But if neither of these conditions is found to hold, find z 
in terms of z! from (3). It will be of the form 
5 ; = Az ^+ 1)Z + C, 

where A, B, C contain ^ and i/- Substitute this for in 
{d^-{-L) z = z', and the result is of the form 
H "-^X z = V . 

The same conditions of integrability, if fulfilled for this equa¬ 
tion, will lead to a solution of (1), and, if not fulfilled, the 
transformation may be repeated until one of the equations, 
similar to (4) or (5), is satisfied. 

3444 CoK.—The solution of the equation 

z^^ "h (tz^ + hz^ + a hz = V 

is ^ (j) (S) + (v) 

3445 For tlie solution of equation (2), when L, M, V contain also z, see 
Prof. Tanner, Proc. Lond. Math. Soc., Yol. viii., p. 159. 


LAW OF BEOIPBOOITY. [Booh, ch. xv. 


3446 Let a differential equation of the 1st order be 

y, z,p, q) = 0 .( 1 ). 

Let the result of interchanging .v and p, y and q, and of 
changing into p.v+qy—^i be 

<^(/b fh VocA-qy—^, OL\ ij)=^ .(2); 

then, a z = \p (a?, y) be the solution of either (1) or (2), the 
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solution of the other will be obtained by eliminating ^ and ?? 
between the equations 

(f, rj), y = (I, y), z = $d-+yy—^ (f, ij). 


3447 Ex.—Let z =2^1 . (^)> 2 ^X'\-r 2 y — z = xy .(2), 

be the two reciprocal equations. 

The integral of (2) is z =■ xy-\-xf ^ .*. \p (b]) = |»} -|-a’/ ^ . 

b V have now to be eliminated between 


2 , = 4+/(|), « = .(3). 


Each form assigned to/ gives a particular integral of (1). If 

the equations (3) become x = vAh, y = lAa, z =■ b], 
and the elimination produces z = (x — 'b)(y — a). 



oty +t, 


3448 In an equation of the 2nd order, the reciprocal equa¬ 
tion is formed by making the changes in (3446), and, in 
addition, changing 

• t • s • V 

T into -T, s into -r,j t into -; 

rt^s^ 7't—s^ 

then, if the 2nd integral of either equation be ^ y)> 

of the other will be found by the same rule. 

3449 The above transformation makes any equation of the 

form <j> {p, q) )•+</> (p, q) -s+x (r> </) * = •• 

dependent for solution upon one of the form 

X y) //) ^+4> (■*'■ .v) f = *1 

3450 And, in the same way, an equation of the form 

Rr+Ss+Tt= V{rf-s^) 
is dependent for solution upon one of the form 
11 >’ -|” ^ • 

See De Morgan, Camb. Phil. Trans., A’^ol. VHI. 


SYMBOLIC METHODS. 


FUNDAMENTAL FORMULA. 
0 denoting a function of 0, 

3470 QdO. 
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Proof.—T he right is the value of y in the solution of dgy — my = Q hy 
(3210). But this equation is expressed symbolically by (dg—m) y = Q (see 
1492), therefore y = (d^ —m)'^Q. 

Let X = e®, therefore d) = and xd& — dx. Hence 
(3470) may be written 

3471 (.w4- »')■' Q = Jci'-”"-! Qdx. 

3472 Cor.— 0 = Ce”®, 

3473 or (.r<4-»0~* 0 = CV“. 

Let F(m) denote a rational integral Lmction of w; then, 
since dje’”* = nie”'®, d.s e”*® = mV"*, &c., the operation dg is 
always replaced by the operation mX . Hence, in all cases, 

3474 F{dg)e"‘^ ^ e”“>F{m). 

3475 F (dg) e”‘® q = e’”® F {dg+ m) Q. 

Formula (2161) is a particular case of this theorem. 

3476 Q = F{dg-m) e”‘® Q. 

Also, by (3474-6), 

3477 F (m) = e-”® F (dg) e’”®. 

3478 F {dg+ni) Q = e-'-^F (dg) e™® Q. 

3479 F(dg) Q = e-"‘^F{dg-m) e”‘® Q. 


To the last six formulae correspond 

3480 


3481 

F {xd^) cV'^Q = af'F {.vd^+m) Q. 

3482 

cr’"F(ciY4) Q = F {<rd^—7ii) x'^Q. 

3483 

II 

g 

3484 

i^^(crf4+m) Q = x'^^^F {xd^^ 

3485 

F (xd^) Q = x^'^'F (xd^—m) x'^'Q. 


If U = a-{-hx+cx^-\-&c., then, by (3480), 

3486 F{a'd^) V= F(0) a+F(l) bx+F{2) c.r=+&c. 
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3487 F-'(,(y/,)r^= /<’-'(())«+F-'(i)i.i-+F-i(2) w'+&c. 

3488 ~(hy •••) = F(>n, i},p ...) 

3489 — — ... (</« —H + 1) «, 

or, more succinctly, 'svriting D for dg, 

D{D-l) ... {D-n + l) u or (24-52). 

3490 Otlienvise 1) ... (.iy 4 —^i + 1) ft. 

Proof.— As in (1770). Otherwise, by Induction, differentiating again, 
and remembering that Xg = x. 


XoTE. —In the symbolic solution of differential equations, 
we may either employ the operator xd^ directly, or the 
operator after substituting for x. Formula3 (3480-5) or 
(3474-9) will be required accordingly. 

3491 {<f>{D)e^Yq 

— —l.r) ... <f>{D-\-r) Q 

= ^(D) 4,{J)-r) ^(n-2r) ... 4 , {/>-(»-]) r} 

Proof.— By repeated application of (3175) or (347G). 


For ready reference, formulas (1520, ’21) are reprinted 
here. 

3492 /G^’+/0 = 

3493 f{^r+h, //+/0 = If). 

Let Uo -\-ciiX~\r ... + x/' ~ f (.r), 

then, denoting dg by D, 

3494 /(/>) >ir = uf{D) e+i,gf{J)) c+ C+&C., 

Avliere f{J^) means that B is to be Avrittcn for x after differ¬ 
entiating / (.r). 

Proof.— Expand uv, B.uv, If-.vv ... B^\uv by Leibnitz’s theorem (14G0); 
multiply tlic equations respectively by Uoj ^2 ••• results. 


3495 '• =f{D).ui‘—f'{l)) Ugii+ D .lUgV—kc. 
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Proof.— Expand uv^, tiVoe, uv-ie ... nvug by theorem (1472), and proceed as 
in the last. 


3496 Hi.c = F(-m-) m.r. 

A more general theorem is 

3497 F(ir-)((((„.+ = F { — m‘){Ui,„+ 

where tt and tt have the meanings assigned below (8199), 
and i = \/ — 1. 


Theorem .—If ^ and ^ denote any algebraic functions of x 
and y, it may be shown, by (3474) and (3475), that 

3498 'll {(>.,+>/) = 'll (<4+'d ’/'(.'/)• 

3499 Let ii, or, more definitely, ii^ = (<r, y, ..-)”, represent 
a homogeneous function of the degree in severable vari¬ 
ables, and let 

3500 ^ = A'da.+t/dy+z(L+&c. 

Tlien, by (3480), 

3501 ir« = nil, Tdu = idu, whi = idu, &c. 

3502 Hence F(n) u = F{n)u. 


REDUCTION OF /'’(tTi) TO /(it). 

3503 Let u be any implicit function of the variables, and 
let TT = TTid-TTg, where tt^ operates only upon x as contained in 
u, and TT, only upon x as contained in iru, &c. after repetitions 
of the operation tt. Then 

3504 TTiU = TTU, 7r\u = (tt —l)7ri/, 

3506 = (tt — r + 1) ... (tt— 2)(7r— 1) TTH. 

Proof.— ttiW = (tt — u = tt ?<., 

since ttj has here no subject to operate upon. 

TC\ll = (tt — TTj) TTU = (tt—1) TTW, 

for, Ttn being of the 1st degree, and 1 are equivalent as operators. In the 
next step, and 2 are equivalent, and so on. 


CoE.—When 'll is a homogeneous function, we have, by 
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(3501), TT^tt — therefore n and n are equivalent operators 
upon n. Hence (3506) may be written 

3507 = («—r + l) ... — — 

which is Euler’s theorem of homogeneous functions (1625), 
since in that theorem the operator is confined to n. 

3508 As an illustration, let ttw, = (xd^ + yclj,) u = tt^u, 

then Trlit = (j/!hhr + 2,t:?/4^+ 2 /h? 2 y) "W, A = (tTi + ttO ttu = +ttii. 

Here Tr^Trtt = (xdj, + yd^) + yd^) w, 

the operation being confined to x and y in the second factor (3*503), and there¬ 
fore producing (xdx^ydif)u merely. 

Hence tt^u — dj,„-\-yhl 2 ^-\-xd^Aydff) u, which proves (3505). 


If Z7= + a series of liomogeneous functions 

of dimensions 0, 1, 2, ..., then, by (3502), 

3509 F{v)U= F(0) «„+/’(!) «i+/-’(2) >h+.:, 

3510 F-^{n)U= F-^{0)n,+F-^{l)u,+F-^i2)i,,+ ... 

3511 Ex. 1; a"'f7 = ifo+tH!i+n^W 2 "h 

3512 a-’'?7= «o+«''Wi + «'^M2+"- 


Ex. 2 : If have the meaning in (3499), 

3513 

r(^)e“ = F{0)l+F{n) '^ + ^'(2«) + 

and similarly for the inverse operation F~^ (a-). 

Proof.—B y (8502) applied to the expansion of the subject by (150). 


3514 


C i», m) 




p\ (j\ /•! 


where p + q+r+... = m, and qF. = 1.2 ... q). 

Pj^oOF.—E quate coefficients of a”' in the expansion of 

(1 H-a)' U = (1 + 0 )*''' (14 a)'"'" {1 + «)•'"■... V, 
reducing by (3400). 


3515 The general symbolic solution of the equation 
Fid^) u = Q is 


H = F-^ W Q+F'^ W 0, by (1488-90). 
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3516 The solution of the equation (o2o8), viz., 

+ = Q.(^)> 

where Q is a function of cT, is most readily obtained by the 
symbolic method. Thus '??q, m.,, ••• Wn being the roots of the 
auxiliary equation in (3289), and A,]j, G ... X the numerators 
of the partial fractions into which + ... can 

be resolved, the complete primitive will be 

3517 

where J C"*"’Q (3470) 

and the whole operation upon zero produces, by (3472), for 
the complementary term, 

3518 C, 

Proof. —Equation (1) maybe written 

{dnx'^^\^Kn-\)xA(^-l(^{n-‘i)x +^^h)2/ — 

or (4 ~ Wi) ... (4 - '>^n) V ~ Qi 

.*. by (3515), y — ... (t?;e“W,j) 1"^ (Q+0), 

wbicb, by partial fractions, is converted into the formula above. 


If r of the roots mi, ... are each ~ m, those roots give 
rise in (3517) to a single term of the form 

3519 (J+i?4+C4„...+RUe’"d e-"0. 

J 1\V 

Proof.—B y (1918), the r roots equal to m will produce 

\A'{d,^m)-^'-\-n\d,-my>’^G.. -\-R'id:,-my^\ Q, 
or (4-f* 4 f/dit ... +EtZ,.^)(d:e — w^) 

3520 by (3470), Q = | e-”“ Qdx 

= e*-*! p-*''e”"|e-”'Q(ia;px = andsoon. 


3521 Ex. (1): y^-y^-hy.-Z = Q. 

Here m®—t/r—5 ju —3= (w —3)(m + l)^ 


and 

therefore 


1 ^ 1 1 _ 1 

(771 —3)(m + l)‘^ 16 (»^—3) 16(7 u+1) 4(7?i + 1)^’ 


y = (d.-3)(4+1) Q-l (4+1) Q 


(3520) 
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3523 Ex. (2): = Q, 

therefore n = Q. 

Here + = (2m)'* {(«i —m)— (m + ta)'*}, 

therefore u = (2{a)'^ {(cZ^; —ia)'^ Q — {dj;Aia)~^ Q\ 

= (2m) J— e'J* Qdx } (3470) 

= 0 ." ’ sin ax j* cos a.t; Q dx — a'^ cos ax J sin aa; Q dr, 
by the exponential values (7G6-7). 

3523 Cor. 1.—The solution of u.r^,-\-a^u = 0 is 

u = A G0sax-\-B siiittc^?. 

3524 Coe. 2.—The solution of ii^j, — <i-u = 0 is 

u = Ac‘‘^+ 

Change a into ia in the fifth line of (3522), and put Q = 0. 

3525 When Q is a function whose derivatives of the and 
higher orders vanish, proceed as in the following example. 

Ex. (3): Uo. + aHv = (l^-a;)^ 

therefore tt = {d^xAcb^)"^ (A’^^YF {dox-\-a^)~^ 0 

— (a~‘^—a''^d.ixAcL~^d^x— &c.)(l + 2a; + aj*) + (d^-d-a®)*^ 0 
= a‘^ (1 + aj)^—2u‘^ + .d cos a.r + i? sin ar, 
the last two terms by (3523). 


Fjceccjitlonal Case of the Inverse Process. 

3526 Ex. (4) : Uox + a"u = cos nx, 

= (dajj + a^)"’ (cos9ir+0) = Ti (d^4-«0‘^ (e'"-*^4-e*'"^d-0) 

= I (e*”^ + e'*^)(—?r4-a^)'" + Hcosa.r + i> sinaai by (3474) and (3523) 
= cos 723! (a^ —7i“)“'+&c. 

Now, if 71 = a, the first term becomes infinite. In such cases proceed 
as follows:— 

Put A = A' and find the value of —cos_^^ when 

n = a. By (1580) it is = Thus the solution is 

la 

ajsina.r , , t-, • 

It = —--1- A cos ax + 1) sin ax. 

la 

The same result is obtained by making Q = cosax in the solution of (3522), 
Eor another example, see (3550), 
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3527 Ex. (5) ; y.^-0,U + 20,j = x‘^, 

thei-efore y = {(<2,-4)(c;,-5)}-'.i;»e’"+{(,;,-4)(rf,-5)}-'0 

= e’'{(cZ,-l)(c7,-2)}-‘a!" + .'le‘'+£e'“. (3475, 3517, 3472) 

Now 3)ii+2)"’ = 4^1— 

= ijl+?2^ + (§2!i^)+&o.j 

Hence the solution becomes 

y = e^{^+id.+id^+&c.}a^+Ae‘’+Be^ 

= «’'{-T+'V + 'i'} 

3528 Ex. (G) : (d,-aYu = e", 

therefore u = (tZ^ —a)'”e"‘^ = (347G) = e"^i~ + [ oV (2149) 

\n ! }nx ! 


3529 Ex. (7) ; + = sinmaj, 

therefore y = (jh + a) ' + {(K + a) 0 

= (d^—ay (d.,^—a^y^ sin mx-\-e~^^ 0 [by (3478) with = 0] 

= — (d^—ay sin + (^i.r +i>) (by 349G) 

= (m^ + a^) sin nix — 2am cos mx + sin mx) + (Ax B). 


REDUCTION OF AN INTEGRAL OF THE ORDER. 

3530 i Q = —^ I i’”"' j Q(lv— {» — 1) , 1 '““^ 1 Qxdv 

A n.v I . «y A 

+ C {>,, 2) ,!•>'-» ^Q.vhl.v... ± j (/,!•, 
where n — 1! = 1.2 ... n. 

Proof.—B y (3489) dnM = e-^'\ds—nAV)(d,—n-\-2) ... d,Q .(1), 

therefore d_nxQ = {(da—'ii-\-l)(da—n + 2) ... tZa}“^e”®Q 

’*-1' +C(«,2)((7.-n + 3)-‘-&c.}e’“Q (3517) 

= ; f • (i7.)-' e‘-(n-l) e"' (d,)-' e" + &c.} Q. 

71—1 ! 

Then replace e® by £». 


The equation 

3531 «‘4’“.(y«.i+6.t'’Vyn.i-i-&c- = A+Bx+Cx^+&c. = Q 
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may, by (3489), be transformed into 

or F(r4)y = Q. 

The solution is then obtained from 

3532 1/ = F-' i'e(Q (3 + -P-' (*rg 0. 

The value of the 1st part is given in (3487). 

3533 If a, (3, y, &c. are tlie roots of F(m) = 0, the second 
part gives rise to the arbitrary terms 

3534 If a root a is repeated r times, tbe corresponding 
terms are 

,t'“ {(log .(■)’-*+ C’a (log , 1 ’)’-"+... + g}. 

Proof.—T he partial fractions into which F~^(xdx) 0 can be resolved, as 
in (3517), are of the type 0 —w)"^0, m being a root of F(x) = 0. But 

(3473), G being an arbitrary constant. 

For a root m repeated r times, the typical fraction is C (.TtZ^—??i)“^, p 
being less than r. Now 

(xcG-myCx^'^([ogxy^-^ = {ch-my^CG>‘^l)^-^ = e^^(d,yCdP'^ (3475) = 0, 
therefore —w)“*’ 0 = F.F" (logai)*’"^ 


The equation 

3535 + =/(<'*, sill 6, cos 0) 

is reducible to the form of (3531) l)y x = ; or, substituting 

from (7C)8), it may be written 

F{d,)y = :^{A„,n, 

and the solution will take the form 

3536 V = F-' (m) +F-' {(h )«, 

for the last term of which the forms in (3533-4) are to be 
substituted with a; changed to e^. 

3537 EX.(1): x^l/ix = ax’" + hx" 

xd^ {xdj; — l)(xd^—2) y = ax”’-\-hx", 

y = {xd^(xd^—l)(xd^—2)}~^ (aa;”'+5.r”) + (.tcZo,— l)(jrdj-2)}"'0 

= -^12! -+- ^ - +A + Vx + Cx\ 

m(m—l)(m—2) n(n—\)(n — 2) 

by (3180) and (3533). A result evident by direct integration. 
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3538 Ex. (2): x’-y^+3xy,+y = il-xy\ By (3490) 

{xd^{xI^—\) + Zxd,, + \]y = (xd^+Vfy — 1 + 2.C+3.U- + &C., 
y= (3^4+1)-* (1 + 2,s + 3xH) = (0+1)-“ + 2(1 + 1)-=.-b + 3(2 + 1)-V + 
(3480) = 1+ I- + 4 +& 0 .+ il2££ + i? = _ 1 log (l_.-c) + &c. 

z 6 X X X 


3539 Ex. (3) : ?/ 23 ,+ (4.^; —1) ?/^+(4aj“—2 :i!4-2) ?/= 0. 

Let TT = cZ, + 2aj. Then the equation may be written 

7r(7r—1)^ = 0, = 

Let (tt — 1)'^0 = «, (t—1) ?( = 0, or ?tj.+ (2.r— 1) It = 0, .‘.u = Ae^*'^. 


3540 The solution of a P. D. equation of the type 

= ?q+?/2+&c., 

where ^q, u.,, &c. are homogeneous functions of the 1st, 2nd 
degrees, &c. in x, y, and Tr^ = xcl^-\-ydy (3503), is analogous to 
(3531), and is obtained from that solution by substituting 
?q, &c. for Bx, &c.; and, for such terms as Cx^", an 

arbitrary homogeneous function of x and y of the same degree. 


3541 Solution of = Qi 

where 

and Q = 

a series of homogeneous functions of x^ y, z, oi the respec¬ 
tive dimensions 0, 1, 2, &c. 

Here ti = F~^ (tt) Q + (t^) 0. 

3542 The value of the 1st term is given in (3510). For the 
general value of tlie last term (see Proof of 3533), let 
F (in) = 0 have r roots = m ; then 

3543 C (tt—?h)"^0 = C {h (logcr)^~^+i? (log.r)^'^.. + ?c} , 

where u, v, ... tv are arbitrary functions of the variables all of 
the degree m. 


3544 Cor.— (TT-nO-M) = (a’,y, ...)'», 

that is, a single homogeneous function of the variables of the 
degree m (1620). 
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3545 Ex. : + 2x2/z^^ + y%>— (f' + y^v) -\-az = u-,^ + 

iin being homogeneous functions of the and degrees. The equation 

may be written (tTj—^^T j + a) z = + ; 

or, by (3505), (tt —a)(7r^l) z = + 

therefore z= {(tt —a)(7r —1)}"^ + + {(tt —a)(7r —1)}“^ 0 

=__I-_ \-U U. 

(jn — a)(m—l) (n— a)(?i— 1) " 

The first two terms by formula (3502) ; the last two terms are arbitraiy 
functions of the degrees a and 1 respectively, and result from formula (3543) 
by taking p = 1 aud m = a and 1. 


3546 To reduce a P. D. equation, AAdien possible, to the 
s^nnbolic form 

(n-+^(^n-^+An»-^..+^oa q .(i), 

where 14 = ]\Id,.-\-Xdy-\-&G., 

and Q, il/, &c. are any functions of the independent 
variables. 

Consider the case of two independent variables, 

(^Md^-\- Xdy)'‘ U = J\I" X^U.2y 

+ (M4+^) ^K^i-m.^XXy) Uy.,. (2). 

Here the form of n is obtainable from the right by con¬ 
sidering the terms involving the highest derivatives only, for 
these terms are algebraically equivalent to + 

The reduction being effected, and the equation being 
brought to the form of (1); then, if the auxiliary equation 


3547 + = 0 . (3) 

have its roots a, />, ... all unequal, the solution of (1) will be 
of the form 

3548 = (n-a)-^(3+(n-Z>)-^(?.-}-&c.(4). 


The terms on the right involve the solution of a series of linear 
first order V. D. equations, the first of which is 

3549 ... — mi = Q, 

and the rest involve h, c, &c. 

If equal or imagiiiai’y roots occur in tlie auxiliary equation, 
we may proceed ns in the following example. 
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3550 Kx. : 

(1 + (1 +aj^) 4yy-2/, + 2a: (1 +33^) z^ + Bj (;r — 1) Zy + ah = 0. 

Here II = (1 + a:“) dj.—2xu(ly, and the equation becomes (ir-^ + a’) z = 0. 
Let the variables x, y be now changed to tj, so that 11 = d^. Therefore, 
since II (^) = 1, n (^) = (I + a:^) i^~2xyly = 1. 

Therefore, by (3383), = Jl, 

’ ^ ^ l + sj" —2,rj/ 

from which, by separating the variables and integrating, we obtain 


xSj^y = A .( 1 ), 

and, by (1430), ^ = tan~^a: + ^ . ( 2 ). 


Also, since 11 (f/) = = 0, (1 +a:^) r]^—2xy jjy = 0. 


Therefore 


dx _ dy _ c?j? 

1 + a:^ —2xy 0 ’ 
the solution of which is equation ( 1 ). Thus 

^ = tan“^ a: and r] = x-y-\-y- 


The transformed equation is now (d.^^Acr) 2 = 0 , 
and the solution, by (3523), is 

z = ^ (t)) cos a^ + \p (y) sin a^, 

arbitrary functions of the variable, which is not explicitly involved, being 
substituted for the constants (3389). Therefore finally, 

z = (ji (x^y-^y) cos {a tan"‘a:) + ;// {^^yYy) sin (a tan"^ x). 


MISCELLANEOUS EXAMPLES. 

3551 Mi.+ M 2 i,+ ihz = 0 . 

Put d-yy + doz = Thus = 0, the solution of which, by (3523), 

, is u = (p{y, z) cos ax + \p {y, z) sin ax, 

arbitrary functions of y and z being put for the constants A and B. Expand 
the sine and cosine by (764-5); replace by its operative equivalent, and, 
in the expansion of sin ax, put a\l> (y, z) = x Ilf) j 

^ (y,«)- -ly + (d,^ + d,,) f (y, 2)-&C. 

+(2/> 2) - |t +‘^2.-) X (y. ^)+fi +‘*2--) X (y. 

[See (3626) for another solution. 


3552 !<^.+«j,+H. = . 17 /s. 

Here it = (<4 + dy + c^«) {xyz -h 0) 

= {d^x-^d^ox (dy-\-dz)-^d.:ix{dy-{'dSf~~,,.]{xyz-\-^)i 
Operating upon xyz, we get 

u — ^xhyz—^x^ ( 2 ; + 2 /) + 
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the rest vanishing. For symmetry, take ^rd of the sum of three such 
expressions; thus 

u = + 2/'+—B- + 2/®^ A-yz^-\-z^x-\-zx^) ■F\xyz{xA-y + z)}. 

Operating upon zero, we liave, in the first place, d_j.Q = (p (yz) 
instead of a constant, therefore d_ 2 x 0 = x<p (yz), &c. 

The result is 

{l-~a)(4+4)+i^- + ...}0 ( 2 / 2 ) = = (b(y—x, z—x) 

(3493) the complementary term. 

3553 Otherwise, putting dyA-d^ = 2^, we have, by (3478), 

(d^A-^)~^ xyz — e-^'^xyz = e-'^^d,a;{x (y+x) (zA-x)}, (3493) 
= e-^^{^xhjzA-ix^(yA'z)A-ix*} 

= ^x-(y-x)(z-x) A-\x\yA-z-2.x)A- ^x\ 

which agrees with the former solution. 


3554 = xyz. 

Substitute a? = a^, y = btj, z = c^, and the equation becomes 
which is solved in (3552). 


The 

3555 

same methods furnish the solution of 

aH^^-\-bUy+ci(jg = 


3556 

xx^+i/x, = 2xyA (i‘—z\ 


Put 

z =. a sin v, 

TTz = a cost;.7rr, .*. irv = 2xy, g'= a sin (xyA-c). 


3557 

(LVHj.’^bi/Uy-\-czu^—nn = 0. 


Put 

X = y = ri^\ 2 = ; 

111 



+ ?m = 0, .-. by (3544) u = (x^,y'', c"’)". 



3558 The solutiou of any P. D. equation of the type 

— )« = ... 

is, by (.3488) and (3657), 


_// ~_I- : -0. 

F{m, n,p, ...) F(x<l^.,y(l„, xt/-, ...) 
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3559 Ex.: xu^-\-i/u„—aii = Q,„, 

wliere Q„j = (*) y)"‘ (1620). 


Here = (m— Ua> When a = m, this solution becomes inde¬ 
terminate. In that case, as in (3526), assume 

Ua = F„- 

m—a m — a 

Differentiate for «, by (1580), putting Qa first in the form 


thus 


u = iQm (log a; + log y) + V„,. 


Similarly, the solution of 

3560 .vu^+i/iiy+zu^—mu = Q,„ 

is u = (log a; + log y + log z) + V,n- 


3561 + = C- 

The solution, by (3560), is 

w = ic (logaj + logy-}-log 2 ;) + Fq. 


3562 »2*—2as:xi,-l-«^»2j = 0 or {d^—ad^yz = 0 . 

s = (4-a4)-“0 = (d,-ad,)-' 0 (y) (3472) 

by putting adj, for m and ^ (ij) for C. The second operation produces, by 
(3476), z = [x<li{y)-\r\p {y)} = x<^ {y ^\-ax) + ^^ {y + ax). (3492) 

3563 = 0. 

This reduces to (xd:,-i-yd^) {xd^—ydy') ^ = 0. 

Here tt = xd^-^-yd^, and m = 0 in (3544), 

therefore z = (x, i/)°+ ) j 

\ y / 

the second terra being obtained by substituting y“'^ = y\ and so converting 
the second factor into (xd^-\-ijdy^. The above may also be written 

« = F('^)+/(ie^), 

F and / being integral algebraic functions. 


3564 Zi^~(dz.2y+2abs^+2cdbZg = 0. 

Patting y = ay, this equation is equivalent to 

(d.-(l, + 2«6) ((Z,+J,)8 = 0; 
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putting X r=logx' and r] = logj/, this gives, by (3544), 

= (e% f + 

_ e-^“^^F(ij + ax) -\-f{y—ax), 
the functions being algebraic and integral. 

3565 ^ Cn //)• 

u=(cl^^a%,)-^<j>(x,y) (3515) 

= (2ad,r^ { (d,_a4)-^-(d, + acZ,)-‘ } ip (x, y) (3470) 

= (2ady')~^ I (jc, y) dx—e~^^^^vtp (x, y) dx | (3470) 

= (2tt)‘^j{^i(a5, y + ai»)“‘h 2 (;r, 2 /-a.r)} dy, 
since {x, y) ~ <p (x, y + ax) (3492). 

Here (hj (a;, y) = j ^ {x, y — ax) dx + (y), 

^’2 0^5 y) = \^ (35 y + ax) dx-^x &)• 

3566 If 0 {x, y) = 0, the solution therefore becomes 

U = xj/^ Qy-|- ^Boole, ch. 16. 

For the solution in this case by iMon^e’s method, see 

(3433). 

3567 z^^azy = cos ni/. 

^ = Qh~~cidy )cos iiy = j cos ny dx (3470) 

= e’"® cosn (y — ctx) dx (3492), and this by Parts, or by (1999), is 

_ Qnxdy^vix f ^Qg gin7i ^y^Q^x) j (7}i^ + aW)'^ + e“®‘V0 (y) 

.'. a = e“® J VI cos ny—an sinny | (m^-ha^}i^)'^ + <p (y-hax), by (3492). 

3568 = 0. 

= (d,-af7,0 0 = (0), by (3472), 

0 (»’) taking the place of the constant C. 

Therefore z = ip(x) + at <po^ + \a^t-(p^^ + Ac. (3492) 

Otherwise, to obtain z in powers of a;, we have, putting h- = a~\ 

Z'zz — Uzt = 0 , 

.-. 2={0t + !<4)(''.+ Mb}-'0 = e''^"!^>(O + e-‘“'b(O (3518); 
then expand by (150). 


+ 


3569 
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z = {dir + doy) cos nx cos my. 

Treating d 2 y and cosmy as constants, we have, by (3526), putting d,y for 
2 = cos 7 ix {d^y—n^) ■ ‘ cos my + .1 cos ax + B sin ax, or by (3496), 
= cos nx cos my (— — '^ + 0 (^) cos {xd^J) + (y) sin {xdy^, 

A and B becoming <p {y) and (y). 


3570 = cos (m(f>+nili). 

Therefore (rr + w)(jr-«) 2 = i + 

where tt = d^ + d^. Therefore, by (3510), with x = e'<‘, y = et 


, = x j +(e^e^)-+(e^e^)^ 

C —(m + 7iy w—{m + ny'’ ) 


^ _ cos (??^04-?^0O -*«4. (e^ e'^)*". 

a^ — {mA7iy ’ 


3571 Prop. I. —To transform a linear differential equation 
of the form 

{(l + b.V + CT^,..) + + = Q ••• (1) 

into the symbolical form 

/o(0) u+f,{D)e^„+Ml))i^u+&c. = T . (2), 

where Q is a function of t, T a function of 6, x = and 
D = dg. 

Multiply the equation by ; then the 1st term on the left 
becomes, by (3489), 

(^a-yhe^-yce^^+...)D{D-l) ... (D-n-yl)u. 

This reduces, by the repeated application of formula (3476) 
with the notation of (2451), to 

3572 aD^^^ht + b (/4-l)^”> eUi + c (i>--2)^"^ c“^^ + &c. 

The other terms admit of similar reductions. 


3573 Conversely, to bring back an equation from the sym¬ 
bolic form (2) to the ordinary form (1), employ formula (3475) 
so as to transfer to the left of the operative symbol. 


3574 Ex.: x^ {xht2x+'^xur + 5n) = e-^D (D — l) + 7D + b} u 

= (D' + 6X> + 5) u = e^^{DAl)(D + 6)ii 
= (I>-l)(D + 3) (3476). 
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For the converse reduction, the steps must be retraced, employing (3475). 
See also example (3578). 


3575 Prop. II. — To solve the equation 

u+a,<f> {D) e>u+a.,<i, (Z)) (D-l) ti ... 

where Z7 is a function of B. 

By (3491) 

<j,{D)f(D-l) ...<j,{D-n+l)e”"u= {f{D)e<'}’'u. 
Putting for this, the equation becomes 

(1+ ~ Z7. 

3576 Therefore 

n= {^,(1—(Zip)"'+/ 1 . 2 (l—<Z 2 p)"h..+^„(l— U, 


where qi, q-i q„ <are the roots of the equation 

+«„ = o, 

~ (qr-qiXqr-q-z) ■■■ {qr-qnY 
The solution will then be expressed by 

i( = AiUi -\~... -{'A„ii„, 
where is given by the solution of the equation 

3577 U. 

3578 Ex.: 

(*'+5®"+6.d) + (4x +25a;’ + 30j;’) + (2 + 20.1: + 3Ca:’) « = 20.1:’. 

Putting x = e*, and transforming by (3489), 

(l + Se'+Ge’*) D (P-l) « + (4+25e*+3Ge’') D« + (2 + 20e'+36e“) u = 20e“. 
Tbe first term = P (J)-l) « + 5 (P-l)(P-2) e*«+C (B-2)(P-3) e“a 
by applying (347G). The other terms similarly; thus, after reaivangement, 
(P+l)(P+2)!( + 5(D + l)’e*« + Gi)(I» + l)e’*« = 20e’*. 
Opemting upon this with {(Z)+l)(P + 2)}"*, we get 


or (l + 5p + Gp’)« = e’‘, if p = (P+l)(P+2)e‘; 

tliereforo « = {3 (l + 3p)''—2 (H-2p)‘’} e“ = 3y—2z, 

if y = (H-3p)-‘e" and .-= (1+ 2p)-'e". 
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Hence (l + 3p);/ = e’’ or j,+3 (D+l)(-D + 2)-'e*i/= e”; 
therefore (X) + 2) y+ 3 (H + l) e'j/= e“ (3+ 2), by (3474), 

or (H + 2) y + 3e* (D+2) y = 5e”, by (3475) ; 

that is, (*+3a;*) y,+2 (1 + 3.r) !/ = S-r*. 

Similarly (x + 2»’) «, + 2 (1 + 2.r) z = 5.r®. 

Solve these by (3210), and substitute in u = Sy—2z. 


3579 Peop. III.—To transform tlie equation 

u+cl>{D)e^^uz=iU into v+(l>{B+n) = V, 

put u = and U = V. 

Proof.—B y (3474), because 0 (B) * 2 ? = e ”*9 (B + n) e^^v. 


3580 Peop. IY.—To transform the equation 


u-\-(l){D) u = U into v+i/#(i>) = V, 

7 / — P ^ 75 and TT = P ^ V 

put — V ana u ^ 


3581 


where P ^ 

y{D) 


0 (D) 0 (.P—r) <l> (D — 2r) ... 

0/ (D) 4'i ^—— 2r) 


Proof.—P ut 2 ^ =f{D)v in the 1st equation, and e*‘Y(B) 2 J =f{D~-r)e^^v 
(3476). After operating with /‘^ (B) it becomes 

2^ + 0 (B)/(B-r)/-^ (B) e-«2; =/-^ (B) tr, 
therefore 0 (B) / (B— r) /"^ (B) = 0 (B) by hypothesis; 

therefore / (H) = |^/(D-r) = tm±g 5 ^/(Il- 2 r), 
and so mi inf. Also JJ — f {B) Y. 


3582 To make any elementary factor ^ (D) of 0 (D) be¬ 
come, in the transformed equation, x{P -P'nv), where r is an 
integer; take 0 (P^) = y^{p^nr) XiO^)- example (3589). 


3583 To make any factor of 0 (D) of the form 

disappear in the transformed equation, take 0(P^) = Xi{D), 
where Xi(-^)j in each case, denotes the remaining factors of 
0(1?). See example (3591). 
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3584 In the application of Proposition IV., differentia¬ 
tion or integration be the last operation according as 

p 

. . . . 

numerator or denominator, and therefore according as \p (D) 

is formed bj algebraically diminishing or increasing the several 
factors of (D). However, by first employing Proposition IIP, 
the given equation may frequently be so prepared that the 
final operation with Prop. IV. shall be differentiation only. 
See example (1). 

For further investigation, see Boole's Dif. Eq., Ch. 17, and SupqAement, 
p. 187. 


(3581) has its factors, after reduction, in the 


3585 To reduce an equation of the homogeneous class 
(3531) to a Innomial equation of the same order of the form 

Vn^+qy = 

The general theory of such solutions is as follows. Let 
the given equation be 

*' + '/ + ••• = U ... (1), 

<"q, Ug, ... (in being in descending order of magnitude. Putting 
u = by Prop. III., 

v-\’q (D —tq —ftg) ... ?7... (2). 

To transform these factors, regarded as (f) (D), by Prop. lY. 
into \p {D) = D (D — 1)... (/> — +1) , we convert I) into D + rn 
(3582), V being an integer. 

Hence for the factor we must have 

JJ -j- "h —— —P d~ I) 


3586 and therefore fq—= r/^+y;—1 . (3). 

If this relation holds for each of the constants Uj... rq„ 

equation (1) is reducible to the form 

3587 //+v [y>(/>-i)... (yy-«+i)}-'<(/= i'.W, 

which, by (3489), is equivalent to = V,,,, = V. 

If being found in terms of x from the last equation, and, 

V being = V (3580), the solution will result from 

3688 „ = ; 

{D — (i, + ir) ... (/> —rq+yqj 

while U and Y are connected by tlie same relation as u and y. 
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3589 Ex. 1: Given +1 Sxhtox + 84T?t^ + 96u + = 0. 

Putting a; = e® and employing (3489), tbis becomes 

{P(P-l)(P-2) + 18P (P-l) + 84P + 96} + = 0, 


or (P + 8)(X>+4)(P + 3) u + ^e^^u = 0, 

therefore 2 << + 3 {(X> + 8)(P + 4)(D + 3)}-'e=*«w = 0.(1). 

Employing Prop. III., put v, = e~®V, 

therefore (3476) {D {D-Y){D^h)}-^ = 0 .(2). 

To transform this by Prop. IV. into 

2/ + 3{JI(D-l)(D-2)}-^e®> = 0.(3), 

we have 

P tm = J(P-l)(J-2)(X)-3)(I>-4)(D-5) ■■■ _ (r._..,T)-9\ 
C(D-4)(D-5)(i)-3)(D-7)(I>-8) ... ^ 

« = (I»-l)(I»-2) y, » = e-“(fl-l)(D-2)j/ .(4), 


and the solution is obtained by difiereutiation only, performed on the value 
of ij as obtained by the solution of (3), that equation being equivalent to 
D (P-l)(I>-2) = 0, or, by (3489), = 0. 

If, however. Prop. IV. were used to pass directly from (1) to (3), we 
should have 

<p(D)^ D (P-I)(J>-2)(P-3)(I)-4)(D-5) ... 

^^PiD) (X> + 8)(D + 4)(D + 3)(D + 5)(D + 1) D ... 

_ 1 

(P + 8)(D+5)(I>P4)(P» + 3)(X» + 2)(P + 1)’ 
and equation (4) would involve integrations of y as high as D~^y. 


3590 Note. —By the literal application of Rule IV., the right side of 
equation (3) ought to be F = {(D — 1)(P—2)}'^ 0; but no such term is 
required when the original and transformed equations are of the same order, 
for in such cases the arbitrary constants introduced by the operation upon 
zero disappear with the terms containing them in the final differentiation» 
The result is the same as if the operation upon zero had not been performed. 

In the following example, V has to be retained. 


3591 Ex. 2 : (aj —a?®) U2xY (2 —12.r®) — = 0.(1). 

Multiply by x, transform by (3489), and remove to the right of each 
function of D by (3476), thus 

.® 

Transform this by Prop. IV. into 

= r.(3). 

We have “ (■0+4)(D + 2) v, 

V= {(X)+4)(r> + 2)}-‘0 = (3518). 

The operation upon zero is required in this example (see 3590), because (3) 
















63G 


DIFFERENTIAL EQUATIONS. 


is of a lower order than (2); but only one term of the result need be retained, 
because only one additional constant is wanted. Hence (3) becomes 
(H + 1) y-(I) + 3) 6^%= (H + 1) Ae-^^ = -Ae--\ 

Changing again to x, this equation becomes 

v,-4:xh'-\-A = 0. 

The value of v obtained from this by (3210) will contain two arbitrary con¬ 
stants. The solution of (1) will then be given by 
«= (I) + 4)(I) + 2)r. 


3592 Ex. 3: U 2 x—n (71 + 1) x~^u — q^u = 0, [Boole, p. 424. 

n being an integer. 

Multiplying by x^ and employing (3489), this becomes 
u-q^ {(D + 7i)(D-n-l)}-^ = 0. 

This is changed by Prop. III. into 

v-q^D(D-2n-l)}-^e-^v = 0, with u = 
and this, by Prop. IV., into 

y — q^{D(D—l)}-^e^^y = 0 or y 2 x’-q^y = ^ (3489). 
y being found from this by (3524), we then have 

u = e-«P,—5^ y = e-" (I)-Vi%y = 
jj ——1 

But, by (3484), F (xd^—in) = x'^F (xd^) 

.*. u = ir“” X (xdx) x ~^. x^ (xdx) ... (xd^) x~“'^^^y, 

or u •= (xhl^y* x''-’^''^y 

= x-^-^ (x^d^y^ (Ae^^+Be-'^^) (3525). 

This may be evaluated by substituting z = x~^, (See Educ. Times Reprint, 
Vol. xvii., p. 77.) 


3593 Ex. 4 : 7i.,.-ahu^-n (n + 1) x^^ u = 0. 

The solution is derived from that of Example (2), by putting q = ady, 
and arbitrary functions of y after the exponentials instead of A and B ; thus 
n = 25“”“^ (x^dx)" (ij) + e'^^^^ !'\p (y)} 

= (x^dx)’* .7;“-""* {<p (y + ax) + \p(y + ax)}, by (3492). 

[Boole, p. 425. 


3594 (l+«cr) = 0. 

To solve this equation or its symbolical equivalent obtained 
by (3489), viz., 

3695 = 

in the solution of Uzf + n'n = 0, by (3523-4). 


Substitute t 


=I 


(l.V 


y (!+«*’) 
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3596 Similarly, to solve tlie equation 
or, the same in its symbolical form, 

3597 ti+i^=L^^^u = 0. 

a/>-±7r 


C dx . 

Substitute i ^ in the solution of = 0. 

J a;-/(» +«) 

(3596) is obtainable from (3593) by changing 6 into —0. 


3598 Pfoff’^ equation, 

(a+feiP”) x‘u^x+{c-\-ex'') xu,,+ {f+gaf‘) u = Q. 


When Q = 0, the symbolical form becomes 

aD(D-l) + cZ»+/ " 

If n be not = 2, substitute 26'= nd, and therefore 2d, = «de' • 


.( 1 ). 


3599 Tb.. .ra- 

where Oj, are the roots of the equation 

h (^a—??)(-^ua —w—1) 4-e i\na—n)-\-g = 0.(3), 

and /3i, (5^ are the roots of 

a \n^ (i«/3—l) + c i«/3+/ = 0. 

Four cases occur— 

3600 I.—If Oi—Oj and ft— /Ij are odd integers, (2) can be reduced by 

Prop. IV. (3581) to the form v + ^ = 0. 

a (i^—Pi)(i>—Pi —1) 

and then resolved into two equations of the first order. 

3601 II.—If any one of the four quantities «!—/3i, Oi—Oj—A, 

is an even integer, (2) can be reduced by Prop. IV. to an equation of the 
first order. 


3602 III.—If /3j—/5, and Wi + a,—ft—/Ij are both odd integers, then, by 
Props. III. and IV., (2) is reducible to (3595). 

3603 IV.—If Oi—a, and ai + Qj—ft—ft are both odd integers, (2) is 

reducible in like manner to (3597). [Boole^ p. 428. 

Note.—T he integers may be either positive or negative, and when even 
may be zero. 
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SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS 
BY SERIES. 


3604 Case I. —Solution of tlie linear differential equation 

/o(»)»-/i(£>)e’-*» = 0 01- /o(.r(Z.)K-/i(.t74).U« = 0, 

in which /<, {!)), /i (D) are polynomial expressions of the form 
«o+«iD + a 2 D^..+a„D’‘ and t\{D) = (D—a)(D —6)(D—c).... 

3605 Let ^(D)=/i(U)-f-/„(U), and let 

3606 ^ “ 1 (ad”?') (^*^“1"“^*) ^ 

d-^) («d-3?') ^ (ad-2r) <i> (ad-?') a!^''d-&c. 
Then the solution will be 

3607 !< = Aa’''<I>(a)d-U.r''‘*> (6) + UU4»(c)d-&c. 

Pkoop.—O perating with (D) ami writing p for f (D) e™, 

ti-pu = (D) 0 = Af^'+D^ + Sx. (3518) 

Therefore, by (3.515), u = (l-p)'* (,Ae'’<‘+Be'“+...) 

= (l+p+p^+...)Ae<“ + (^l+p+p‘+...)Be'^+&c. 

Now in each term substitute for p". the value in (3491), and remove D by 
formula (3474). 


Case II.—Solution of 


3608 MD) H+f,{D) e^+MD) e^u ... +MD) = 0 


( 1 ). 


where fo{^) = {D—a){D—b){D — c) ... 

Let ^ (a) — 1 {a + 1) x-\-{a-^2) + &c,, 

where the coefficients or F 2 {a-{- 2 ) or v^, &c. are 

determined in succession by the formula 

3609 /o (m) v,„+/i (m) ... +fn (m) v,n-n = 0 and Vq =1^ 

The solution will then be expressed by 

3610 II = + + + 


Proof.—F rom (1) 

« = {1+^., (D) e\.. + f„ (D) e”"} -‘/o'’ (i>) • 0.(3)> 

whoro fr {D) = /f (D) 

Hero f-'(D)0 = {(_D-aXD-b) ...}-'0 = Ae'“+Be'”+... (3518); 

Bud {l+0,(I))r»... +,p,(_n)e’"’}-' = l+F,(D)e'‘ + F,iD)e“ + ... 
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To determine F„ &c., operate upon each side with (D) e“ + &c.}, 

and equate coefficients of powers of e; thus formula , (2) is obtained. (3) 
now becomes 

u = {l + F, (,D) e‘’ + F,(D)e^+...}(A^+Be””+...) .(4). 

Multiply out; apply (3474), and put x for e®. 


3611 Ex.: x^U 2 x —(a + 6 — 1) xu^+ahu — qxhc = 0, 

or, by (3489), (D-a)(D--h)u^qe-^u = 0. 

Here h{I)) = {B-a){I)-h), fAD) = 0, /,{!))=-q. 
Therefore (2) becomes 

therefore F^, F^, &c. vanish, and F^ (a) = 1, 

7? 4-9'\ _ _ g'Hp (ft) _ _ _ q _ 

+ - (^ + 2-u)((i + 2-6) 2(u + 2-&)’ 

jp 7^2 __5?_ 

+ 4.2 (a+4-i)(a + 2-&) ' 

Therefore ^ (u) = 1 + + 4.2 (a-J+4)(i-6+T) + - 


Similarly we find Hg(& + 2), ^ 4(6 + 2 ), &c., and thence 'P (&) ; and, sub¬ 
stituting in (3610), we have 


w = Ax^-\- 


Aqx°'*'^ . __I 

2 (u4-&-2) 4.2 (u -6 + 4)(a-& + 2) 


+ Bx^ + 


Bqx^ 




2(&-a + 2) 4.2(6-u+4)(&-a + 2) 


+ ... 


3613 The solution is arrived at more quickly by formula (3607). We 

•••^^‘^+^) = 2(a+Vfc) ’ ^(“+^> = 4(a+V-^’ 

producing the same series by the value of (a). Similarly with $ (d). 


3613 When /o(-D) has r factors each = D—a^ the corres¬ 
ponding part of the value of u in equation (4) will produce 

3614 log X+ A 2 (log c^')^.. + ^ r-i (log 
where the coefficients A^, Ai, ... are each of the form 

C'„.r“+Ci.r‘''"i+C2.r“+'+ ... 

3615 But if any one of the quantities (ci+r) = 0 (3608), 
then Cj. = 0 also. 
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Pkoof.— /“^ (D) now contains a term of the form 

say. 

The corresponding part of n in (4) is 

= {e‘‘"+e"‘*’>‘’J’,(D+a+l)+e<“'">*jP’j{D+a+2) + ... j o by (3475). 

Expand each function F by Taylor’s theorem in powers of D, operate upon v, 
and arrange the result according to powers of d. 


In practice, proceed as in the following example. 

3616 Ex.; j:^U 2 x-\-Ujc-\-cfa:u = 0. 

Multiplying by x and changing by (3489), this becomes 
= 0. Dhi = 0 gives u = A+EO, 

Substitute this value and operate with D, considering A and B as variables, 
and equate to zero the coefficients of the powers of d ; thus 
DU + qh^^A + 2DD = 0, D*D + qV^B = 0. 

Then change D into nij and e’’U into am-ry fo obtain the relations 
m^a^ + q^ajn-2+ = 0 ; = 0 , 

which determine the constants successively in terms of and 1>q (which are 
arbitrary) in the equation 

u = ao+aja;®+a4a;U... + loga; (&o+M’ + ^4^*+*“)> 

which thus becomes the solution sought. [DooZe, Dijf, Eq.j p. 439. 


SOLUTION BY DEFINITE INTEGRALS.^ 


3617 Laplace^s method ,—The solution of the equation 


(dx) u+yp (dx) u = 0 . (1) 

is u = C^dt . (2), 

the hmits being determined bj 

. (3). 


Pboof. —Assume « = e I e^^Tdt^ and substitute in (1), putting ^(d,)e** 
= f (Z) e'" (3474), thus 

j* (t) TtZZ + l e^^xp (Z) Tdt = 0. 

• This method of solution is merely indicated here, and the reader is referred to Boole’s 

n/y. Lq., Ch. xviii., for a complete investigation. 
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Integrating the first term by parts, this becomes 

(0 r-j e«' [d, {(0 r} (0 r] cJi = 0.(4), 

an equation which is satisfied by equating each term to zero. The second 
term thus produces a value of T by integration by (3209), and this value 
substituted in the first term, and in the value of u. gives the results (3) 
and (2). 


3618 Ex. (1): a^ii 2 x+ciu^’-‘q^cvu 0^ . (4). 

Here ^ (d^) = ^ (^x) = 0 (0 = ^ (0 = Hence 

(2) and (3) become 

» = 01 ''dt; e“ = 0; 

a being positive, the limits are t = Azqf and, putting t = q cos 0, we find 
u=G [V*“’®sin“-'0c?0 .(5). 


3619 The solution in series by (3608) is as follows. Equations (1) and 
(2) of that article are in this case 

H (H + a—1) w—gW = 0 and m (in + a — l)v^—q^Vm .2 = 0. 

Thus, a in (3608) =0, and b = 1—a. Thei’efore (3610) becomes 

■ = -*{’+2-^, + irTS^TOrF3)+*“-| 




+ 1 + 


2(3-a) 2.4(3-a)(5-a) 

Both series are convergent by (239 ii.). 


+ &C. 


■!. 


.( 6 ). 


The results deduced by Boole are these— 

3620 (5) is equivalent to the particular integral represented by the first 

series of (6). 


3621 A second particular integral, by assuming u = 
be, when 2—a is positive. 

is found to 


u= e«*=°®®sin'-“0d0 . 

. C?)- 

3622 

When a lies between 0 and 2, the complete integral is 



u = Oi|V*“*®sin“-^0d0 + sin^-“0d0 

.(8). 


* The method by definite integrals is elucidated by Boole chiefly in the solution of this 
important equation. 
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3623 But, if a = l, the solution becomes 

U = ^+J5 log (a! sin* 0) } <16 .(9). 


3624 If a does not lie between 0 and 2, then, if a be negative, put 
a = a—2n, and replace the first term of (8) by 

0, (,xd,+a'-lKxd,+a~3) ... (*<;.+«-2,i+l) IV'^’sin-'-'i^e ... (10), 
the transformation being eficcted by (3580). 


3625 And if a be positive and > 2, put « = = x^'^v. This con¬ 

verts a into 2 —a, a negative quantity, and the case is reduced to the last 
one. 


3626 Ex. (2).—To solve by this method the P. D. equation 


«to + «2j, + «2s = 0.(1) 

when r = 

Eliminating x and y, (1) becomes 

ru2r-^Uy+ru2z = 0 .( 2 ). 

Now the solution of this equation is number (9) of Example (1), if we 
change x into r, q into idg, and A and B into arbitrary functions of z. We 
thus obtain 

w = I e^-coseid. I ^ q. ^ log | .^3^^ 

or, by (3492), 

z= I ^ I cos 0 J d0 + | \Ij (z+ir cosO) log (r sin**0) dO .(4). 

See (3551) for another solution. 


3627 If u be the potential of an attracting mass at an external point, 
and if u = F (z) when r = 0; then, since log r = cx), v// ( 2 ) must vanish; 

therefore E ( 2 ) = j* <}> ( 2 ) d9 = 7r<p (z). 

Hence (4) reduces to n = | F^z-{-ir cos 6 | dd. 


ParsevaVs Theorem. 

3628 If, for all values of n, 

A. 4“ Pu Ou'" 4“. •» — ^ 

and A'+ B'u~'^-{-G'u~^+... = \p {it) . (1), 
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tlien 

AA’-\-BE+ 


(e“) V- (e«)+<^ (e-'O (e'")] dO. 


Proof. —Form the product of equations (1), and in it put u = e*® and e"*® 
separately, and add the results. Multiply by dd, integrate from 0 to tt, and 
divide by 2ir. 


P. D. EQUATIONS WITH MOPE THAN TWO 
INDEPENDENT VAEIABLES. 


3629 By means of Fourier’s theorem (2742), the solution 
of the equation 

"(-ht — + '^hy + ^ 

may be deduced by a general method in the form 

u =. &{A+Bht) xjj (a, b,c) da dhdcdXdjidp, 



the limits of each integration being — co to co , and the func¬ 
tion ^ being arbitrary and different in the two terms arising 
from the operator (1 + d^). 

Boole, Ch. xviii., and more fully in Cauchy’s Bxercice Analyse ^latlie^ 
matique, Tom. I., pp. 53 et 178. 

3630 Poisson’s solution of the same equation in the form of 
a double integral is 



u=(l + dt)\ i sin + sin^ sin?;, i/4-/i^sin|cos;/, z^ht cos^d^drj 


with the same latitude in the interpretation of ip. 


[Gregory’s Examqdes, p. 504. 


DIFFERENTIAL RESOLVENTS OF ALGEBRAIC 
EQUATIONS. 


3631 Theoeem I. {Boole ).—“If ih,yi...yn are the » roots 
of the equation 

— 0 . ( 1 ), 

and if the «i“‘ power of any one of these roots be represented 
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by w, and if a = then u as a function of 0 satisfies the 
differential equation 

^-1^ [£>(»)]-> = 0, 

and the complete integral of the same will be 
ti = + ^ 21/7 + • • • + 

3632 “ Cor. I.—If m = — l and if n be > 2, the differential 
equation 

71 \ n n / 

has for its general integral 

II = C^yi'^ + C27j2^... 

y iV ... Vn^i being any n—1 roots of (1). 


“ If 0 be changed into —0, and therefore B into — P, the 
above results are modified as follows :— 

3633 Cor. II.—The differential equation 

has for its complete integral 

u=C,7j7+C2y7..,+C^y:. 

Vii 2/2 ... Vn being the roots of the equation 

y”~^+a = 0 . (2). 

3634 “ CoR. III.—The differential equation 

supposing 71 > 2 has for its complete integral 

U = ... '^rGn-lVn-V 

VuVi ••• Vn-i being any roots of (2). 
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“ Tlieorem II. {Harley ).— 
3635 ‘‘ The differential equation 



is satisfied by the power of any root of the equation 

= 0 , 

u being considered as a function of x. 


3636 “ Cor.—T he differential equation 



is satisfied by the power of any root of the equation 




[Boole, Biff. Eq., Sup. 191—199. 


3637 See also Boole, Phil. Trans., 1864; Harley, Proc. of the Lit. mid 
Phil. Soc. of Manchester, Vol. II.; Eawson, Proc. of the Bond. Math. Soc., 
Vol. 9. 











CALCULUS OF FINITE 
DIFFERENCES. 


INTRODUCTION. 


3701 In this branch of pure mathematics a function </> (r) 
is denoted by and (/)(,u + /^) consequently by The 

increment h is commonly unity. If At denotes the increment 
li, and A?tv the consequent increase in the value of we have 


3703 When At diminishes without limit, the value of 




or 


Hx+Ax—^h •, (lUx 
AcT cLv ’ 


3704 The repetition of the operation A is indicated as 
follows : 

AAiij, = A^Uj,, AA^u^, = ^^itxi ^^cl so on. 


3705 


Ex.: Let Ux 


= 1 2 3 4 5 

x^=:l 4 9 16 25 

A.r== 3 5 7 9... 

AV= 2 2 2 . 


FORMULyE FOR FIJIST AND it"' DIFFFRFNCES. 
If Uj. = ax" + h,e!'~' + ex’'~- + &c., 

3706 = (lit (ii-l)... (»-}•+!) 

3707 AX. = «»(«->) - 
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3708 Hence the 72/th difference of a rational integral func¬ 
tion of the 72th degree is constant. 

3709 So also = 1.2.3 ... 7*. 

Notation.—F actorial terms are denoted as follows :— 

••• m+l = 

-1-=_ 

Thus m{x —1) ... = 

1 

... — 

Hence [w, 771 !, and are equivalent symbols. 

3714 According to (2452), would here be denoted by The 

snffix, however, being omitted, it may be understood that the common differ¬ 
ence of the factors is always —1. 

3715 

and, if on<Cn, = 0, since Ar = 0 if c = constant. 

3718 

3720 Ai4”‘> = («,,+i—(f. , 

A(4-“> = 

3722 Ex.: 

A = am (rt.r+ 6)^'“"^^, A (a.c + 5)'"'"’ =— am (ax-\-by~^’'^\ 

3724 Alog!t^ = log b + —(> A log (4“"” = log 
3726 Aa-^’ = («—1) 

owno AM sill / , 7 x /.^ . «Vsiii ( , 7 , n(u-\-Tr)} 

3728 A- («.,+*) = (2 sm_) J «..+&+ ^. 

Peoof.— A sin (ax + 6) = sin (ax + a + 5) — sin (ax + h) 

= 2 sin — sin ^aoj + 6 H-^ j . 

That is, A is equivalent to adding to the angle and multiplying the 

sine by 2sin —. 


3710 

3711 

3712 

3713 
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3729 Conversely, the same formula holds if the sign of oi 
be changed throughout. 


EXPA^iSION BY FACTORIALS. 

3730 If A”(^(0) denote the value of when a?=0, 

then <l> (cv) = </> (0) + A(^ (0) u’+ ^ - L— + &c. 

12 A ,o 

3731 If Ax=h instead of unity, the same expansion holds 

good if for we write (A”<^(ir)-r/^%=oJ is, making 

X = 0 after reduction. 

Proof. —Assume (j> (x) = + a^x + a^x^^^ + a^x^^^ + &c. 

Compute A0 (a?), N(p (a-), and put x = 0 to determine aj, &c. 


GENERATING FUNCTIONS. 

3732 If be the general term in the expansion of ^(0^ 
then «/)(/) is called the generating function of or (f){t) = Gu^^» 

Ex.: (1—^)‘“ = G (aj + l), for x-\-l is the coefficient of F in the 
expansion. 

3733 OX = <^(0, = ... = 

3734 = - GAX. = (y-l)>(0. 

Proof. — Ct\Ux=- Ac. 


THE OPERATIONS E, A, AND 

3735 E denotes the operation of increasing x by unity, 

= 1(^+1 = u.,+ Ah., = (1 +A) H.,. 

The symbols E and A both follow the laws of distribution^ 
commutation^ and repetition (1488-90). 

3736 E=:\ + A^c'^ or c''.* 

Proof.— Euj. = Uj.^\ = + + 

= (1 + ,- 7 ^ ^ 730 .+ Ac.) 

]>y (1520), A.r bcinj^ unity. 


The letter d is reserved as a symbol of diflcroiitiation only, and the suffix attached to 
it indicates tho independent variable. Seo (1187). 
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3737 Hence 1 and D = \ogE, 

3739 Consistently witli (8735) denotes the diminisliing 
(6 by unity; thus 

For Eu^.i = u^, 10 ^.I = F-\i^. 

^x+n terms o/u^ and successive differences. 

3740 «.t+» = («. 2) A*«,„+ C (n, 3) A'’m.„+&c. 

Proof.—( i.) By indaction, or (ii.) by generating functions, or (iii.) by 
tbe symbolic law: 

(ii.) = (A)”^ (0 = 51 + (4 -l) j (0- 

Expand by the Binomial theorem, and apply (3734). 

(iii.) = (1 + A)”w^. 

Apply the laws in (3735) by expanding the binomial and distributing tlie 
operation upon 

Conversely to express in terms of n^, u^^+i, n^^+ 2 , &c. 

3741 A“«,, = 2) ... (— 

PiiOOF.— AX = (E-iyn, (3736). 

Expand, and apply (3735) as before. Putting x = 0, we also have 

3742 A”h„ = »f„—»»»-i+C'„,.j«„.2... (—1)“ K«. 

3743 AV" = «(.«■+«—1)“ 

+ C(h, 2) (.i-+«-2)”‘-&c. 

3744 A”0’” = M”‘-M (»«-!)”'+^(w, 2)(w-2)’" 

— C (n, 3) (h— 3)’"+&c. 

3745 Ex.: By (3717) A”0” = w! Hence a proof of theorem (285) is 

obtained. 

3746 = (EE'^iy u^v^, 
where E operates only upon and E' only upon 

Proof, i\ = Eu^ . E'v^—u^i\ = (EE' — 1) 2^^ 

Apffications of (3746). 

3747 Ex. (1): A»«a= (-1)”(1-J5?^')”««*«’.- 

Expand the binomial, and operate upon the subjects 'Ztj,, ; thus 

3748 ( —1)” I W.t'fx—+ + 6(?^, 2) ?«j. + 2'yx + 2—&c. J . 
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3749 Ex. (2) : To expand a'^sinx bj successive differences of sin a?. 

A” a"" sin 03 = | E (1 + A') — 11 ” a* sin a; = | A + EA' | sin x 

= { A” + ?iA«-^EA'+(7(w, 2) A”-2E-A'-H&c. | a'sinjy 

= A”(i^sina3 + /iA"“^a*''*Asiua; + 6' (n^ 2) A”'-a*"'-A'^sina; + &c. 

= a-® I (ft — l)”sina3 + »^(« — sina3+ 0 (?i,2)(ft—l)”"'ft^A^ sina3 + &c. | , 
by (3727), while A’’sin a? is known from (3728). 

3750 Ex. (3) : To expand in differences of and alone : put 

E — l-{-A, E = 1A in (3/40), thus 

= (A + A' + AA')««,i;„ 

which must be expanded. 


A"Ux in differential coefficients of 

3751 

Proof.— A”w^ = (3737). 

Expand by (150) and (125) as if cl^ were a quantitative symbol. See also 
(37G1). 


(l”u 

dx" 

3752 


in successive differences of n. 

g={log(l+A)} 


n. 


The expansion by (155) and (125) will present a series of 
ascending differences of u. 

Proof.— = 14-A, = log (1 + A). 


3753 


Ex.; If = 1, 


du . A“ft , 


Ahi AHt , n 


If G be a constant, 

3754 ^(/))C'=<^(A)6’ = ^(0)O and ^(/s) 0 = ^(1) 0, 

Since every term of ^ (JO), or of (p (A) G, operating upon C', produces 0; 
and every term of 0 {E) operating upon 0 produces 0. 


IIERSCHEL’S THEOREM. 

3757 = 

3758 = .^ (l)+<^ (/q (E) Ob ^+&C. 
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Proof.—L et ^ {P) = A^+A^e*... +/J„e”^ 

= A,e^-^AA,Ee^-^... = (A,+A,E ... PAA) e«-^ 

= «(B)e«-‘ = ^.(JJ) {l+0.«+^+&c.}, 
and 0(E)1 = ^(1) by (3756). 

A THEOREM CONJUGATE TO MACLAURIN’S (1507). 

3759 <!>{() = <f>iD)e’'-^ 

3760 = <f>{0)+<t>i(k)0.t+<j>{th)0KE+&c. 

Proof.— ^(t) = <p (log e^) = ^ (log E) (3757) 

= f (H)e'’-' (3738) =^(H) [l + 0.i+ +&c.|, 
and ^.(D)1 = 0(O) (3754). 


n being a positive integer. 


3761 

A”u = 


(Vlf 

(Lv^ 


1 . 2 ... («+l) 




^«() u +2 ^/«+2 

1.2... 0^+2) 


Proof. —By (3758), putting 0 (e^) = (e^—1)”, 

(e'-l)”= (H-l)»0.i+(i7-l)”0=.^^;j+&c. = i»0.i+A“0^j^ + Ac. 
Put t = (Z„ and employ (3736) and (3737). 


INTERPOLATION. 


xiiJi^roximate vahie of in terms of n imrtimlar eqitu 
distant values. 

3762 If is an integral algebraic function of the degree 

n—1, vanishes, and therefore hj making x = 0, and 

writing x for n in (3740), 

3763 Rx = ••• 

This is formula (265). The given values are Uq, Au^, A^Uq, 
&c., corresponding to «, 5, c, ... 

3764 For an application of the formula to the problem of interpolation, 
see (207), in which example x = 1'54 and u^. = log 72’54. 
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3765 When the term to be interpolated is one of a set of 
equidistant terms, employ (3741). = 0, as in (37G2) ; 

therefore 


3767 Ex.: From sin 0, sin 30', sin 45", and sin 60% to deduce the value 
of sine 15% 

The formula gives sin 0—4 sin 15°+ 6 sin 30°—4 sin 45°+sin 60° = 0, 
or -4sinl5°+ 3-2/2 + 1/3 = 0, 

from which sin 15° = 4 — 4/2 + /3) = *2594. 

The true value is ‘2588; the error *0006. 


LAGRANGE’S INTERPOLATION FORMULA. 


3768 Let a, ...h be n values of a.% not equidistant, for 
which the values of are known; then generally 


3769 


\a-b){u-e) ...{u-k) 


+ «!, 


(.r-rt)(.r—60.■■(,)—A-) 
{h-a){b-e) ... (b-k) 




{.v-(i){.v-b){.v-c)... 

lk-((y{k-b){k-c)...' 


Proof. —Assume = A (x — h')(x—c) ...(x—li) 

A-E (x—a)(x — c) ... {x—k)AC(x-~a^(x—h)(x—d) ... (.c—A:) + Ac., 
and determine A, R, 0, &c. by making x = a, h, c, Ac., in turn. 


If tlio 

values of a, h, c, 

,... k 

are 0, 1, 2, . 

..»—], 

(3769) 

reduces to 






3770 

>lx = 


v-l) 

1.2.15 

... (.('-«+2) 
... (n-1) 



_ it 

r(.r-l) 


+»*>)(. 

r-u+1) 



"«-2 

1. 

,1.2.3.. 

(«- 

2) 



4 -}( o 

r(.r-]) 


+4)(.. 

— i(+2)(.t— 

«+])_ 

■&c., or 

" ja-3 


2.1.1 

.2.3 .. 

•(«-•>) 


3771 









ffu-l 

C’„- 



■ &c. I. 

^ (" 


— U + J 

.1’ — 

■n + 2 u'- 

h+3 
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MECHANICAL QUADRATURE. 


The area of a curve whose equation is y = zq. in terms of 
n-\-l equidistant ordinates zq, ... is approximately 

3TO 


+( 


ibJ , 

Un^ 

3 , A 



2 ' 

3 

4! 


+ ( 

'n^ 

1 

35 


•>>A 

^6 


4 

— +1 

“Utt 

+( 


^ . 

1 


225 

274//® 

^7 

6 


4 "* 

0 

0 

■The 

area 

is =] 

1 u^dx. 

1 0 

Take the 

value of '1 


/ 0! 


iq, zq ... from (3763) and integrate. 


3773 When « = 2, Cu,(Lv ='AA!y±B. 

3774 >t = 3, = ^(»+:jHi+f>»2+((3)> 

3775 «=4, = i4(«+>0+64(».+>0+2i>q 

Jo ' 4o 

3776 

f t*. o 

^ ^ {H+«2 + »l + »(i+"> (Hi+«5)+G«3} • 

In the last formula, which is due to ]\lr. Weddle, the co¬ 
efficient of is taken as q-Q instead of 1 - 4-65 value. 

These results are obtained from (3772) by substituting for 
each A its value from (8742). 


COTES’S AND GAUSS’S FORMULA. • 

3777 These give the area of the curve directly in terms of 
fixed abscissm. 

They are obtained by integrating Lagrange’s value of 
(3769-71), and arc fully discussed in articles (2995-7). 

4 B 
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CALCULUS OF FINITE DIFFERENCES. 


LAPLACK’S FORMULA. 

3778 = ^ + 

•.’o •— ^ 

- p (A)/,.- A»„) + ^ - A^Ho) - &C., 

the coefficients being those in the expansion of 

t {log(l+0}"’- 


Proof.— 




= (h[ 


_ ] 

log(l + A) } 


by(373G), 




Hence, putting itx = 

cU = 

Jo * 2 12 24 

and so on; tlien add together the n equations. 


3779 Formula (3778) contains A)i„, A-ii,., &c., whicF cannot 

be found from u^, ... «„• 

Tlie following formula does not involve differences liigher 
than A?t„_i. 

3780 

«. 0 — ^ 

- p (AH„.i-A»„)-^(AX_,-Ah(o)-&c. 

Proof.— In the proof of (3778), change (1 + A ) ^ iofr(i — Xl^)’ 

and put E'^Wx = iOx.\ (3739) after expansion, and proceed as before. 


SUMMATION OF SERIES. 

3781 Definition: '^ 11 ^-= ^^a + *<a+i+^^a+ 2 .'-+ ^O-i- 

3782 Theorem: 2?/^ = A“b/j.+ U, 

where G is constant for all the assigned values of x. 
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Proof. — Let be such that (x) = then (j> (x) = 

therefore Ua = 0 (a + 1)—0 (a). Write thus, and add together the values of 
••• Wa,_i. Therefore, by (3781), 2?^^ = ^ (x)—<p {a) = ^(<«), 

and ^ (a) is constant with respect to x. 

Taken between the limits x = a^ x = h — l, we have the 
notation, 

3783 Si/., or = = A-'Mj-A-X- 

a* = a 


Functions integrable in finite terms : 

3784 Class 1. = T + C'. 

m+1 


3785 




rin^.n By (3718), 

o7ob Class II. and notation (3711). 


3787 


^ ^ —1) 


Formulie (3785) and (3786) are equivalent to the rules 
(269) and (271). They are the direct results of theorem 
(3782). 


3788 


%(F = 


a — 1 


[By (3720). 


Class III .—If be a rational integral function, 

3789 Vf = + 

Proof.— By (3735) and (3736), 

F^—1 ri4-A'l^—1 

Ua + '^f'a+l ••• +^V+a:-l = + ^ + ~ ' ^ 

= the expansion above. 

3790 The formula has been given at (266) and an example of its appli¬ 
cation. The series there summed is 1 + 5 + 15 + 35-1-70-1-126-}-to 100 terms. 
The function which gives rise to these terms is found by (3763) to be 

= {x^ + 10.r» + 35;r" + 50.e + 24) 24. 
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rALCULUH OF FINITE DIFFERENCES. 


3791 If tins function be presented as u„ and be required, we 

first find Uq= 1, 7q= 5, u^= 15, ^o.; then the differences ^*^<4 = 

1, 4, G, 4,1, and then, by (3780), the required sum, as in the example re¬ 
ferred to. 


3792 For another example, let 2”aj*= 1 + 2** ... be required. 

Here A.r" = -f Saj +1, AV = Gas + 0, A V = G, 

therefore AO® = 1, A®0® = G, A®0® = 6.(1), 

a;® may now be expressed in factorials, and the summation may then be 
effected by (3784). First, by (3730), 

a;® = a; + 3aj (aj —1) +« (a:—l)(a; —2) ; 
therefore, by (3784), ^faj® = S (a + 1)® (3783), 
v« 3 _«(« + !) , 3 (w + 1) (?i—1) , (n + l) n(n-^l)(n—2) 

*.,!»- g + J ^ . 

3793 Otherwise, by (3780), taking a = 0, we have 

Uj, = aj®, Uq = 0, Awq = 1, AHiq = G, A*ao = G, as above. 
Therefore 

_n(n — \) , On ('n—l)(n—2) . Ga (?i—l)(a—2)(«—3) _ (n—1)® 

-0 2 + fjrs 1.2.3.4 ~ 4 ’ 

therefore, changing n into m + 1, 


3794 C/ass IV .—When the general term of a series is a 
rational fraction of the form 


A-j-Bx + Cur-i- 

'^Iv^^.v+l “• '^V+m 


where ii_^. = ax-i-by 


and the degree of the numerator is not higher than a?+7)1—2 ; 
resolve the numerator into 


A' + B'll^^ + +...+/) UJf'.v+l'^f.v+2 • • • '^^ c + w -25 

by (3730). l.+e fraction then separates into a series of frac¬ 
tions with constant numerators which can be summed by 
(3787). 


3795 If the factors consecutive, introduce 

the missing ones in the denominator and numerator, and then 
resolve the fraction as in the foregoing rule. 


3796 Ex. : To sum the scric.s —|— ^ —j- —|- to n terms. 

1.4 2.5 3.0 
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The term is 


1 _ 0i + l)(n + 2) 

(w + 3) n (w + 1)(m + 2)(^ + 3) 


_ n {ii -j-1) 2 m 2 _ _1_ , __2_ 

(?j + l)(?2'+2)(?i + 3) (ti + 2) + 3) (w+l)(/i +2)(^^^-3) 

+_2__ 

n (n + l)(?j+ 2)(?i + 3) 

The sum of n terms is, therefore, by the rule (271), 


/!_ _ 2 _ ] + l.(l _ 2 _ 

\3 nFSr 2 \2 3 (7^+2)(n+3)/^ 3 \2.3 (71 +l)(i 2 + 2)(n + 3) 

^ 11 3r.2 + 127i + ll 

18 3(?i + l)(n + 2)(7i + 3)‘ 

If the form in (3787) is used, the total constant part G is determined finally 
by making n = 0, which gives G 


3797 Theorem. f{E) a^<t> (.v) = «"/(«£) <i> (.c), 

/ being an algebraic function. 

Proof. —Let a = e’”, then the left 

= /(B)e’»»^,(*)=/(6'>)6>»-^,W (3736) =«’»»/(<="”")«>(*) (3^75) 

== aj (oE) (ji («•). 


Class V .—If f (x) be a rational integral function, 

3798 

The upper limit is understood to be x—l, and a constant is to 
be added, (3781-2). 

Proof.— (a?) = A-^a-^^(a!) = (i7—l)"^a^^ (x) = (aE — l)~^(p (x) 

(3797) = »* {a (1 + A)-1} 'V (®) = (^ + 

Then expand the binomial. 


2a^(p(x) in successive derivatives of ^(x). 

3799 2a"<^(.r) 

where = (l+ 0». 

Proof.—B y (3757), xp (e^) = xp (E) e° -®; therefore (see last proof) 
(aE—l)~^ 6 (x) (putting -E7 = e®) = {aE—l')~^ (j) (x) 
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CALCULUS OF FINITF DIFFERENCES. 


3800 Ex.: To sum the series 2.1+4.8-f 8.27 + 1G.C4+ to n terms. 

We require + = 2-*'.c* + 2^ (a?*—2A.r^ + 2^AV —2’A’.r*) 

= 2 V + 2^ {- 2 (Bx^ + .3.r +1) + 4 (O.c + 0) - 8.6 } 

= 2^- { 2.t*-G.cH18a;-2G |. 

3801 If A be known for all integral x^alues of n, and if 
Vj, be rational and integral, 

—S'"h^..A|^-2+:S’’«,,..AX-3 —&0- 

Peoof. = (AB'+A')-'tv* (3746) and (3730). 

Expand the binomial operator, observing (3738). 


3802 

= «.S“C,- )< A»,,S’‘«rv+i+e..,2 A-^«,S'‘+^’c.+2-&c. 
Proof. = (A' +as in (3801), 

= w (A"'*"^!?) v^Aux+ Cn,i{^~^^~'E^‘‘) Vy.Nu^—&G., 

producing the above by (3735) and (3782). 

Observe that, in (3801) and (3802), two forms are obtainable in each case 
by expanding the binomial operator from either end of the series. 


3803 Ex.: To sum the series sin a + 2“ sin 2a + 3® sin 3a + to a; terms. 

The sum is = sin a.'u + Sa;® sin ax. Taking = sin ax and = a;®, we 
know A“”siuaaj, by (3729) ; therefore (3801) gives 

2a5® sin ax = (2 sin ^a)~^ sin | aaj —| (a + rr) | (a; — !)® 

— (2 sin ^a)“® sin | aa:—(a+ 7r) J (2.r —3) + (2 sin ^a)'^ sin | a.e—| (a + 7r) | 2. 


APPROXIMATE SUMMATION. 


3820 The most useful formula is the following 

/I , r / r I I 

+ ^ 777-47 

_ ( +j "x'/'p j + 12 7a7 ;}(»2u 


1 




1 


(U'li, 

10 IT? 


of X. 


Phoof.— = (e 


-l)“*w^. I'jxpand I)y (1.^3!() with in the place 
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Ex. 1: The value of at (2939) is given at once by the formula. 
3821 Ex. 2: To sum the series 1 + i + ^ — approximately, 

O X 

— +2—=- \-CA- log X — - ion * — 

XXX 2x V2x^ \2Qx 

Put X = 10 to determine the constant; thus 

^ + i+1-+^^ 

from which G = *577215, and the required sum is 

•577215+log* + i-j|^ + j^.-&c. 


3822 Ex. 3: 1 +i+-^ + ^+& 0 ., 

aJ-- P- i- + 

2®* 2®" 2.«‘ 2®' 2®* 2®'“’ 

‘ 2 2 4 12 12 20 12’ 


The convergent part of this series, consisting of the first five terms, is an 
approximation to the sum of all the terms. 


3823 A much nearer approximation is obtained in tliis and analogous 
cases by starting with the summation formula at a more advanced term. 

1 




1 + 1 


r + -3i + 'jr+Sr^ 


2035 , ^ , 1 

■ 1728 '^ 2 . 2 . 5 ^ 


+ 4- &c 

^2.5^ 2.5«^^ 


2035 1 

1728'^ 50'^ 


-La 

250 


2500 187500 


+ &c. 


The converging part now consists of a far greater number of terms than before, 
and the convergence at first is much more rapid. 


3824 Ex. 4: The series for logr(ir4-l) at (2773) eaii be obtained by 
the above formula when x is an integer. For, in that case, 

logP (aj + 1) = Iogl + log2 + log3 ... +logcC = log a; + S log . 7 ;, 

and (3820) gives the expansion in question, the constant being determined 
by making x infinite. 

3825 Formula (3820) may also be used to find | by the 

process of summation, and thus anstvers the purpose of 
Laplace’s formula (3778). 
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CALCULUS OF FINITE DIFFERENCES. 


in a scries of derivatives of u^. 

3826 Lemma .— 

«-l! =(-!)»-'((/,+«-l)W+«-2) 

Proof.—P ut v,, for « —1! (e''—1)"“. Then 

+ v„ = y„_i. 

may now be developed. 

3827 Ex.—To dcvelope (Doole, p. 07) 

2 = (<;, + 2)(rf, + l) {e'-l} - ‘ 

= + - - + Alt++&c. I 

with Ayj. — 0, and 

Air., = (-O-A,*! -5- (2r+2) ! = I - I + I + (2/4+3J,-l) 

+5r {(»'+2)(r+l) J,.2+3(r+l)2l,., + 2J,} r. 

Therefore, changing t into dj^ we get 

= (Jf 1 Wujx+'i^ujx- 1 2 ..+ ^ 


3828 2X in a series of derivatives of ii^.n. 

Let x'' cosec'' x= i — Cu^x^ + C^x^ —&c., then 

S'^«, = D- J l + c;(:|y+6', (^y+&c. j 

[L‘ooZe, p. 08. 

3829 

(0) - (1) + .^ (2) - &c. = I J1 -1 + ^ - &c. (<^ (0). 

By this formula, a series of the given type may often be trans¬ 
formed into one much more convergent. 

PKOOF.-Tbo left = " 2 

the expansion of which is the series on the right. 


3830 — To 1— \ i Summing the first six terms, 

2 o 4 

i 


0711 

it becomes _p -^ Taking ^ (0) = (U+ 7) 

bO 7 o 


1-1 +*c. = l 
7 8 2 


1,1, 2 , 2,:i 

7 2.7.8‘^4.'7.8.0 ‘^8.7.8.0.10 


+ &c. 


The sum after six term.s converges rapidly by this formula, and more rapidly 
than if the formula had been applied to the series from its commencement. 













PLANE COORDINATE GEOMETRY. 


SYSTEMS OF COORDINATES. 


OAHTBSIAN COORDINATES. 


4001 In this system (Fig. 1)^ the position of a point P in a 
plane is determined by its distances from two fixed straight 
lines OX, OY, called axes of coordinates. These distances 
are measured parallel to the axes. They are the abscissa PM 
or OX denoted by x, and the ordinate PX denoted by y. The 
axes may be rectangular or oblique. The abscissa x is 
reckoned positive or negative according to the position of P 
to the right or left of the y axis, and the ordinate y is positive 
or negative according as* P lies above or below the x axis 
conformably to the rules (607, ’8). 

4002 These coordinates are called rertamjnldr or ohlique 
according as the axes of reference are or are not at right 
angles. 

POLAR COORDINATES. 

4003 The polar coordinates of P (Fig. 1) are r, the radius 
vector, and 0, the inclination of r to OX, the initial line, 
measured as in Plane Trigonometry (609). 


4004 To change rectangular into polar coordinates, employ 
the equations .r = r cos 0, y — r sin 6* 


4005 To change polar into rectangular coordinates, employ 


r 




* See the end of the volume. 

4 a 
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PLANE COOPiDINATE GEO:}IETRY. 


TRILINEAR COORDINATES. 


4006 The trilincai" coordinates of a point P (Fig. 2) are 
a, (3, y, its perpendicular distances from three fixed lines which 
form the triangle of reference, ABG, hereafter called the trlgoii. 
These coordinates are always connected by the relation 


4007 


aa+b)8+Cy = 2, 


4008 or a sill .4 +/3 sill B+y sin C = constant, 

where a, h, c are the sides of the trigon, and S is twice its 
area. 


4009 If X, y are the Cartesian coordinates of the point 
o/Sy, the equations connecting them with the trilinear 
coordinates are, by (4094), 


a — cV cos a+// sin a — 

cos)8+//sinyioj 

y = cos 7 +// sin y—ps- 


4010 Here a has two significatioais. On the left, it is the 
length of tlie perpendicular from the point in question upon 
the side AB of the trigon. On the right, it is the inclination 
of that perpendicular to the x axis of Cartesian coordinates. 
Similarly ft and y. 


4011 The angles a, ft, y are connected with the angles 
A, Jj, C hj the equations 

7 —ft = IT-- A, a — 7 = TT— 13, a — /8 = 7r+C, 

only two of which are independent. 

4012 P\i P'Zi Ih the perpendiculars from the origin upon 
the sides of the triangle ABC. 


AREAL COORDINATES. 

If A, B, 0 (Fig. 2) be tlie trigon as before, the areal co¬ 
ordinates if , ft', y of the point P are 



^ p, AliC’ ^ iH AJiV 
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The equation connecting the coordinates is now 

4014 a'+^' + y'=l. 

4015 To convert any homogeneous trilinear equation into 
the corresponding areal equation. 

4016 Substitute (la = 2a', b/3 ~ 2^', Cy = 2y'. 

Also any relation between the coefficients /, m, n in the 
equation of a right line in trilinears will be adapted to areals 
by substituting l(i, ii( for n. Similarly for u, h, r, 

/, g, h, in the general equation of a conic (4656), substitute 
(i([\ /he, gca, hab. 


In either the trilinear or areal systems, a point is deter¬ 
mined if the ratios only of the coordinates are known. 

Thus, if a : : y = F : Q : then, with trilinear co¬ 

ordinates. 


4017 a 


7^2 

aP+hQ+cR ’ 


and, with areal. 


_ P 
P+Q+R' 


TANGENTIAL COORDINATES. 


4019 In this system the position of a straight line is deter¬ 
mined by coordinates, and the position of a point by an 
equation. If ny = 0 be the trilinear equation of a 

straight line EDF (Fig. 6); then, making «, /3, -y constant, 
and I, m, n variable, the equation becomes the tangential 
equation of the point 0 («, /S, y) ; whilst /, n are the co¬ 
ordinates of some right line passing through that })oint. 

Let X, ft, V (Fig. 3) be the perpendiculars from A, I?, G 
upon EDF, and let 2h) Pii Ih be the perpendiculars from A, B, 
G upon the opposite sides of the trigon; then, by (4624) , we 
have 


4020 /iX = //>!, 7i/x = Rv = nm, 

where B = 2m^2/ cos A—2nl cos B — 2hn cos G). 

Hence the equation of the point 0 becomes 


4021 


XiL+^A4-vX= 0 


sill 


F- 


i6. 




= 0, 

Ih Jh Ih Pi Pi P> 

where = 0^ = Z. BOG, Slc., and 2A7>0(7 =/Oop.j sin 0. 
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rLANE COORDINATE GEOMETRY. 


Eormiila (1021) shows that, when the perpendiculars X, /it, v 
are taken for the coordinates of the line, the coefficients be¬ 
come the areal coordinates of the point referred to the same 
trigon. 

4023 Any homogeneous equation in I, m, n as tangential 
coordinates is expressed in terms of X, /it, v by substituting for 

/, m, 7 ?, , ~ respectively. By (4020). 

Ih Ih Ih 

4024 An equation in X,/it, v of a degree higher than the first 
represents a curve such that X, /t, v are always the perpen¬ 
diculars upon the tangent. The curve must therefore be the 
envelope of the line (X, /t, v). 


TWO-POINT INTERCEPT COORDINATES. 

Let X = AD, /It — BE (Fig. 4) be variable distances from 
two fixed points A, B measured along two fixed parallel lines, 
then 

4025 a\+hix+c=^0 

is the equation of a fixed point 0 through which the line DE 
always passes. This may easily be proved directly, but we 
shall show that it is a particular case of the system of three- 
point tangential coordinates. 


Let one of the vertices (0) of the trigon in that system be at infinity 
(Fig. 3). Then equation (4022) becomes 
A_sme, sin _ e, 

Pi P2 

For V : pg = sin COE always. Divide by sin COE ; then X -r- sin COE = AD, 

&c., and the equation becomes 

sillily !i2-23^E+siu05 = 0. 

Pi Ps 

The only variables are AD and AE. Calling these X and /i, the equation 
may be written aX+hf.t-j-c = 0, 

the form taken by aX-|-&/i + c'r = 0 when r = oo and c'vanishes. 

ONE-POINT INTERCEPT COORDINATES. 

4026 T jot a, h bo tho Cartesian coordinates of the point 0 
(Fig. 5); and let the recijiroeals of the intercepts on the axes 
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of any line DOE passing tlirough 0 be 5 = v = 
Then, by (4053), 

4027 a^+byj=l 

is the equation of the point 0, the variables being 5, yj. 


This is a case of the system of three-point tangential coordinates in which 
two of the vertices (I*, G) of the trigon are at infinity. Equation (4022) 

-hsini?OD sin 0,-f-sin COE smd, = 0, 

Pi 

sind^ , sin 0., , sin 6^ _ ^ 

~ID AE ~ ' 


now becomes 


Pi 

which is of the form a^ + hr} = 1. 


TANGEOTIAL RECTANGULAR COORDINATES. 

4028 This name has been given to the system last described 
when the two fixed lines are at right angles (Fig. 6). 

The coordinates E, v, which are defined as the reciprocals 
of the intercepts of the line they determine, have now also the 
following values. 

4029 Let .r, y be the rectangular coordinates of the pole of 
the line in question with respect to a circle whose centre is 
the origin and whose radius is h ; then 



since x,OM = y.ON = Ic^; for if, N are the poles of y = 0, 

ir = 0. 


4030 The equation of a point P on NM whose rectangular 
coordinates are OB = a, OS = h, is 

a^+bri = l, by (4053), 

this equation being satisfied by the coordinates of all lines 
passing through that point. 

4031 In all these systems an equation of a higher degree 
in V represents a cm^ve the coordinates of whose tangents 
satisfy the equation. 











ANALYTICAL CONICS 


IN 

CARTESIAN COORDINATES. 


lengths and aebas. 


Coordinates of the point dividing in the ratio n : n the 
right line which joins the two points x 


4032 


> _ n.v'-\-n\v _ mf' + n'if 

n-\-n ’ + 


Proof. —(Fig. 7.) 


I = x + AG = a?4- — Cx^x'). Similarly for 
n + n 


4033 If ^2- = 



V 


- !/+!/' 

o 


4034 Length of the line joining the points t//, x'l/ 
The same with obliipe axes 

4035 Ai.r—.v'y+ (//—'/)’+ ^ (■<■—•<■') (.'/—'/) '•"» "■ 

Proof. —By (Fig. 7), Euc. I. 47, and (702). 


Area A of a triangle in terms of the coordinates of its 
fiiigular points x^y.^, x^i/s- 

4036 A = l 

Proof. —(Fig. 8.) By considering the three trapezoids formed by y^i, 
and the sides of the triangle, we have 

.1 = J (y, + + + l 0/3 + !/i)C’3— 
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4037 


Area of tlio triangle contained by the V axis and the lines 
y = m,,'r+fi, y = (4052) 

(ci-c.)^ _ (n,c.,-BAy 


A = 


(405G) 


4038 

4039 

4040 

4041 


2 2B,B,{A,B,-A,B,y 

Proof.—(F ig. 9.) Area = ^ andp is found from 

pn^—])m^ — Cl—Co. The sign of the area is not regarded. 

Coe.—A rea of the triangle contained by the lines 
qj = y = rtioX + Co, y ~ + 

A ^ \ (^1 ^ 2 )^ fe ^* 3 )" _j_ (^3 ^*0" \ 

^ I nil —) 

_ { Cl {m-j—my) +Ca (»),.)—»<;)+C;, ()»1 —<'ii)} ^ 

2 {nil—till) 

_ {bx-bmx I 

2B,B.Miih-A.,By 
__ Square of Determinant 
” 2 


Proof.— (Fig. 10.) ABG = AEF+ ODE-BED. Employ (4037). 

E 

Area of Polygon of n sides. 

First in terms of the coordinates of the angular points 
a?22/2j ••• 

4042 '2A = (a^y2—av/i) + (.''2Z/3—‘G3)/.,) + .I’l)/,,) 

= J’l i>h-Vn)+A'.i {!h-!/i)+ .+•<'» 

Secondly, when the equations to the sides are given, as in 
(4037). 

4043 '2A = 

wq —)»2 )/( 2 —WI 3 w(„—Wi 

4044 Also three values similar to (4039, ’40, ’41). 

Proof. —By (4367), adding the component triangles. 

4047 Each expression for the area of a triangle or polygon 
will be adapted to oblique axes by multiplying by sin w. 
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CARTESIAN ANALYTICAL CONICS. 


TEAXSFORMATION OF COOROmATES. 

4048 To transt’orm the origin to the point hk. 

Put .r = a’' + /f, // = + 


To transform to rectangular axes inclined at an angle 0 
to the original axes. 

4049 Pi^t 

,v = .P cos 6— I/' sill 0, }f = y eos^+cf' siii^. (Fig. 11.) 

Proof.— Consider as cos0 and as siii^. Then a; = cos (0 p 0) and 
y = sill (0 + 0) (627, ’9). 


Generally (Fig. 12), let w be the angle between the original 
axes; and let the new axes of x and // make angles a and f3 
respectively vdth the old axis of x. 

4050 Put cV sill ft) = cv' sill (ft) — a)+//' sin (ft) — 
and y ^ 

Proof. —(Fig- 12.) The coordinates of P referred to the old axes being 
OC = X, PC = y, and referred to the new axes, dM = x\ PM = y, we have, 
by projecting OCP and OMP at right angles first to CP and then to OC, 

Cl) = MF- ME, PN = ML + PK, 

which are equivalent to the above equations. 


To change Eectangular coordinates into Polar, hk being 
the pole 0, a the inclination of the initial line to tlie x axis 
(Fig. P3), and xy the point 1\ 

4051 Put a; = /) + r cos (^+a), y = A*+r sin (^+a). 


THE RIGHT LINE. 


EQUATIONS OF THE RIGHT LINE. 


4052 y = m.v+c . (1), 

4053 - + f=l.(2), 

a o 
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4054 , 1 'cosa+^ sin o = p .(3). 

4055 Ai'+%+C = 0 . (t). 

Peoof. —(Pig. 14.) Let AB be the line. Take any point P upon it, 
coordinates (W = 03, PN=y. Then, in (1),’ = tan 0, where d = BAX, 

the inclination to the X axis ; therefore mx = —00, and c is the intercept 
OB. In (2), a, h are the intercepts OA, OB. In (3), p = OS, the per¬ 
pendicular from 0 upon the line ; a = Z AOS. 

p = OB -f LP = X cos a + 7/ sin a. 

(4) is the general equation. 


4056 

m = tan 6 = — 

A h . 

= — — = — cot a. 

B a 

4060 


eos ^ 


x/A-+h 

4062 

p — c sin a — 

c __ C 


'i+m- KeA'^+ie 


Oblique Axes. 

Equations (4052, ’53, ’55) bold for oblique axes, but 
(4054) must be written 

4065 .V cos a+// cos ^ =■ p. (Fig. 14) 


4066 


Ian 6 : 


A sin < 


1+mcosco ^cosw —ii’ 

ct) being the angle between the axes. 

Peoof.— From m = sin 0 sin (w—0). 


4068 p = 


c sin ft) 


ly Sill ft) 


\/l+2>a cos ft) + nr \/— 2A B cos o) 

Proof.— From ^ = c sin (w— d) and (4 '(>(3). 


The equations of two lines being given in the forms (4052) 
or (4055), the angle, (j), between them is given by 

yiAWA X j AB' — A'B 

4070 iRn(f)=~ -or 


1 + ma/ 


AA'+BB 


Proof.— (Fig. 15) tan^ = tan (0 — 0'). Expand by (632). 

4 ]) 
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To oblique axes: 

4072 tnu(^ = 


—w/') sin 0 } 


l + (>H + ni') cos 
Proof. —As in the last, employing (40GG). 


Equation of a line passing through xy: 

4073 //"■//' = 

4074 01' ?/—???cr =//' —nicr', 

4075 or A.v+Bj/ = Aa.' + Bi/\ 

Proof. —Prom Figure (13), m being = tan 0. 


Condition of parallelism of two lines : 

4076 7)1 = m\ or AB'=^A'B, 

Hence the equations differ by a constant. 


Condition of perpendicularity: 

4078 m/n'=—1 or AA'-{-BB — 0. 

The same to oblique axes : 

4080 l + (m+7n) cos co + ?)nn'= 0. 

4081 or AA +BB'= (AB'+A'B) cos co , 

,_ l+3?iCOSCtJ 


4082 or 


nt+cos <0 


(4070) 

(4072) 


A line passing through the points Xiy^, a’o/A • 


4083 


lJLzlL= _ 


Proof. —(Pig. IG.) By the similar right-angled triangles PPA, ADR. 


4084 Or ,, =z 

,r,—.('2 

4085 or Gr—.(■,)(//—(/j) = {.r—.r 2 )(//—//,). 

Proof.— This equation represents a straight line beeause it is of the first 
degree; and the coordinates of each of the given points satisfy the equation. 
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A line passing tlirougli x ij and perpendicnlar to a given 
line (m): 

4086 !/-y'= - 

4087 or Bx-Ay=B.v'-Atj. 


The two lines passing through xy and making an angle 
j3 (= tan‘^7i2) with a given line (m^) : 


4088 


UlZllL = and ^!h±^.. (4073,70) 

cV — ,v' 1 + mi7n.2 1 — 7)1^7)12 


A line passing through hh and dividing the line which 
joins XiTji and X 2 I /2 in the ratio iii : 7 I 2 : 

4089 (;/,-fr) + «., (/A~^' ). (4073,’32) 


4090 

4092 


Coordinates of the point of intersection of two lines; 

= Bfi2-B2C, 

mg—nil A^Bi — A^B^ 

A1C2 A2C1 


y 


Ci7n2 — 02^1 
7712 — 771 ^ 


a,B2-A2b; 


(4116) 


Length of the perpendicular from a point x y upon a 
given line 

4094 = cv' cos a+?/'siu a—p. 

Proof. —Let xlil (Fig. 14) be the line, and Q the point xij. Then, by 
(4054), aj'cos a + y" sin u = OT, the perpendicular from 0 upon a parallel line 
through Q, and p = OS. 


Otherwise, the same perpendicular 
4095 = (4060, ’61, ’94) 


The same with oblique axes 

4 nQfi _ ( Ax+Bi/' + C) siuo) 

“iUUD - y(^2+jri2_2^iicOSa))’ 

obtained in a similar way from (4065-69). 
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Condition of three lines intersecting in one point: 

4097 

The area in 1009 must vanish. 

4098 Otherwise. —If certain values of the constants /, ?n, n 
make the expression 

/ Co) + n (^ 3 cr+/i 3 ?/+ C' 3 ) 

vanish identically, the three lines indicated intersect in one 
point. 

Proof.— Bj (4099), for then values of x and y which make (1) and (2) 
vanish also make (3) vanish. 


A line passing through the point of intersection of the 
lines Ax+Di/-{-G = 0 and A'x+B'y + G'= 0 is 

4099 A.r+%+ C=k {A\v+B'ij+C'), 

4100 or / (A.v+By+ C)-m (A',r+ B'ij+ C) = 0, 

Ic, I, and m being any constants. 

4101 Rule.— If the equation of a right line contains a third 
variable k in the first degree, the line altvays glasses through a 
dxed gjoint. 

Proof.—F or the values of x and y, which satisfy simultaneously the given 
equations, also satisfy (4099), whatever k may be. See (4604). 


4102 If iu the equation of a line Ax-\-By-\-G = 0, the co¬ 
efficients A, B, G involve x, y', the coordinates of a point 
which moves along a fixed right line, then the first line passes 
through some fixed point. 

Proof. —By means of the equation of the fixed line, y' may be eliminated, 
and x' then remains a third variable in the first degree (4101). 


4103 To find the point in which the line Ax + By -}- G inter¬ 
sects the line joining the points xy, xy; substitute 

^.r+%+C for«, and Aw+By+C for n'in (4032). 

Proof. —By (4095), since the segments intercepted are in the ratio of the 
perpendiculars from xy, x'y upon the lino Ax-\-By + C. 
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Equations of tbe line with I, m for direction-ratios, lih a 
fixed point on the line, and r the distance of the variable 
point xy from lik. 

AHe\A x — h y — k 

4104 ^ — 


4105 where I 


r = 
sin (a 


I 

- 6 ) 


sin 


(Oblique) 

siiiw ' sinw' 

4106 or I = cos 0, m = sin 0. (Rectangular) 


Polar Equation of a Straight Line. 

4107 r cos a) = p. 

(Fig. 17.) Here_p is the perpendicular to the line from the 
pole 0, and a is the inclination oi p to the initial line OA. 

When the line passes through the pole, the equation is 

4108 ^ = constant. 

A line passing through the two points 7\6^, 

4109 rvi sin (^—^O+iVa sin (^i—^2)+>V sin (62—6) = 0. 
Proof. — (Fig. 18.) APOA + AOB—POL = 0. Then by (707). 


EQUATIONS OF TWO OR MORE RIGHT LINES. 

The homogeneous equation of the n^^ degree, 

4110 d'’‘+ih^v’‘-hj+i)2,r’‘-Y+ ... +p„!/’‘ — 0 , 

represents n right lines, real or imaginary, passing through 
the origin. 

For it is resolvable into n factors of the form (x — ay), by (405). 

For the case of two right lines represented by the general equation of the 
second degi^ee, see (4469). 


Equation of two right lines through the origin : 

4111 ax^+2hxij+b/^ = 0 . 
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If (j) be the angle between tlie lines, 


4112 


(i+b 


or 


2 sill 0 ) y (Ir — (lb) 


(i + b— 'Ih cos CD 
according as tlie axes are rectangular or oblique. 
Proof.— Assume =0, and apply (4088). 


Equation of tlie bisectors of tbe angle (p : 

4113 1ui^-{a-b)xif-luf = 0. 

Proof.—L et y = fix be a bisector = tan;//) ; then, since 2 \ L / = 6li + 02» 

= A't, by (4111) ; and ^ = K 
1—1—?)zpR2 a — b X 

The roots of this equation are always real. 


GENERAL METHODS. 


APPLICABLE TO ALL EQUATIONS OF PLANE CURVES. 

4114 Let F (a’, .;/) = 0 .(i.) and /(a, //) = 0 .(ii.) 

be the equations of two curves of any degree. 

4115 To find the intercepts on tlie x and y axes. 

Put y = 0 in (i.), then x becomes the intercej>t on the x axis. 
Similarly, imt x = 0 for the intercejyt on the j axis. 

4116 To find the points of intersection of (i.) and (ii.). 
Solve as simultaneous equations. Each qiair of values of x 

and y so obtained gives a point of intersection. Imaginary 
values give an imaginary qmint. 


4117 To determine equation (i.) so that the line may pass 
through certain fixed points, a’. 2 yo, kc. 

Substitute x^yi, X 2 y 2 , fc. for xy successively, so forming 
as many equations as there are points. From these equations 
the constants m (i.) must be determined in terms of X 2 ,y 2 , 
^c. 

4118 The number of arbitrary q^oints cannot exceed the 
number of constants in the equation. 
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4119 Condition that (i.) and (ii.) may toucli. 

At a j)oint of contact two or more ])omts of intersection 
must coincide^ and therefore the equation for x or y, obtained as 
in (4116), must have two or more ecpial roots for each point oj 
contact. The contact is said to he of the second order when 
there are three coincident points; of the third order ivhen 
there are four, and so on. 


4120 To find the equation of the tangent at a point xy' on 
the curve f{x,y) = 0. 

Form the equation to the secant through two adjacent ptoints 
(4083), and determine the limiting value of ^^ 

Xi X2 

ivhen the points coincide by means of the equations f (x^, yi) = 0, 

f (X2,y2) = 0. 

4121 Otherwise m = (5101). 

4122 For the equation of the normal, change m of the 

tangent into (4086). 


4123 To express the equation of the tangent, or normal, in 
terms of m and the constants of the curve. 

From the equation of the tangent or normal, the equation to 
the curve, and the equation furnished by the value of m, eliminate 
X y, the coordinates of the point of contact of the tangent. 


THEORY OF POLES AND POLARS. 

4124 Let F {x, if, x,y) = (^ represent the equation to the 
tangent of a curve at the point xif. 

Then F{x,y,x,f) = 0 , the equation obtained by inter¬ 
changing the constants x,y' with the variables a?, y, represents 
the polar of any fixed point xif not on the curve. 

Let (Fig. 19) be points A, B on the curve, and let the tangents 

at those points intersect in x'y'. Consider the equations 
F (»., y„x,y)=0...(l), x,y) = 0... (2), F (x, y, x',y) = 0... (3). 

Here (1), (2) are the tangents, and (3) is some straight line or curve 
according to the dimensions of x and y. Also (3) passes through the points 
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of contact and may therefore be called the curve of contact'; or, if a 

right line, the chord of contact of tangents drawn from x\ y\ i.e., the polar. 


4125 Hcnco tlic coordinates of the points of contact of 
tangents from an external point x i/ will be determined 
sohnng (3) and the equation of the curve simultaneously. 


4126 Again, lot x'y (Figs. 20 and 21) be any point P not on the curve. 
Then, from the equations 

Fix,y',x,y) =0...(4), F{x,y,x^,y^ = 0...(5), F{x,y,x^,yf) =0...(G), 
^ye see that (4) is some straight line; that, if x-^y^ and x^y^ are any two points 
upon it, (5) and (6) are the curves of contact of tangents from those points ; 
and that these curves of contact pass through the point x'y'. 

4127 If the points x^y^, x^y^ are taken at A, If where (4) intersects the 
curve, (5) and (6) then become curves touching the given curve at A and P, 
and passing through x'y. We may call these lines the curve tangents 
from x'y'. 


4128 Lastly, let x'y in (3) be a point within the given curve (Fig. 22), 
then the equations 

F (x, y,x',y') =0...(7), F (x^, y^, x, ?y) = 0 ... (8), F (x^, y^,x,y) =0 ... (9) 
show that (7) is the locus of a point, the curve tangents from which have 
their chord of contact always passing through a fixed point. When x'y' is 
without the curve, as in Fig. (19), the same definition applies to every part 
of the locus (3) from which tangents can be drawn. 


4129 If the given curve be of a degree higher than the 
second, the lino of contact of the tangents from a point is a 
curve, and the line of contact of the curve tangents from a 
point is a straight line (Figs. 19 and 20). A similar converse 
relation is exhibited in Figures (21) and (22). 


If the curve be of the second degree, equations (3) and 
(4) become identical. The line of contact or the polar is 
always in this case a straight line, and so is the locus (7). 

Figures (19) and (20) now become identical, as also (21) 
and (22). 


4130 The polar of tlie point of intersection of two right 
lines with regard to a conic passes through their poles. 

Proof. —As in (4124). Let (1) and (2) be the two lines, (x^y^) 

their poles, and x'y' their point of iutersecdon. 
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4131 To find the ratio in which the line joining two given 
points xy, xy' is cut by the curve /(x, y) = 0. 

Substitute for x and y, the siqyposed coordinates of the 
])oint of inter see tion^ the values 

n.v'±^ (^ 032 ^ 

n-\-n n+n 

and determine the ratio n : n' from the resulting equation. 
The real roots of this equation correspond to the real points of 
intersection. 


4132 To form the equation of all the tangents that can be 
drawn to the curve from a j)oiut x'y , 

Express the condition for equal roots of the equation in 
(4131), and consider xy a variable point. 

4133 To form the equation of the lines drawn from xy' to 
all the points of intersection of two curves. 

Substitute nx -\~nXi ny -\-n y for x and y in both curves, 
and eliminate the ratio n : n'. 

Proof. —Take any other point xy on the line through xy and a point of 
intersection. The ratio n : n (4131) is the same for each curve, and there¬ 
fore may be eliminated. 

4134 To find the length, r = AP or AP' (Fig. 23), of the 
segment intercepted between the point A or xy' and the curve 
f(^x,y) = 0 on a straight line drawn from A at an inclination 
6 to the X axis. That is, to form the polar equation with 
x'y' for the pole and the initial line parallel to the x axis. 

Substitute for x and y, the assumed coordinates of the point 
of intersection, the values x = ON or ON', y = FN or P'N', 

that is, X = cos 6 , y = ?/'+r siu 0 , 

and determine r from the resulting equation. That is, put 
a = 0 in (4061). 

The real values of r are the distances of the points of inter¬ 
section from xy'. 

4135 When an equation has been obtained for determining 
X the length of a line, important results may frequently be 
arrived at by applying theorem (406) respecting the sum and 
product of the roots. 
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THE CIRCLE. 

Equation witli tlio centre for origin. 

4136 - (Fig. 24.) 

Equations of the tangent at the point P or xy. 

4137 y-,/=-^{.v-.v'). (4120) 

4138 

Also, by (4124), the polar of x'y', any point not on the curve. 

I 

4139 y = m=—(4123) 

4140 w COS a+y sin a = r, 

a being the inclination to the x axis of the radius to the point 

_ 

Equation of the circle with a, h for the coordinates of the 
centre Q. (Fig. 24.) 

4141 

Tangent at xy\ or Polar, 

4142 {^v—a){a'—u) + {y—b){y'—h) = r‘^, (4138) 

4143 or {w—a) cos a+ 0/—5) sin a = r, 

a being the inclination of the radius to the point x y\ 

General equation of the circle : 

4144 a^+if+2^.v-\-2fy-\-c = 0. 

4145 Centre —/). Radius 

Proof.— By equating coefficients with (4141). 

Equation of the circle with oblique axes : (Fig. 25.) 

4146 (.r—«)“+(//—6)-+- ‘■‘IS " = (™'-) 

4147 or cC^+ 2d'y cos 6)+//—2 {a+b cos oi) a* 

— 2{b-\-a cos oi)y 

cos 6>+5^ = r“. 
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4148 


General Equation, 

•^+2.r?/ cofi ct)-{-if-\-2g,v-^2fi/-\-c = 0. 


4149 


The coordinates of the centre are 

^ (t) — f 


^ _ /*COS — 

sill- ct) 


siir G) 

_ \/ — 2fi*' cos —c sill- G)} 


4150 Eadius = 

sill G) 

Proof. —By equating coefficients with (4147). 


Polar Equation. 

4151 r-+Z^ —2rZ cos {6— a) = c^ (Fig. 2G) 

4152 or r‘^—21 cos a r cos 6—21 sin a r sin ^+Z‘^—c^ = 0 . 

Proof.— By (702), the coordinates of P being r and d. 

General form of the polar equation :— 

4153 r^+ 2 o’r cos sin ^+c = 0. 

4154 tan a = i-, 1= V 

g 

Proof. —By equating coefficients with (4152). 


4156 Equation of the circle passing through the three 
points x^y^. 


(,r^+/) 

‘*’i l/i 1 


‘Vilh 1 i +(‘»’2+2/2) 

■•’3 ?/3 1 

-(‘^s+j/P y 1 


cV2 J/2 1 


-^3 //3 1 : 

cr If 1 

: Vi 1 


<^3 Ifz t 


cC IJ 1 

•n !h 1 

.v,y,\ 


Proof. —Eliminate y,/, and c from (4144) by (4117). 


Equation of the chord joining x-^iji, x-nj^^ two points on the 
circle x^-{-i/ = P : 

4157 +Z/ (Z/ 1 +Z/ 2 ) = ^v,.v,-^i/,i/,+r\ (4083,4136) 

4158 or a’COsi(^i+^ 2 )H-y siiii(^i+ 02 ) = rcos|(^i— 62 ), 

wliere r cos 0^ = »?„ r sin 9^ = yi, &c. 






















580 


CARTESIAN ANALYTICAL CONICS. 


4159 Note. —The coordinates cc, ^ of a point on the circle 05^ + ?/" — may 

often be expressed advantageously in this way in terms of 0, a single variable. 


4160 Let .S = {^r-ay+0/-hy-r^ = 0 
be any circle (Fig. 27). Then, if xy be a point P outside the 
circle, 8 becomes the square of the tangent from P. If xy be 
a point P' within the circle, 8 becomes minus the square of 
the ordinate drawn through P' at right angles to the radius 
through P'. 


CO-AXAL CIRCLES. 

(See also 984 and 1021.) 

4161 If ^ +2f,j +c = 0, 

S'= a^‘'+!y+2g\v+2fij+c = 0 

be two circles, the equation to the radical axis is 

S-S’= 0 . 


If X = 0 be taken for the radical axis, the equation to any 
circle (radius r) of the system of coaxal circles (1021) is 

4162 ^v^+f-2k\v d= 8' = 0 and = ± 8-, 

+ in Figure (1), — in Figure (2). Here 8 = IP a constant, 
and h = 10 a variable. 

4164 The polar of xy for any circle of the system passes 
through the intersection of 

a.\v +?///' di = 0 and a: +a' = 0 . 

Proof. —Its equation is xx = 0 (4121). Then by 

(4099). 

4165 When 7 ^ = 8 , then k = ID = ID\ D and D are 
Poncelet’s limiting points. 


4166 The polar of D with respect to any of the circles 
passes through D\ and vice versa, by (41G4). 

4167 Tangents fiom any point on the radical axis to all 
circles of the system arc equal (41 GO, ’Gl). 
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4168 The radical axes of three circles, 82 ^ 8 ^, meet in a 
point called their radical centre. 

4169 The reciprocals with respect to the origin D or D' of 
the system of co-axal circles are all confocal conics (4558). 


The equation of the circle, centre Q, cutting the system of 
circles orthogonally is, putting IQ = Ji, 

4170 = 0. (1230,1236) 

This circle passes through D and D'. 


The common tangents to the two circles 
{x—ay-\-(y—hy = r^ and {x—a'y-\-{ 2 j—h'y = r'^. 

(See also 1037.) 

The equation for a in (4143) is 

4171 (a—a) eosa+(5— 5') sina+r=Fr'= 0. 

Proof. —Assume (4143) in u, b, r, a, and also in a\ h\ r, a as coinciding 
lines. Then tan a = tan therefore a = a oz' Tr-pu. Take the difference 
of the two equations. 


The chords of contact are 

4172 (a~-a')(a;—a) + (b—b)(t/—b)+r(rzf 7 '') = 0, 

4173 {a—a'){.v—a') + {b—b')(i/^b')+ 7 ^(r^ir') = 0, 

with — for exterior tangents, + for transverse. 

Proof. —For these are straight lines, and they pass through the points of 
contact of each paii’ of tangents respectively, by (4171). 


The centres of similitude 0, Q are the intersections of the 
external and transverse tangents respectively. 


4174 Coordinates of 0 , 


a'r — cir' 
r—r 


b'r—br 

1 • 

7 - 7' 


4175 Coordinates of Q, br+br 

r+r r-\-r 


Proof.— By equating coefficients in (4172) and (4142), the polar of 0 
or Q. 


4176 The six centres of similitude of three circles lie on 
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four straight lines called axes of similitude. Sec the figure 
of (1046). 

Proof. —The coordinates of the three centres of the forms (4174, ’75) 
will in each case satisfy equation (4083). 

4177 The equation of the external axis of similitude is, in 
determinant notation (554), 

(ii-.A)*—(iivOy+O’Ao's) = 0- 

Proof.—B y forming the equation of the right line passing through two 
of the centres of similitude whose coordinates are as in (4174). 

4178 The remaining three axes are found by changing in 

turn the signs of rg, 

4179 If one of the circles touches the other two, one axis of 
similitude passes through the points of contact. 


4180 The angle 0, at which the circle F{ie, y) = 0, radius 
r (Fig. 29), intersects the circle whose centre is lih, and 
radius E is given by the equation 

lF-2Rrcos0=: F{h, k). 

Proof : 0 = OQP, IP-2Er cos = PF- F {h, k) + 

(702) and (41G0). 

4181 CoK. 1.—If the circles are given by the equations 

x^+if + 2g’x+2fy + c’ = 0, x^+f-+%v+2/y + c = 0, 

the equation for cosO becomes, since h = —g, h= —f, 

'2Rr cos e - 2gg'+ 'Iff' - c-c'. (4145) 

4182 Coh. 2.—The condition that tlie two circles may cut 
ortliogonally is 

2gg'+2j(J'—c—(•' = (1. 


4183 Cor. 3.—lly solving three such equations, avc can 
find the circle cutting three given circles orthogonally (4186). 


c .«• f I 

»’i .A ^ 

<-2 gi fi 1 
Cs gt ft 1 


4184 Cor. 4.—The condition that four 
circles may have a common orthogonal 
circle is the determinant equation 


= 0. 
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4185 Cor. 5. —If the circle = 0 cuts 

three other circles at the same angle 6, we have, by (4081), 
three equations to determine G, F, G. The resulting deter¬ 
minant equation may be written 


+ 

— X 

-n 1 


0 

— tC 

-u 1 

Cl 

Si 

/l 1 

A 1 

+ 2 Z? cos 6 


Si 

/l 1 

C2 


^’2 

S'i 

A 1 

Cs 


/3 1 


^•3 

s^ 

A 1 


4186 The first determinant, put =0, is the orthogonal 
circle (4183), and the second, expanded, is the axis of 
similitude. 


4187 The locus of the centre of a circle cutting three given 
circles at equal angles is a perpendicular from their radical 
centre on any of the four axes of similitude. 

Proof.—B y eliminating R and cos a between three equations, like (4180). 

4188 Each of these four perpendiculars contains the centres 
of two circles touching the three given circles. 

Proof.—C onsider a = 0 or 180^, in (4180). 


To draw the eight circles which touch three given circles, 
see (946) and (1049). 

4189 The equation of the fourth degree of two of the 
touching circles is 

^ x/S, ± ^ ys, ± T2 ySs = 0, 

where 23 signifies the length of the common tangent of the 
second and third circles, &c. 

Proof. —By first showing that, if four circles are all touched by another 
circle, the relation 

4190 12.34d=14.23±31.24 = 0 

will subsist, and then supposing the fourth circle to reduce to a point. 


THE PARABOLA. 


4200 Def. —A conic is the locus of a point which moves in 
one plane so that its distance from a fixed point S, the focus. 
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is in a constant ratio (e) to its distance from a fixed right line 
XAl (the directrix). 

When e = unity, the curve is a parabola. (See also p. 248, 
ei seq.) 


Equation of the Parabola with origin of coordinates at the 
vertex A. 


4201 // = 4«cr. 

Here a = AS, x = AN, 
y = rN 

Proof. —Geometrically, at (1220). 
Analytically, from 
PS~ = y^ + {x — af = F]\P = (x + df. 

The equations with the 
origin at S and X respectively 
are 

4202 if — 4« (A’+a), 

/ = 4«(,r-rt). (4048) 



Equations of the tangent at x'y : 


4204 

l,-;j =y(,V-x). 

(1120) 

4205 

//// = 2a (cr+.r'). 


4206 

, a 2a 

u = nLV-\- —, m = — r- 
• m y 

(4123) 

4207 (4204) is also the polar of any point cr'i 

Its intercepts are -'X and ^y. 

/, by (4124). 

Equations of the normal at xy : 


4208 

1 

if 

1 

j 

(41-J2) 

4209 

l/\v + 2ay — {if\v + 2a}/) = 0 . 


4210 

^ = mfv — 2am — am^. 

(4123) 
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Equation of the parabola 
with a diameter and tangent for 
axes of coordinates. 

4211 / = 4a\r, 

where 

4212 a = a cosec^ 0 = 8P; 
x = PV; y = QV, 



Proof. —Greometrically, at (1239). Otherwise, let YQ — — YQ ho equal 
roots of opposite signs of the quadratic (4221), P being the point xy , 
therefore or = {y'^ — 4<ax) cosec® 0 = 4a-cosec" 

since y^ = 4a X abscissa of P. 


4213 Equations (4204-10) hold good for these axes, with a 
written for a in each. 

For the polar equation of the parabola, see (4336). 


4214 Quadratic for the ratio of the segments into 

which the line joining two given points xpji^ is divided by 
the parabola if—Aax = 0, 

(^2—4a-r2)+2«iH2 2a (-ri+A’a)} +H 2 (i/i—= 0- 

(4131) 


Equation of a pair of tangents from any point »'?/': 
4215 (y'^—4aa’')(y2—4au') = {yij—2a (u'+o?')}^ = 0. 
The condition for equal roots in (4214). 


Quadratics for the coordinates of the points of contact of 
tangents from xy ; 

4216 ax^'—(y'^—2ax)x—ax'‘^:=-(^. 

4217 if—2yy-\‘4<ax' = 0. 

Proof. —Solve simultaneously the equations of the curve and the polar 
(4205) and (4125). 


Coordinates of the point of intersection of tangents at xpji 
and x^y ^: 


4218 


4 ^’ 




■ Vl +?/2 

2 ■ 


4 F 
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Quadratic for vi of tlie tangent from x'y ': 

4220 m\v' — my'a = 0. (4206) 


4221 General polar equation of the parabola, or quadratic 
for r, tbe segment intercepted between a point, x'y', and tbe 
curve on a line drawn from that point at an inclination 9 to 
the X axis (4134), 

siii^^+2r sin 6—2a cos 4ac^’' = 0. 


Quadratics for the coordinates of the points of intersection 
of the line Ax-{-By -{-C and the parabola y^ — 4^ax : (4116) 

4222 ^V-2 {2B^a-AC) .v+C'^ = 0. 

4223 Aif+4^Ba^+4^Ca = 0. 


Length of intercepted chord, 

4224 4<y{{B\i^-ACa){A^+B^)}A-A\ (40&t) 


Equation of the secant through x^^i, x^y^^, two points on 
the parabola: 

4225 y (^ 1 +^ 2 ) = yiZ/2+4acr, (4083) 

4226 or ^(^ 11 +^ 2 ) = 2 «+ 2 >«im 2 U?. 


4227 The subtangent WB = 2ci\ Fig- of (4201) 

4228 The subnormal NG — 2a. 

Proof.— Put ?/ = 0 in (4205) and (4208). 


4229 The tangent PT^ = 4>cV (a-{‘cv). 

4230 The normal PG'^ — Ui 


The perpendicular p from the focus upon the tangent at xy : 
4231 P = \/a (u’+«) = (4212), (4095) 
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The part of the normal intercepted by the curve is equal to 

4233 4fl ^ v . (4221), (4135) 

sim d cos 6 

4234 The minimum normal = 6(X\/3 and m = \/2. 


Length of a chord through the focus 

4235 = = 4a'. 


(4212) 


Coordinates of its extremities, with the focus for origin ; 
2a cos ^ _ _ 2a sin 6 

^ cos^Tl 


4237 


cos0=Fl’ 


4239 


Coordinates of its centre : 

2a cos^0 


sm*^ 


y = 2a cot 6. 


THE ELLIPSE AND HYPEEBOLA. 

(See also p. 233, et seq.) 


4250 Eeferring to the definition (4200); when e is less than 
unity, the conic is an ellijpse; when greater than unity, an 
hypei'hola. 

Equation of the ellipse with the origin of coordinates at X 
and 8X 


4251 = 

Proof. —By the definition in (4200). 


Abscissse of vertices: 


(Supply A' in the following figure.) 
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4256 

4260 


SL = l = ep = a (1-e^) = —. 


( 1—0 ; 


a 


( 4261 ) 


4262 

4264 

4266 


cx = ^, = ±. 


CA = Jt 


1-e" 


CS =^=ae. 
1 — 


( 4252 ) 


4268 Ji h = a tau a, then e = sec a in the hyperbola. 


Equation with the origin at A: 


4269 


?/= Ell. 


// = Hyp- 


4270 

Proof.—B y ( 4200 ), y'^-^{x-SAf = {x-\-AX)\ &c. 

Equations with the origin at the centre G: 


4271 


( 4269 ) 
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4273 

Proof. —By (4200), 


y>+ (x+C8y = ^(x + 0X)\ &o. 


4374 PN:QN::b: a. (4271) 



4375 Def.— QGN is tlie eccentric angle, of the point P. 
X and y in terms of the eccentric angle : 

4276 x = a cos (j>, y = b sin <f>. (Ell.) 

4378 ,v = a sec (f>, y = bian<l>. (Hyp.) 


Five forms of the equation of the tangent or polar of the 


point x'y': 

4380 

, b.v / 

?/—w -- 



(4120) 

4381 

_ 1 

“T ^2 - 



(4123) 

4383 

y = 7na)-\-\/ 


4383 

a?cos<^ , ?/sin<^ 

: 1. 

(Ell.) 

(4276) 

a ‘ b 

4384 

00 sec <f) y tan 

- 1. 

(Hyp.) 

(4278) 

a b 


4385 

oc cos 7 +^ silly = 

\/ d^ 

cos‘^y+5‘^ 

siu^y, 

y being the inclination of p. 



(4054) & (4372) 
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Five forms of the equation of the normal at x'y ': 


4286 

, ahf' / 

y-y = 

(4122) 

4287 or hx-ky=a^—b\ 

X y 

where li and h are the intercepts of the tangent. 


4289 

?/ = mx - 

(4123) 

4290 

ux sec ^— by cosec <j> = — b^- 

(4276) 

4291 

A\x—yiy= {xix'—yiy'), 

(4352) 


where Xiyi is the extremity of the conjugate diameter. 

Intercepts of the tangent or polar on the axes: 

4292 — and —. (4115), (4281) 

A' y 

Intercepts of the normal: (4287) 

4294 On the X axis, x or 

(t^ — 

4296 On the 2 /axis,- r^^y or — 

Focal distances r, r' of a point «ij on the curve: 

4298 (« ± cx) in Ell. 

4299 {ex±a) in Hyp. 

Proof.—F rom r’ = (ae±a5)®^-2/^ and (4272). 

Perpendiculars from the foci upon the tangent: 



4300 


(4095, 4282) 














TKE ELLIPSE ANE EYPEEBOLA. 


591 


4302 

(p.588) smSPT= £- = 4 

r ^ 

_ _b _ ^ 

(4365) 

a/ rr b' 

4306 

¥ = 


(4300) 


Segments of tangent and normal: 



4307 

4309 



PT=^‘yw, 

b{v aif 

PG = L\/77' = PG' = ^x/7/=^4^. (4294) 

a a b b 


• Bight Line and Elligose, 

Quadratic for the ratio Ui : 71 . 2 , in which the line joining 
two given points Xiy^, is cut by the ellipse (4131). 

4310 

n\(xl yl 1 \ 4. 2 J. 1 ^ -1- j. •'/> 1 \ - n 


Equation of the two tangents drawn from x'lj : 




t 

¥ 



IfjL 

¥ 



Proof. —By the condition for equal roots of (4310). 
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Quadratic for abscissre of points of contact of tbe tangent 
from x'y : 

4312 (4282,4125) 

Quadratic for m of the tangent from xy : 

4313 — 5^ = 0. (4282) 


General polar equation of tlie ellipse, or quadratic for r, 
the segment intercepted between the point x'y' and tlie curve 
on the right line drawn from that point at an inclination 0 to 
the major axis and x axis of coordinates. 

4314 sm^^+5^ cos^^) 

+2r (ay sin cos S) + (a^y^+hKv '^—a^P) = 0. 


4315 Length of intercepted chord = difference of roots. 

4316 Distance to middle gjoint of chord = half sum of roots. 


4317 Rectangle iinder segments = products of roots, 

Coe. —If two chords be drawn to a conic at two constant 
inclinations to the major axis, the ratio of the rectangles under 
their segments is invariable. 

For, if x'y be their point of intersection, the ratio in ques¬ 
tion becomes sin^0-hZ>^ cos^O : simO'-j-Z^^cos^OJ, which is 
constant if 0 and 0 ' are constant. 

Locus of centres of parallel chords : 

4318 sin cos ^ = 0. (4314) 


Quadratic for abscissas of points of intersection of the line 
Ax-{-By-\-G = 0 and the ellipse = 0 . (41IG) 

4319 (AV+B-P) .^2+2.1 Ca\r+ = 0. 

4320 


_ ^ACa^±BahVAui'+B-P-C''- 

OG — -- 




4321 For the ordinates transpose A, D and a, b. 
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Length of intercepted chord : 

4322 


2ab^/{A^+B%A^a^+BW-C^) 

Ahi^+BW 


(4034) 


Hence the condition that the line may touch the ellipse is 

4323 AV+BW = C\ 


The chord through two points x^jiy is 

A on A + , //(z/i+.V'i) _ , 1 . 

4324 -jp-+-p 

or, denoting the points by their eccentric angles a, ft, the 
chord joining afS is 

4325 -^003^ + ^8111^=008^. 


The coordinates of the pole of the chord or intersection of 
tangents at Xjyi, x^y^ (or a/3 as above). 


4326 


^i.V2+-^Wi _ a^0h—?h) _ ^^ cos^(a+^) 
ih+2/i cosi(a—^)' 


4329 


Xjih+O'iyi _ (>Vi—'^ 2 ) _ j sm|(a+^) 


The following relations also subsist 
A oon a sin )8 __ 6^ cos a cos^ 

h\v^+ay ~~ 

b (sin a+sin )8) _ a (c os a+cos p) 

“ Ty “ 2.r 

“ which are of use in finding the locus of {x^ y) when a, /3 are 

connected by some fixed equation.” 

(Wolstenholme’s Problems, p. 116.) 

4 G 
























594 


CARTESIAN ANALYTICAL CONICS. 


4334 If «5 13, 7, ^ are the eccentric angles of the feet of the 
four normals drawn to an ellipse from a point xy, then 
a+^+y+S = 37r or Stt. 

Proof. —Equation (4290) gives the following biquadratic in 2 = tan 
hyz*-\-2 (ax-\-a^ — h^) z^+2 (ax—a^-\-h^) z — by = 0. 

Let a, b, c, d be the roots. Eliminate d from a6 + a.c + &c. = 0 and abed = 1 

(406). Thus a6 + &c+ca =+ —+ ~; from which, since a = tan|a, 
be ca ab 

&C.J we get sin (/3 + y) + sin (y + a) + sin (a + /3) = 0 ; 
and, since 1 — (ab + cw + &c.) + abed = 0, 

tan^ (a-|-/3-|-y + e) = CO , ad-/3 + y+ 3 = Stt or Stt. 


4335 The points on the curve where it is met by the 
normals drawn from a fixed point xi/ are determined by the 
intersections of the curve and the hyperbola 

= c^xy. (4287) 


POLAR EQUATIONS OF THE CONIC. 

The focus S being the pole (Fig. of 4201), the equation of 
any conic is 

4336 r(l+ccostf) = /, 

0 being measured from A, the nearest vertex. 

For the parabola, put 6 = 1. 

Proof.— 

r=SP; d = ASP] l-SL; r = g(SX-\- SN) (mO) = I-\-er cos 0. 


The secant through two points, P, P', on the curve, whose 
angular coordinates are a+jS and a—/3 (Fig. 28), is 

4337 {ecos^+sec^ cos(a—^)} = L 


Proof. —Let AiSQ = a, PSQ = PNQ = /3. 

Analytically. Take (4109) for the equation of PP'. Eliminate r, and r, 
by (4336), and substitute 2a for 0i + 02 2/3 for 0i —0^. 

Geometrically. Let PP' cut the direetrix in Z ; then QSZ is a right angle, 
by (1166). Take C any point in PP’\ SC = r; ASC = 0. Draw CD, CE, 
CF, ca parallel to SL, SP, SQ, SX, and DII parallel to XL. Then 
l=SL= sn-\-iiL. 


SII = 


SB = er cos 0. 
SX 


CE 

CG 


SP _ SL _ EL 
PU SX DX 


JTL 

CG' 


IlL = CE = r sin CSFsee ft = r cos (a—0) sec/3, 
? = ercos/3+rsec/3cos(a —0). 
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The equation of the tangent at the point a is, conse¬ 
quently, 

4338 r {e cos 6+cos, (a—O)} = 1. 


A Focal Chord. 

4339 wa. =ir|kw 


Coordinates of the extremities, the centre G being the 
origin : 

, _ a (eihcos 6) _ I sin 6 

l±ecos^’ ^ l±ecos^’ 


4340 


X = 


4342 The lines joining the extremities of two focal chords 
meet in the directrix. [By (4337) 


Polar equation with vertex for pole : 

4343 (1 cos^ 6 ) = 21 cos 6 . (4200) 

Polar equation with the centre for pole : 

4344 'F {a^ sin^ d-\-F cos^ 6) = 

4345 or r cos^ 0 ) = h. 

PnoOF.—By (4273). Otherwise, by (4314), with x' = y' =-0. 


CONJUGATE DIAMETERS. 



Equation of the ellipse referred to conjugate diameters for 
coordinate axes: 



















596 


CARTESIAN ANALYTICAL CONICS. 


wliere 

4347 = 




5'2 = 




sin^ a+b^ cos'^ a d^ sin^ fi+b'^ cos'^ /3' 

Here a' = CD, h' = (7P, a is the angle DOB, and P the angle 
FOB. 

Proof.— Apply (4050) to the equation (4273), putting w = -^ and 
tana tan/3 = —by (4351). 


When d=h\ a-j-/3 = tt, and equation (4346) becomes 

4349 = 

Let the coordinates of D be y\ and those of P aj, y; the 
equation of the diameter CP conjugate to CD is 


4350 

4351 


££ . a-o 

52 

tan a tan B or 7nm' =- 

a- 


(4318) 


xy in terms of xy y &c. 


4352 

11 

1 

II 

Ell. 


4354 

a , b , 

Hyp- 


Proof.- 

-Solve (4350) with (4273). 



4356 

X = dlly i ^ X = pN. 

(4274, 4352) 

4358 

II 

+ 

11 

+ 

Ell. 

(4352) 

4360 

x^—x'^ = y'^ — // = 5^. 

Hyp. 

(4354) 

4362 

= Ell. 


(4358) 

4363 

(1“ —5“ = d^ — 1)“. II jp. 


(4360) 

4364 

4365 

,,'2 = W^c\v\ 

h"^ — — c\i^ = rr. 

(4271, ’61) 

(4298) 
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The perpendicular from the centre upon the tangent at 
xy is given by 


4366 


J_ = £l+ (4281, 4064) 

a* b* 


Tie area of the parallelogram PCDL (Fig. of 4307) is 
4367 pa' =: ab= a'b' sin <a, 

where p = PF, a' = GD, h' = GP, o> = A PGD. 

Proof.— From (4366), and (4352), and »'*= z'‘+y'^. 


Other values of p ^: 


4369 

4371 


P ~ “ a^+¥-b'^' 


p^ =. sin^ 0+b^ cos^ 0, 


Proof. —From (4344, ’67), putting r = a. 


4373 y+6^ siu^ y, 

y being the inclination of p. 

4373 = a“ (1 —e^ sinV)- 


(4362) 


(4371) 


(4372, 4260) 


Equations to the tangents at P and P\ the coordinates of 
D being x\ i/ : 

4374 xp' — yx'=:^ab (4073) m=-^. 


4375 


DETERMINATION OP VARIOUS ANGLES. 

Fig. p. 595. (4356) 


4377 

where c = = G8. 


pCd=^. 

tan PCD = - 4^, 
c'.ry 


(4070, 4352-3) 
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4378 tan (SPT) = — 

cy 

where B = PST. 


l+ecosg^ ^33g^ 

e sm 0 

[See fignre on page 588. 


If \p be the inclination of the tangent to the x axis, 

4380 tan ^ ^ = e+cosg 

a 1 / sin r 

Proof: = e + SPT. Then by (631) and (4379). 

4382 tan SPS' = (652, 4378) 

4383 tan APA' = “ CPG = tgL. 


If OP, OB' are tangents to an ellipse, 


4385 


cos BOB' = 


CO^-a^-V' 
OS.OS 


Proof.—B y fignre and construction of (1180), EOF' ~ MON, Therefore 


T,^TV _ ON + OS^-SiP _ 2gQ’ + 2CS»-4a» _ . 
s.t'Ui' _ 20S.0N 20S.0N 


If x', y' are tie coordinates of 0, 


4386 


tan POP'= 


2\/(5V^+aV^-«V) 

a'*—6'^ 


Proof.—B y (4311), taking terms of the second degree for the two parallel 
lines through the origin and tan0 from (4112). 


It is worthy of remark that the substitutions (427G-8) 
may also be usefully employed when the axes of reference are 
conjugate diameters: though, in that case, the geometrical 
signification of (p no longer exists. 
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THE HYPERBOLA 
REFERRED TO THE ASraPTOTES. 


4387 .Ty=:i(a^+¥^). 

Proof.—B y (4273) and (4050). Here x = GK, y — PK. 



Equations of tbe tangent at P, {x, y). 

4388 xy'-^x'y = i (4120) 

4389 y = mx+Vm {a^+V). (4123) 

4390 »« = -■!?■• 

Ob 

4391 Intercepts on the axes Cl = 2af , CL = 2//. 

THE RECTANGULAR HYPERBOLA. 

4392 Here a = h, e = \/2; and the equation with the 
ordinary axes is 

4393 

4394 Tangent 


= a^. 

OCX —yy = a®. 


(4273) 

(4281) 
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Equation witli the asymptotes for axes: 

4395 2ai/ = a\ (4387) 

4396 Tangent ay +cv'y = a^. (4388) 


THE GENERAL EQUATION. 


The general equation of the second degree is 

4400 +2% + hf + 2gx + 2/?/ + c = 0, 

4401 or ax^-\-hy^‘\-cz^-\-2fyz+2gzx-\-21ixy = 0, with z = l. 
The equation will be denoted by or (p y) = 0. 


THE ELLIPSE AND HYPERBOLA. 


When the general equation (4400), taken to rectangular 
axes of coordinates, represents a central conic, the coordinates 
of the centre, O' (Fig. 30), are 


4402 


- ab-h^ ~ C’ ^ ~ ab-li:‘ ~ C 


(4665) 


Pkoof.—B y changing the origin to the point x'y' and equating the new 
g and / eaeh to zero (4048). 

For the case in which ah = see (4430). 


4404 The transformed equation is acV^+2Jhri/-{-b^‘^+c — 0 , 

4405 where c' = aa!'^+ 2/i.t’y + %'* + 2g.v'+2fi /'+ c. 

4406 = g'>»'+/y+c- 

4407 __ abc+2fg h—({r—bg^—ch^_ A 


The inclination 0 of the principal axis of the conic to the 
X axis is given by 

4408 tan 2^ = ^. 

Proof.—(F ig. 30.) By turning the axes in (4404) through the angle 6 
(4049) and equating the new h to zero. 
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The transformed equation now becomes 

4409 = 0, 

4410 in which «' = | {u+b-\-\/4ili^-{-{a—hf\, 

4411 6' = A {a+b-V4,¥+{a-by}, 

a and h' are found from the two equations 

4412 ti+Jj = a+h, ah' = ah — h^. [Seo (4418). 

The semi-axes and excentricity are 

and e=z yj{l — (4273) (4201) 

For the coordinates of the foci, see (5008). 


4416 Note. —If 0 be the acute angle determined by equation 
(4408), we have to choose between 0 and 0-\-~ for the inclina- 
tion in question, since tan 20 is also equal to tan (20-{-Tr). 

Rule .^—For the ellipse, the inclination of the major axis 
to the X axis of coordinates will he the acute angle 0 or 0 + Y7r, 
according as h and c' have the same or different signs. For the 
hyperbola, read “ different or the sameF 

Proof. —Let the transformed equation (4409) be written in terms of the 
semi-axes g; thus representing an ellipse. Now turn 

the axes back again through the angle —0, and we get 

(jf cos^ Q -\-F sin^ &) x^— — sin 20 xy + {(f sin^ 0 + 42 ^ cos^ 0) y^ = 

Comparing this with the identical equation (4404), ax^-\-'2ilixy + l)if = —c\ 
we have (^^— 2 ^) sin 20 = — 27q Ff = —c\ 

sin 20 = ^ . Hence 0 is < 

c p—q 2 

when h and c' have the same sign, p being >q. A similar investigation 
applies to the hyperbola by changing the sign of f. 


* This rule and the demonstration of it are due to Mr. George. Ilepiiel, M.A., of 
Hammersmith. 

4 H 
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INVARIANTS OF THE CONIC. 


4417 Transformation of the origin of coordinates alone 
does not alter the values of a, h, or h, whether the axes, be 
rectangular or oblique. This is seen in (4404). 

When the axes are rectangular, turning each through an 
angle 0 does not affect the values of 

4418 ab—h\ a+b, or c. 


When the axes are oblique (inclination w), transformation 
in any manner does not affect the values of tlie expressions 


4422 


ab’—lv' a-\-b —2/<cosftj 

siu^ 6) siii^ o) 


These theorems may be proved by actual transformation by the formulae 
ill (4048-50). For other methods and additional invariants of the conic, see 
(4951). 


4424 If the axes of coordinates are oblique, equation (4400) 
is transformed to the centre in the same way, and equations 
(4402-6) still hold good. If the final equation referred to axes 
coinciding with those of the conic be 

4425 «V+6y+6*' = 0, 


and 0 the inclination of the new axis of x to the old one, we 
shall have c unaltered. 


4426 

4427 


tan 26 = 


2//sill £i)—r/sill 2c() 

2/t coscj’—a cos2(a —6 ’ 


a+b—2h cos6)+\/Q . if _ a-\-b—2h cos 6>— Q , 

2 siii^ o) ’ 2 siii^ oi ’ 


where Q = cos 2w4-4/i. («+ Z>) cosw-^-4/^^ 


Proof. —(4404) is now transformed by the substitutions in (4050), 
putting /3 z= 0 -f 90®, and equating the new h to zero to determine tan 20. 
a'and V are most readily found from the invariants in (4422). Thus, putting 
the new /i = 0 and the new u> = 90“ 


a +5' = 


fl + 5—2/i. cos <ji 
sin’ to 


and ah' = 


ah-W 


equations which determine a and h'. 


• o y 

Sin" u) 
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The eccentricity of the general conic (4400) is given by 
the equation 

(a+ft—2 li cos (oY 
(ab—lr) sin" (o 


4429 


1-e' 


Peoof.—B y (4415), and the invariants in (4422). 


THE PARABOLA. 

4430 When ab — h^ = 0, the general equation (4400) repre¬ 
sents a parabola. 

For x\ y' in (4402) then become infinite and the cm^ve has 
no centre, or the centre may be considered to recede to 
infinity. 

Turn the* axes of coordinates at once through an angle 9 
(4049), and in the transformed equation let the new coeffi¬ 
cients be a, 2h\ h\ 2g', 2f, c'. Equate li to zero; this gives 

0 7 , 

(4408) again, tan 29 = - —If 9 be the acute angle deter¬ 
mined by this equation, we can decide whether 9 or is 

the angle between the x axis and the axis of the parabola by 
the following rule. 

4431 Rule. — The inclination of the axis of the parabola to 

the X axis of coordinates luill he the acute angle 9 ifh has the 
opposite sign to that of 3 . or b, and if it has the same 

sign. 

Proof.— Since ah — li^ = 0, a and & have the same sign. Let that sign 
be positive, changing signs throughout if it is not. Then, for a point at 
infinity on the curve, x and y will take the same sign when the inclination is 
the acute angle 0, and opposite signs when it is d-\-^7r. But, since 
ax^ + hy“ = -}-oo , we must have 2hxy = —co , the terms of the first degree 
vanishing in comparison. Hence the sign of h determines the angle as stated 
in the rule. 


4432 siu^=,y^, 

Proof. —From the value of tan 26 above, 6 being the acute angle obtained, 
and from Iv^ = ab. 

4434 Also a' = 0 and b' = a+6. 

For ab'—ah—h^ = 0, and we ensure that a and not 6'vanishes by 
(4431). Also a'-\-b'=:a-\-h (4412). 
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4436 



4438 

r-fcose gsme 


4440 

0 + i,r. 

But if li has the same sign as a and by change 0 into 

(4431) 

Proof, 

Ry (4418, 4432-3). 


The 

coordinates of the vertex are 


4441 

, r^—h'c , f 

~ 2 b'g' ’ 


Obtained by changing the origin to the point x'y' and equating to zero 
the coefficient of y and the absolute term. The coefficient of x then gives 
the latus rectum of the parabola ; viz.: 

4443 

J 2g' of:\/u+f\/b 

h' 

(4437) 

METHOD WITHOUT TRANSFORMATION OF THE AXES. 

4445 

ratio in 

Let the general equation (4400) be solved as a quad- 
y. The result may be exhibited in either of the forms 

4446 

y = our+/3± \//A {A^—2px-\-q), 


4447 



4448 

y = a.v+^±\/p (.*’—■>')(■< 8), 


4449 

1 b o f Ir — ab 

where a= p- . 


4452 

P-;!b-l? C” ^-ab-lr 

A 

(y 

4454 

2 h (abc-\-2fh;Jt — af “— — ch^) bA 

P - {ub-hy ~ 


4456 

y and 8 = ;> ± \/ {p^—q)- 


4458 

Hero y ■= ax-\-(5 is the equation to the diameter DD 
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(Fig. 31), 7 and S are the abscissa) of D and D\ its extremities, 
the tangents at those points being parallel to the y axis. The 
surd = PJSf = FN when x = OM. The axes may be rect¬ 
angular or oblique. 


When ab^¥ = 0, equation (4446) becomes 

4459 y = «'+/3 ± \ Vq'-2p\v, 

4460 where p'= bg—hf, q' = f^—bc. 

4463 In this case, is the abscissa of the extremity of 

the diameter whose equation is y = ax-F^ the curve has 
infinite branches. 


RULES FOR THE ANALYSIS OF THE GENERAL EQUATION. 

First examine the value of ab—h^, and^ if this is not zero, 
calculate the numerical value of d (4407), and proceed as in 
(4400) et seq. If ab —h^ is zero, find the values o/p' and q' 
(4459). The following are the cases that arise. 

4464 ah— Id positive—Locus an ellipse. 

Particular Gases, 

4465 A = 0—Locus the point x'y'. 

See (4402). For, by (4404), the conjugate axes vanish. 

4466 6A positive—No locus. 

By (4447-54), since q—p is then positive. 

4467 h = 0 and a = h —Locus a circle. 

By (4144). In other cases proceed as in (4400-14). 

4468 ah—Id negative—Locus an hyperbola. 

Particular Cases. 

4469 A = 0 —Locus two right lines intersecting in the 
point xy'. 

By (4447), since q—p^ then vanishes. In this case solve as in (4447). 
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4470 bA negative—Locus tlio conjugate hyperbola. 

4471 a+b = 0 —Locus tlie rectaugular hyperbola. 

By (4414), since a = —h'. 

4472 « = 6 = 0— Locus an hyperbola, with its asymptotes 
parallel to the coordinate axes. The coordinates of the centre 

are now and — by (4402). Transfer the origin to 

fi h 

the centre, and the equation becomes 


4473 


mj 


2 f^—ch 

‘ 2h^ ' 


In other cases proceed as in (4400-14), 


4474 ab—’h^ = 0—Locus a parabola. 

Particular Gases, 

4475 i/ = 0 —Locus two parallel right lines. By (4459). 

4476 j}' = q z= 0—Locus two coinciding right lines. 

By (4459). 

4477 2 )' = 0 and q' negative—No locus. 

“ By (4459). In other cases proceed as in (4430-43). 


Ex. 1. 


2.15^—2a’2/+3ic—y—1 = 0. 


3 1 

Here the values of a, h, h, rj, f, c are respectively 2, —1, 1, —, — —1, 




_ A _ abo + 2fgh-af-bg^-ch‘‘ _ _ ^ 

G ah—P 4 


The locus is therefore an ellipse, none of the exceptions (44G5-7) occurring 
here. The coordinates of the centre, by (4402), are 

' — 9ti—af _ _ 1 


^ — -.7. 7.2 — 


ah-W 


y 


ah-P 


Hence the equation transformed to the centre is 

2x‘^~-2xy-\-')f —= 0 . 


Turning the axes of coordinates through an angle 0 so that tan20 = —2 
(4408), we find the new a and h from 

a' + 6' = 3, ah'-l] (4112) 
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therefore ff'' — \ (3 — \/5), V — \ (3+ \/5), 

and the final equation becomes 2 (3— v/5) + 2 (3+ -v/5) t/^ = 9. 

The inclination of the major axis to the original x axis of coordinates is 
the acide angle ^tan"^ (—2), by the rule in (4416). 


Ex. (2): 12a;2 + G0.r7/ + 75y^-12a;-8y-6 = 0. 

The values of a, h, 6, g,f, c are respectively 12, 30, 75, —6, —4, —6, 

ah—U = 0) p' = hg-Jif= -SZO] q=f-hc. (4460) 

Since p' does not vanish (4475-7), the locus is a parabola. Proceeding, 
therefore, by (4430-43), we have 

'21 ’ 


tan2e =&ine = -4^, cos6 =(4432) 


'a-b~ 21’ ^29 

By the rule (4431), we must take for the angle, instead of 0. There- 

fore g' = -g sin 0 +/ cos 9 = 

and 6' = a + Z? = 87 (4435), 

Consequently the transformed equation is 

The coordinates of the vertex are computed by (4441), and the final 

44 

equation with the vertex for origin is = 87~7^ 


Ex. (3) : -j- 6a;y -f-9y^ -}- 5<r-f- 15y -j- b = 0. 

5 15 

The values of a, /i-, 5, ^,/, c are respectively 1, 3, 9, —, —, 6, 

U 2i 

ah—h^ — 0 and p z=hg — hf = 0, 

therefore, by (4475-7), if there is a locus at all, it consists of two parallel or 
coinciding lines. Solving the equation therefore as a quadratic in y, we 
obtain it in the form (a; + 3y-|-2)(aj-f 3y-f3) = 0, 

the equation of two parallel right lines. 


: x'l/ is 


The equation of the tangent or polar of ; 

4478 u.,^cV+Uy.y-\-u^,z = 0 or = 0 ; 

(4401, 1405) obtained by (4120) in the form 

4479 {aa,'+hy'+g) ,r-\.(]u^'+by'+f) y+gx -\-fy = 0, 

4480 or («^+/tjr+g-) a.’'+(/t4’+%4/) y-\-gx-\-fy-\-c = 0, 
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4481 or 

(M\v'+I, {•vy’+Ai/)+bi/;/+g (,i'+d’')+/(y+Z/')+c = 0. 


When the curve passes through the oxngin, the tangent at 
the origin is 

4482 gA'+fy = 0. (4479) 

And the normal at the same point is 

4483 

4484 Intercepts of the curve on the axes, — 

a h 

4486 Length of normal intercepted between the origin and 
the chord 


a-^h 


(4483-4) 


Right Line and Conic with the general Equation. 

4487 Quadratic for n : n, the ratio in which the line joining 
xg, xij is cut by the curve. 

Let the equation of the curve (4400) be denoted by 
(ji (x, y) = 0, and the equation of the tangent (4479) by 
{x, y, x', y') z= 0; then the quadratic required will be found, 
by the method of (4131), to be 

(.r', y') +2nn'tli (.r, y, a?', y') + (.r, y) = 0. 


The equation of the tangents from xy' is 

4488 4> (.r, y) 4> (.r, y) — {<|< y, a-', /)] ^ 

Proof. —By the condition for equal roots in (4487). 

Cor. —The equation of two tangents through the origin is 

4489 7i.r2-2/7.7V/+Cy = 0. (4G65) 

The equation of the asymptotes of u (4400) is 

4490 aul+2lm^Uy+bnl = 0. 
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The equation of the eqiii - conjugates of the conic 
cLir + 2hxy = 1 is 

4491 {a+b)(a v^+2kvj/ + bf^) = 2 (ab-h^)(.v^+f). 

Proof.—W hen the conic is ax^ + hif — 1, the similar equation is 
(a + &) = 2aZ) + or (ax^—h/)=0, 

given by the intersections of the conic and a circle. Transformation of the 
axes then produces the above by the invariants in (44*18). 

4492 When the coordinate axes are oblique, the equation 
becomes 

(a—6)(aa}®— (Jix-\-by^(Ji—acos w) + 2y {ax-]-hy'){h—h cos a>) = 0. 


Greneral polar equation: 

4493 {a cos^ e+2h sin 6 cos 0+b siW 6) 

+ 2 {g cos ^+/siii 6) r+c = 0. 

Polar equation with (x, y) for the pole : (4134) 

4494 {a cos^ 6-\-2]i siu 6 cos d+b siiP 6) r' 

+2 {{(t<.v+hi/-\-g) cos ^+(%+/icr+/) siu^l r+F{cVi/) = 0. 

Equation of the line through x'y parallel to the conjugate 
diameter: 


4495 {^v—.v){(Lv+hij'+g) + {l/—y){bF+bij'+f) — 0 . 


Proof. —By the condition for equal roots of opposite signs (4494). 


Equation of the conic with the origin at the extremity of 
the major axis, L being the latus rectum. 


4496 


36 

Equation when the point ah is the focus and 
Ax-{-By-\-G = 0 the directrix : 


(4269, ’59) 



(4200, 4095) 
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INTERCEPT EQUATION OF A CONIC. 

The equation of a conic passing through four points whose 
intercepts on oblique axes of coordinates are s, s' and t, is 


4498 £ -,,(i+|.)-;,(|+|)+l = 0 . 


Eqnation of a conic touching oblique axes in the points 
whose intercepts are s and t : 

4499 ^+2A.r//+A_^_^+l = 0, 


4500 or (T + f—= 

Comparing with the general equation (4400), we have 

4501 


.= -|, t = -j, -2A-^=2 


2 ^ 

*2 


Perpendicular p from xij, any point on the curve, to the 
chord of contact: 


4505 


0 ^ rsY-a!/ siiPo) _ 
^ S^+f — 26‘t QOSO> 


Equation of the tangent at x'y ': 

4507 2(A+(,ry+.r'^) = 0. 

4508 The e(]uation of the director-circle is 

(I + ^stv )+ 2/* + ‘2.X1J cos (jj) —h (xi-y cos ijj) — k(y-hx cos w) + hk cos w = 0. 


^Jdie parabola with the same coordinate axes as in (-1499): 



I 4 

PliOOF. —From (1-500), putting /i= — — (1174), and tliercforo v = - 
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Equation of the tangent at y ': 

4510 

4511 or 


4512 


, mst 

Equation of the normal at xy ': 

sH — m^sf 


y = mx-\- 




= 1, 

(4509) 

m = — J*—,- 

V .v,r 

(4123) 

js.v' 

(4122) 

x^s = yVt. 



The equations of two diameters are, with any axes, 

4614 i-i = i »a = 

Pkoof.—D iameter through 0^, ^ = — by the ^Droperty OB = jRQ, in 

the figure of (4211). ^ ^ 


Coordinates of the focus : 

4516 

Equation of the directrix : 


y = 


sH 


+ + cos 6)' 


(5009) 


4518 


? coso>)+y cos (I)) = st cos (o. 


Proof. —Expand (4509), and form the equation of the polar of the focus 
by (4479) and (4516). 


4519 


When the axes are also rectangular, the latus rectum 


L = 




(4095, 4516-8) 


4520 Locus of the centre of the conic which touches the 
axes at the points sO, 0^: 

tv = sy. (4500, 4402) 


4521 To make the conic pass through a point xy ; substi¬ 
tute x y' in (4500), and determine v. 
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SIMILAR CONICS. 


4522 Definition. — If two radii, drawn from two fixed 
points, maintain a constant ratio and a constant mntnal 
inclination, they will describe similar curves. 

4523 If the proportional radii be always parallel, the curves 
are also similarly situated. 


If there be two conics (1) and (2), with equations of the 
form (4400), then— 


The condition of their being 
situated is 


4524 



similar and similarly 


ProOF.—By (4104), changing to polar coordinates, r : r' — constant. 


The condition of similarity only is 


4525 


(a+by __ (a'+l/y . 
h'^—cib Ji " — ab' ’ 


(4418-9) 


or, with oblique axes, 

A Koa {n + b — 2h cos o))^ _ (u+b'—2h' cos a>)^ 


(4422-3) 


CIRCLE OF CURVATURE. 


CONTACT OF CONICS. 

4527 Dep. —When two points of intersection of two curves 
coincide on a common tangent, the curves have a contact of 
the first order; when three such points coincide, a contact of 
the Si’cond order ; and so on. To osculate, is to have a con¬ 
tact higher than the first. 


4528 The two conics (Fig. 62) whose equations are 


aa- +2/( mj-\-l) if + 2ijx = 0. ( 1 ), 

a',)? + 2h''sy + h'lf + 2g'x = 0 .( 2 ), 
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touch the y axis at the origin, 0, by (4482). Eliminate the 
third terms from (1) and (2), and we obtain x = 0, the line 
through two coincident points, and 

4529 (ah'-a'b) .v+2 {hh'-h'b) u-2 = 0, 

the equation to Lill, the line passing through the two remain¬ 
ing points of intersection of (1) and (2). (4099) 


Again, eliminate the last terms from (1) and (2), and we 
obtain 

4530 {(ig'-u'g) a°-+2 {hg'—h'g) a'i/+{bg'—b'g) tf = 0, 
tlie equation of the two lines OL, OM. [By (4111) and (4099) 

4531 If the points A, M coincide, the conics have contact 
of the first order. The condition for this is that (4530) must 
have equal roots; therefore 

4532 iug'-ug)(fig''—^'s) = Q'g'—^i'gf- 

4533 If the conics (1) and (2) are to osculate, M must 
coincide with 0. Therefore, in (4529), hg = h'g. 

If in (4532) hg' = h'g, the conics have a contact of the 
third order. 


CIRCLE OF CURVATURE. 

(See also 1254 et seq.) 

The radius of curvature at the origin for the conic 
(LV^+2hcV7/+b^‘^+2^a; = 0 , 
the axes of coordinates including an angle a>, is 


4534 


P = 


b siu o) 


Proof. —The circle touching the curve at the origin is 
x^-{-2xy cos 10 -{-y^—2rx sin w = 0, 

by (4148), and the geometry of the figure, 2rsina; being the intercept on 
the X axis. The condition of osculating (4533) gives the value of p. 
p is positive when the convexity of the curve is towards the y axis. 


Eadius of curvature for a central conic at the extremity 
P of a semi-diameter a', the conjugate being h'. 
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4535 






a siiico 


p p^ ah 


(4367) 


Proof. —Take the equation and figure of (4346) («'= CP). Transform 
to parallel axes through P. Then bj (4534). 

Tlie same in terms of x, y, the coordinates of the point P. 


4539 


_ {b\v^+ay)i 
aW' 


Proof. —By (5138), or from (4538) and the value of h at (4365). 

The coordinates of the centre of curvature 0 for P, the 
point xij, are 

4540 f = where c^=(t^—h^. 


PM 0 F.-(Fig. 33.) From ^ and ^ = L’ = ^, 


OP p PG' OP 
with the values of p, PGy and PC' at (4535) and (4309). 


Radius of curvature for the parabola. 

Taking the diameter and tangent through the point for 
axes, 


4542 


2a' _ 2a _ 2SP' 
sin 0 sin* 6 SY ' 


(Fig. of 4201) 


By (4534), and equation (4211). 


Coordinates of the centre of curvature at xy (rectangular 
axes): 

. 4545 f=a.r+2a, ^ = 

Proof. —Prom y — >/ : p = y : PC and p = 2acosec^d, PC = 2a cosec d 
and y =■ 2a cot 0. 


The evolute of a central conic (Fig. 33) : 

4547 

4548 or (rnr^+ 6 y—P)^+ 27 ^r^Viry = 0, 
where 
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Proof. —Substitute for oj, y in the equation of the conic (4273) their 
values in terms of 4, t] from (4540). Otherwise as in (4958), or by the 
method of (5157). 

The curve has cusps at L, II, M, and K, 


The evolute of the parabola : 


4549 



Proof. —As in (4548), from the equations (4201) and (4545). 


CONFOCAL CONICS. 


4550 


^+^=1 and ^ + .^=1 


are confocal conics, if 

or the sign of 5'^ may be changed. 

For the confocal of the general conic, see (5007). 


4551 Confocal conics intersect, if at all, at right angles. 

Proof. —If u, id are the two conics in (4550), changing the sign of to 
make the second conic an hyperbola, n —zt'=0 will be satisfied at their point 
of intersection ; and (by = 5^ + 5'^) this proves the tangents at that 

point to be at right angles (4078, 4280). 

Otherwise geometrically by (il68). 

4552 Tangents from a point P on one conic to a confocal 
conic make equal angles ^Yith the tangent at P. [Proof at (1291) 


4553 The locus of the pole of the line Ax-]-Pi/-{-G with 
respect to a series of confocal conics in which a?—l/ = A, is 
the right line perpendicular to the given one, 

Bav-ACy+AB\ = {). 

Proof. —The pole of the line for any of the conics being xy ; Aa? = — Gx 
and BF=- — Gy (4292) ; also o? — lA=z Eliminate and F. 

4554 Coe.— If the given line touch one of the conics, the 
locus is the normal at the point of contact. 
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4555 Grarc.s' Theorem. — The two tangents drawn to an 
ellipse from a point on a confocal ellipse together exceed the 
intercepted arc by a constant quantity. 

Pkoof.—(F ig. 132.) Let F, P' be consecutive points on the confocal from 
which the tangents are drawn. Let fall the perpendiculars PJV, F'N\ From 
(1291), it follows that /: PF'N = P'PN'. and therefore P'A"’= PA"'. The 
increment in the sum of the tangents in passing from P to P' is 
RR,'-QQ'PP'N-PN'= BE'-QQ'. 

But this is also the increment in the arc QR, which proves the theorem. 

4556 If the tangents are drawn from a confocal hyperbola, 
as in (Fig. 133), the difference of the tangents Pi}, PR is 
equal to the difference of the arcs QT, BT. 

-The proof is quite similar to the foregoing. 


4557 At the intersection of two confocal conics, the centre 
of curvature of either is the pole of its tangent with respect 
to the other. 

Proof. —Take = 1 (i.) and-^ — = l (ii.) for confocal conics. 

h a- b 

At the point of intersection, and (where c~ = 

by a^—a - = + The coordinates of the centre of curvature of x'y' in 

(i.) arc a?" = — 4 -, (4540-1). The polar of this point with 

respect to (ii.) will be -f = 1. Substitute the values of aj", 2 /"; and 
we sec, by the values of x\ y', that this is also the tangent of (i.) at P. 


4558 A system of coaxal circles (4161), reciprocated with 
respect to one of the limiting points 1) or JJ\ becomes a 
system of confocal conics. 

Proof. —The origin P is one common focus of the reciprocal conics, by 
(4844). The polar of P with respect to an}'- of the circles is the same lino, 
by (4100). P and its polar (both fixed) reciprocate (4858) into the line at 
infinity and its polar, which is the centre of the conic. The centre and one 
focus being the same for all, the conics arc confocal. 






ANALYTICAL CONICS 

IN 

TRILINEAR COORDINATES. 


THE RIGHT LINE. 


For a description of this system of coordinates, see (4006). 
The square of the distance between two points aj3y, a jS'y' is, 
with the notation of (4008), 

4601 

^ [a (/3-i3')(y-y) + b (y-y)(a-a')+C(a-a')(;8-y3')}, 

4602 

= ^ I'"* cosH (o— a')-+b cosB (j3—/3'y-+t cos 6' (y—y')*} • 

Proof, —Let P, Q be the points. By drawing the coordinates /5y, /3'y', 
it is easily seen, by (702), that 

(y-rT + 2 03-/30(y-y') COS^] cosecVl.(1). 

Now, by (4007), a (a— a'} -f b (/3—/3') + c (y—y') = 0, 

from which b (/5—/3')’* = —a (a —a')(/3—/3') —c (/^ — /3')(y — y'), 

and a similar expression for c(y — y'f. Substitute these values of the square 

terms in (1), reducing by (702). 

Coordinates of the point which divides the straight line 
joining the points a/3y, in the ratio I : m : 

4603 By (4032). 

l + m l-\-m l + m 


ABC being the triangle of reference, and a = 0, /3 = 0, 
y = 0 the equations of its sides, the equation of a line passing 
through the intersection of the lines a = 0, j3 = 0 is 

4604 la — wfi~0 or a — /?,5=0. 
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Proof.—F or this is the locus of a point whose coordinates a, ft are in the 
constant ratio m : I or k (4090). 

When I and m have the same sign, the line divides the external angle C 
of the triangle ABC ; when of opposite sign, the internal angle C. 

The general equation of a straight line is 

4605 m^+ny = 0 , 

and it may be referred to as the line (/, m, 7i). 

Proof: la-\-mft = 0 is any line through the point (7, and {la-}-m ft) Any 
= 0 is any line through the intersection of the former line and the line 7=0 
(4G04), and therefore any line whatever according to the values of the arbi¬ 
trary constants I, n. 


The same straight line in Cartesian coordinates is 

4606 cos a+ m cos +n cos y) .v 

+ (/ sina+m siii/8+7^ sin y) ?/—= 0. 
Proof.— By substituting the values of a, ft, y at (4009). 

Or, if the equations of the sides of ABC are given in the 
form Ayr-\- B^7 j-\~Gi = 0, &c., the line becomes 

4607 

“j-m ^3 ” 

Proof. —By (4095), the denominators like \/{AI + B\) being included in 
the c■Oll^tants /, m, v. 


4608 If n = 0, V = 0, in = 0 are the general equations of 
the lines a, /3, y, then it is obvious that lii-^-inv = 0 is, like 
(4604), a line passing through the intersection of u and i\ and 
lu-\-mn-\-nw = 0 represents any straight line whatever. 

To make an equation such as a = j) (a constant) homo¬ 
geneous in a, /3, y; multiply by the equation - = Uu+ 
(4007), thus 

(ap - :S) a + bp ft + (py = 0, 
which i.s of the snme foi*m as ( IbOo). 
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4610 The point of intersection of the lines 

la -f- -j- wy = 0 and I'a m'P + ^ 

is determined by the ratios 

/ ; =-jA^,=z , 7,, ■ and (4017). 

7nn — m n nl —n I Ini —I m 

The values of a, /3, y are therefore 

71171) S («/' —n7) S (/m'—/'m) 

4611 ^ , jj . 2> 

where i> = n [mn' — ni7i)-\-h (7il' — 7i'l)-\-t (lin ~—l'7n). 

Proof.—B y (4017), or by solving the three equations 

aa+t/3 + cy = 2, la-\'in^-\-ny = 0, Va + mft-\-ny = 0. 


The equation 

4612 aa+I))3+Cy = 0 or a sin A sin J5+y sin C = 0 

represents a straight line at infinity. 

Proof. — The coordinates of its intersection with any other line 
la+m(^-{-ny = 0 are infinite by (4611). 

4613 Note: a^t + t/l + Cy = 2, a quantity not zero. The equation 
aa + b/3 + Cy = 0 is therefore in itself impossible, and so is a line infinitely 
distant. The two conceptions are, however, together consistent; the one 
involves the other. And if, in the equation la-\-m^-\-ny = 0, tlie ratios 
I m I n approach the values fl ; 6 ; c, the line it represents recedes to an 
unlimited distance from the trigon. 

4614 The equation corresponding to (4612) in Cartesian coordinates is 
0x + 0y-\-C = 0, the intercepts on the axes being both infinite. Cartesian 
coordinates may therefore be regarded as trilinear with the x and y axes for 
two sides of the trigon and the other side at an infinite distance. 


4615 The condition that three points 
«i|3iyi, a-ifty-z, «3/3a73 may lie on the same 
straight line is the determinant equation, 


“i 7i 

a-i A y-2 

tta A ys 


= 0 . 


Proof.—F or it is the eliminant of the three simultaneous equations, 

^Oj + ?R/3j + ?iyj = 0, Zaj + wA + ^iyai + + = 0. (583) 
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4616 Cor. — The above is also the equation of a straight line 
passing through two of the fixed points if tlie third point be 
considered variable. 


4617 Siimlarl}^ the condition that the three following 
straight lines may pass through the same point, is the deter¬ 
minant equation on the right, 


l,a+m,^ + u,y = 0 

ha+m.^fi+ihy = 0, 


/i in, n, 

ly iily ^1-2 

Is nis >h 


4618 The condition of parallelism of the two straight lines 


/ a+m^+/^ y = 0, 
I'a-^m'^+ny = 0, 
is the determinant equation 


/ in n 

I' in n 

n h t 


= 0, 


Proof.—B y taking the line at infinity (4612j for the third line in (4617). 


4619 Otherwise the equations of two parallel lines differ by 
a constant (4076). Thus 

/a-j-= 0 (4007) 

or {l+kn) a+(m+A-b) ^+(n+Ar) y = 0 

represents any line ])arallel to Ia-\-mp-}-ny = 0 by varying 
the value of k. 


The condition of perpendiciilaritv of the two lines in 
(4618) is 

4620 ll'-\-miii -\-nn — {ini/-{-iiin) cos — (/i/'+?i7) vos B 

— (/?;/+/'m) cos C = 0, 

4621 or V {l—iii cos(7—n cos7i) + m'(m —cos^ —/cosC) 

d-n' (« —/ cos B — m cos A) 0. 

Proof. —Transform tlie two equations into Cartesians, (4606), and 
iijtply the test AA' Bli' = 0 (4078), remembering that 

con {ft —y) =—cos A, dc. ( l')ll). 
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AVhen the second line is AB or 7 = 0 , the condition is 

4622 n = m cos AA-l 00 s B. 

It also appears, by (4676), that (4620) is the condition that 
the two lines may be conjugate with respect to the conic 
whose tangential equation is 

4623 /'+wr+ /7“ — 2/wn cos A — 2nl cos B — 2lin cos C = 0. 


The length of the perpendicular from a point to the 

line = 0 : 

4024 _ la'+tnfi'+ny' _ 

V — 2mn cos A — 'lnl cosli — 2lm cosC} 


Proof. —By (t095) the perpendicular is equal to the form in (4006), with 
y' in the place of x, ?y, divided by the square root of sum of squares of 
coetEcients of aj and y. The numerator = la -jr m(i' ny'. The denominator 
reduces by cos (ft — y) — —cosyl, &c. 

4625 Equation of the same perpendicular: 


a a I—m cos C — n cos B 
P P! m — n cos A—I cos C 
y y n — I cos B —m cos A 


= 0 . 


Proof. — This is the eliminant of the three conditional equations 
Xa + i^ij(3 + ^> = 0, Xa' +Jf/3' + jVy' = 0, and equation (4621). 


4626 Equation of a line drawn through a'jS'y' parallel to the 
line (I, m, n ): 

a a fm —bn 

P / 3 ' nn-tl = 0 - 

y y I)/ —elm 

Proof. — It is the eliminant of the three conditional equations 
ht + 9??d+^7 = 0, la+7nl3' + ny' = 0, and the equation at (4618). 

4627 The tangent of the angle between the lines {I, my 7i) 
and {l\ m\ n) is 

_ (mn —m'n) smA-\-(nl' — nl) _ 

ir A-mm' nn' — (m//'+m'?i) cos^ — (n/'+i//) cosi^ — (/m'4-/'m)cosO 

Proof. —By (4071) applied to the transformed equations of the lines, 
(4606), observing (4007). 
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EQUATIONS OF PARTICULAR LINES and COORDINATE RATIOS 
OF PARTICULAR POINTS IN THE TRICON. 

4628 Bisectors of the angles Ay B, C: 

y—a = 0, a—= 0. 

4629 Centre of inscribed circle (or in-centre)* 1 : 1 : 1 . 

The coordinates are obtained from their mutual ratios by the formula 
(4017). 

4630 Bisectors of the angles Ay tt —Z?, tt — C: 

y=0, y+a = 0, a+/3=0. 

Centre of the escribed circle which touches the side a (or 
a ex-circle) —1:1:1. 

4631 Bisectors of sides drawn through opposite vertices : 

sin B = y sin C, y sin C = a sin A , a sin ^ ^ sin B. 

4632 Point of intersection (or mass-centre) ; 

cosec ^ : cosec B : cosec C. 

Proof.— Assume ml3—ny = 0, by (4604), as the form of the equation of 
a line through A, and determine the ratio m ; n from the value of y : /3 
when a = 0. 

The coordinates of the point of intersection may be found by (4610), or 
thus : 

a : /3 = sin R : sin A = cosec A : cosec B, 
ft : y z= sin C : sin B = cosec B .* cosec C, 
therefore a : ft : y — cosec A : cosec B : cosec C. 


4633 Perpendiculars to sides drawn through opposite 
vertices : 

)8 cosB = y cos C, y cos C = a cos Ai, a cos^l = ^ cosB. 

4634 Orthocentre: sec^ : socZJ : secCh 


* This nomenclature is suggested by Professor Hudson, who proposes the following;— 
In-circle, circum-circle, a ex-circle ... mid-circle for inscribed circle, circumscribed circle, 
circle escribed to the side a, and nine-point circle; also in-centre, circum-ceatre, a ex- 
centre, ... mid-centre, for the centres of these circles; and in-radius, circum-7‘adius, a ex¬ 
radius, ... mid-radius, for their radii; central line, for tho line on which the circum-centre, 
mid-centre, ortho-centre, and raaas-contro lie ; and central length for the distance between 
the cirenm-eentro and the ortho-centre.” 
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If the Cartesian coordinates of A, B, G be x. 2 y 2 , x^^, 
the coordinates of the centre of the inscribed circle are 


4635 


u+b+c ’ 


_ <i>h+f>ih+c;h 
«+6+c 


Proof. —By (4032). Find the coordinates of I) where the bisector of 
the angle A cuts BG in the ratio h \ c (VI. 3), and then the coordinates of E 
where the bisector of B cuts AD in the ratio h + c : a. 


4636 For the coordinates of the centre of the a ex-circle, 
change the sign of a in the above values of x and y, 

4637 The coordinates of the mass-centre are 

^ y = i {yi+y-i+Hi)- 

4638 The coordinates of the orthocentre are obtained from 
the equations of the perpendiculars from x^y^y viz., 

(a\-x^) x+{yi-y.^y = (j-i—.r2)+?/3 (/A-J/a)- 


Perpendicular bisector of the side AB : 

4639 a siii^—j8 siiiJf+y sill (A—B) = 0, 

4640 or a cos^—)3cosi^-—sin(yl— jB) = 0, 

4641 or 

/ , asin^sinCX . /« , ^sinCsin.4\ „ .. 

(a+ ———j— cos^— -___ cosj5 = 0. 

\ 2 sin J / \ 2 sin B / 

4642 Centre of circumscribed circle (or circum-centre) : 

cos^ : cos/i : cosC. 


Proof. — A line through the intersection of y and a sin A—/I sin B (4C31) 
is of the form a sinA —/3 sinB-|-t<y = 0, and, by (4622), 

n = —sin B cos A + sin A cos B = sin {A —B). 

Otherwise, by (4633) and (4619), 

a cosA—fS cosBA-k = 0 

is any line perpendicular to AB ; and the constant k is found by giving a .* (3 
the value whicli it lias at the centre of >I/>. 
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4643 Centre of the nine-point circle (or mdcl-crntvf ^): 
cos (/?—0) : cos((7—.1) : cos(yl—ii). 

Proof. —By (955) the coordinates are the arithmetic means of the corres¬ 
ponding coordinates of the orthocentre and circum-centre. Therefore, by 
(4G34, ’42) and (4017), 

a = 

^ C _ secyl _I_ cos A _I 

(. siuA sec^l -|-siu7^ secB-}-sinO secO sinyl cos^4 -|-sin7J cos7i-l-sinC?cos(7 ) ’ 
which reduces to cos (B — G)x constant. 


4644 Ex. 1.—In any triangle ABG (Fig. of 955), the mass-centre 7?, the 
orthocentre 0, and the circum-centre Q lie on the same straight line ;* for tbo 
coordinates of these points given at (4632, ’34, ’42), substituted in (4615), 
give for the value of the determinant 

cosec A (sec B cos G—cob B sec G) -j- &c., 

which vanishes. 

Similarly, by the coordinates in (4643), it may be shown that the mid- 
centre lies on the same line. 

Equation of the central line : 

Ex. 2.—To find the line drawn through the orthocentre and mass- 
centre of ABG. The coordinates of these points are given at (4632, ’34). 
Substituting in the determinant (4616) and reducing, the equation becomes 
a sin2yl sin (7? —(7)-|-/5 sin 2B sin (G—A) + y sin 2(7 sin (^—7?) = 0. 

Ex. 3.—Similarly, from (4629, ’42), the line drawn through the centres 
of the inscribed and circumscribed circles is 

a (cos 7?— cos (7) -|-/5 (cos (7— cos A)-i-y (ros yl— cos B) = 0. 


Ex. 4.—A parallel to ylB drawn through (7: 

o sin yl 4-/3 sin B = 0. 

For this is a line through a/3, by (4604), and the equation diflers only by a 
constant from y = 0, for it may be written 

(a sin yl + /3 sin B -fy sin G) —y sin G = 0. 

Ex. 5.—A perpendicular to BG drawn through G is 
a cos (74-/3 = 0. 

For a perpendicular is /3 cos B — y cos (7 = 0 (4633) . (1), 

and a line through G is of the form la Y = 0. Hence, by (4619), the 
constant Jc (a sin yl 4-/3 sin 7>4-y sin G) must be added to (1) so as to elimi¬ 
nate y. Thus 

/3 sin G cos 73 4- a sin A cos G + f) sin 73 cos 0 = 0, 

/3 sin (73 4- (') 4- « sin yl cos G = 0 or /3 4- o cos 0 = 0. 


The central liue. See note to ^4029). 
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ANHARMONIC RATIO. 


For the definition, see (1052). 

4648 The three ratios of that article are the values of the 
ratio k : Icf in the three following pencils of four lines respec¬ 
tively— 


a = 0, a — = 0, = 0, a+A‘'/5 = 0... (i.) (Fig. 34), 

a = 0, a— = a—A:'/3 = 0, /3 = 0... (ii.) (Fig. 35), 

a = 0, /3 = 0, a+A-/3 = 0, a+A:'/3 = 0...(iii.) (Fig. 36). 


4649 The anharmonic ratio (i.) becomes harmonic when 
k = k'. Hence the lines a + /t*j3, a — kft form a harmonic pencil 
with the lines a, (3, the first dividing the external and the 
second the internal angle between a and /3 (Fig. 37). 


4650 Similarly, the anharmonic ratio of four lines whose 
equations are 

a—/Xi^= 0 , a—= 0 , a—= 0 , a—^( 4 ^ = 0, 


is the fraction 


0»i—^ 2 ) /O 

0<1—/O 


Proof.—L et OL be tlie line a = 0, and 
OB, |3 = 0. 

= difference of perpendiculars from 
A and B upon OL, divided by p. 

Similarly, ^ 3 -/^ 4 , &c. These differences 
are proportional to the segments AB, GD, 
AD, BC, and p is a common divisor. 



4651 EomograpMc pencils of lines are those which have the 
same anharmonic ratio. Thus the two pencils 

a —a — a — a 

and a'— ^'—^^13', 

are homographic pencils. 

4 L 
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THU cowpIjEte quadrilateral. 

4652 Def. —Any four riglit lines together with the three, 
called diagonals, which join the points of intersection, make a 
figure called a complete quadrilateral. 

4653 Let 0 be any point in the plane of the trigon ABG. 
Draw AOa, BOb, COc, and complete the figure. The equa¬ 
tions of the different lines may be written as under, with the 
aid of proposition (4604), the ratios I \ m\ n being arbitrary 
and dependent upon the position of 0. 




A a, wj^ — ny = 0 , 

Al\ 

m^-\-ny = (►. 


II 

BQ, 

ny +/a = 0 , 


] 

II 

CB, 

la (); 

be, 

= 0, 

OP, 

nt/8 + yry —2/a = 0, 

C(l, 

)ty A’/a 

OQ, 

ny +/a —"lin^ = 0 , 

(lb, 

la -f —= 0 , 

OR, 

la +ni/3—2/ty = 0, 


PQli. /a+ 


= 0. 


Proof. — Aa, Bb, Gc are concurrent bj addition, he is concurrent with 
JB) and ft, and with Cc and y, by (4004). AP and OP arc each concurrent 
with be and a. PQE is concurrent with each pair of lines be and «, ea and 
fti ab and y. Similarly for the rest. 

4654 Every pencil of four lines in the above figure (supply¬ 
ing AI\ BQ, OR) is a harmonic pencil. 

Proof.— 13y the test in (4049), the alternate pairs of equations being the 
sum and dilicrence of the other two in every case. 

Otherwise by projection. Let PQRS be the quadrilateral, with diagonals 
BP, QS meeting in 0. (Supply the lines AO, PC in the figure.) Taking the 
plane of jirojection parallel to OAJj, the figure projects into the parallelogram 
jiqrs] the points yl, /> pass to infinity, and therefore the Vines AC, BC become 
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lines harmonically divided by the sides of the parallelogram, the centre, 
and the points at infinity. 



' 7 ? 


4655 Theorem (974) may be proved by taking a, /^, y for the lines BC, 
GA, AB, and + + la + rn'l^ Uny, ?u + w/3 + n'y for he, ca, ah, the last 

form being deduced from the preceding by the concurrence of Aa, Bh, and Ce. 


THE GENERAL EQUATION OF A CONIC. 


The general equation of the second degree is 

4656 aa^+bl3^+cy^+2ffiy+2^ya+2hafi = 0. 

This equation will be denoted by <!> {a, (3,y) = 0 or n = 0. 
Equation of the tangent or polar: 

4657 ^ ~ 

the two forms being equivalent and the notation being that of 
(1405). The first equation written in full is 

4659 

(rta ~^fy) +^‘y) y — 
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Proof. — By the methods in (4120). Otherwise by (4678); let a/3y 
be on the curve ; then 0 (a, /3, y) = 0. Next let the point where the line cuts 
the curve move up to a/3y. Then the line becomes a tangent and the 
ratio n : n vanishes; the condition for this gives equation (4658). 

Cou.—The polars of the vertices of tlie triangle of refer¬ 
ence are 

4660 <iai+h^+fiy = (), ha+bP+fy = Q, ga+ffi+cy = 0. 

4661 The condition that u may break up into two linear 
factors representing two right lines is, by (4469), A = 0, 
where 

4662 A = (ibc+2fgh-af^-hg^-c/i'\ (4454) 


4663 The general tangential equation 
of the conic (4650) expresses the condi¬ 
tion that the line Xa -j- /t|3 + vy may touch 
the curve and is the determinant equation 
annexed. The same written in full is 

4664 

-1-2 {gh—af) pv-f 2 {hf—hg) vX-1-2 (Jg—cli) X/» = 0, 

4665 or A\^+ng^+Cv-+2FiJ.v+2Gv\+'2lI\iJi = 0; 

writing, as in (1642), 

A = bc—f\ B = C = (ih — h\ 

F = gh — (tf, G = hf— hg, H = fg — ch . 

The tangential equation will be denoted by (X, /t, v) = 0 or 
U = 0, to correspond with (4656). 

Proof. — The determinant is the eliminant of the equation of the line 
Xa-f p/3 + ry = 0, and the three equations obtained by equating X, /u, v to the 
coefiicients of «, /3, y in (4659). 

Othrncise .—Assume Xa-f^d + ry = 0 for the tangent. Substitute the 
value of the ratio /3 : y obtained from it in the equation of the curve, and 
express the condition for equal roots (4119). 


h h f ^ 

S f c 

X ^ 1/ 


= 0. 


4666 Conversely, if the line Xa -{-inft 
+ vy has the coefficients X, /t, v con¬ 
nected by the equation of the second 
degree TJ = 0 (4664), then the enve¬ 
lope of the line is the conic in the 


.1 // G a 

ll B F ft 
G F C y 
a y 


- 0. 
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determinant form annexed corresponding to (4663), or in full 

4667 a^+{CA--Cr^) p^ + (AB-IP)f 

+ 2 /8y+2 (IlF-BG) ya+2 {FG-CH) a/B = 0. 

4668 or A («a^+ft/8^+C7‘^+2/]8)/+2^»7a+2//a^) = 0. 

Proof. —Eliminate y from Z7 = 0 and the given line. The result is of 
the form L\^A2B\fj.-\-^If^^ = 0, and therefore the envelope is LM = by 
(4792). This produces equation (4GG7). The coeffieients are the first 
minors of the reciprocal determinant of A (1G43), and therefore, by (585), 
are equal to a A, 5 A, &c. 

4669 The condition that U may consist of two linear factors 
is, as in (4661), I) = 0, where 

4670 D = ABC+2FGH-AF^-BG^-CfP = (1643) 

In this case U becomes the equation of two points, since the 
line Xa+^/S-j-vy must pass through one or other of two fixed 
points. See (4913). 

4671 The coordinates of the pole of Xa-|-yti/3 +vy are as 
A\+Hfi+Gv : m+Bf^+Fv : GX+F/i+CV, 

4672 or U^.U^.U,. 

Proof. —By (4659) we have the equations in the Z 

margin, the solution of which gives the ratios of tt : /3 : y. 

« _ /3 __ y___Z 

AXAH/n + Gy 7/X4-i> + J^r Gk + F^i + Cy A' 

Hence the tangential equation of the pole of X'a4-/i'/3 + v'y, 
i.e., the condition that Xa-f-^t/B-j-vy may pass through the 
pole; or, in other words, that the two lines may be mutually 
conjugate, is 

4674 XGa'+zi*= 0 or X'Ga+/«^G^+v'G;/= 0, 
the two forms being equivalent, and each 

4676 = AW'+Bf^^^'+Cvv' 

4“ F [i-iv' + /n'v )+G (lA"" 4" v^X) 4" H 4“ ^ /*) • 

The coordinates of the centre uq, /S^, y^ are in the ratios 

4677 AA+Hh+Gt: m 4 -Bh 4-Gr: Ga 4 -Fb 4- Gc, 

where a, b, T are the sides of the trigon. 
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Proof.—B y (4G71), since the centre is the pole of the line at infinity 
na-h &/5-l-cy = 0 (4G12). 

The quadratic for the ratio n : n' of the segments into 
which the line joining two given points a/3y, uft'y is divided 
by the conic is, with the notation of (465G-7), 

4678 

(a, y) h^+2 nn-\-j> (a, /3, y) = 0. 

Proof. —By the method of (4131). 

The equation of the pair of tangents at the points where y 
meets the general conic n (4G56), is 

4679 ciiil+2hu,u^+bul= 0. 

Proof.— The point n'/3', where y meets the eurve, is found from 
+ + = 0 [y = 0 in (4G5G)]. The tangent at such a point is 

+ = 0 (4G58). Eliminate a', fV. 

The equation of a pair of tangents from a'ji'y' is 

4680 </> (a'^V) 

Proof. —By the condition for equal roots of (4G78). 

By actual expansion the equation becomes 

(71y' + 0/3'- 2P/3y ) a'' + (Oa' P.ly' - 20ya) /3'' + (4/3' + iV - 2/fa/3) y'- 
+ 2 ( —4/3y + i/ya+ 0«/3— /3'y' 

4681 +2 (2//3y — J3ya + Ea/3 —0/3') y'a' 

+ 2 (0/3y4-Eya —Oa/3—Hy') = 0. 

In which either a', /3', y' or a, /3, y may be the variables, for the forms are 
convertible. 

Otherwise the equation of the two tangents is 

4682 y^ — y^^ —a'^) 0. (tggs) 

Proof. —By substituting fiy' — j^'y, for X, /t, r in (4GG4), the condition 
that the line joining a'/l'y' to any jtoint «/3y on cither tangent (see 4G1G) 
should touch the conic is fulfilled. The expansion produces the preceding 
equation (4G81). 


The equation of tlic asymptotes is 

4683 </. (a, /3, y) = <^ (a„, A, >) = A’S . (1), 

where a,,, live the coordinates of the centre. 
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Otherwise the equation, in a form homogeneous in 
«, /3, y, is 

4684 = A’(cla+l)^+(y)^. (2), 

where <1, 1), C are the sides of the trigon. 

And, finally, if the tangential equation (4664) be denoted 
by (X, /ii, v) = 0, the equation of the asymptotes may be 
presented in the form 

4685 ^ (a, b, r) (a, A 7 ) = {^a+bP+CyfA .(3). 

Proof.—( i.) The asymptotes are identical with a pair of tangents from 
the centre ; therefore, put 0 ^, [3^, for a', /!', y in (4680) ; thus 

0 («J A y) 0 (« 0 ’ do 5 yo) = (aa + tA-|- cy)‘ = .(4), 

since the polar becomes the line at infinity. 

Now, multiplying the three equations in (4672) by a, /3, y respectively, 
and adding, we obtain (p (a, /3, y) = Tc (\a + /x/3 +ry), and therefore 

0 («oi do’ yo) = ^ ((i« + t/5 + Cy) = .(5), 

since the line at infinity (4612) is the pole of the centre. 

From (4) and (5), by eliminating k, equation (1) is produced; and by 
dividing (4) by (5), we get equation (2). 

Again, taking the values of a, /3, y from (4673), we have 

+ + and therefore <i"<,+bl\+cy, ^ «>(a b,c) _ 

k ^ A: A 

By the last equation, (2) is converted into (3). See also (4066). 

Coe.—S ince the centre (a^, y^) is on the asymptotes, 

we have 

4686 ^ (<^03 Pof 7o) “ ^“A A- ^ (<t, bj t). 


4687 The semi-axes of the general conic (4656) are the 
values of r obtained from the quadratic 


<Ty eosA X A, a 

/ /, . b.s* cos/i\ b 

/. ^ »•" > 

3, I), fj 


= 0 , 


where a, 1), r are the sides of the trigon, and 
s = at)fA-i-4>(aI)r). 















G32 


TRILINEAB ANALYTICAL CONICS. 


Proof.—T he centre being put a —= x, _/3 —= y, 7 —yo — z. 

fifty being a point on the conic, and >' the radius to it from the centre, we 
have, by (4002), 

r- = ^ (a;^i cosA + yK^ cosB + zh cos C) . (1). 

Also (4656), 0 (a, ft, y) = <p («o + ^*^> fto'^V^ Vo + O = 

Exjmnd and write I, m, n for auQ-Ylift^Agya^ ^i«o+^A+Z '/oj 5 f"o+/A + C7o- 


The terms in x, y, z become 

lx-\-my-\-nz = I (n —a^) +&C. = S —2 = 0 (4007)...(2), 

and we obtain <p {x, y, z) = —0 (o^, ft^, y^ = (a, t, c) (4686).(3). 

The maximum and minimum values of r® and therefore of 

x-ix cos A + y‘b cos B + zh cos C . (4) 


are required, subject to the equations (2) and (3). By the method of unde¬ 
termined multipliers (1862), the quadratic above is found .—Tril 
Coord., Ch. 4, Art. 18. 


4688 


The area of the conic = 


TT^nbrA 

{<i>(n,b,r)|r 


Proof. —If the roots of the quadratic (4687) are ±rf\ ±^‘ 2 '^ the area 
will be Trrp-j. The coefficient of r"'‘ reduces by trigonometry to — 2V, and 
the absolute term is — ^ (fl, t, c). Hence the product of the roots is found. 


4689 The conic will he an ellipse, hyperbola, or parabola, 
according as (a,b,C) (46()4) is positive, negative, or zero. 

Proof. —The squares of the semi-axes have opposite signs in the hyper¬ 
bola. Therefore the product of the roots of the quadratic (4687) must for 
an hyperbola be negative, and therefore negative in (4688). 

(I) (a, c) = 0 makes the curve touch the line at infinity (4664), a pro¬ 
perty which distinguishes the parabola. 

The condition that the general conic (4G5G) may be a 
rectangular hyperbola is 

4690 a-\-b + c = :^*eos ^ + cos B+2/i cos C. 

Proof. —Lot the asymptotes be 

la -f- vift -|- 7iy = 0, Va m'ft -|- n'y — 0. 

Forming the product, equating coefficients with (4685), and denoting 
<j) (a, t, c) by <p, wc get the proportions 

IV _ _ nil' _ mil' 

a(jj — a'A hip — b'Y ^ C" A 2 ( /^ — tcA ) 

— nV 111 _ h) i -f Vm 

2 (y^ —ca A) 2 (/i^ —atA)* 
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We may therefore substitute these denominators in (4620) for the condition 
of perpendicularity of the asymptotes. The result reduces to the equation 
above, by (837). 

For another method, see (5002). 

4691 The general conic (4656) will become a circle when 
the following relation exists between the coefficients : 

h sm^C +c sin^B — 2f smB siuO 

= c sin^+rt siu^C—2g’siii(7 sin^ 

= a sin^B+b sinM —2/i sin.4 sinZ^. 

Proof. — Equate coefficients of the equation of the conic (4656) with 
those of the circle in (4751). 


4692 The equation of the pair of lines drawn from a point 
to the poiats of intersection of the conic (p and the line 

1/ = Xa-h/u/S + vy = 0 is, writing L' for Xa'H-^/3' + vy', with the 
notation of (4656-7), 

L'^ (a, y) - 2LL'(cl>^a'+ </),y) + (a^ y') = 0. 

Proof. —By the method of (4133). 

4693 The Director ■‘Circle of the conic, that is, the locus 
of intersection of tangents at right angles, is, in Cartesians, 

C {.v^+i/)-2G.v-2Fi/+A+B = 0. 

Proof. —Let the equation of a tangent through xy be 
■ml—I? + (y —mx) = 0. 

Therefore in the tangential equation (4665) put \ = m, /x = — 1, v — y — mx, 
and apply the condition, Product of roots of quadratic in m ——1 (4078). 

The equation of the same circle in trilinears is 

4694 (B + 0+2F cos ^) a' 4- (0+^ + 2(? cos B) |(32 + (yl + jB + 2jEf cos C) y- 

+ 2 (A cosA—H cobB — G cos G—F) /5y 

-t-2 (—H" cos4+JB cos B—F cos G — G)ya 

+ 2 ('-G cosA—F cosB+0 cos G~-H) a/3 = 0; 

or, in the form of (4751), 

4695 

(ao+i/3+cr)(?+-^±|^^52Sia + &o.) = £i^M(a/Sy+ 67 a + c«/3). 

4 M 
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Proof. —The equation of a pair of tangents (4681) through a point o/3y 
in trilinears, when the tangents arc at right angles, represents the limiting 
case of a rectangular hyperbola. Therefore the equation referred to must 
have the coefficients of &c. connected by the relation in (4690), 

w'hich thus becomes the equation of the locus of the point a/3y; i.e,, the 
director-circle. 

4696 When the general conic is a parabola, (7 = 0 in (4693) 
and ^l> (a, h, c) = 0 in (4695), by (4430) and (4689), and these 
equations then represent the directrix. 


PARTICULAR CONICS. 


4697 A conic circumscribing the quadrilateral, the equa¬ 
tions of whose sides are a = 0, 13 = 0, y = 0, S = 0, (Fig. 38) 

ay = A-J38. 

Proof. —This is a curve of the second degree, and it passes through the 
points where a meets j8 and S, and also where y meets /3 and S. 

4698 The circumscribing circle is ay = or —, as 

the origin of coordinates lies without or within the quadri¬ 
lateral. 

Proof. —Transform (4697) into Cartesians (4009) ; equate coefficients of 
X and y and put the coefficients of X7j equal to zero. 

4699 A conic having a and y for tangents and /3 for the 

chord of contact: (Fig. 39) 

ay = 

Proof. —Make ^ coincide with (3 in (4698). 


4700 A conic having two common chords a and (3 with a 

given conic S : (Fig. 40) 

S = A*a/3. 

4701 A conic having a common chord of contact a with a 

given conic S : (Fig. 41) 

6^ = ka\ 

4702 Coit.—If RPQ be (Irawu always parallel to a given 
line, PN^k UP.PQ, by (4317). 
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4703 A conic Laving a common tangent T at a point x'y' 

and a common cLord with the conic S : (Fig. 42) 

8 = T{Lv+mi/-{-nz). 

4704 A conic osculating S at the point x'y' where T touches 
at one extremity of the common chord I {x—x')-\-m {y—y') : 

(Fig. 43) 

T{lv+my-lv'-my'). 

4705 A conic having common tangents T, T' at common 

points with the conic 8 : (Fig. 41) 

^ = kTT. 

4706 A conic having four coincident points with the conic 

8 at the point where T touches : (Fig. 45) 

S = kT\ 


4707 The conics S-\-U = 0, S+]\P = 0, S+N^ = 0, 

(Fig 46) having respectively L, M, N for common chords of 
contact with the conic 8, will have the six chords of inter¬ 
section 

L±3I=0, 3I±N=Q, N±L=0, 

passing three and three through the same points. 

Proof.—F rom (S + 2P)-(S+N'^) = &c. 

By supposing one or more of the conics to become right lines, various theorems 
may be obtained. 


4709 The diagonals of the inscribed and circumscribed 
quadrilaterals of a conic all pass through the same point and 
form a harmonic pencil. 

Proof. —(Fig. 47.) By (4707), or by taking LM = E? and L'M' = E'^ 
for the equations of the conic by (4784). 

4710 If three conics have a chord common to all, the other 
three chords common to pairs pass through the same point. 

Proof. —(Fig. 48.) Take S, S-^LN for the conics, L being the 

chord common to all; then ilf, A, M—N are the other common chords. 
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4711 The hyperbola .vy = (OcV+O^+i^)^ 

is of the form (4699), and has for a chord of contact at infinity 
O.'B-f-Oy-j-p = 0, Xy y being the tangents from the centre. 

4712 The parabola ?/^ = (OcV+O^+p) cV 
has the tangent at infinity 0x-{-0y-]-p = 0 . 

4713 So the general equation of a parabola may be put in 
the form of (4699). Thus 

{a.v+pyy+i^g.v+2f}/+e){0.v+0y+l) = 0 . 

Here ax-\-(^y is the chord of contact, that is, a diameter; 2gx-\-2fy + c is 
the finite tangent at its extremity, and Oaj + 0^ + 1 the tangent at the other 
extremity, supposed at infinity. 

4714 The general conic may be written 

(«.r^+2/^r’?/+%^) + (2gcr+!^+c)(0.r+0//+l) = 0. 

For this is of the form cty + A;/3^, ^ being at infinity. 


4715 The conics 8 and 8-A: (Ocr+O^+l)^ 
have double contact at infinity, and are similar. 

4716 The parabolas and S—k^ 

have a contact of the third order at infinity. 

Proof. —For S and S—(0x-\-0y-^hy have the line at infinity for a chord 
of contact; and, by (4712), this chord of contact is also a tangent to both 
curves. 


4717 All circles are said to pass through the same two 
imaginary points at infinity (see 4918) and through two real 
or imaginary finite points. 

Pkoof. —Tlie general equation of the circle (4144) may be written 
(x + iy) (x -iy) + {2gx + 2fy + c) (0.» + Oy +1) = 0 ; 
and this is of the form (4G97). Here the lines intersect Orc + Oy + l 

in two imaginary points which have been called the circular points at infinity., 
and 2gx-\-2fyc in two finite points P, Q; and these points are all situated 
on the locus aj^ + y^ + 2gra;4-2/y+ c = 0. 

4718 Concentric circles touch in four imaginary points at 
infinity. 
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Peoof. — The centre being the origin, equation (413G) maybe written 
(x+{y)(x—iy) = (0.^; + Oy + r)^, which, by (4699), shows that the lines xA: iy 
have each double contact with the (supplementary^) curve at infinity, and the 
variation of r does not affect this result. Compare (4711). 


4719 The equation of any conic may be put iu the form 

Here x = 0, y = 0 are two sides of the trigon intersecting at 
right angles in the focus; y = 0, the third side, is the directrix, 
and e is the eccentricity. 

The conic becomes a circle when e = 0 and y = oo , so that 
ey = r, the radius, (4718). 

4720 Two imaginary tangents drawn through the focus 
are, by (4699), 

{x+iy)(,x-i;/) = 0. 

These tangents are identical with the lines drawn through 
the two circular points at infinity (see 4717). Hence, if two 
tangents be drawn to the conic from each of the circular 
points at infinity, they will intersect in two imaginary points, 
and also in two real points which are the foci of the conic. 

All confocal conics, therefore, have four imaginary com¬ 
mon tangents, and two opposite vertices of the quadrilateral 
formed by the tangents are the foci of the conics. 

4721 If the axes are oblique, this universal form of the 
equation of the conic becomes 

.v^-\-2di/ QOS(o-\-if = ey. 

The two imaginary tangents through the focus must now 
be written 

{x+y {cos (o + i sinew)} {^v+y (cosew—i sinew)} = 0. 


4722 Any two lines including an angle 0 form, with the 
lines drawn from the two circular points at infinity to their 
point of intersection, a pencil of which the anharmonic ratio 
is 

Proof. —Take the two lines for sides /3, y of the trigon. The equation 
of the other pair of lines to the circular points will be obtained by elimin- 
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ating a between the equations of the line at infinity and the circum-circle, 

viz., act + t/d + cy = 0 and — +-y + — = 0. (4738) 

a /) y 

The result is + 2f)y cos 0 + y® = 0 ; 

or, in factors, (/3 + e’‘’y)(/3 + e"‘*®y) = 0. 

The anharmonic ratio of the pencil formed by the four lines /3, /3H-e’®y, 
y, /3 + e“*®y is, by (4G48, i.), 

— _ gt(ir-2e)^ 

4723 CoK.—If 0 — ^v, the lines are at right angles, and the 
four lines form a harmonic pencil. [Femrs THl. Coords., Ch.VIII. 


THE CIRCUMSCRIBING CONIC OF THE TRIGON. 

4724 The equation of this conic (Fig. 49) is 

lj^yA^mya-{-na^ = 0 or A q. ^ = 0. 

Proof. —The equation is of the second degree, and it is satisfied by 
rt=;0, /3 = 0 simaltaneously. It therefore passes through the point a/3. 
Similarly through /3y and ya. 

The tangents at ^5 i?, and C are 

4726 1 + ^=0, ^ + 1 = 0, 1 + 1 = 0. 

Proof. —By writing (4724) in the form 

mya + /3 (/y + 2ia) = 0 , 

ly^na = 0 is seen, by (4G97), to be the tangent at ay; for the intersection's 
ofct and y, with the curve, now coincide, and ^ (now ly + nu) passes through 
the two coincident points. 

4729 The tangent, or polar, of the point aj^'y is, by (4659), 

(my-]-nfi') a-\-{na ~{-ly) y = 0 . 

4730 The tangents at A, B, G (Fig. 49) meet the opposite 
sides respectively in P, Q, R on the right line 

a , A J_ jy = 0. By (4G04). 

I ni '' n 

4731 Tlie line ^ passes througli (/)), the intersection 

/ 0)1 

of the tangents at A and B, 
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4733 The diameter through the intersectiou of the tan¬ 
gents at A and B is 

?iaa—mh) y = 0. 

P^OOF. —The coordinates of the point of intersection are I : m : —n, by 
(4726-7), and the coordinates of the centre of AIJ are t : a : 0. The 
diameter passes through these points, and its equation is given by (4616). 

4733 The coordinates of the centre of the conic are as 
/ ( —/a + mh + nr) : m(/a —mb + nr) : n {ln + mh’-n^)> 

Proof. —By (4610), the point being the intersection of two diameters 
like (4732). Otherwise, by (4677). 


4734 The secant through any two points 

on the conic, and the tangent at the first point are respectively, 


la wij8 ny 


0 and 


la n(/3 ny 


0 . 


Proof.— The first is a right line, and it is satisfied by a = ni, &c., and 
also by a = 0 . 2 , &c., by (4725). The second eqnation is what the first be¬ 
comes when a 2 = ai, &c. For the tangential equation, see (4893), 


4735 The conic is a parabola when 
z-a'-+??i'b2+?t'r"~2mnbc-2>i/ra-2/mab = 0, 

4736 or y(/a) +v/0«l3)+\/0*0 = 

Proof. —Substitute the coordinates of the centre (4733) in act -p f/l + Cy = 0, 
the equation of the line at infinity (4612) . 

Otherwise, the conic must touch the line at infinity; therefore put a, C 
for X, in (4893). 

4737 The conic is a rectangular hyperbola when 

/ cos A + m cos i^+cos C = 0, 
and in this case it passes through the orthocentre of the 
triangle. 

Proof.— By (4690), and the coordinates of the orthocentre (4634). 

THE CIRCUMSCRIBING CIRCLE OF THE TRIGON. 

I3y siu.4 + 7 a sinii+a^ siuC = 0, 
siii^ , AnB siiiC _ q 

a /3 7 ‘ 


4738 

or 
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Proof. —The values of the ratios I : m : n, in (4724), may be found geo* 
metrieally from the equations of the tangents (4726-8). 

For the coordinates of the centre, see (4642). 


THE INSCRIBED CONIC OF THE TRICON. 

4739 Pa^+m^fi~+n^y^—‘2mn/3y—2nlya—’2lma/S = 0 . 

4740 or \/{lo.) + \/{m/S)-{-^/{7iy) = 0. 

Proof. —(Fig. ^iO.) The first equation may be written 
ny (ny — 2la — 2ml3)-{-(la — m(jy = 0. 

By (4699) this represents a conic of which the lines y and ny—2la^m(3 are 
the tangents atF’ and/, and la — m(3 the chord of contact. Similarly, it may 
be written so as to shew that a and /3 touch the conic. 

4741 The three pairs of tangents at F, /, &c., are 

2?}ij3-i-2ny — la ? 2)iy+2la^7rij3 } 2la+27}ifi— 7iy } 

and a j ’ and ^ ^ ’ and y J ’ 

and they have their three points of intersection P, Q, B on 
the right line la-}-m(3-^ny. By (4604). 


4742 The coordinates of the centre of the conic are as 
nb+?nt : /f+?ia : ma+/b. 


Proof. —By putting a and j3 = zero alternately in (4739), we find, for 
the coordinates of the points of contact, 


at D, (3 : 


2An 


and at a = 


2An 


therefore the equation of the diameter through C bisecting BE is, by (4603), 

« _ /3 

/c + ?ia' 


Similarly the diameter bisecting BE is —^—77 = -7 -. 

Therefore the point of intersection, or centre, is defined by the ratios given 
above. 

Otherwise, by (4677), and the values in (4665), writing for a, 6 , c,/, gr, h 
the coefficients in (4739). 


4743 The secant through oj/Siyi, 02/^272 any two points on 
the curve. 


0.^/1 {V ^172+Ayi)+^\/710-2+v/72O1) 
+ 7\//i {\/ aj^2+V^= 9. 
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Proof.—P ut for a(iy^ and shew that the expression vanishes by 

(4740). 

4744 The tangent at the point : 

Pkoot.—P at aj= Oj, &c., in (4743), and divide by 2 y(a,/3,y,). 

4745 The equation of the polar must be obtained from 
(4739) by means of (4659). 

4746 The conic is a parabola when 

l+il+ii = o. 

a u c 

Proof.— Similar to that of (4736). 


4747 


THE INSCRIBED CIRCLE OF THE TRIGON. 

cos^-4 cos^-^-|- 7 ® cos'* ^ 


— 2/Sy cos^^cos^-^ — 2ya cos^-^cos^-4 — 2afi cos®4cos^-5. 

4748 or cos^ya+cosYy/^+cos-^ yy = 0. 

4749 The a-escribed circle : (4629) 

ji / - I • / n I • ^ / 

cos— V—a+sm— v^p+sm— v/y. 

Proof.—A t the point of contact where y = 0, we have, in (4740), geo¬ 
metrically, r being the radius of the circle, 

Z : m = /? : a = r cot sin A : r cot sin P = d= cos^ \ A : cos^ ; 

+ for the inscribed; — for the escribed circle and ir—B instead of B. 

4750 The tangent at by (4744), is 
The polar is obtained as in (4745). 




2 Jy 


GENERAL EQUATION OF THE CIRCLE. 
4751 (la+mfi+ny) (a sin ^4*^ sin B+y sin C) 
4 -A (ySy sin A-\-ya sin sin C) = 0. 

4 N 
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Proof. —Tlie second term is the circumscribing circle (4738), and the 
first is linear by (4000) ; therefore the whole represents a circle. By varying 
A*, a system of circles is obtained whose radical axis (4161) is the line 
Za + w/l-b^^^y, the circumscribing circle being one of the system. 

4752 If be the radical axis of a second system 

of circles represented by a similar equation, the radical axis 
of any two circles of the two systems defined by k and h' 
will be 

k' {la-k {I '= 0 . 

Proof. —By eliminating the term 

/3y sin A + ya sin B + a/3 sin C. 


4753 To find the coefficient of in the circle when 

only the trilinear equation is given. 

Eule.— Make a, j3, y the coordinates of a ijoint from which 
the length of the tangent is knoion, and divide hj the square of 
that length; or, if the gioint he ivithin the circle, substitute 
half the shortest chord through the poinV* for ^Hhe tangent 

Proof.— If = 0 be the equation of the circle, and m the required co¬ 
efficient ; then, for a point not on the curve, S m = square of tangent or 
semi-chord, by (4160). 


THE NINE-POINT CIRCLE. 



4754 sin 2.1 sin 2//+y" sin 2C 

— 2 {/3y sinyf -\-ya sin sin C) = 0, 
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Proof.—T he equation represents a circle because it may be expressed in 
the form 

(a cos A-\-^ cos + y cos C) (a sin AAjj sin B-\-y sin C)\ 

—2 (j3y sin 4 +yet sin P +a/3 sin G) = 0. 
See Proof of (4751). Now, when a = 0, the equation becomes 
(/3 sin j5 —y sin (7)(/3 cos-B —y cos C) = 0, 
which shews, by (4631, ’3), that the circle bisects BC and passes through P, 
the foot of the perpendicular from A. 


4754a The equation of the nine-point circle in Cartesian 
coordinates, with the side BG and perpendicular on it from A 
for X and y axes respectively, is 

sin {B— G) x—R cos (B — G)y = 0, 
where B is the radius of the circum-circle. 


THE TRIPLICATE-RATIO CIRCLE. 

47546 ^ Let the point S (Fig. 165) be chosen, so that its 
trilinear coordinates are proportional to the sides of the trigon. 
Draw lines through S parallel to the sides, then the circle in 
question passes through the six points of intersection, and the 
intercepted chords are in the triplicate-ratio of the sides. 

[The following abbreviations are used, a, b, c, and not a, t*, c, being in 
this article written for the sides of the trigon ABC.^ 

K=a'Ab‘-\-c^] \ = y + c^or + orb-) ; A = ABC ; 

fx = -^; w = Z BFD = DE'F', &c. ; B = DFB' = DE'D', &c. 

K 

By hypothesis, i = £- = X = ^ (4007) = ^.(1), 

CL b ca+o+c il 

BD' _ a _ a QN _ BF' 

BF~''^~J ^ ^ ~ IW^ 

therefore BF. BF' = BD.BB', therefore P, F\ D, I)' are concyclic. 


If AS, BS, GS produced meet the opposite sides in Z, in, n, 

Bn a sin BCn _ ^ ^ 

An 6sinAO?i Z>/3 Z>^ ’ 


* The theorems of (1 to 36) are for the most part due to Mr. R. Tucker, M.A. 
The original articles will be found in The Quarterly Journal of Fare and Applied Mathematics, 
Vol. XIX,, Xo. 76, and Vol. xx., Xos. 77 and 78. 

Other and similar investigations have been made by MM. Lemoine and Taylor and 
Prof. Xeuberg, Mathesis, 1881, 1882, 1884. 
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8r=BD = ^ = T^^, (.1)=^. Similarly (3). 

sm ]3 A sin I) A A 

LI)'^DP^^ = 4-- = ^’ &c . ( 4 ). 

Sin G K 0 K 

BD' = BD+DD’ = &c ...(5). 

FD = y(BD^+BF^-2BD.BFcoaB) = by (2) and (5).( 6 ). 

Hence AAA and B'E'F' are triangles similar to J AO, and tliey are equal 
to each other because FSF = E'SF = E'SF\ &c. (Euc. I. 37.) 


AA' = v/(AAHAA'^-2AA.AA'cosA) . (7). 

Hence EF' — FE = ED . 

D'F = — ED' = &c.( 8 ). 

a A 


2BF.FD 2X ^ ^ 2\ 


( 0 ). 


. 

COS0 = cos {A-.,), &c. = . (11). 

AFE'+BBF'+CED' = ^*?4 + &c. = fi'A = DEF, by (6) ... (12). 


Or, geometrically, hy Euclid I. 37. 


Radius of T. R. circle, p = pB, by (6) (B = circum-radius).(13). 

The trilinear equation of the T. R. circle is 

dbc (a^+/3'Hy^) = ^ (aa + 6/3-f cy)^ + aVy + Ayo + c*a/3.(14), 

or ( 6 ’ + c0a“+(cHa*)/’"+(«* + 6’)7- = (a? + c‘‘) + bV] ^ 

+ { (b=+c’)(0Ha’) + cW} { (c'‘ + a^)(cH6^) + aV} g... (15). 

Obtained hy substituting the trilinear coordinates of D, E, F, through 
which points the circle passes, in (4751), to determine the ratios I : m : n 
and h. The coordinates of D arc 

a (a^ + F) sill C ac' sin A 

A ’ A ' 

Similarly those of A and F. 
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THE SEVEN-POmT CIRCLE * 

4754c Let lines be drawn through B, G (Fig. 165) 
parallel to the sides of the triangles DEF, D'E'F\ as in the 
figure, intersecting each other in P, P', L, M, N. Let Q be 
the circum-centre; then the seven points P, P', L, M, N, Q, S 
all lie on the circumference of a circle concentric with the 
T. R. circle. (IG) 

The proof depends on Euclid III. 21, and the similar triangles BEF, 
B'E'F'. 


Ul8), 


The radius p" of the seven-jioint circle is 

' P Q\ 2 \ 2PP'sin2(u 

P=|v/(A-3,V) = ^-g^ . 

obtained from + SF^ — 2p8I) cos (P— TDD '). 

Expand and substitute cos TDD' = by (3) and (5), 

2p Zpli. 

smTDD' = cos0 (11), cosB - smU = —, cos.1 = 

Vrn. ni\ 


2bc 


3p + p' = by (17) and (13) ; by (17) and (9) ... 


i (19), 
( 20 ). 


The trilinear equation of the seven-point circle is 

ahc ^ 7 ^) = a^/Sy-j-FyaA c\tl3 . (21), 

or a/3y + Z>ya-f-co/3 = p(&ca + ca/3-l-a&y)((xa-l-&/3-l-cy).(22). 

If the coordinates of P are /3i, yi, and those of P' a{, /3(, y'l; then 

= yiyl.(23). 

The equation of 8TQ is, by (4615), 

a sin (P-(7)+/3 sin (C-^l)-by sin (A~B) .(24). 

And the equation of PP' is 

■^(a'-r-c‘) + 4-(l'-eV) + 2-(e'-a.V) = 0.(25). 

a b c 


The point 8 has been called the Symmedian point of the 
triangle. It has also this property. The line joining the inicU 


* This circle was discovered by M. H. Brocard, and has boon called “ The Brocard Cu’cle,” 
the points F' being called the Brocard points. 
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^joini of any side to the mid-point of the perpendicular on that 
side passes through S. 


Proof.— Let X, Y, Z (Fig. 16G) be the feet of the perpendiculars ; z 
the mid-points of the same, and X.\ Y', Z' the mid-points of the sides, 
the trilinear coordinates of X', S, and x in order are proportional to 


That the three lines X 
since CX = 2Y'xj &c. 


0 , c, b 

a, by c 

1 , cos (7, cosB 


This detei’minant vanishes; 
therefore the three points are on 
the same right line, by (4G15). 


Y'y, Z'z are concurrent appears at once by (970), 


The Symmedian point may also be defined as the intersec¬ 
tion of the three lines drawn from A, B, G to the corresponding 
vertices of the triangle formed by tangents to the circum- 
circle eA A, G, 

Let Ba, G(3y Ay be taken = GX, AY, BZ respectively. 
Then Aa, i?j3, Gy meet in a point 2, by (976), and this point 
by similarity of figure is the Symmedian point of the triangle 
formed by lines through A, B, G parallel to the sides BG, 
GA, AB. 

If the sides of X'TZ' be bisected, similar reasoning shews 
that (T, the Symmedian point of the triangle X'Y'Z\ lies 
on S'X. 

It can also be shewn that, if A'B'G' be any triangle having 
its sides parallel to those of ABG and its vertices on SA, SB, 
SG, the sides of the two triangles intersect in six points on a 
circle whose centre lies midway between the circum-centres 
of the same triangles. When A'B'G' shrinks to the point S, 
the circle becomes the T. R. circle. 


A more general theorem respecting the triangle and circle 
is the following— 

Take ABC any triangle, and let DD'EE'FF' be the points in order, in 
which any circle cuts the sides. 

Let BD — pc, CE = qa, AF = r6 7 (2G) 

CD' = pb, AE' = q'c, BF' =r'a) . “ 

From BD.BD' = BF. BF', &c., Euclid III. 35, we can write three equations 
which are satisfied by the values 

p z=r' = fac, q= p' = tab, r = q = tbc .(27), 

and from these equations it appears that 

T)F=ac-, V'F' = aa, &c., where rr = /(iLV-fX-hl) .(28), 

BO that DEF and Ji'E'F' arc both similar to ABC. 
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Also DF' = tabc, therefore DF' = FE' = ED' .(29). 

From sin BFD = ^ 3 ^^^ obtain 

a 

coti?FD = cot^ = =F . (30). 

4iA 

The radius of the circle = (tB ....(31), 

and the coordinates of its centre are 


a = B cos A + y .(^2). 

The equation of the circle is 


a/3y + hya + c«/3 = t (aa + &/3 + cy) | ahc (1 — ta^) + &c. | . (33), 

or <a6c { a’’ (1 - f «'>) + / 3 ^ (1 - ii*) + 7^ (1 - iff') } 

= a/3y { + +*c.(34). 

When ^ = 0, o- = 1 and the circle is the circum-circle . (35). 

When 1, a = t\=~ and the circle is the T. R. circle . (36). 


come AXD SELF-CONJUGATE TRIANGLE. 


When the sides of the trigon are the polars of the opposite 
vertices, the general equation of the conic takes the form 

4755 /V+m'yg'-nV = 0. 

Proof. —(Fig. 51.) The equation may be written in any one of the 
three ways, 

ZV = ('rty+u?/5)(ny— 7?^/3), = (uy + Zo)(7iy—Za), 

= (Za-j-i»i/3)(Za— {mj3). 

Hence, by (4699), a or BC is the chord of contact of the tangents 
wy ± m/3 (AQ, AiS) drawn from A, and ft is the chord of contact of the 
tangents wy zb la (BB, BP) drawn from B. Hence a, ft are the polars of A, B 
respectively; and therefore y or AB is the polar of C (4130). Also y may 
be considered to be the chord of contact of the imaginary tangents Za±^m/3 
drawn from C. 

4756 If the points of intersection of a and j3 with the conic 
be joined, the equations of the sides of the quadrilateral so 
formed are 

Q/i, /a+m/3+ziy = 0, /a+z>?j8 —= 0, 

PQ, —/a+u?/8+«y = 0, US, la—mB+ny = Q. 

Hence Qlt, SP and PQ, ES intersect on the line y in A' 
and P\ 
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4757 Each pencil of four lines in the diagram is a harmonic 
pencil, by the test in (4649). 


4758 The triangle A'B'G is also self-conjugate with regard 
to the conic. 

Proof. —The equations of its sides CB\ CA', A'B' are 
la —m/3 = 0, la-\-m(^ = 0, y = 0. 

Denote these by a', (I\ y, and put a, /3 in (4755) in terms of a', The 
equation referred to A'B'C thus becomes 2/i.y = 0, which is of the 

same form as (4755). 

4759 It is clear that the triangles AQS and BPB, formed 
by a pair of tangents and the chord of contact in each case, 
are also self-conjugate. 


4760 Taking A'B'G for the trigon, and denoting the sides 
by a, )3, y, the equations of the sides RS, PQ, QR) SP of the 
quadrilateral become respectively 


= m/SAi^iy = 0. 


Ex.—As an exam^jlc of (4611), we may find the coordinates of P from 
the equations 



To obtain the coordinates of Q, B, and S, change the signs of «, and I 
respectively. 


ON LINES PASSING THROUGH IMAGINARY POINTS. 

4761 Lemma I.—The right line passing through two con¬ 
jugate imaginary points is real, and is identical with the line 
pacing through the points obtained by substituting unity for 
\/ —1 in the given coordinates. 

Proof. —Let {aAiii, l + ih') be one of the imaginary points, and therefore 
(a — ia, h — ih') the conjugate point. The equation of the line passing through 
them is, by (4083) and reducing, h'x — a'y YNh — ah'-= 0, which is real. 

But this is also the line obtained by taking for the coordinates of the 
points {a->ra, h-\-h') and {a—a\ h — h'). 


liEMMA II.—If P, S and Q, R are two pairs of conjugate 
imaginary points, the lines B8 and QR arc real, as has just 
been siiown, and, tliereforc', also their point of intersection is 
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real. The other pairs of lines PQ, ES and PE, QS are 
imaginary. But the points of intersection of each pair are 
real, and are identical wit h th e points which are obtained by 
substituting unity for y/ — 1 in the given coordinates, and 
drawing the six lines accordingly. 

Proof. —Let the coordinates of the four points be as under— 

P.a + ia, h -f ih\ Q .a -f ia\ /3 + 

S . a—ia', b — ih', R . u—id, (3—ift'. 

The equations of PR and QS, by (4083), are L-^iM and L—iM, where 
L = (6-/3) .v—(a — a) y-\-al^ — ah -\-dft' — db', 

M= {h'+ ft') x — {d— d)y-\-dft — db — aft' -\-ab'. 

Now the linos L ± iM =■ 0 intersect in the same real point as the lines 
Iy±J/=0, because the values L = 0, M — 0 satisfy both equations 
simultaneously. Hence, to determine this point, we have only to take i as 
unity in the given coordinates. 


Lemma III.—If P, 8 are real points, and Q, E a pair of 
conjugate imaginary points, the lines PS and QE are both 
real, by Lemma I., and consequently their point of intersec¬ 
tion is real. The remaining pairs of lines PQ, ES and PE, QS 
and their points of intersection are all imaginary. But the 
line joining these two imaginary points of intersection is real, 
and is identical with the line obtained by substituting unity 
for \/—l in the given coordinates and drawing the six lines 
accordingly. 

Proof. —Let the coordinates of the four points be as under— 

P.Q.a + m', ftdift', 

S . X^y.^, R . a—id, ft — ift'. 

Since the coordinates of R are obtained from those of Q by merely changing 
the sign of i, the equations of the four imaginary lines will take the forms 

. PQ . A-iB, SQ . 0-W, 

PR . AdiB, SR . G+W. 

Now let the coordinates of the point of intersection of PQ and SR be 
then will L—iM, L' — iM' be the coordinates of the intersec¬ 
tion of PR and SQ, for the equations of this pair of linos are got from those 
of PQ and SR by merely changing the sign of i. The points of intersection 
are therefore conjugate imaginary points, and the line joining them is real, 
by Lemma I. Also, since that line is obtained by writing 1 for i in the co¬ 
ordinates of those points, it will also be obtained by writing 1 for i in the 

original coordinates of Q and R and constructing the figure as before. 

4 0 
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4762 To find a common pole and polar of two given conics : 

(i.) If the conics intersect in four real points P, Q, E, Sy 
construct the complete quadrilateral (4652). Then A'B'G 
(Fig. 51) is a self-conjugate triangle for each conic, by 
(4758), and therefore each vertex and the opposite side form 
a common pole and polar to the conics. 

(ii.) If the conics do not intersect at all in real points, the 
triangle A'B'G is still real, by Lemma II. (4761), and can be 
constructed in the manner shown. 

(iii.) If two of the points (P, S) are real, and two {Q, R) 
imaginary, then, by Lemma III., the vertex A' and the side 
B'G are real, and may be constructed, and they form a common 
pole and polar of the given conics. 


Returning to the triangle of reference ABG, 

4763 Let la = ny cos <p, m|3 = ny sin f ; then the chord 
joining two points (pi, (p^ is 

la cos i +Hi^ sin i (</>!+<^2) = ny cos ^ (<^1—^2), 

and therefore the tangent at the point f' is 

4764 la cos <^'+my8 sin <!>' = ny. 

4765 Putting — L, = ilf, iV, the conic (4755) 


becomes 

La^+4/^‘^+iV/ = 0.(1). 

4766 The tangent or polar of a'f^'y is 

Lao!+M^p:+Nyy = 0.(2). 


4767 Hence the pole of Xa+ft^+vy = 0 

» . 

4768 The tangential equation is 

2 

.(4), 


N 


and this is the condition that the conic (1) may be touched 
by the four lines 


Xai/xySij^ = 0* 
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4769 In like manner, 

= 0.(5) 

is the condition that (1) may pass through the four points 

(a, ±y0- 


4770 The locus of the pole of the line Xa+^^S+vy with 
respect to such conics is 

a ^ /8 ^ r 

Proof.— By (3), if (a, /3, 7 ) be tbe pole, ^ ^ ~ 

the equation of condition. 


4771 The locus of the pole of the line la-\-mB+ny, with 
respect to the conics which touch the four lines Xa±/LL^ih»'y 


is 


I in n 


Proof.— By (3), if (a, /3, 7 ) be the pole, 
(4), the equation of condition. 


a — — &c., 

1j 


L 


—, &c., in 
« 


4772 The locus of the centre of the conic is given in each 
case (4770, ’1) by taking the line at infinity 

a sin J. -p |3 sin 5 + y sin 0 


for the fixed line, since its pole is the centre. 


4773 Thus the locus of the centre of the conic passing 
through the four points (a'di/S^ibyO 

a ^ sin A sin B y “ sin C _ q 

a ^ 7 ~ 


4774 The coordinates of the centre of the conic (1) are 


given by 


La _ MB _ Ny 

a “ b r 


Proof.— Let the conic cut the side a in the points (0^i7i)> The 

right line from A bisecting the chord will pass through the centre of the 
conic, and its equation will be ^ : 7 : 71 + 72 . Now ^i + /?2 is the 

sum of the roots of the quadratic in /3 obtained by eliminating 7 and a from 
the equations La^ + 1//S^ + ^^7® = 0, a = 0, and aa +1/3 + C7 = 2. Similarly 
for 7 i + 72 eliminate a and /3. The equation of the diameter through A being 
found, those through B and G are symmetrical with it. 
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4775 The condition that the conic (1) may be a parabola is 


31 



Proof. —This is, by (4), the condition of touching the line at infinity 
iia+t/l + cy = 0. 

4776 The condition that (1) may be a rectangular hyperbola 
is L+3I+N = 0, and in this case the curve passes through 
the centres of the inscribed and escribed circles of the trigon. 

Proof. —By (4GOO), (a, h, c are now L, M, N). (1) is now satisfied by 

a = ±/3 = ±y, the four centres in question. 


4777 Circle referred to a self-conjugate triangle: 

sin sin 2^+y^ siii 2C = 0. 

Proof. —The line joining A to the centre is = — (4774). Therefore 

— = ——— the condition of perpendicularity to a by (4622). Similarly 
6 cos c cos (7 

— K .— = —^ therefore (1) takes the form above, 
c cos C a cos A 


IMPOETANT THEOEEMS. 


CARNOT’S THEOREM. 

4778 If E, G (Fig. 52) are the angles of a triangle, and 
if the opposite sides intersect a conic in the pairs of points 
a, a ; h, b'; c, c ; then 

Ac.Ac .Ba. Ba . Cb.Ch' = Ab .Ab\Bc.Be'. Ca.Ca'. 

Proof. —Let a, /3, y be the semi-diameters parallel to BC, (7A, AB ; then, 
by (4317), Ab.Ah' : Ac : Ac = : y^ Compound this with two similar 

ratios. 

4779 Coi!.—If tlic conic touches the sides in a, b, c, then 

Ac^ lid-. Cb- = Ab\ Bc^. Ca\ 
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4780 Tlie reciprocal o£ Carnot’s theorem is : A, B, G 

(Fig. 52) are the sides of a triangle, and if pairs of tangents 
from the opposite angles are a, a '; by h'; c, c'; then 

sin (Ac) sin (Ac) siu (Ba) sin (Ba) sin (Cb) sin (Ob') 

= sin (^15) sin (Ab') sin (Be) sin (Be') sin (Ca) sin (Ca'), 

where (Ac) signifies the angle between the lines A and c. 

Proof. —Reciprocating the former figure with respect to any origin 0, 
let A, B, G (i.e,, BQ, QP, PB) be the polars of the vertices A, R, C. Then, 
by (4130), Q, B will be the poles of ^1I>, AG; and 6, h\ the polars of the 
points h, h\ will intersect in B and touch the reciprocal conic. Similarly, c, c 
will intersect in Q- are perpendicular to OA, Ob', and therefore 

Z Ah' = Z AOb'y and so of the rest. 


PASCAL’S THEOREM. 

4781 The opposite sides of a hexagon inscribed to a conic 
meet in three points on the same right line. 

Proof. —(Fig. 53.) Let a, /3, y, y', (i', a be the consecutive sides of the 
hexagon, and let u be the diagonal joining the points ua' and yy'. The 
equation of the conic is either ay —jt/3w = 0 or ay'—h'fi'u ~ 0, and, since 
these expressions vanish for all points on the curve, we must have ay — Tiftu 
= a'y'—h'l^'u for any values of the coordinates. Therefore ay —a'y' 
= ti (k[3 — k'l3'). Therefore the lines a, a' and also y, y'meet on the line 
]c(3 — h'(3'; and /3, ft' evidently meet on that line. 

Otherwise, by projecting a hexagon inscribed in a circle with its opposite 
sides parallel upon any plane not parallel to that of the circle. The line at 
infinity, in which the pairs of parallel sides meet, becomes a line in which 
the corresponding sides of a hexagon inscribed in a conic meet at a finite 
distance (1075 seq.). 

4782 With the same vertices there are sixty different 
hexagons inscribable in any conic, and therefore sixty dif¬ 
ferent Pascal lines corresponding to any six points on a conic. 

Proof. —Half the number of ways of taking in order five vertices B, G, 
B, E, F after A is the number of different hexagons that can be drawn, and 
the demonstration in (4781) applies equally to all. 


BRIANCHON’S THEOREM. 

4783 The three diagonals of a hexagon circumscribed to a 
conic pass through the same point (Fig. 54). 
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Proof. —Let the three conics 8-\-L^j S-\-N^, in (4707), become 

three pairs of right lines, then the three lines L—M, 31—N—L become 
the diagonals of a circumscribing hexagon. 

Pascal’s and Brianchon’s theorems may be obtained, the one from the 
other, by reciprocation (4840). 


THE CONIC HEFERRED TO TWO TANGENTS AND 
THE CHORD OF CONTACT. 


Let L = M= 0, B = 0 (Fig. 55) be the sides of the 
trigon; L, M being tangents and B the chord of contact. 

4784 The equation of the conic is LM = (4699) 

4785 The lines AP, BP, and GP are respectively 

fiL = R, fiR = M, fPL = M. [By (4604). 

Since the point P on the curve is determined by the value 
of it is convenient to call it the point jn. 

4788 The points /i and —/i (P and Q) are both on the lino 
= M drawn through 0, 


4789 The secant through the points fi, ft (P, P') is 

fifiL — (/x+/i,') ii+M = 0. 

Proof. — Write it fi — — and, by (4604), it passes 

through the point ft'. Similarly throngh ft. Otherwise, determine the co¬ 
ordinates of the intersection of fiL—li and /ult—3I, and of fi'L—B and 
fi'B—3I by (4610), and the equation of the secant by (4616). 

4790 Coe. —The tangents at the points /t and —fi {P, Q) 
are therefore 

lPL^2iiR+M= 0 . 

4791 These tangents intersect on It. [Proof by subtraction. 

4792 Theorem. —If the equation of a right line contains an 
indeterminate ft in the second degree, it may be written as 
above, and the line must therefore touch the conic LM = R^. 


4793 The polar of the point {!/, M', B') is 
LM'-2RR'+R'^i = 0 . 
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Proof. —For fi + fi' and /uft', in (4789), pat the values of the sum and 
product of the roots of J/' = 0 (4790). 

4794 Similarly the polar of the point of intersection of 
aL—B and bB — M is 

abL-2aR+M=: 0. 


4795 The line GE joining the vertex C to the intersection 
of two tangents at /i and /.i, or at —/u and —is 

fifjbL—31 = 0. 

Otherwise, if two tangents meet on any line aL—M, drawn 
through ( 7 , the product of their /u’s is equal to a. 

Proof. —Eliminate R from the equations of the two tangents (4790). 

4796 The chords EQ\ P'Q and the line GE all intersect in 
the same point on B, 

Proof. —The equations of PQ\ P'Q are, by (4789), 
lin'LdzQi —p') R—M = 0, 

and, by addition and subtraction, we obtain fifiP—M = 0 (4795), or R = 0. 

4797 The lines /np-'L-^-M (GD) and B intersect on the chord 

PF' which joins the points /i, or—The extremities of any 

chord passing through the intersection of aL-\-M and B have 
the product of their ^t’s equal to a. 


4798 The chord joining the points tan </>, /a cot (p touches a 
conic haying the same tangents L, 3f and chord of contact B. 

Proof. —The equation of the chord is, by (4789), 
fPL—fi U (tan 0 + cot 0 ) + If = 0 , 

and this touches the conic LMsm^2(j> = R^ at the point /u, by (4792). 

4799 The tangents at the points tan </>, cot 0 intersect 
on the conic LM = B^ sin^ 20. 

Proof. —Write the equations of the two tangents, by (4790), and then 
eliminate /i. 


4800 Ex. 1.—To find the locns of the vertex of a triangle circumscribing 
a fixed conic and having its other vertices on two fixed right lines. 

Take LM = R^ for the conic (Fig. 56), aL + M, hL + M for the lines GD, 
GE. Let one tangent, DE, touch at the point /u ; then, by (4795), the others, 
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PDf PE, will toucli at the points —, and therefore, by (4790), their 

equations will be ^ 

F M h F 

Eliminate p, and the locus of P is found to be (a + &)^LJ/ = 

[Salmon, Art. 272. 


4801 Ex. 2.—To find the envelope of the base of a triangle inscribed in 
a conic, and whose sides pass through fixed points P, Q. 

(Fig. 57.) Take the line through P, Q for R ; LM— R? for the conic; aL—M, 
hL — M for the lines joining P and Q to the vertex C. Let the sides through P 
and Q meet in the point jj. on the conic; then, by (4797), the other extremi¬ 
ties will be at the points —— and —and therefore, by (4789), the 

IX fX 

equation of the base will be a5L + (a4-5)+ = 0. By (4792), this 

line always touches the conic AiahLM = (a + 6)®P^ \Ihid. 


4802 Ex. 3.—To inscribe a triangle in a conic so that its sides may pass 

through three fixed points. (See also 4823.) 

We have to make the base a6L + (a + 5) fxRA-it^M (4801) pass through 
a third fixed point. Let this point be given by cL = P, dR = M. Elimi¬ 
nating L, il/, P, we get a5+ (a+ 6) iiC-\- fx^cd = 0, and since, at the point p, 
nL = P, fi^L = j\I, that point must be on the line ahLp (a-]-h) cR + cdM. 
The intersections of this Hue with the conic give two solutions by two posi¬ 
tions of the vertex. \_Ibid. 


RELATED CONICS. 

4803 A conic having double contact with the conics S and 
S' (Fig. 58) is 

li^E--2n{S+S') + F-^ = i), 

whore E, F are common chords of S and S', so that 
S-S' = EF. 

Proof. —The equation may bo written in either of the ways 
(ixE+Py = 4fxS or (ixE-Py = 4nS\ 
showing that /xE ± F are the chords of contact AP, CD. There arc three 
such systems, since there are three pairs of common chords. 


4804 Coe. 1. — A conic touching four given lines A,J), C\ D, 
the diagonals being E, F (Fig. 59): 

{AC+FJ>)+F- = 0 . 

Here S = AC and S' = BD, two pairs of right lines. 
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Otherwise, if L, M, N he the diagonals and L±M+N the 
sides, the conic becomes 

4805 {L^+]\P-N'^)+3P = 0. 

For this always touches 

(L^+iP-N’f-iVM^ or (L+M+NX3I+N-L){N+L-M){L + M-N). 

\_Salmon, Art, 287.] 


4806 Coe. 2. —A conic having double contact with two 
circles G, O' is 

/a*-2/x {C+C')+{C-G'y = 0. 

4807 The chords of contact become 

^+C-r=0 and iM-C+C'=i). 

4808 The equation may also be written 

\/C ziz\/C' = 

which signifies that the sum or difference of the tangents 
drawn from any point on the conic to the circles is constant. 


ANHAHMONIC PENCILS OF CONICS. 


4809 The anharmonic ratio of the pencil drawn from any 
point on a conic through four fixed points upon it is constant. 

Proof.— Let the vertices of the quadrilateral in Fig. (38) be denoted by 
A, B, C, I), and let P be the fifth point. Multiplying the equation of the 
conic (4697) by the constants AB, CD, BC, DA, we have 

.AB.GD _ ABa.CDy _ PA.PB sin AP B.PC.PD sin GPP 
^ BG . DA ~ BGf3 . DAd PB.PG sin BPC .PD. PA sin DP A 

_ sin APB.sm GPP 
sin BPC. sin DP A 

Compare (1056). 

4810 If the fifth point be taken for origin in the system 
(4784, Fig. 55), and if the four lines through it be 

L —fi-i/?, L — ixJl, L—fiJi, 

4 p 
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the anharmouic ratio of the pencil is, by (4650), 
_ (Mi— /'■J 


4811 Coe. 1.—If four lines through any point, taken for 

the vertex LM, meet the conic in the points the 

anharmonic ratio of these points, with any fifth point on the 
conic, is equal to that of the points — 

which the same lines again meet the conic. 

4812 Coe. 2. — The reciprocal theorem is—If from four 
points upon any right line four tangents be drawn to a conic, 
the anharmonic ratio of the points of section with any fifth 
tangent is equal to tbe corresponding ratio for the other four 
tangents from the same points. 


4813 The anharmonic ratio of the segments of any tangent 
to a conic made by four fixed tangents is constant. 

Pkoof. —Let /u, /i„ ^3, fJl^ (Fig. 60) be the points of contact. The 

anharmonic ratio of the segments is the same as that of the pencil of four 
lines from LM to the points of section ; that is, of fAfA^L—M, {aia^L—M^ 
IAfA.^L—M, iahJj — M, a jiencil homographic (4651) with that in (4810). 


4814 If P, P' are the polars of a point with respect to the 
conics 8, 8\ then P-^JcP' will be the polar of the same point 
with respect to the conic 8-\-JlS\ 

4815 Hence the polar of a given point with regard to a 
conic passing through four given points (the intersections of 
8 and 8') always passes through a fixed point, by (4101). 

If Qi Q! are the polars of another point with respect to 
the same conics, Q-\-JcQ' is the polar with respect to 8-^h8\ 

4816 Hence the polars of two points with regard to a 
system of conics through four points form two homographic 
pencils (4651). 


4817 The locus of intersections of corresponding lines of 
two homographic pencils ha-Nung fixed vertices (Fig. 61) is a 
conic passing through the vertices; and, conversely, if the 
conic be given, the pencils will bo homographic. 

Pkoof. —For eliminating k from P4- AP'= 0, Q + kQk\ we get rQ'= PQ. 
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4818 Cor.— The locus of the pole of the line joining the two 
points in (4816) is a conic. 

Peoof. —For the pole is the intersection of P + JcP' and Q-]rkQ', 

4819 The right lines joining corresponding points AA\ &c. 
(Fig. 62) of two homographic systems of points lying on two 
right lines, envelope a conic. 

Proof.— This is the reciprocal theorem to (4817); or it follows from 
(4813). 


4820 If two conics have double contact (Fig. 63), the an- 
harmonic ratio of the points of contact A, S, G, D of any 
four tangents to the inner conic is the same as that of each 
set of four points (a, r, d) or {a , h\ c' , d') in which the 
tangents meet the other conic. 

Proof. —By (4798). The ft’s for the points on the latter conic will be 
equal to the /^’s of the points of contact multiplied by tan f for one set, and 
by cot0 for the other, and therefore the ratio (4810) will be unaltered. 

4821 Conversely, if three chords of a conic aa\ hh\ cc be 

fixed, and a fourth r/tZ'moves so that {alc-d^ = then 

dd' envelopes a conic having double contact with the given 
one. 

For theorems on a right line cut in involution by a conic, see (4824-8). 


CONSTRUCTION OF CONICS. 


THEOREMS AND PROBLEMS. 

4822 If a polygon inscribed to a conic (Fig. 64) has all its 
sides but one passing through fixed points A, B, ... Y, the 
remaining side az will envelope a conic having double contact 
with the given one. 

Proof. —Let a,h, ...z be the vertices of the polygon, and a, a', a", a" 
four successive positions of a. Then, by (4811), 

I a, a, a", a" } = { J = &c. = | ^, z, z'’ J . 

Therefore, by (4821), the side az envelopes a conic, &g. 
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4823 Poncelet’s construction for inscribing in a conic a 
polygon having its n sides passing through n given points. 

Inscribe three polygons, each of n-f-l sides, so that n of 
each may pass through the fixed points, and let the remaining 
sides he a'z', , denoted in figure (65) by AD, OF, EB. 

Let MEN, the line joining the intersections of opposite sides of 
the hexagon ABCDEF (4781), meet the conic in K; then K 
will be a vertex of the required polygon. 

Proof. — each pencil passing through 

Ky P, N, LI therefore the anharmonic ratio | KACE } = { KEEP | for any 
vertex on the conic, by (4809) ; i.e., | Kaa'a" } = { Kz'z"z'" |. But, if az 
be the remaining side of a fourth polygon inscribed like the others, we have 
by (4811), as in (4822), |uaW"'| = l^zz'z"z"'j . Hence K is the point 
where a and z coincide. 


4824 Lemma. —A system of conics passing through four 
fixed points meets any transversal in a system of points in 
involution (1066). 

Proof.— Let u , u be two conics passing through the four points ; then 
u-Ytiu will be any other. Take the transversal for x axis, and put y = 0 in 
each conic, and let their equations thus become + + c = 0 and 
aV + 2y'aj-|-c'= 0. These determine the points where the transversal 
meets u and u . It will then meet u-{-%u in two points given by 
ax’^ + 'lgx-\- c + h {a x^ -\-2g'x + c) = 0, and these points are in involution with 
the former, by (1065). 

Geometrically (Fig. 66), 

[a.AdhA'\ = [c.AdhA'] (4809), 

therefore { ACBA '} = { AB'G'A '} = { A'G'B'A }, therefore by (1069). 

4825 Cor. 1.—One of the conics of the system resolves 
itself into the two diagonals ac, bd. Hence the points B, B', 
0, G' are in involution with D, U, where the transversal cuts 
the diagonals. 

4826 CoR. 2.—A transversal meets a conic and two tan¬ 
gents in four points in involution, so as to meet the chord of 
contact in one of the foci of the system. 

For, in (Fig. 66), if b coincides with c, and a with d, the 
transversal meets the tangents in G, G', while B, B', D, D\ all 
coincide in F (Fig. 67), one of the foci on the chord of 
contact. 
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4827 The reciprocal theorem to (4824) is—Pairs of tangents 
from any point to a system of conics touching four fixed lines, 
form a system in involution (4850). 


4828 The condition that \x-\-iny-\-vz may be cut in involu¬ 
tion by three conics is the vanishing of the determinant 

2/i 2^1 2 /h 

h .2 C 2 2/2 2^2 2/^2 

^^3 ^3 2/3 2^3 2/^3 

0 0 0 V ' 

/Ll 0 V 0 X 

0 r X 0 

where Hi, Bi belong to the first conic and have the values 
in (4988). 

Proof. —The quadratic AiX --\- 2 Hxy = 0, obtained in (4987), deter¬ 
mines the pair of points of intersection with the first conic. The similar 
equation for the third conic will have if the points are 

all in involution (1065). The third equation is therefore derived from the 
other two; therefore the determinant vanishes, by (583). 

By expanding and dividing by the second determinant above of the 
sixth order is obtained. 


A 

A 

A 


A, 

IL 

A 

= 

A 

A 




Newton’s Method of Generating a Conic. 

4829 Two constant angles aPh, aQh (Pig. 68) move about 
fixed vertices P, Q. If a moves on a fixed right line, h de¬ 
scribes a conic which passes through P and Q. 

Proof. —Taking four positions of a, we have (see 1054), 

^P.bh'b"h"'^ = |p.auW''| = ^Q.aa'a'a'"^ = ^Q.bb'b"b"A^ . 
Therefore, by (4817), the locus of 5 is a conic. 


AlaclaiiriiAs Aletliod of Generating a Conic. 

4830 The vertex F of a triangle (Fig. 69), whose sides pass 
through fixed points A, P, G, and whose base angles move on 
fixed lines Oa, Oh, describes a conic passing through A and P. 

Proof. —The pencils of lines through A and B in the figure are both 
homographic with the pencil through G, and are therefore homographic with 
each other. Therefore the locus of F is a conic, by (4817). 
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Otlierwise, let a, /3, y be the sides of ABC ; la-\- niftA'yi'Y, y 

the fixed lines Oa, Oh ; and a — fify the moving base ah. 

Then the equations of the sides will be 

(Ifi + m) /3 + ny = 0, (Z'/u+m) a+n'fiy = 

Eliminate ft; then (w/3 + 7iy)(Z'athe conic in question, by 

(4G97). 


4831 Given five points, to find geometrically any number of 
points on the circumscribing conic, and to find the centre. 

Let A, B, C, D, E {Fig. 70) he the five points. Bran) any 
line through A meeting CD in P. Draw PQ through the inter¬ 
section o/AB and DE meeting BC in Q; then QE irlll meet 
PA in F, a sixth point on the ciirve^ as is evident from PascaVs 
theorem (4781). 

To find the centre^ choose AP in the above construction 
parallel to CD, and find t'wo diameters, as in (1252). 

4832 To find the points of contact of a conic Avith five right 
lines. 

Let ABODE {Fig. 71) he the pentagon. Join D to the 
intersection of AC and BE. This line ivlll pass through the 
point of co7itact of AB, and so on. 

Proof. —By (4783), supposing two sides of the hexagon to become one 
straight line. 


4833 To describe a conic, given four points upon it and a 
tangent. 

Let a, a', b, 1/ {exterior letters in Fig. 52) he the four 
pfoints. Thc 7 i, if AB is a tangent, c, c' coincide, and Carnot’s 
theorem (4778) gives the ratio Ac^ : Bc^. Then hy (4831). 
Since there are two values of this ratio, P (Ac : Be), tiuo 
conics 77iay he drawn as required. 

4834 To describe a conic, given four tangents and a point. 
Jjet a, a', b, b' {interior letter's in Fig. 52) he the four 

tangents. 'l'hen, ifQ he the given j^omt on the curve, the lines 
c, g' must coincide in direction, and (4780) gives the ratio 
■siiP(Ac) : siiP(Bc), hy tvhich the direction of afijth tangent 
through (J is determined. Then hy (1832). The two values 
±_ (sin Ac : sin Be) furnish two solutions. 

Otherwise hy (4804), determining ft hy the coordinates of 
the given point. 
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4835 To describe a conic, given three points and two 
tangents. 

Let A, A', A" he the points {Fig. 67, supplying obvious 
letters). Let the two tangents meet A A' in the points C, O'. 
Find F, F', the foci of the system AA\ CO' in invohition (1066) 
determining the centre by (985). Similarly, find Gr, G', the 
foci of a system on the line AA". Then, by (4826), the chord 
of contact of the tangents may be any of the lines FG, FG', 
F'G, F'G'. There are accordingly four solutions, and the 
construction of (4831) determines the conic. 

4836 To describe a conic, given two points and three 
tangents. 

Let AB, BO, CA {Fig. 167) be the tangents, and P, P' the 
points. Draw a transversal through PP' meeting the three 
tangents in Q, Q', Q". Find F, a focus of the system PP', QQ' 
in involution (1066, 985); G a focus for PP', QQ", and 11 for 
PP', Q'Q". Construct a triangle tvith its sides passing through 
F, G, H, and ivith its vertices L, M, N on BO, CA, AB, 
by the method of (4823), which is ecptally applicable to a recti- 
lineal figure as to a conic. L, M, N ■icill be the points of 
contact. The reason for the construction is contained in 
(4826). There will, in general, be four solutions. 


If the conic be a parabola, the foregoing constructions 
can be adapted by considering one tangent at infinity always 
to be given. 

4837 To draw a parabola through four given points a, a , b, h'. 

This is problem 4833 with the tangent at infinity. 

In figure (52), suppose cc to coincide and AB to remove to infinity so as 
to become the tangent at c, the opposite vertex at infinity of a parabola, and 
therefore to be perpendicular to the axis. Cc then becomes a diameter of 
the parabola, and Carnot’s theorem (4778) shows that 
Ca. Ga _ Ac^ Bar _ sin~ AGo 
Cb.Ch' ~ Ai?'BiP~ AiABCc 

since the points G, a, a, h, h' are all on the axis of the parabola relatively to 
the infinite distance of AcB. This result, however, is at once obtained from 
equation (4221), Ca.Ga : Cb.Gh' being the ratio of the products of the roots 
of two similar quadratics. Thus a diameter of the parabola can be drawn 
through C by the known ratio of the sines of AGc and BGc. 

Next, describe a circle round three of the given points a, a', b. By the 
property (1263) and the known direction of the axis, the other point in 
which the circle cuts the parabola can be found. 

Five points being known, we can, by Pascal’s theorem, as in (4831), 
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obtain two parallel chords, and then find P, the extremity of their diameter, 
by the proportion, square of ordinate cc abscissa (1239). 

Lastly, draw the diameter and tangent at P, and then, by equality of 
angles (1224), draw a line from P which passes through the focus. By 
obtaining in the same way another pair of parallel chords, a second line 
through the focus is found, thus determining its position. 


4838 To draAV a parabola Avlien four tangents are given. 

This is effected by the construction of (4832, Fig. 71). Let AB, BC, AE, 
ED be the four tangents, and CD the tangent at infinity. Then any line 
drawn to C will be parallel to BC, and any line to D will be parallel to ED. 

4839 To draw a parabola, given three points and one 
tangent. 

This is effected by the construction of (4835, Fig. 67). Let hC' be the 
tangent at oo ; then the centre of involution 0 must be at C, so that 
CC. CC' = O.cc = CA.CA'=. CF^, determining F. F', another point on 
the chord of contact, being found by joining AA" or A'A", FF' will be the 
diameter through a, since the other point of contact h is at infinity. 

4840 To draw a parabola, given one point and three 
tangents. 

This is the case of (4834), in which one of the given tangents h' is at 
infinity. P must therefore be at infinity, and QB, BB and the tangent h, 
since they all join B to finite points, must be parallel. The ratio found 
determines another tangent, and the case is reduced to that of (4838). 

4841 To draAV a parabola, given two points and tAVO 
tangents. 

This is problem (4836). Suppose AC in that construction to be the 
tangent at infinity. F, G, II will be determined as in (4839) by mean 
proportionals. The chords LM, NM will become parallel, since M is at 
infinity; and we have to draw LN and the parallel lines from L and X to 
pass through F, G, II in their new positions, so that the vertices L, N may 
lie on BC and AB. 

Otherwise by (4509), the intercepts s and t can readily be found from the 
two equations furnished by the given points. 


4842 To describe a conic touching three right lines and 
touching a given conic twice. 

Jjet AD, CD, DB {Fig. 65) be the three lines as they cut 
the given conic. Join AB, AF, BC, BE, and deterniine K by 
the Fascal live JMLN. K ivill be one point of contact of the 
two conics, by (•1'822) and the proof in ( tS2o), since AD, CF, 
EB, and the tangent at K are four positions of the “ reniaiiiing 
side ” in that proposition. The problem is thus reduced to 
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(4834), since four tangents and K the gjoint of contact of one of 
them are now knoum. 

4843 To describe a conic touching each of two given conics 
twice, and passing through a given point or touching a given 
line. 

Proceed hy (4803), determining /n hy the last condition. 

To describe a conic touching the conics S-\-L^, 

(4707) and touching S twice. ISalmon, Art. 387. 


THE METHOD OF HECIPEOOAL POLAES. 


Def. —The polar reciprocal of a curve is the envelope of 
the polars of all the points on the curve, or it is the locus of 
the poles of all tangents to the curve, taken in each case 
with respect to an arbitrary fixed origin and circle of recipro¬ 
cation. 

4844 Thus, in figure (72), to the points P, Q, R on one 
curve correspond the tangents qr, rqj, and chord of contact ])q 
on the reciprocal curve; and to the points _p, q, r correspond 
the tangents QP, PP, and chord PQ. 

The angle between the tangents at P and Q is evidently 
equal to the angle q)Oq, since Op, Oq, Or are respectively per¬ 
pendicular to QE, BP, PQ. 


4845 Theoeem. —The distance of a qwint from a line is to its 
distance from the origin as the distance of the pole of the Une 
from the polar of the qjoint is to its distance from the origin. 

Peoof. —(Fig. 73.) Take 0 for origin and centre of auxiliary circle, PT 
the polar of c, pt the polar of C, CP perpendicular on polar of c, cp perpen¬ 
dicular on polar of C. Then 

p — Therefore, by subtraction, OC.mt =Oc.MT, 



OC.cp =Oc.CP', 

Q. E.D. 


and 
that is. 


or 


CP : CO :: cp : cO. 


Coe. —By making CP constant, we see that the reciprocal 
of a circle is a conic having its focus at the origin and its 
directrix the polar of the circle’s centre. 


4 Q 
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GENERAL RULES FOR RECIPROCATING. 

4846 A point becomes the polar of the point, and a right line 
becomes the pole of the line.* 

4847 A line thro ugh a fixed 2 ^ 0 Int hecomes a g)oint on a fixed 
line, 

4848 The intersection of tivo lines hecomes the line ivhich 
joins their poles, 

4849 Lines I'^assing through a fi>xed j^oint become the same 
number of 2 ^ 0 inis on a fixed line^ the 2 ^olar of the 2 ^oint. 

4850 ^ right line intersecting a curve in n p^oints becomes n 
tangents to the recip}rocal curve glassing through a fixed pjoint, 

4851 Two lines intersecting on a curve become two 2^oints 
ivhose joining line touches the recip)rocal curve. 

4852 Two tangents and the chord of contact become tico 
2 :foints on the reci 2 orocal curve and the intersection of the tan¬ 
gents at those p)oints. 

4853 ^ vole and polar of any curve become respectively a 
p)olar and pole of the recfirocal curve; and ap)oint of contact and 
tangent become resp)ectively a tangent and its point of contact. 

4854 The locus of a point becomes the envelopie of a line. 

4855 An inscribed figure becoines a circumscr ibed figure. 

4856 Four points connected by six lines or a quadrangle 
become four lines intersecting in six points or a quadrilateral. 

4857 The angle between two lines is equal to the angle sub¬ 
tended at the origin by the corresqmnding p)oints. (484-1) 

4858 The origin becomes a line at infinity^ the q^olar of the 
origin. 

4859 Two lines through the origin become two p)oints at 
infinity on the polar of the origin. 

4860 Two tangents through the origin to a curve become two 
qmints at infinity on the reciqyrocal curve. 

4861 The points of contact of such tangents become asymptotes 
of the rcciqyrocal curve. 

4862 The angle befiveen the sauce tangents is equal to the 

angle betiveen the asymqjtotes. (485/) 


* Tliat is, with respect to the circle of reciprocation, and so throughout with the excep¬ 
tion of(4853). 
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4863 According as the tangents from the origin to a conic are 
real or imaginary^ the reciprocal curve is an hyperbola or 
ellipse. 

4864 If the origin he taJcen on the conic, the reciprocal curve 
is a jjarahola. 

For, by (4860, ’1), the asymptotes are parallel and at infinity. 

4865 A trilinear equation is converted by reciprocation into 
a tangential equation. 

Thns ay = is a conic passing through four of the intersections of 

the lines a, ft, y, Reciprocating, we get a tangential equation of the same 
form AG = JcBI), and this is a conic touching four of the lines which join 
the points whose tangential equations are = 0, B = 0, 0 = 0, I) = 0. 
See (4907). 

4866 The equation of the reciprocal of the conic cdjf-\-lftx^ 
= a^b^ with the same origin and axes is 

aV+by = k\ 

where h is the radius of the auxiliary circle whose centre is 
the centre of the conic. 

Proof.—L et p be the perpendicular on the tangent, 0 its inclination ; 
then = ^^ = cos“ 0 + fe" sin® 0 (4732). 

4867 The same when the origin of reciprocation is the 
point xy\ 

(ctw '+yy + k^) ^ = a\v^+Jlif . 

Proof: Jc^r~^ = p = \/a^ cos^ 0-\-b^ sin-0 — (cc'c,osd+y'sin 0). 


4868 The reciprocal curve of the general conic (4656), the 
auxiliary circle being x^A-y'^ = or + = 0 in tri- 

linears, will be symmetrically 

Ai^+Bi^+CC+2tvt+2GC$+2mv= 

replacing 2! by 

Proof. —Let Erj be a point on the reciprocal curve, then the polar of L/, 
namely, — = 0, must touch the conic, by (4853). Therefore, by 

(4665), we must substitute 4, n, for A, ^a, v in the tangential equation 
h.\® + &c. = 0. 


4869 F rom the reciprocal of a curve with respect to the 
origin of coordinates, to deduce the reciprocal with respect to 
an origin x'y', substitute in the given reciprocal equation 


khv 


aw'+yy'A-k' 


for X and 


khf 


aw+yy+k^ 


for y. 
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Proof. —Let P be the perpendicular from the oi’igin on the tangent and 
PP = Jc~. The perpendicular from x'y' is F—x cos Q—y' sin d, 

F , a '• n . xx-\ryy'-Vh^ 

p It R p 

„ a cos 0 

.Rcos0 = — rr — 

XX -\-yy +A:“ 


TANGENTIAL COOHDINATES. 


4870 By employing these coordinates, theorems which are 
merely the reciprocals of those already deduced in trilinears 
may be proved independently. See (4019) for a description 
of this system. 

The following proposition serves to transform by recipro¬ 
cation the whole system of trilinear coordinates of points and 
equations of right lines and curves, into tangential coordinates 
of right lines and equations of points and curves. 


THEOREM OF TRANSFORMATION. 


4871 Given the trilinear equation of a conic (4G56), the 
tangential equation of the reciprocal conic in terms of X, ^i, r, 
the perpendiculars from three fixed points A', B\ G' upon the 
tangent (Eig. 74) will be as follows, 0 being the origin of 
reciprocation and OA', OB\ OG' =j?, q, r :— 


4872 


ft\^ 2fiiv 2/A/i> _ 

pZ 1" T* •" rp pq 


Proof. —Let o = 0, /3 = 0, y = 0 be the sides of the original trigon ABC. 
The poles of these lines will be A\ B\ G\ the vertices of the trigon for the 
reciprocal curve. Let R8 be the polar of a point P on the given conic; 
a, /3, y the perpendiculars from P upon BC, OR, AB ; i.e., the trilinear co¬ 
ordinates of P. Let X, fx, V be the pcrpondicnlars from A\ B\ C' upon 7iS; 
i.e., the tangential coordinates of the p6lar of P referred to A', B\ C'. Then, 

by (484.J), 

of a, ft, y in (4G5G) aiid divide by OB'K 


Substitute these values 


4873 The angular relation between the trigons ABG and 
A'B'G' is 

JI'OG' = TT - /J, G'O ir = TT - A'OB' = IT--G. 
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4874 If ABC be self-conjugate with regard to the circle of 
reciprocation, it will coincide with A'B'G', 

4875 Now let 0 be the circum-centre (4629) of A'B'G' 
(Fig. 74), then it will be the in-centre of ABG, and, by (4873), 

2A'=tt-A, 2B'=7r-n, 2C'=7r-C. 

Also p = (j = r in (4872), which becomes (X, /t, v) = 0 , so 
that the conic and its reciprocal are represented by the same 
equation. Consequently any relation in trilinear coordinates 
has its interpretation in tangential coordinates. We have 
then the following rule :— 

4876 Rule.— To convert any expression in trilinears into 
tangentials, consider the origin of the former as the in-centre of 
the trigon, cluinge a, (3, y into X, /i, v, and interpret the result 
by the rules for reciprocating (4846-65). If the angles of the 
original trigou are involved., change these by (4875) into the 
angles of the reciprocal trigon^ of ivhich the origin loill noio be 
the circum-centre. 


4877 Referring trilinears and tangeutials to the same trigon 
ABG, the equation of a point, as shown in (4021), becomes 


— >' = 0 ; 
Pi P-2 Pz 


4878 or, by multiplying by 

BOC\+(IOAilA-AOBv = ^. (Fig. 3) 

The equation of a point can generally be obtained directly 
from the figure by means of this formula. 


EQUATIONS IN TANGENTIAL COORDINATES. 

For direct demonstrations of the following theorems, the reader may 
consult Ferrers^ Trilinear Coordinates^ Chap. vii. 

4879 The point dividing AB in the ratio a : that is, the 
intersection with the internal or external bisector of C, is 

clX itl/x-= 0. Centre of AR = 0. 


The point 0 in (4878) is now on the side AB. 

4881 Mass-centre, X+/x,+?/ = 0. IFov BOG =COAz^AOB. 
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4882 In-centre, nX+V+rv = 0. n % (4878), for 

±nOG _C0A_A0I3 

4883 a ex-centre, —nX-j-b/x-f-cv — 0. L a t c 


4884 Circum-centre X sin 2A-\-fi sin 2B~]-v sin 2C = 0. 

Proof.—F or BOG = sin 2^1, &c. in (4878). Otherwise .—By recipro¬ 
cation (487G), a sin J. + /3 sin B + 7 sin = 0 is the line at infinity referred 
to the trigou ABG ; therefore 

X sin ^ sin B + r sin (7 = 0 

is the equation of the pole of that line referred to A'B'G '; that is, 

Xsin2J.' + yLisin2I>'+r siu2(7', by (4875). 


4885 Foot of perpendicular from C upon AB, 

X tan A +/jt tan = 0. 

4886 Ortliocentre X tan ^ +/>l tan B+v tan (7 = 0. 

4887 Inscribed conic of ABG, [Proof below. 

/>/xv+ii/vX+A^X/x = 0. 

4888 Point of contact with AB, 

= 0. 

4889 In-circle (4629), 

(6—a) /xv+Cs—b) >'X+(£(—r) X/x = o. 

4890 Point of contact with AB, (^—b) X+(fj—a) ft = 0. 

4891 n ex-circle, (<?—!)) X/x+(£>—r) vX—= 0. 

Proof.— Since the coordinates of AB of the trigon are 0, 0, r, the equa¬ 
tion of the inscribed conic must be satisfied when any two of the coordinates 
/i, V vanish, therefore it must be of the form (4887). Otherwise by 
reciprocating (4724). 

If the circle touches AB in I) (Fig. o), X : —yu = AB BD = 0 —a : § — t 
(Fig. of 709), which proves (4890). 

(4888) is the equation of the point of contact, because the line (0, 0, r) 
passes through it and also touches the conic (4887). 

(4889) is the in-circle by (4887) and (4890) and what precedes. 


4892 Circumscribed conic, (487G) applied to (4739, ’40). 

/V^X‘^+d/y+i\V-2J/A>--2A7.i/X-2Lil/X/x = 0, (4740) 
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4893 or y(i.X)+v'M/*+yAV = 0. 

4894 Tangent at A, Mii, — Nv. 

4895 Circum-circle 

2c^t"vX—= O ; 

4896 01 * a v^X+b-yZ/A+c \/v = 0. 

Proof. —By (4876) applied to (4747, ’8), and by cos^ = sin J.' (4875) 


4897 Eolation between tlie coordinates of any right line: 

<T(\—v)(/t—X)+r-(v—X)(x—fi) = S'l 

4898 Coordinates of tlie line at infinity: 

\ =: z= V. 

Proof. —The trilinear coordinates of the origin and centre of the re¬ 
ciprocal conic are a = /3 = y, (4876). It is also self-evident. 

4899 The point lX-{-inf.i-\-nv = 0 will be at infinity when 

l-{-7n-\-n = 0 . 

Proof. —By (4876), for the line lai-mft + ny = 0 will pass through the 
origin a =/3 = y when l-\-7n + n = 0. 


4900 A curve will be touched by the line at infinity when 
the sum of the coefficients vanishes. 

Proof.— By (4876), for this is the condition that the origin in trilinears, 
Cl = j(3 = y shall be on the curve. 


4901 The equation of the centre of the conic (p (X, v) is 

+ = Oj 

4902 or (a+/i+g) X+(/i+6+/) fJ^+{g+f+c) v = 0. 

Proof. —The coordinates of the in-ccntre of ABC (4876) are a'=^'=y', 
therefore the polar of this point with regard to the conic f («, /3j y) is 
(4658). This point and polar reciprocate into a polar and 
point, of which the former, being the reciprocal of the in-centre, or origin, is 
the line at infinity, and therefore the latter is the centre of 0 (X, ,n, r), while 
its equation is as stated. 
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4903 The equation of the two points in which the line 
(X', ft, v) cuts the conic is 

i) 1^', >'') ^ (K v) = {<f>^,\'+<f>,,ij/+<i>,vy. (4680) 


4904 The coordinates of the asymptotes are found from the 
equations 

(Xj fji,v) = 0 and + 

Peoof. —These are the conditions that the line (X, fi, v) should touch the 
curve and also pass through the centre (4901). 

4905 The equation of the two circular points at infinity is 

<V(X-/i)(X—v)+b^ (/i—X)+t-(v—X)(v—/i) = 0. 

Proof.—P ut A'= /i'= v' in (4903) to make the line at infinity, and for 
the conic take the iu*circle (4889). 


4906 The general equation of a circle is 

= {l\-\-miJ.+iivy .( 1 ), 

where = 0 is the equation of the centre. 

Proof. —The general equation of a conic in trilinears may, by (4601), be 
put ill the form 

«(/5—do)(y“7o)+t (y—yo)(«—«o)+C (« —"o)(d—/>o) = (la-\-m(3-]-nyy, 
where la~h'>n(3-{-ny = 0 is the directrix, and aj^oyo the focus. Xow let the 
focus be the in-centrc of the trigon, and therefore aQ = /lo = 7 o= (709), 

By this relation and Oa + fyS + Cy = 2, the equation is expressed as 
a (^ —a)(a —^)(a —y)+ &C. = (Tci+m'/3+ ?^'y)^ 
or (a—/5)(a—y) cos®g.4+&c, = {ra-\-m'l3-{-n'yy. 

Reciprocating by (4876), this becomes 

(X—yu)(X —r) siu“yP + (S:c. = (ZX + 7 >i;u+?i»')-, 

the constant factor introduced on the riglit being involved in I, m, n; and 
sin^' = cos^ J, by (4876). And we know that this is a circle by (4845 
Cor.), and that the directrix of the conic reciprocates into the centre of the 
circle. 

Otherwise. —The left side of (1) represents the two circular points at 
infinity (4905), and, if for the right we take the equation of a point, the 
whole represents a conic, as in (49o9), of the form AC = iP. In this case, 
A, 0, the points of contact of tangents from J], being the circular points, the 
conic must be a circle with B = 0 for its centre. 
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Abridged Notation. 

4907 Let ^ = 0, B = a = 0, D = 0 (Fig. 75) be the 

tangential equations of the four points of a quadrangle, where 
B = a.2\-\-b.in-\-C2v, and so on. Then 
the equation of the inscribed conic will be AG = hBD. 

Proof.— The equation is of the second degree in X, ju, r; therefore the 
line (X, fj., v) touches a conic. The coordinates of one line that touches this 
conic are determined by the equations ^ = 0, B = 0. That is, the line 
joining the two points A^ B touches the conic, and so of the rest. 

4908 If the points B, D coincide (Fig. 76), the equation 
becomes AC = hB^ ; and ^ = 0, G = 0 are the points of 
contact of tangents from the point B = 0. 


4909 Referring the conic to the trigon ABG (Fig. 78), and 
taking AG = Ic^B'^ for its equation, let a tangent e/be drawn, 
and let Ae : eB = h : m. The equations of the points e and 
/ will be 

mA + kB = 0, inlcB + (7 = 0. 

Proof. —The first equation corresponds to (4879). For the equation of/, 
eliminate ui from iiiA + kB = 0 and AG = 

4910 Let e, li (Fig. 77) be two points on AB whose equa¬ 
tions are mA-\-]vB = 0, mA-\-^vB = 0. The equation of the 
point ill which tangents from e and li intersect, is 

nini A + (m+wi) + 0 = 0. 

Proof. —The equation may be put in the form 
(mA-\-JcB){'tnA-\-kB) = 0, 

because k-B'^= AG A the line touches the conic. The equation being of the first 
degree in ^1, B, (7, must represent some point. That is, the relation between 
X, r involved in it makes the straight line Xa+/.//)+ V 7 pass through a 
certain point. But the equation is satisfied when mA-\-kB = 0, a relation 
whieh makes the straight line pass through e. Hence a tangent through e 
passes through a certain fixed point. Similarly, by m'A + kB = 0, another 
tangent passes through h and the same fixed point. 

4911 CoE.—Let m' = m, then tbe equation of the point of 
contact of the tangent joining the points maArkB and mlcBA^ 
(4909) (e and/. Fig. 78) will be 

m^A+2mkB+C = 0. 


4912 If in Fig. (78) the trilinear coordinates of the points 

4 R 
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A, B, G are 7 / 1 , x^, 7 / 2 * ^25 2/sj ^ 3 » the coordinates of the 

point of contact p of the tangent defined by m will be 

vi\ + 2ml'X2 ++ ^'inhj2 + 2/35 + 27?i/c;^2+^3 j 

and the tangent at divides the two fixed tangents in the 
ratios h : m and onh : 1, by (4909). 

4913 Note. —The equation U ov ^ (A, ju, r) = 0 (4G65) expresses the 

condition that Aa-f-/ti/3-f-i^y shall touch a certain conic. When U is about 
to break up into two factors, the minor axis of the conic diminishes (Fig. 79). 
Every tangent that can now be drawn to the conic passes very nearly 
through one end or other of the major axis. Ultimately, when the minor 
axis vanishes, the condition of the line touching the conic becomes the con¬ 
dition of its passing through one or other of two fixed points A, B. In this 
case, U consists of two factors, which, put equal to zero, are the equations 
of those points. The conic has become a straight line, and this line is 
touched at every point by a single tangent. 

4914 If U and U' (Fig. 80) be two conics in tangential 

coordinates, hU+U' is then a conic having for a tangent 
every tangent common to U and U'; and is ^ conic 

having in common with U the two pairs of tangents drawn 
from the points yl, B. 

The conic U' in this case merges into the line AB, or, 
more strictly, the two points A, i?, as explained in (4913). 

4915 If either kUA-U' or kU+AB breaks np into two 
factors, it represents two points which are the opposite ver¬ 
tices of the quadrilateral formed by the four tangents. 


ON THE INTERSECTION OF TWO CONICS. 


INTRODUCTORY THEOREM. 

Geometrical meaniof^' of y^( —1).^ 

4916 ln_ a system of rectangular or oblique ])laiic coordiuates, let the 
operator -\/— I prefixed to an ordinate y denote the turning of the ordinate 
about its foot as a centre through a right angle in a plane perpendicular to 
the plane of xy. Tlie repetition of this operation will turn the ordinate 

* [Tho fiction of imaginary lines and points is not incradicablo from Geometry. Tho 
theory of (iiiateriiions removes all imaginariness from tho symbol — h and, as it appears 
that a partial application of that theory presents tho subject of Projection in a much clearer 
light, 1 have here introduced tho notion of the multiplication of vectors at right angles to 
each other.] 
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through another right angle in the same plane so as to bring it again into 
the plane of xy. The double operation has conv ert ed y into —y. Bu t the two 
operations are indicated algebraically by — \ . V ~l.y or (n/ —l)^y — ~y^ 
which justifies the definition. 

It may be remarked, in passing, that any operation which, being per¬ 
formed twice in succession upon a quan tity, changes its sign, ofiers a con¬ 
sistent interpretation of the multiplier —1. 

4917 With this additional operator, borrowed from the Theory of 

Quaternions, equations of plane curves may be made to represent more 
extended loci than formerly . Con sider the equation + dK For values 
of a? < a, we have y = a^—x^, and a circle is traced _(mt. For values of 

x>a, we may write y = kii x^ — a^, where i = \/ —1. The ordinate 
s^x^—d^ is turned through a right angle by the vector i, and this part of the 
locus is consequently an equilateral hyperbola having a common axis with 
the circle and a common parameter, but having its plane at right angles to 
that of the circle. Since the foot of each ordinate remains unaltered in posi¬ 
tion, we may, for convenience, leave the operation indicated by i unperformed 
and draw the hyperbola in the original plane. In such a case, the circle may 
be called the principal^ and the hyperbola the supplementary, curve, after 
Poncelet. When the coordinate axes are rectangular, the supplementary 
curve is not altered in any other respect than in that of position by the 
transformation of all its ordinates through a right angle ; but, if the coordi¬ 
nate axes are oblique, there is likewise a change of figure precisely the same 
as that which would be produced by setting each ordinate at right angles to 
its abscissa in the xy plane. 

In the diagrams, the supplementary curve will be shown by a dotted line, 
and the unperformed operation indicated by i must always be borne in mind. 
For, on account of it, there can be no geometrical relations between the 
principal and supplementary curves excepting those which arise from the 
possession of one common axis of coordinates. This law is in agreement 
with the algebraic one which applies to the real and imaginary parts of the 
equation x^ — (iyy = When y vanishes, a; = a in both curves. 

If either the ellipse + or the hyperbola Fx^ — ah/ = 

be taken for the principal curve, the other will be the supplementary curve. 

It is evident that, by taking diflferent conjugate diameters for coordinate 
axes, the same conic will have corresponding different supplementary curves. 
The phrase, “ supplementary conic on the diameter DD,” for example, will 
refer to that diameter which forms the common axis of the principal and 
supplementary conic in question. 

4918 Let us now take the circle x^ + if = a^ and the right line x = h. 

When & is > a, the line intersects the su pplementary right hyperbola in two 

points whose ordinates are rki — a?. By increasing h without limit, we 
get a pair of, so-called, imaginary points at infinity. These lie on the 
asymptotes of the hyperbola, and the equation of the asymptotes is 
{x + iy)(x-iy) = 0. . . , . 

We can now give a geometrical interpretation to the statements in (4/20). 
The two lines drawn from the focus of the conic Fx^-ka/'y" = a%^ to the 
“ circular points at infinity ” make angles of 45° with the major axis, and 
they touch the conic in its supplementary hyperbola 6'V—a'(^y)" = 

An independent proof of this is as follows. 
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Draw a tangent from S (Fig. 81) to the supplementary hyperbola, and 
let X, y be the coordinates of the point of contact F. Then 


by the value of x. Also 

SN = x-GS=- 


and y — — \/{x^—a^) = 


Z>2 


¥ 






Therefore y = SN, therefore SP makes an angle of 45° with GN, 


The following results are required in the theory of projec¬ 
tion, and are illustrated in figures (82) to (8G). Two ellipses 
are taken in each case for principal curves, and the supple¬ 
mentary hyperbolas are shown by dotted lines. As the planes 
of the principal and supplementary curves are really at right 
angles, the intersections of the solid lines with the dotted are 
only apparent. The intersections of the solid lines are real 
points, while the intersections of the dotted lines represent 
the imaginary points. 

4919 Two conics may intersect— 

(i.) in four real points (Fig. 82); 

(ii.) in tivo real and two imaginary points (Fig. 83); 

(iii.) in four imaginary points (Fig. 84). 

[When the two hyperbolas in figures (83) and (84) are similar and 
similarly situated, two of their points of intersection recede to infinity (Figs. 
85 and 8G). Hence, and by taking the dotted lines for principal, and the 
solid for supplementary, curves, we also have the cases] 

(iv.) in two real finite points and two imaginary points at 
infi^iity ; 

(v.) in two imaginary finite points and two imaginary 
points at infinity ; 

(vi.) in two imaginary finite points and two real points at 
infinity; 

(vii.) in two real finite points and two real points at 
infinity. 


4920 Given two conics not intersecting, or intersecting in 
but two points, to draw tlie two supplementary curves which 
liave a common chord of intersection conjugate to the 
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diameters upon whicli they are described, or in other words, 
to find the imaginary common chord of the conics. 

Poncelet has shewn by geometrical reasoning {Proprietes des Projectives, 
p. 31) that such a chord must exist. The following is a method of deter¬ 
mining its position— 

Let (abc/gli^xyiy = 0 and = 0 .(i.) 

be the equations of the conics G, G' (Fig. 89), the coordinate axes being 
rectangular. Suppose PQ to be the common chord sought. Then the 
diameters AB, A'B' conjugate to PQ bisect it in D, and the supplementary 
curves on those diameters intersect in the points P, Q. ISTow, let the coor¬ 
dinate axes be turned through an angle 0, so that the y axis may become 
parallel to PQ, and therefore also to the tangents at A, B, A', B'. This is 
accomplished by substituting for x and y, in equations (i.), the values 
a? cos ^—ysinO and ?/cos 0+ 0 ? sin 

Let the transformed equations be denoted by (ABGFGH^xyiy = 0 and 
(xi'B'G'F'GH''^xyiy = 0, in which the coefficients are all functions of 0, 
excepting c, "which is unaltered. Solving each of these equations as a quad¬ 
ratic in y, the solutions take the forms 

y = aa; + /3± \/,u (x'^ — 2px + q), y = ax + fi'zks/p {x^ — 2px-\-q)...G^‘^-)^ 
with the values of o, /3, yu, p, q given in (4449-53), if for small letters we 
substitute capitals. Thus, a, /3, p, p, q are obtained in terms of 0 and the 
original coefficients a, h, b, f, g, h. 

Now, the coordinates of P being ^ = ON, q = DN, we have y = a^ + /3 

and 77 = a's + /3', therefore +/3 = +/3' . (iii-)- 

The surd in equations (ii.) represents the ordinate of the conic conjugate 
to the diameter AB or A 'B'. For values of x in the diagram > OM and 
< OP, the factor \/— l appears in this surd, indicating an ordinate of the 
supplementary curve on AB or A'B\ Hence, equating the values of the 
common ordinate PD, we have 

IX (e-2pUq) = fx' (P-2/^ + 2').('''•)• 

Eliminating I between equations (iii.) and (iv.), we obtain an equation for 
determining 0; whieb angle being found, we can at once draw the diameters 
AB, A'B'. 


THE METHOD OF PEOJECTION. 


4921 Problem. —Given any conic and a right line in its 
plane and any plane of projection, to find a vertex of projec¬ 
tion such that the line may pass to infinity while the conic is 
projected into a hyperbola or ellipse according as the right 
line does or does not intersect the given conic; and at the 
same time to give any assigned proportion and direction to 
the axes of the projected conic. 
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Analysis .—Let HCKD be the given conic, and BB the right line, in 
Fig. (87) not intersecting, and in Fig, (88) intersecting the conic. Draw 
nK the diameter of the conic conjugate to BB. Suppose 0 to be the 
required vertex of projection. Draw any plane ECGD parallel to OBB, 
intersecting the given conic in CD and the line IIK in F, and draw the 
plane OUK cutting the former plane in F, F, G and the line BB in A ; and 
let the curve ECGD be the conical projection of IICKD on the plane parallel 
to OBB. 

By similar triangles, 

EF OA . EG _ OA . EF.FG _ OA"^ ..s 

HF “ HA FK AK^ '' IIF.FK UA.AK . 

Let a, ft be tlie semi-diameters of the given conic parallel to IIK and CD ; 


then 


CF‘^ _ ft^ 


UF.FK 


CF^- 

EF.FG ■ 


. ft\UA.AK 


a\ OA- 


( 2 ). 


Now, since parallel sections of the cone are similar, if the plane of HCKD 
moves parallel to itself, the ratio on the right remains constant; therefore, by 
(1193), the section ECGK is an ellipse in Fig. (87) and an hyperbola in 
Fig. (88). Let a, h be the semi-diameters of this ellipse or hyperbola 
parallel to EG and CD, that is, to OA and BB ; then, by (2), 


F _ ft- HA.AK 
OA^ ’ 


OA^ = ^nA..AK 

Q-a 


(3). 


But ~ HA.AK AB^, where AB in Fig. (88) is the ordinate at A of the 

given conic, but in Fig. (87) the ordinate of the conic supplementary to the 
given one on the diameter conjugate to BB. Therefore 

AO^=^AB^- . (4). 


Hence AO, AB are parallel and proportional to a and h. And, since AB 
is given in magnitude and direction, we have two constants at our disposal, 
namely, the ratio of the semi-conjugate diameters a and h and the angle 
between them, or, which is the same thing, the eccentricity and the direction 
of the axes of the ellipse or hyperbola on the plane of projection. 


4922 The construction will be as follows :— 

Determine the jooint A as the intersect ion of BB loith the 
diameter HK conjugate to it. Choose any plane of p>rojection, 
and in a p)lane tlirough BB, parallel to if, measure AO of the 
length given by equation (3) or (4), malcing the angle Bx40 
equal to the required angle between a and b. 0 will be the 
vertex of qnojection, and any qjlane LMX qmrallel to OBB will 
serve for the pflane of projection. 


4923 Cor. T. — If AO = AD, the projected curve in Fig. (88) 
will in every case bo a right hyperbola. 
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4924 Cor. 2.—If BAG is a riglit angle, the axes of the pro¬ 
jected ellipse or hyperbola are parallel and proportional to 
ylO and AB. Hence, in this case, the eccentricity of the 
hyperbola will be e = OB : OA, 

4925 Cor. 3. — If AO = AB and BAG — a right angle, 
the ellipse becomes a circle and the right hyperbola in Cor. 1 
has its axes parallel to AO and AB. 


4926 To project a conic so that a given point in its plane 
may become the centre of the projected curve. 

Take for the line BB the polar of the given pointy and con¬ 
struct as in (4922). For, ifB he the given point, and BB its 
p)olar {Fig. 87 or 88), p the 'projection o/P luill have its j^olar 
at infinity, and ivill therefore he the centre of the projected 
ellipse or hyperhola, according as P is within or ivithout the 
original conic. 


4927 To project two intersecting conics into two similar 
and similarly situated hyperbolas of given eccentricity. 

Take the common chord of the conics for the line BB {jFig. 
88 ), and project each conic as in (4922), employing the same 
vertex and plane of projection. Then, since the point A and 
the lines AB and AO are the same for each projection, corres¬ 
ponding conjugate diameters of the hyperholas are parallel and 
proportional to AO and AB; therefore, ^c. 


4928 To project two non-intersecting conics into similar 
and similarly situated ellipses of given eccentricity. 

Take the common chord of a certain two of the supple¬ 
mentary curves of the conics (4920), in other words, the 
imaginary common chord of the conics, for the line BB, and 
proceed as in (4927). 

4929 To project two conics having a common chord of 
contact into two concentric, similar and similarly situated 
hyperbolas. 

Take the common chord for the line BB, and construct as in 
(4922). The common pole of the conics projects into a common 
centre and the common tangents into common asymptotes. 
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4930 To project any two conics into concentric conics. 

Find the common jjole and. j^olar of the given conics by 
(4762), and take the common giolar for the line BB in the 
construction of (4922). The common i)ole projects into a 
common centre. 


4931 Ex. 1. — Given two conics having double contact with each other, 
any cliord of one whicli touches the other is cut harmonically at the point of 
contact and where it meets the common chord of contact of the conics. 

[^Salmons Conic Sections, Art. 354. 

Let AB be the common chord of contact, BQ the other chord touching 
the inner conic at C and meeting AB produced in B. By (4920), project 
^11*, and therefore the point B, to infinity. The conics become similar and 
similarly situated hyperbolas, and C becomes the middle point of BQ (1189). 
Tl)e theorem is therefore true in this case. Hence, by a converse projection, 
the more general theorem is inferred. 


4932 Ex. 2.—Given four points on a conic, the locus of the pole of any 
fixed line is a conic passing through the fourth harmonic to the point in 
which this line meets each side of the given quadrilateral, llhid., Art. 354. 

Let the fixed line meet a side AB of the quadrilateral in B, and let 
ACBB be in harmonic ratio. Project the fixed line, and therefore the point 
B, to infinity. C becomes the middle point of AB (1055), and the pole of 
the fixed line becomes the centre of the projected conic. How, it is known 
that the locus of the centre is a conic passing through the middle points of 
the sides of the quadrilateral. Hence, projecting back again, the more 
general theorem is inferred. 


4933 Ex. 3. — If a variable ellipse be described touching two given 
ellipses, while the snp])lementary hyperbolas of all three have a common 
chord AB conjugate to the diameters upon which they are described; the 
locus of the pole of AB with respect to the variable ellipse is an hyperbola 
whose sup[)lementary ellipse touches the four lines CA, CB, C'A, C'B, where 
C, C' are the poles of AB with respect to the fixed ellipses. 

(SalmoJi, Art. 355.) 

PiJOOF. —Project AB to infinity and the three ellipses into circles. The 
poles B, C, C' become the centres c, c of the circles. The locus of ^ is a 
hyperbola whose foci are c, c. But the lines Ac, Be now touch the supple¬ 
mentary ellipse of this hyperbola (4918). Therefore, projecting back again, 
we get AC, BC touching the supplementary ellipse of the conic which is the 
locus of P. Similarly, AC', BC' touch the same ellipse. 


4934 Any two lines at right angles project into lines which 
cut harinonically tlie line joining the two fixed points which 
are the projections of the circular points at infinity. 

PxiOOF. —This follows from (4723). 
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4935 The couverse of the above proposition (4931), which is the theorem 
in Art. 356 of Salmon, is not universally true in any real sense. If the lines 
drawn through a giveu point to the two circular points at infinity form a 
harmonic pencil with two other lines through that point, the latter two arc 
not neccvssarily at right angles, as the theorem assumes. 

The following example from the same article is an illustration of this 
Ex.—Any chord TJB (Fig. 88) of a conic ECKD is cut harmonically by 
any line PKAH through P, the pole of the chord, and the tangent at K. 

The ellipse BKB here projects into a right hyperbola; B, B project to 
infinity. The harmonic pencil formed by PK and the tangent at K, KB and 
KB projects into a harmonic pencil formed by p/1; and the tangent at h, Jih 
and kb, where b, b are the circular points at infinity : butpJv is not at right 
angles to the tangent at k of the right hyperbola. The harmonic ratio of the 
latter pencil can, however, be independently demonstrated, and that of the 
former can then be inferred. (Note that k is G in figure 88.) 

If we may suppose the ellipse to project into an imaginary circle having 
points at infinity, the imaginary radius of that circle may be supposed to be 
at right angles to the imaginary tangent. The right hyperbola, however, is 
the real projection which takes the place of the circle in this and all siniilar 
instances; and it is only in the case of principal axes that the radius is at 
right angles to the tangent. 


INVARIANTS AND COVARIANTS. 


4936 Ret u -{ahcfgli^xyzY, u = {a'h'c'fg'h'X^yzY 
be two conics as in (4401) with the notation of (1620). 

The three values of A*, for which ku-\-u' = 0 represents two 
right lines, are the roots of the cubic equation 

4937 AA-^+0A-'+©'A-+A' = 0, 

4938 where A = ahc+ 2fgh — af - — hg" — ch^, 

4939 €) = Aa-\-Bh'+Cc+2Ff+2Gg‘\-2Hli, 


and A—bc—f^, F =: gli — af, &c. (46(55) 


For the values of A' and 0' interchange a with a, h with h, 
&c. 


Pkoop\ —The discriminant of ku + u, w'hich 
must vanish (4661), is evidently the determi¬ 
nant here written, and it is equivalent to the 
cubic in question. 


ka + a, kh-\-Ti', kg + g' 
kh + h', kb +6', kf -\-f' 
kg g , k f +/ j kc 


4940 A, e, O', and A' are invariants of the conic kii + a' 

4 s 











682 


ANALYTICAL CONICS. 


That is, if the axes of coordinates be transformed in any 
manner, the ratios of the four coefficients in (4937) are 
unaltered. 

Proof.—T he transformation is effected by a linear substitution, as in 
(1794). Let u thus become v,v'. Then becomes hv + v'f and 

Jc is unaltered. If the equation ku + u= 0 represents two right lines, it will 
continue to do so after transformation; but the condition for this is the 
vanishing of the cubic in k ; aud k being constant, the ratios of the coeffi¬ 
cients must be unalterable. 


4941 The e(iuation of the six lines which join the four 
points of intersection of the conics 20 and 21 is 

Proof. —Eliminate k from (4937) by kuA-'iY = 0. 

4942 The condition that the conics 21 and 2 l may touch is 

(00'-9AA7^ = 4 (0^-3A0')(0''-3A'0), 

4943 or 4A0^+4A'0^+27^"A''--18AA'00'--0W^ 

Proof. —Two of the four points in (3941) must coincide. Hence two out 
of the three pairs of lines must coincide. The cubic (4937) must therefore 
have two equal roots. Let a, a, ft be the roots; then the condition is the 
result of eliminating a and ft from the equations 

A (Ni+ft) = -0, A (aH2a/3) = 0', Aa^ft = -A' (40G). 

4944 The expression (4943) is the last term of the equation 
whose routs are the squares of the differences of the roots of 
the cubic in k, and when it is positive, the cubic in h has two 
imaginary roots; when it is negative, three real roots; and 
when it vanishes, two equal roots. 

Proof. —By (543) or (579). The last term of f (x) in (543) is now 
= 27F (a) F (ft), a, ft being the roots of 3A.c"-|-20a; + 0'= 0. When this 
term is positive,/(oj) has a real negative root (409), and therefore F(x) h.as 
then two imaginary roots ; for, if (a—h)'^ = —c, a—h = ic, and a and b are 
both imaginary. When the last term of / (x) is negative, all the roots of 
/ (.Tj) are positive, and therefore the roots of F (x) are all real. 


INVAllIANTS OF PARTICULAR CO^T^ICS. 

4945 AVhen u = and lo' = 

A = ahe^ 0 = /jc-\-ca-^cib, & = A'=: 1. 
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4946 When u = {ahefgh'][xyzy and ti'— 

& = A-\-B+C, 0' = «+&+c, A'=l. 

4947 When M = 1 ’^ and m'= (®—a)'^ + (y—/3)^— 

A = A' = -^2, 

0 = 0 ' = 

4948 The cubic for k reduces to 

(*+1) {«2/i2 + (^2^.52_a2_/3') ^•+,.‘^1 = 0. 

4949 When 

It = ^ V +ahf — a^J/ and v' = (<r—a)'^ -\-{y— 

A = 0 = {a*+/3^-a^-i'-r^], 

0' = a^/3^-i-l>V^-aW-y^ («"+&'), A' = 

4950 AVhen u = y^--4<mx and = (cr—a)- + (y-~j3)^~r-, 

A = — 4ni^, 0 = —4am (a + ?n), 0' = p^—4!ma—r^^ A'= — 


4951 When u= {ahcfgli^xyzy and it = x^-\-2xy cos w + ?/^ 

A, A'=0, 0= c(«+6)—g-^+2(/g-—c/)) cosw, 

0^ = c sin^oj. 


Hence the following are invariants of the general conic, 
the inclination of the coordinate axes being w. 

4.952 ahc+-2fy;h—(if—h^-ch^ _ A . 

c sin'^ (o 0' ’ 

4953 C (a+&)-/^-g-"+2 {.fy-ch) C0S(0 _ 0..g), 

csiirco 0' ^ 

4954 .(3), and .( 4 ). 

sm^w ^ ^ siiro) 


For these are what (1) and (2) become when the axes are 
transformed so as to remove/and g. 
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If the origin be unaltered, c is invariable, and transforma¬ 
tion of the axes will then leave invariable 

4956 f+r-2/o-co^^ 

siir (o siii“ CO 

as appears by subtracting (3) from (1) and (2) from (4). 


4958 Ex. (i.)—To find the evolute of the conic + 

= a-b^. See also (4547). 

Proof. —Denote the conic by u, and by u' the hyperbola — 

(4335), which intersects u in the feet of the normals drawn from x'y\ Two of 
these normals must always coincide if x'y' is to be on the evolute. u and u 
must therefore touch. We have 

A = —a*b^, G = 0, 0'= —a^Jy' (a^x-‘A-hhf-~6^), A'= —2a^6V.ry. 

Substitute in (4942), and the equation of the evolute is found to be 
(aV + t^y’—cbH27a=5V;ry = 0. 

4959 Ex. (ii.)—Similarly the evolute of the parabola is 
obtained from 

u = 7/^—4ma;, it = 2xy + 2 {2m—x) y — imy', 

A = -4m^ Q = 0, 0'=-4(2»i-^r), A'= 4my, 
producing the equation 27my‘ = 4 {x — 2my. See also (4549). 


4960 Ex. (iii.)—The locus of the centre of a circle of radius 
U, touching the conic h^x^-\-ahf—a%^, is called a, parallel to 
the conic. Its equation is 

IA*-2«V (a‘‘ + b’-) + (a"--2b’-) a:°- +(2a^-l,^) /} 

+ JJ‘ { c‘ (a‘+ia%’- + iq - 2c= («< - aV + 36’) ^ +2c= (8«‘- + 6’) / 

+ (a* - Ca-6“+G6') a;* + (Gn' - 6a=6" + 6‘) 1 / + (Ga* - 10a=6“ + G6‘) xhf } 

+ B-{-2a?Vc' {a- + 6^ + 2c= (3«’- a%- + h')x^-2e (a*-+36*) y"- 
- (Ga* - lOaV + C6‘) (6V + ah/) + (4a»-Go<6»-Cn*6‘ + 46») xhf 
+2 (a’-26=) 6V+2 (6=-2a'q ay-2 (a‘-a-6*“+36‘) xSf 
-2(3a*-a=6*+6‘).i;y| 

+ (6V+oy—aV)*{(.i!—c)H)/*'j {(.'i! + i:)“+i/’} = 0, 

Pkoof.—I f tlic curves in (494!)) bo made to touch, n/? will Ire a point 011 
the curyc parallel to u at a distance r. Therefore put the values of A, t), 0', 
.and A in equation (4042), \^Salmo)ij p. 325, 
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4961 AVhen u of (4936) represents two right lines, A' 
vanishes, and 

4962 0' = 0 is the condition that the two lines should 
intersect on it; 

4963 0 = 0 is the condition that the two lines should be 
conjugate with regard to u. 

PijoOF.—Transform n' = 0 into 2xij = 0, so that the axes aj, y are the 
right lines. This will not atfect the invariants (4940). We now have, by 
(4937), A'=0, e = 2(fg-ch}, 0' = -c. 

c = 0 makes u pass through the origin xy ; fg = ch makes x and y conjugate. 
For in (4671), if \x + fxy + v becomes y ~ 0, then X = v = 0, and the .pole 
is given by II: B : F. But a; = a = 0 at the pole, therefore II = 
fg—eh = 0. 


4964 The condition that either of the lines in ii should 
touch u is, by (4943), 

0^ = 4A0' or AB = 0, 
with the above values of 0 and 0'. 

4965 The equation of the two tangents to u, when \x-\-f.iy-\-v 
is the chord of contact, is, with the notation of (4665), 

ii^ (X, fi, v) = A. 

Proof. —The conic of double contact with u , ^ A-!t+(X.^j+py+ r)^ (4699), 
must now become two right lines. In (4937) A'= 0 and 0 '= 0, therefore 
A-A + 0 = 0. But 0 = «> (X, p, v). Hence eliminate Iz. 

4966 CoR.—Taking the line at infinity + + we obtain 

the equation of the asymptotes (4685). 


The invariant 0 of the conic vanishes— 

4967 (i.) AYhenever an inscribed triangle of it' is self-con- 
jugate to It. 

4968 (ii.) Whenever a circumscribed triangle of it is self- 
conjugate to u'. 

4969 e' vanishes under similar conditions, transposing it 
and It' in (i.) and (ii.) 

Proof. —(i.) becomes aa)^ +6?/“+ C 0 ^ (4765), and/= gf = = 0. There¬ 

fore 0 in ( 4937 ) vanishes if a = h'=-c = 0\ i.e., if is of the form 
f'yz+g'zx + h'xy (4724). 
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(ii.) In this case, /'= g'=. li = 0 and 0 vanishes if he =/®, &c., i.e., if 
the line x = 0 touches u, &c. 


4970 If u, tc' be two conics, and if 9“^ = 4A0', any triangle 
inscribed in u' will circumscribe u, and conversely. 

Proof. —Let ti = x^-{-y^’hz^—‘^yz — 2zx—2xy and u = 2fyz + 2gzx + 2hxy^ 
both referred to the same triangle, (4739) and (4724). Then 
A = -4, e = 4(/+si + /o, ©'=—(/+^ + /0^ 
therefore 0^ = 4A0', a relation independent of the axes of reference (4940). 

4971 Ex. (i.)—The locus of the centre of a circle of radius r, circum¬ 
scribing a triangle which circumscribes the conic h^x^A-a^y^ = a^h^, is 

(x^+y“—a“—h- + r-y + 4;\^h-x^Acry^ —0.^6 “—r (a® + &*) j = 6, 

from 0“ = 4A0' and the values in (4949). 

4972 Ex. (ii.)—The distance between the centres of the inscribed and 
circumscribed circles of a triangle is thus found, by employing the values of 
O, 0', and A in (4947), to be D = y(r'‘^A2rr'), as in (936). 


4973 The tangential equation of the four points of intersec¬ 
tion of the two conics u = 0, u' = 0 is 

Y^=iUU', 

with the meanings 

4974 U={AB CFGHJXnvy; (4CC4) 

U'= {A'B'C'F'G'H'XXnvy-. 


4976 


V = {A"B''C''F"G"n"J_\fivy. 


4977 A = bc-f % &e.; A' = h'c'-f \ &c., 
as in (46C5), and 

4978 A" = bc'+b'c-2fr, F'' = gh'+gh-af-u'f, 

4979 B" =m'-\-c'<i—'2gg, G" = bf'+b'f—bg' — b'g, 

4980 C" = ab'+(t'b-2hh', IF'^fg'+fg-ch'-c'b. 

Proof.— The tangential equation is the condition that XuAf^f^A^'y uiay 
pass through one of the four points of intersection of and ti'. The tan¬ 
gential equation of the conic uA^ii'' is obtained by putting aA^'a' for a, etc. 
in U (4665), and is [T-f AV += 0. The tangential equation of the 
envelope of the system is = AIJU' (4911). This is the condition that the 
line (\, p, v) may pass through the consecutive intersections of the conics 
obtained by varying k. But these conics always intersect in the same four 
points. The above is therefore the tangential equation of the four points. 
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4981 The equation of the four common tangents of two 
conics a, ii! is 

F“ = 

where F = {a"b"c'f"g"h" X )^ 

and a" = BC'+B'C-2FF', &c., 

f"=GH'+G'II-AF'-A'F, &c., 
as in (4978-81). 

Proof. —This is the reciprocal of the last theorem. Zy’’+A:Z7' is a conic 
touching the four common tangents of the conics U and TJ'. The trilinear 
equation formed from this will, by (46G7), be uA-\-kT-\-k^uA' = 0. The 
envelope of this system of conics is the equation above, which must therefore 
represent the four common tangents. 

The curve F passes through the points of contact of it and u with the 
locus represented by (4981). 

4982 Hence the eight points of contact of the two conics 
with their common tangents lie on the curve F. 

4983 The reciprocal theorem from equation (4973) is— 
The eight tangents at the intersections of the conics envelope 
the conic V. 


4984 F = 0 is the locus of a point from which the tangents 
to the two given conics it, n' form a harmonic pencil. 

Proof. — Putting 7 = 0 in (4G81), we get a quadratic of the form 
acr-^2hufS-\~bl3^ = 0, which determines the two points in which the line y is 
cut by tangents from a', fi', y . Let the similar quadratic for the second conic 
be + + = 0. Then, by (1064), ab' + ah — 2hh' is the condition 

that the four points may be in harmonic relation. This equation will be 
found to produce F = 0. 

4985 The actual values of a, It, h, suppressing the accents 
on a , jS'j y, are 

G^y-\- Fya — Ca/^—Hy^, 
Ay'-\-Ca^—2Gya; 

and similarly for a, li, h', with A' written for A, &c. 

4986 If the anliarmonic ratio of the pencil of four tangents 
be given, the locus of the vertex will be F^ = lc%tu\ If the 
given ratio be infinity or zero, the locus becomes the four 
common tangents in (4981). 
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4987 V=:0 is the envelope of a conic every tangent of 

which is cut harmonically by the two conics n, u'; l.e., the 
equation is the condition that + should be cut har¬ 

monically by the two conics. 

Proof. —Eliminate y between the line (\, ft, r), and the conics u and 
separately, and let Aa^ + 2IInft-{-BjV = 0 and 2//'«/3 + 7//3“ = 0 stand 

for the resulting equations. Then, bj (1004), AIj'AA'I) = IIIIl' produces 
the equation V = 0, which, by (4006), is the envelope of a conic. 

4988 The actual values of A, II, B are respectively 

/ij/-—gfti' —fvXA' j (*1^ +> 

and similarly for II', I?', with a' for a, &c. 


4989 = 4AA'uu' is a covariant (1629) of the conics u, u'. 

For the four common tangents are independent of the axes of reference. 

4990 U=i) and V = 0 (4973) are both contravariants 
(1814) of n and u\ 

Proof. —For ?7 = 0 is the condition that + + = 0 shall tonchthe 

conic u ; and V = 0 is the condition that the same line shall be cut har¬ 
monically by u and u'\ and if all the equations be transformed by a recipro¬ 
cal substitution (1813, ’14), the right line and the conditions remain 
unaltered. 

4991 Any conic covariant with u and u' can be expressed in 
terms of u, u\ and F; and the tangential equation can be 
expressed in terms of U' and V. 

4992 Ex. (1).—The polar reciprocal of it with respect to it 

is 0u' = F. 

Proof. —Referring w, tb to their common self-conjugate triangle, 
u = u = 

T = a (& + (•) a*®-ft (c + a) y'‘ + c{a-\-h) z“. 

The polar of »/, with respect to u is + and the condition that 

this may touch ti is + = 0 (4004), or, which is the same 

thing, (bc + caYo,l>)Q>i~ + y^-\-^') = F or Oa' = F (4945). 

4993 Ex. (2).—The enveloping conic V in (4987) may also 
be written 

0u' + 0 u = F. 
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Proof. —With tlie .^^ame assumptions as in Ex. (1), V in (4t)7^) becomes 
(& + c) (c + a)/x“+(a + &) »"■ = 0. The triliuear equation is, therefore, 
hy (4667), 

(c + rt) (a + 6 ) .T^ + (u+ i) (5 + c) +c)(c + ci) ^ — 0 , 

or ( 6 c + ca + <^&)C^" + 2 /H 2 :“) +(a + & + c) +&//" +cr) = T. 

4994 Ex. ( 3 ).—The condition that F may become two right 

lines is A A' (00'—A A') = 0. 

Proof. —Referring to Ex. (1), A = be, B = ca, C = ah, F= G = H = i), 
A'= R'= G'= 1; therefore, in (4981), a" = R + O = a (b + c), &c. Hence 
the discriminant A of F = abc (& + c)(c + a)(a + &), 
or abc | (a + b + c)(bc + ca-i-ab) — abcj = the above, bv (4945). 

4995 To reduce the two conics u, tt to the forms 

= 0 , a.v"-+^/-+yz‘ = 0 . 

By (4945), a, 3, 7 will be the roots of the cubic 

Akei-+e-l.-A' = o.(1), 

and x^, if, will be found in terms of n and F, by solving 
the three equations x^ifz} = 11 , adir-\-(5if-\-y?^ ~ u' and (by 

4994), a {Pi-y) + (y + a) f+y {a-j-(5) Z^ = F . ( 2 ). 

4996 Ex. (1) : Given aj“ + iy^ + 2^ + 2.r + 3 = 0; a;^ + 2;j/^ + 4^ + 2ajH-6 = 0 ; 

to be reduced as above. To compute the invariants, wef take 
a b c f y h 

= 1 1 3 1 1 0 in the first equation, 

and = 1 2 6 2 1 0 in the second, 

therefore A B 0 F G II 

= 2 2 1 — 1—1 lin the first equation, 

and = 8 5 2 —2 —2 ^ in the second. 

Therefore (4938, ’9) A = 1, 0 = 6 , 0 '= 11, A'= 6 . The roots of equa¬ 
tion (1) are now 1, 2, 3. Therefore (2) beconies 5X’^ + 8 W + 9i?‘= F. 
Computing F also by (4981) with the above values of A, B, &c., we get the 
three equations as under, introducing z for the sake of symmetry, 

Y-+ Z-= 03-+ r+ 32'+ 2 y 2 + 2203, 

Y^+2Y- + 3.^'= 05^ + 2^^+ 62 '+ 4 (/ 2 + 22.13, 

+ 8 Y^ + 9;?- = + 222^ + 16^2 + 102a>, 

The solution gives X=o 3 + l, Y=i/ + 1, Z = I, and the equations in the 

forms required are (a 3 + l)^+(^ +1)' + 1 = 0, (a 3 + l)"^ + 2 (y + l)“+3 = 0. 


4997 Ex. (2).—To find the envelope of the base of a triangle inscribed 
in a conic u so that two of its sides touch a. 

4 T 
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Let u = -\-y^-\-z^—2yz^2zx—2xy—2hkxy, 

and u =. 2fys-\-2gzx-\-2hxy, 

X and y being the sides touched by u. Then u-^-hit will be a conic touched 
by the third side z. By finding the invariants, it appears that 0’* —4A0' 
= 4AA'A;, whence k is determined, and the envelope becomes 
(0^—4A0') iL ■\-4iYNu = 0. 

Compare (4970). 


4998 The tangential equation of the two circular points at 
infinity (4717) is 

XHfc^=0. 

Proof.— This is the condition that \x^ny-\-v should pass through either 
of those points, since a;dbiy = c is the general form of such a line. 

4999 U = 0 being the tangential equation of a conic, the 
discriminant of kU-}-U' is 

A^k^+ Ae'k^+A'ek+ A'\ 

Proof. —The discriminant of kU-\-U' is identical in form with (4937), 
but the capitals and small letters must be interchanged. Let then the dis¬ 
criminant be A^®-|-0A:^-f 0'^: +A' = 0. We have 

A = A' (4070), 0 = (LC-F^) 4' + &c. = ^'aA + &c. (4668) = A0^ 
Similarly 0' = A'0, A' = A'^ 


5000 If 0 , 0 ' be the invariants of any conic U and the pair 

of circular points (4998); then 0 = 0 makes the conic 

a parabola, and 0 '= 0 makes it an equilateral hyperbola. 

Proof. — The discriminant of kU+X^+ju'^ is k^N+ k {a-\-h) A-\-ah — F. 
For, as above, A = A^; 0 = A'aY-\- B'hA = (a + &) A since A' — B' = 1, 
a &c. = 0 ; 0' = {A'B'-IP) C=C = ab-P’ and A' = 0. The rest fol¬ 
lows from the conditions (4471) and (4474). 

5001 Idle tangential equation of the circular points is, in 
trilinear notation (see the note at 5030), 

2/av cos a ^ 2 v \ cosli—2X/i cos C. 

Proof ; + = 0, in Cartesians, shows that the perpendicular let fall 

from any point whatever upon any line passing through one of the points is 
infinite. Therefore, by (4624). 


5002 The conditions in (4689) and (4690), which make the 
general conic a parabola or equilateral hyperbola, may be 
obtained by forming 0 and 0 ^ for the conic and equation 
(5001) and applying (5000). 
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5003 If — 40j tlie conic passes tlirougli one of the 
circular points. 

5004 When id in (4984) reduces to that is, to the 

circular points at infinity, F becomes the locus of intersec¬ 
tion of tangents to u at right angles, and produces the equa¬ 
tions of the director-circle (4693) and (4694). 

5005 Tlie tangential equation of a conic confocal with U is 

kU+\‘‘+ii? = 0 ; 

5006 And if the left side, by varying k, be resolved into 
two factors, it becomes the equation of the foci of the system. 

Proof. —Since represents the two circular points at infinity (4998), 

^ 4914 )^ is the tangential equation of a conic touched by 
the four imaginary tangents of U from those points. But these tangents 
intersect in two pairs in the foci of U (4720) ; and, for the same reason, in 
the foci of which must therefore have the same foci. 

If ^*Z7 + X^+ft^ consists of two factors, it represents two points whicli, by 
(4913), are the intersections of the pairs of tangents just named, and are 
dierefore the foci. 

5007 The general Cartesian equation of a conic confocal 
with It = 0 (4656) is 

k^Au+k \G{x^-\-if)-'2GA'--lF}i+A+B}+l = 0. 

Proof. —(5005) must be transformed. Written in full, by (4664), it 
becomes (kA + 1) Hence, by (4667), the trilinear 

eqnation will be 

UkB+l) W-kF^} nHAc. = ¥ {BC-F"-) 

= -j--j-&c., (4668) 

and so on, finally writing .r, y, 1 for n, /3j y. 


TO FIND THE FOCI OF THE GENERAL CONIC (4656). 
(First Method.') 

5008 Suhstitute in kU + X'^+^t^ either root of its discriminant 
kW-i-k (a-l-b) A-l-ab—h^ = 0 (5000), and it becomes re¬ 
solvable into tivo factors (Xxi 4 -^yiH-v)(Xx 2 +/iy 2 + v). ^ The 
foci are x^y^ and X. 2 J 2 , real for one value of k and imaginary 
for the other. 

Proof.— By (5006) the two factors represent the two foci, consequently 
the coordinates of the foci are the coefficients of X, /x, v in those factors. 
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{^Second Method.') 

5009 Let xj he a focus; then, hy (4720), the equation of an 

imaginary tangent through that g^oint is (^ —x)4-i (»?—y) = 0 
or —(x-fiy) = 0. Therefore substitute, in the tangential 
equation (4665), the coefficients X = 1, = i, v = — (x + iy), 

and equate real and imaginary 2 )arts to zero. The resulting 
equations for finding x and, y are, ivith the notation of (4665), 

5010 2 (C.r- Gf = A [«-6+ v' { W+{a-hy } ]. 

5011 2iC,,-Fr = A [h-a+^{4,h^+{a-hy}]. 

5012 If the conic is a parabola, C — 0, and the coordinates 
of the focus are given by 

(F^+G^) .V = FH+^ (A-B) G, 

{F‘+ G '^).'/ = Gll-i (A-B) F. 

5013 Ex. — To fiud the foci of 2.v^-\-2xy + 2y^ + ^^x = 0. By the first 

method, we have 

a, b, c, f, g, h A from which A = — 2. The quad- 

= 2, 2, 0, 0, 1, 1 I I’atic for k is 

and A, B, G, F, G, III /n'A^+4;cA + 3 = (2^'-3)(2A•-l) = 0, 

= 0, —1, 3, 1, —2, 0 J therefore = f or 4* 

Taking f, kU-\-N-\-n^ = f (—/i® + 3»'“-h2/ur—4r\) + = 0, 

or ' 2N-12v\-fi-\-9F-\-0ny = 0. 

Solving for this is thrown into the factors 

j 2X + ,iy2-3 (2+ v/2) F } {v/2-3 (2- ^2) ^}. 

Therefore the coordinates of the foci, after rationalizing the fractions, are 

2-y2 y2-l 2+v/2 v/2 + 1 

^3 ’ “'3 3 ’ 3 ' 

5014 Otherwise, by the second method, equations (5010, ’1) become, in 
this instance, (3.r-f 2)^ = ± 2, (3y— 1)^ = ±2, the solution of which pro¬ 
duces the same values of x and y. 


5015 When the axes are oblique, the coordinates x, y of a 
focus are found from the equations 

[ (J (.t’+// <‘os oi) — F cos CO — G]^ = J A (\/]'^—— 1) 

(Cf/ — F)'^ siii^ct) = -g-A (-v/—4./—2rt+/), 

loJiere I and J are the invariants (4955) and (4954) respec- 
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tively. The equations may he solved for x = x -j-y cos w and 
y = j sinw, which are the rectangular coordinates of the focus 
with the same origin and x axis. 

Proof.— Following the method of (5009), the imaginary tangent through 
the focus is, by (4721), s—.'c-f-(/; —7/)(cos sin w). The two equations 

obtained from the tangential equation are, writing Aa for DG—F“, &c. 
(4668), 

— A (a + 6 —27i cos w —2a siir w), XY = A (h sinai—a sinw cos w) ; 
where X = C (x + y cos (t)) — F cos w — G and Y = (Gy — F) sin tj. 

5016 If the equation of the conic to oblique axes he 
acV^-\-2hxy-yhif-\-c = 0 , 
the equations for determining the foci reduce to 

y {x-\-y cos w)_ afy-^-o' cosco)_ c 

«cos6>—/i h ah—h^ 


5017 The condition that the line \x-\-iiy-^vz may touch the 
conic u-\-(\'x-\-fxy’\-v£f is 

{jxv —fJLV, Xft'—X'ft) = 0. (4656, 4936, 74) 

5018 or {A+U')U=n\ (4938) 

where = (4674) 

Proof.—P ut a + \'^ for «, &c. in IT of (4664). The second form follows 
from the first through the identity 

il(j> ({xv' — &c.) = DU' —11". 

5019 Otherwise, let F = u^,x-^Uy,y’^u^,z, the polar of 
X, y, z (4659), then the condition that F may touch 
becomes, in terms of the coordinates of the poles, 

5020 (1 + 0 (See 4657). 

Proof. —If we putw^.-, from (4659), for X, /u, v in U to obtain the 

condition of touching, the result is An' ; and similar substitutions made in 
n give A ((fi^.x"-h&c.), therefore (6U18) becomes = ((i>^.x" + &c.). 

5021 The condition that the conics 

u + Qdx + fy 4 - vzy, u 4 - {\"x 4 - y'y 4- v'zf 
may touch each other is 

{A+U'){A+U") ^ {A±uy. 


(4938-74) 
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Proof.—M ake one of the common chords 
4- + y'z) =t (X^^x + 

touch either conic by substituting X' db X" for X, &c. in (5018). The result 
is (A+ U'){U'Az 2114- U") = (U'Ai II)^, which reduces to the form above. 

5022 The condition, in terms of the coordinates of the poles 
of the two lines, is found from the last, as in (5019), and is 


5023 The Jacobian, /, of three conics «, v, tv, is the locus 
of a point whose polars with respect to the conics all meet in 
a point. Its equation is 


ih,r+h,i/+giS, (L^A'+hiiz+giZ, 

/ti.r+6iy+/; k^.v+biy+fiZ, 

g'2‘»’+./2.y+c2~, 


<h.v+hsy+gsz 
Ih-v+b^y+fs z 

g-3‘V+/3 Z/+P 3 » 


= 0. 


Proof. —The equation is the eliminant of the equations of the three 
polars passing through a point viz., u^^ + Uyr]-\-UgC^=0, v^S, + Vi,rj = 0, 
= 0. Sec (4657) and (1600). 


^ y y a a 
y! Ayi yi“i “lA 
A yl Ayi r2“2 “2A 

“3 Ai yl Ays ys^s osA 

Ai yl Ayx yx“i “.At 

<h As ys Asys ys^s osAs 


Proof. —The determinant is the eliminant of six equations of the type 
(4656) in the one case and (4605) in the other. By (586). 

5025 If three conics have a common self-con jugate triangle, 
their Jacobian is three right lines. 

Proof. —The Jacobian of a^x^A-hii/A-CiZ-, a^x'A-h^y^A- 

is, by (6023), xyz = 0. 

For the condition that three conics may have a common point, see 
Salmons Conic^^ 6th edit., Art. 380(f, and Proc-. Loud. Math, Soc., Vol. iv., 
p. 404, J. J. Walker, M.A. 


5024 The equation of a 
conic passing through five 
points a.yfdiji, &c. is 

the determinant equation 
annexed; and the equation 
of a conic touching five 
right lines 

is the same in form. A, v 
taking the place of a, /3, 7 . 
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5026 A system of two comics has four covariant forms 
II, u, F, connected by the equation 

j2 ^ p3_ji2 (a'0u'+A0'w'2) 

+^^1111 (00'-3AA')-AA'V-A'Aht'^ 

+ A'«^i(' i2Ae'-Q^)+Au'h( (2A'0-0'2). 

Proof. —Form the Jacobian of u\ and F, This will be the equation of 
the sides of the common self-conjngate triangle (4992, 5025). Compare the 
result with that obtained by the method of (4995). 

5027 By parity of reasoning, there are four contra variant 
forms U, U' V, F where F is the tangential equivalent of J, 
and represents the vertices of the self-conjugate triangle. Its 
square is expressed in terms of U, t/', V and the invariants 
precisely as is expressed in (5026). 


5028 The locus of the centre of a conic which always 
touches four given lines is a right line. 


Proof. —Let Z7 = 0, 17' = 0 be the tangential equations of two fixed 
conics, each touching the four lines ; then, by (4914), = 0 \s another 

conic also touching the four Hues. The coordinates of its centre will be 

and by (4402). The point is thus seen, by (4032), to lie 

C + kG G-\-kG ^ ^ ^ 


on the line joining the centres of the two fixed conics and to divide that line 
in the ratio kG' G. 


5029 To find the locus of the focus of a conic touching four 
given lines. 

In the equations (5010, ’1) for determining the coordinates of the focus, 
write A-\-kA' for Aj &c., and eliminate k. The result in general is a cubic 
curve. If 2, 2' be parabolas, 2 + 7:2' is a parabola having three tangents in 
common with 2 and 2'. If G = G'— 0 the locus becomes a circle. If the 
conics be concentric, they touch four sides of a parallelogram, and the locus 
is a rectangular hyperbola. 


Note on Tangential GoorcUnates. 

5030 It must be borne in mind that a tangential equation in trilinear 
notation (that is, when the variables are the coefficients of o, (3, y in the 
tangent line lam(Sny) will not agree with the equation of the same locus 
expressed in the tangential coordinates \ fjt, v of (4019). Thus, to convert 
equation (5001), which, for distinctness, will now be written 

+ + —2mji cos A — 2nl cos B—2lm cos (7 = 0 

into tangential coordinates, we must substitute, by (4023), aX, hfi, cr for 
Z, m, n. The equation then becomes 

+ + —26c cos Jyur—2cacos PrX —2a6cos GXfx = 0. 

Put 26c cos = 6^ + C^ —&c., and the result is the equation as presented 
in (4905). 

Corrigenda .—In (4678) and (4692) erase the coefficient 2 ; and in (4680) and (4903) supply 
the factor 4 on the left of the equation. 
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TANGENT AND NORMAL. 


5100 Let (Fig- 90) be a point on tlie curve AP; PT, PN, 
PG, the tangent, ordinate, and normal intercepted by the .r 
axis of coordinates. See definitions in (IICO). Let £PTX 

= 'P- 

5101 tan J , by (1403); siii '(' = JlA = 

5104 Sub-tangent NT ^ ij.Vy, Sub-normal NG = yy^, 
5106 PT = // v/(T+4). pr = U(i+;/i)- 

5108 PG = y U(T+^), PG' = .tV(i+4). 


Let OP=v (Fig. 91), u = r-\ AOP = 0, 0PT=^-, 
Arc AP = . 9 . Then, by infinitesimals, 

5110 siii(^ = r^, cos<^=^^, = 

5113 {<i.vy+{>tyY = = U(i +//1). 


5114 


tan xlf — 


__ Tfl sin 0-\-r cos 6 


, cos 6—r sill 6 


(1768) 


5115 Intcrccpti) of Normal OG = 0 (v'= 
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Peoof: 


5116 


_r sin OPG_ Q'COS(ff _ ^ 

~ sin FGN ~ sin NET x, dx * 

^6 = \/(^'^ + ^’ 0 ) J 1 + • 


Proof.—B y rOg = sin0 and tan0 = rQ^. (5110). 


EQUATIONS OF THE TANGENT AND NORMAL. 

The equation of the curve being y =f {^) or u = (f> (.r, y) 
= 0, the equation of the tangent at ^i^y is 


5118 


(4120) 

5119 or 

»/> 


5120 or 


(1708) 


5121 If (j) (^x, y) = 'y« + iV-i+ ••• + ^05 whore is a homogeneous function 
of aj and y of the degree, the constant i^art forming the right member of 
equation (5120) takes the value 

—-rH-i — 2r„_2—... — (h— 1) 

By Euler’s theorem (1621) and 0 («, y) = 0. 

The equation of the normal at xy is 


5122 

\ 

1 

II 

1 

(4122) 

5123 or 

L\+7) = .r.r,+^, 


5124 or 

■>?«* = 

(1708) 


POLAR EQUATIONS OP THE TANGENT AND NORMAL. 

Let r, 0 be the coordinates of P (Fig. 91), and R, 0 those 
of Sy any point on the tangent at P; and let u = U == E~^} 
T = 0 — 0; the polar equation of the tangent at P will be 

5125 R = -r~. —X) or U= ii cos t+ sin t. 

de (?’ sm t) 

The polar equation of the normal is 


5127 R 


de (r cost) 


or U = ii cos r ~ sin t . 


Proof.— Prom P = , and from lan0 = rO, 

li OS sm OPS sm (ft 
(5112). Similarly for the normal. 

4 U 
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Let OY = ]) be the perpendicular from the pole upon the 
tanofent, then 


5129 

5131 


j) =: r sin (j) = h 


(5112) 
(40G4 & 5119, ’20) 


va+j/i) - V{^i + ¥yy 

OS, drawn at right angles to o' to meet the tangent, is 
called the j)olar sub-tangent, 

5133 Polar sub-tangent = (5112) 


RADIUS OF CURVATURE AND EVOLUTE. 


Let 5, >? be the centre of curvature for a point xy on the 


curve, and p the radius of curvature; then 

5134 {^^-^y+{y-ny = p .(i). 

5135 {A'—^) + (tj—q)tj^ = Q .(2), 

l + (/:i+0/—'?)2/2a, = 0 . (3). 


Proof.— (2) and (3) are obtained from (1) by differentiating for x, con¬ 
sidering T) constants. 

The following are different values of p : 

p = = (<i>i+<i>i)- 

_ _ 1 

J/'lt A\2f 1/1 U'ls <Ts &/A 

_ 1 _ ■*'. _ 

\/i'4s+fJ H-22 ‘V,, 

_ _ (k+»D* 

»•■+-'•«+'•>•20 t('(n + n . ie ) 

= AV = 7 >+/> 2 * = 

Pkoofs. For (5137), eliminate x —£ and y—n between equations tl), 
(2), and (3). 

(5138) is obtained from the preceding value by substituting for t/j and 


5137 

5139 

5141 

5144 

5146 
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y,^ the values (1708, ’9). The equation of the curve is here supposed to be 
of the form <f) (x, y) = 0 . 

For (5139) ; change the variable to t. For (5140) ; make t = s. 

For (5141-3) ; let PQ= QR = ds (Fig. 92) be equal consecutive elements 
of the curve. Draw the normals at P, Q, R, and the tangents at P and Q to 
meet the normals at Q and P in P and 8 . Then, if PN be drawn parallel 
and equal to QS, the point N will ultimately fall on the normal QO. Now 
the difference of the projections of PT and PN upon OX is equal to the pro¬ 
jection of TN. Projection of PT = dsXg ; that of PN or QS = ds (Xg-^-Xosds) 
(1500); therefore the difference = dsxogds = TN cos a. But TN : ds = 
ds : p, therefore px .28 = cos a. Similarly pyzs = sin a. 

For (5144) ; change (5137) to r and d, by (1768, ’9). 

(5145) is obtained from p — rr^ = — and (5129) ; or change (5144) 
from r to u by r ■= u ~h 

(5146.) In Fig. (93), PQ = p, PP' = ds, and PQP' = 

(5147.) In Fig. (93), let PQ, P'Q be consecutive normals; PT, P'T' 
consecutive tangents; OT, OT', ON, ON' perpendiculars from the origin 
upon the tangents and normals. Then, putting p for OT = PN, q for 
PT= ON, and d^ for Z TPT' = PQP', &c., we have 

5 = ^*2., QN=‘% and p = PQ = p+QN = 

d\f/ dif/ 

(5148.) dp = r cos (p d\p and cos 9 = • Eliminate cos (p. 

5149 Def. —The evolute of a curve is the locus of its ceutre 
of curvature. Eegarding the evolute as the principal curve, 
the original curve is called its involute. 

5150 The normal of any curve is a tangent to its evolute. 

Proof.— By differentiating equation (5135) on the hypothesis that ^ and 
T] are variables dependent upon x, and combining the result with (3), we 

obtain yxVi = —^- , i . ; /o 

In (Fig. 94), the normal at P of the curve AP touches the evolute at Q. 
Otherwise the evolute is the envelope of the normals of the given curve. 

If XIJ and are the points P, Q, we have the relations 


drj (Ip 


5151 L^d^+'!LJLdr,= dp, 
P P 


Proof. —Take Q71 = d^ and ns = dr], tlien Qs — dp. The projection of 
Qn, ns gives dp in (5151) and proportion gives (5152). 

5153 The evolute and involute are connected by the for- 
mulse below, in which s' in the evolute correspond to 

r, p, s in the involute. 


5154 pzts = constant; — r^+p^-2pp. 
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Proof. —From Fig. (94), Jp = Aids', &c., s being the arc RQ measured 
from a fixed point R. Hence, if a string is wrapped upon a given curve, the 
free end describes an involute of the curve. (3155, ’6) from Fig. (93). 


5157 To obtain tlie equation of the evolute; eliminate x and 
y from equations (5135, ’6) and the equation of the curve. 

5158 To obtain the polar equation of the evolute; eliminate 
r and ]) from (5156) and (5157) and the given equation of the 
curve r = 


5159 Ex.—To find the evolnte of the catenary y = + e ®). Here 

= 1 {e<^ — e '’)= ) j 2 /.,^ = T (e c ^ g c ^ . go that equations 

** c Ic c 

(5135, ’G) become 

(a;—^)-f-(y —>?) = 0 and 1 + + (t/ —r/) J = 0. 

From these we find y~^, a; = ^4c^). Substituting in the 

equation of the curve, we obtain the required equation in ^ and r}. 


INVEESE PROBLEM AND INTRINSIC EQUATION. 


An inverse question occurs when the arc is a given func¬ 
tion of the abscissa, say s = (p (x); the equation of the curve 
in rectangular coordinates will then be 

5160 y = J (Iv. [From (5113). 

5161 The intrinsic equation of a curve is an equation inde¬ 
pendent of coordinate axes. Let y = (p {x) be the ordinary 
equation, taking for origin a point 0 on the curve (Fig. 95), 
and the tangent at 0 for x axis. Let s = arc OP, and the 
inclination of the tangent at P; then tlie intrinsic equation of 
the curve is 

5162 .V = J sec dip; 
where x^ is found from tan \p = 
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To obtain the Cartesian equation from the intrinsic equa¬ 
tion : 

5163 Let s = F{\p) be the intrinsic equation. Eliminate 
between this and the equations 

= J cos xjj (Is^ ^ = J* sill ^ (is. 


5165 The intrinsic equation of the evolute obtained from 
the intrinsic equation of the curve, s = F(\p)^ is 

-4^+/=/, a constant. (5154) 

dyp 

5166 The intrinsic equation of the involute obtained from 
s'= F(ip), the equation of the curve, is 

« = d^. 

For d\p is the same for both curves (Fig. 94), i/> only differing 
by ^TT, and s = ^ pdtp. 


ASYMPTOTES. 


5167 Def. —An asymptote of a curve is a straight line or 
curve which the former continually approaches but never 
reaches. {Vide 1185). 


GENERAL RULES FOR RECTILINEAR ASY^IPTOTES. 

5168 Eule I.— Ascertain if y^ has a limiting value when 
X = 00 . If it haSy find the interceggt on the x or y axis, that 
M, x—yxy or y-xy, (5104). 

There ivill he a,n asymptote parallel to the y axis lohen y^ is 
infinite^ and the x intercept finite^ or one parallel to the x axis 
when y^ is zero and the y intercept finite. 

5169 Rule II.— When the equation of the curve consists of 
homogeneous functions of x and y, of the m^^, n^^ degrees^ 
so that it may he written 


(1); 
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fut /iX+j3/o?* y and expand &c., hij (1500). Divide 


(1) by x“, and make x infinite; then (ft) = 0 determines 
Next^imt this value of /n in (1), divide by x““^, and make x 
infinite; thus (/O + \ (m) = ^ determines /3. Should the 

last equation be indeterminate, then 

i f^Y' (p) ~ ^ 

gives tivo values for j3, and so on. 

When n <m —1, j3=:0, and ivhen n is >m —1, j3 = oo. 


5170 Rule III .—If f (x, y) = 0 be a rational integral equa¬ 
tion, to discover asymptotes parallel to the axes, equate to zero 
the coefficients of the highest qmwers of x and j, if those co¬ 
efficients contain y or x respectively. 

To find other asymptotes—Substitute /tx + jS for y in the 
original equation, and arrange according to powers of x. To 
find p, equate to zero the coefficient of the highest power of x. 
To find (3, equate to zero the coefficient of the next power of x, 
or, if that equation he indeterminate, take the next coefficient in 
order, and so on. 


5171 Rule IY .—If the polar equation of the curve be r = f (0) 
and ifr = oo makes the polar subtangent r^9^=G, a finite quan¬ 
tity, there is an asymptote whose equation is rcos(0 —a) = c; 
where a + -|7r = (oo ) = the value of 6 of the curve when r is 
infinite. 

5172 Asymptotic curves .—In these the difference of corres¬ 
ponding ordinates continually diminishes as x increases. 

As an example, the curves y = ^ 0^’) and 2/ = 0 (^) + — asymptotic. 

X 


5173 Ex. 1.—To find the asymptotes of the curve 

(aAdx)(x^-hi/) = . ( 1 ). 

The coefficient of if, a“|-3.r = 0, gives an asymptote parallel to the y axis. 
Putting y = fix + p, (1) becomes 

{a-\-Zx){x^A fxr(y) = 0 .( 2 ). 

The coefficient of jj*, 3 (1 4 = 0 gives ft = db —..y Substituting this 

value of ft in (2), the coefficient of becomes db —find this, equated 
2(z ^ ^ ^ 

to zero, gives /3 = ^ Hence the equations of two more asymptotes 

are 'ZyfZ = ± (3.r—2a). 
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Ex. 2.—To find an asymptote of the curve r cos 6 — a cos 20. Here 

dO _ _ cos 20 _ 

dr a cos 20 sin 0—2g sin 20 cos 0 

When ?* = CO, 0 = ^tt, and r^0,. = — a. Hence the equation of the asymp¬ 
tote is r cos 0 = — g. 


SINGULARITIES OF CURVES. 


5174 Concavity and Convexity. —A curve is reckoned convex 
or concave towards the axis of x according as yy^ is positive 
or negative. 


POINTS OF INFLEXION. 

5175 A point of inflexion (Fig. 96) exists where the tangent 
has a limiting position, and therefore where y^ takes a maxi¬ 
mum or minimum value. 

5176 Hence must vanish and change sign, as in (1832). 

5177 Or, more generally, an even number of consecutive 

derivatives of ^ {x) must vanish, and the curve will pass 

from positive to negative, or from negative to positive, with 
I’espect to the axis of x, according as the next derivative is 
negative or positive. [See (1833). 


MULTIPLE POINTS. 

5178 A multiple p)ointy known also as a node or crunode, 
exists when y^ has more than one value, as at B (Fig. 98). If 

{x^ y) = 0 be the curve, fand must both vanish, by 
(1713). Then, by (1704), two values of determining a 
double pointy will be given by the quadratic 

^ . (!)• 

5179 If ^2y3 ^xy J^/lso vauisli; then, by (1705), three 
values of (/j., determining a triple pointy will be obtained from 
the cubic 

^3yyl + *^<l>2yxI/l + ^^y2xf/>v-^-^^x =6 .( 2 ). 

5180 Generally, when all the derivatives of (p of an order 
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less thau n vanish, the equation for determining (put = z) 
may be written 

{~dy+(hY<i>{a', y) = 0 . 

Proof. —Let ah be the multiple point. Then, by (1512), 

0 (a + /^, 5 + ^;) = (hd^-]rkdyY(!> {x, y) 

-f terms of higher order which vanish when 7t and h are small. 

And y ^ in the limit. 

h <Pj, ax 


CUSPS. 

5181 AYhen two branches of a curve have a common tan¬ 
gent at a point, but do not pass through the point, they form 
a CW529, termed also a sjpinode or stationary point. 

5182 In the first species, or ceratoid cusp (Fig. 100), the 
two values of y.2.r have opposite signs. 

5183 In the second species, or rampJioid cusp (Fig. 101), 
they have the same sign. 


CONJUGATE POINTS. 

5184 A conjugate point, or acnode, is an isolated point whose 
coordinates satisfy the equation of the curve. A necessary 
condition for the existence of a conjugate point is that and 
must both vanish. 

Proof.— For the tangent at such a point may have any direction, there¬ 
fore —^ is indeterminate (1713). 


5185 There are four species of the triple point according as 
it is formed by the union of 

(i.) three crunodes, as in (Fig. 102) ; 

(ii.) two crunodes and a cusp, as in (Fig. 103); 

(iii.) a crunode and two cusps, as in (Fig. 104); 

(iv.) when only one real tangent exists at the point. 

5186 Fx. — The equation i/= {x—a){.v—h)(x — c)* when 
aC^h <,c represents a curve, such as that drawn in (Fig. 97). 


* Salmon’s Higher Vlaw Curves^ Arts. 39, 40. 
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When b = c the curve takes the form in (Fig. 98). But 
if, instead, h = a, the oval shrinks into a point A (Fig. 99). 
a = b = c the point A becomes a cusp, as in (Fig. 100). 


A geometrical method of investigating singular points. 

5187 Describe an elementary circle of radius r round the 
point X, y on the curve {x^ y) = 0, intersecting the curve in 
the point x-\-hy y-\-Jv. Let h = r cos 0, h — r sin 0. Expand 
(a;+/i, y + Z:) = 0 by (1512), and put = iv sin y, \y = 
K cos y. We thus obtain 

K sin (y + 0) + 4 {hx cos^ 9 + 2(p^^y sin 0 cos 0 -j- (p.y sin^ ^) + -^ =0 

B being put for the rest of the expansion . 0-)^ 

According as the quadratic in tan 0, 

“h ^ tan^ 0 = 0, 

has real, equal, or imaginary roots; i.e., according as 
<ply—i> 2 xi> 2 y is positive, zero, or negative, xy will be a crunode, 
a cusp, or an acnode. By examining the sign of B, the 
species of cusp and character of the curvature may be deter¬ 
mined. 

Figures (105) and (106), according as B and ^ 2 y Fave 
opposite or like signs, show the nature of a crunode; and 
figures (107) and (108) show a cusp. 

Proof.— At an ordinary point the circle cuts the curve at the two points 
given by 6 =— 7 , d = 7r — y. But, if and (py both vanish, there is a 
singular point. Writing A, B, 0 for (p^y, (p-,y, equation (1) now becomes 

0 cos= 0 [ tan* 0 + ^ tane+ ^ j + ^ = 0 .( 2 ). 

(i.) If B^ > AGy, this may be put in the form 

C cos^ 0 (tan 0 — tan o) (tan 0 — tan P) + ~ = 0 , 

and the points of intersection with the circle are given by 0 = a, ft, tt + o, 
and 7 r + /3. (Figs. 105 and 106.) 

(ii.) When B^ = AC, we may write equation (1) 

97? 

C cos® 0 (tan 0 —tan a)® + = 0 . 

If B and C have opposite signs, there is a cusp with a for the inclination of 
the tangent (Fig. 107). So also, if B and G have the same sign, the inclina¬ 
tion and direction being tt + u (Fig. 108). The cusps exist in this ca.se 
because B changes its sign when tt is added to 0, B being a homogeneous 
function of the third degree in sin 0 and cos 0 . 

(iii.) If B®<A(7, there are no real points of intersection, and therefoi’e xy 
is an acnode. 

4 X 
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CONTACT OF CURVES. 


5188 A contact of the order exists between two curves 
when n successive derivatives, ... 2/«aj or ... corres¬ 
pond. The curves cross at the point if n be even. No curve 
can pass between them which has a contact of a lower order 
with either. 

Ex.—The curve y = ^ (x) has a contact of the order, at the point 
where x = a, with the curve y = (j) (a)(x—a) 

5189 CoR.—If the curve y —f{x) has n parameters, they 

may be determined so that the curve shall have a contact of 
the (r— 1)^^^ order with y = (x), 

A contact of the first order between two curves implies a 
common tangent, and a contact of the second order a common 
radius of curvature. 


Conic of closest contact icith a given curve. 

5190 Lemma. —In a central conic (Fig. of 1195), 

tan CPG = 4 

8 ds 

Proof.—P utting PCT—d, CrT=^, GP = r, CD = E, we have, by 

(1211), = a^ + h\ .*. rr* = -BE, . (i.). 

Also Er sin <p = ah, by (1194), Er0g = ah, by (*5110).(ii.). 

Now tan CPG = — cot0 = — — (5112) = by (i.) and (ii.). 

But P = ^ (4538), 4 - -^ = ^ = tan CFG. 

ah o ds ah 

5191 To find the conic having a contact of the fourth order 
with a given curve at a given point F. 

If 0 lie the conic’s centre, the radius r = OF, and the 
angle v bet’wecn r and the normal are found from the equations 

i 1 dp cos V 1 dv 

tail v = — -=-p, 

d ds r p ds 

and these determine the conic. 
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Proof. —In Fig. 93, let 0 be the centre of the conic and P the point of 
contact. The five disposable constants of the general equation of a conic 
will be determined by the following five data: two coordinates of 0, a com¬ 
mon point P, a common tangent at P, and the same radius of curvature PQ. 

Since v = POP, dO = POP\ d\f/ = TOT', and ds = PP', we have, in 
passing from P to P', dv = P'OT—POT = d\p — dO. Now rdd = ds cos v, 

therefore ^ j and tan v has been found in the 

lemma. * 

The squares of the semi-axes of the same conic are the 
roots of the equation 

{9+¥-^ac)\v^--W (18+26-^-3ac)(9+^>^-3«c) 

= 0 , 


a, hf c being written for p, pg, p 2 s» The eccentricity is found 
from 


9(e^-2)^ (lS+2¥-3acy 

1—9+6'^—3rtc 


Also the equation of the conic referred to the tangent and 
normal at the point is 

Aa^+2BAy+Cif = 2y, 

where A = B = -^, 0 = - + '^-^. 

p op p Vp O 

Ed. Times, Math. Reprint, Vol. xxi., p. 87, where the demonstrations by 
Prof. Wolstenholme will be found. 


ENVELOPES. 


5192 An envelope of a curve is the locus of the ultimate 
intersections of the different curves of the same species, got 
by varying continuously a parameter of the curve; and the 
envelope touches all the intersecting curves so obtained. 

5193 Rule. —If F (x, y, a) = 0 he a curve having the para- 
meter a, the envelope is the curve obtained hy eliminating a 
hetiveen the equations 

F{x, a) = 0 and daF {a\ y, a) = 0. 
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Proof. —Let a change to + h. The coordinates of the point of intersec¬ 
tion of F(x, y, a) = 0 and F (x, a + h) = 0 satisfy the equation 

F(x, y, a-{-h)~F(x, y, a) _ dF(x, y, a) _ ( 1404 ) 

h ^ da 


5194 If F{x, y, a, h,c, ...) = 0 be the equation of a curve 
having n parameters a, h,c, ... connected by n — \ equations, 
then, by varying the parameters, a series of intersecting 
curves may be obtained. The envelope of these curves will 
be found by differentiating all the equations with respect to 
a, h, c, (fee., and eliminating da, dh, ... and ... 

5195 Ex.—In (2) of (5135), we have the equation of the normal of a 
curve at a given point xy ; I, v being the variable coordinates, and y the 
parameters connected by the equation of the curve F (x, y) = 0. By differ¬ 
entiating for X and y, (5136) is found, and the elimination as directed in 
(5157) produces the equation of the evolute which, by (5194), is the envelope 
of the curve. 


INTEGRALS OF CURVES AND AREAS. 



FORMULA FOR THl 

] LENGTH OF AN ARC S. 


5196 

« = j </« = j'l/(l+Z/l) dx = j Vl+xFy 

dp 

(5113) 

5200 

= J -/{A+fd dt = 

=j^/(r+rl)de 


(5116) 

5201 

+ 

11 

II 


(5111) 

5203 

Legendre's formula, 

s = pd^. 



5204 

The whole contour of a closed curve = 

= 1 pd'fi- 

Jo 



Proof. —In figure (93), let P, P' be an element ds of the curve; P2\ P'T' 
tangents, and OT, OF the perpendiculars upon them from the origin; OT = p^ 
PT ^ q. Then ds-\-P'T' — PT—TL, ^.c., ds-\-dq = pdip) therefore s-^q 
= But qd\l/ = —dp\ therefore s=p^ + \pd\p. Also, in integrating 

all round the curve, P'T'—PT taken for every point vanishes in the summa¬ 
tion, or j” dq = 0. Therefore | ds = | pdy^. 
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FORMULAE FOR PLANE AREAS. 

5205 If ^ ^ (x) be tlie equation of a curve, the area 

bounded by the curve, two ordinates (x = ay x = h), and the x 
axis, is, as in (1902), 

A = ^ (j) (.r) dcV. 

5206 With polar coordinates the area included between two 
radii (0==a, 6 = 13) and the curve is 

A = ijyae = ifpds = i J 

Proof. —From figure (91) and the elemental area OFF'. 


5209 The area bounded by two circles of radii a, by and the 
two curves 6= (j>(r)y 6 = xp (?■) (Fig. 109). 

^ = r f 7'dr (16 = r r {'/^ (^^)-'<^ (»’)} 

Here r {^//(r)—<|)(r)} (ir is the elemental area between the 
dotted circumferences. 

5211 The area bounded by two radii of curvature, the curve, 
and its evolute (Fig. 110). 

A = i^p^d^ = i ^pds. 

Proof. —From figure (93) and the elemental area QFF\ 


INVERSE CURVES. 


The following results may be added to those given in Arts. (1000-15). 

5212 Let r, r' be corresponding radii of a curve and its 
inverse, so that r?*' = F; s, s' corresponding arcs, and (py (p' 
the angles between the radius and tangents, then 

and <f> = (j). 

ds r 

Proof. —Let FQ be the element of arc ds, F'Q' the element ds\ and 0 
the origin. 

Then OP. OF' = OQ.OQ', therefore OPQ, OQ'P' are similar triangles; 
therefore PQ : P'Q' :: OP : OQ' = r : r 'also Z OPQ = OQ'P'. 
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5214 If p, p be the radii of curvature, 

— + ^ = 2 sin <^. 

P P 

Proof. —From p = r sin p' = r sin 0, we have 

2 )'= therefore ^ = k^ . (i.). 

^ dr r" ^ ' 

Also r = ~, therefore . (ii-)* 

r dr r- 


Now fi' = / (5148), therefore ^ by (i.) and (ii.). 

dp ^ p r dr dr rr pr ^ ^ ^ ^ 

Therefore -f- — = = 2 sin 

p p r 


5215 To find the equation of the inverse of a curve in 
rectangular coordinates, substitute 




•and 


^7/ 


. 

for X and y in the equation of the given curve. 

5216 The inverse of the algebraic curve 

where ti„ is a homogeneous function of the degree, will be 

5217 The inverse of the conic = 0 is 

khH+k%, (.f^+y^)+»« = 0. 

5218 If the origin be on the curve, this equation becomes 

khi^+Ui {^v^+f/) = 0 . 


5219 The angle 0 will also be unaltered in any curve, 
r =/(6), if the inversion be effected by putting 

r = kr^ and 0 = n0\ 

Proof.— 

tan ip' = r'0', (5112) = r'O'^r^. = r'^knr'”~^ = kr'^d^ = rd^ = tan0. 
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PEDAL CURVES. 


5220 The locus of the foot of the perpendicular from the 
origin upon the tangent is called a pedal curve. The pedal of 
the pedal curve is called the second pedal, and so on. Re¬ 
versing the order, the envelope of the right lines drawn from 
each point of a curve at right angles to the radius vector is 
called the^?'S^ negative pedal^ and so on. 

5221 The pedal and the reciprocal polar are inverse curves 

(1000, 4844.) 


AREA OF A PEDAL CURVE. 

5222 Let (7, P, Q be the respective areas of a closed curve, 
the pedal of the curve, and the pedal of the evolute; then 

P-Q = C, P+ Q = ij }•'#, 2P = C+ij 

Proof. —With figure (93) and the notation of (5204), we have, by (5206), 
P = I Q = ¥ J 2^# ; therefore P+ Q = 2 KP + 2^) M 

Also, taking two consecutive positions of the triangle OPT = A, we get 
OPT—OP'T' = lA = hG + ^Q — ^P. Therefore, integrating all round, 

^dA = 0 = (7+Q-P. 


5225 Steiner^s Theorem .—If P be the area of the pedal of a 
closed curve when the pole is the origin, and P^ the area of 
the pedal when the pole is the point xy, 

P'—P = — 


( 2ir r2rr 

p COS 9 do and psinOdO; 

0 Jo 

0 being the inclination of p. 

Proof. —(Fig. 111.) Let LM be a tangent, S the point xijy perpendiculars 
OM=p and SB^p\ Draw SN perpendicular to OM, and let ON = p ^; 

then P' = = i| {p-pif = \^p\li>+h^p\di>—^pp^d^\> 

= P4- — OS^— [ p (x cos 0+y sin 0) dd, by (4094), and dd = d\ff. 

And I 1 jpj = twice the area of the circle whose diameter is OS. 
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5226 Cor. 1.—If P' be given, the locus of xy is a circle 
whose equation is (5225), and the centre of this circle is the 
same for all values of P\ the coordinates of the centre being 

a j & 

— and — . 

TT IT 

5227 Cor. 2.—Let Q be the fixed centre referred to, and 
let Q8 = c. Let P" be the area of the pedal whose origin is 

Q; then = 

For a and h must vanish in (5225) when the origin is at the 
centre and x‘^-\-y^ then = c^. 

5228 S'oE. 3.—Hence P" is the minimum value of P'.* 


ROULETTES. 


5229 Def. —A Boidette is the locus of a point rigidly con¬ 
nected with a curve which rolls upon a fixed right line or 
curve. 


AREA OF A ROULETTE. 

5230 When a closed curve rolls upon a right line, the area 
generated in one revolution by the normal to the roulette at 
the generating point is twice the area of the pedal of the 
rolling curve with respect to the generating point. 

Proof. —(Fig. 112.) Let P be the point of contact of the rolling curve 
and fixed straight line, Q the j^oint which generates the roulette. Let R be 
a consecutive point, and when R conies into contact with the straight line, 
let P'Q' be the position of RQ. Then PQ is a normal to the roulette at Qy 
and P is the instantaneous centre of rotation. Draw QN, QS perpendiculars 
on the tangents at P and R. The elemental area PQQ'P'j included between 
the two normals QP^ Q'P\ Is ultimately equal to PQR+ QRQ'. But PQR 
= dCj an clement of the area of the curve swept over by the radius vector 
QP or r round the pole Q ; and QRQ' = ; therefore, whole area of 

roulette = 0+1 fV# = 2P, by (5224). 


5231 Hence, by (5228), there is one point in any closed 
curve for which the area of the corresponding roulette is a 

* For a discueeion of the pedal curves of an ellipse by the Editor of the £duc. Times and 
others, see Hcprint, Vol. i., p. 23 ; A’’ol. xvi., p. 77 ; Vol. xvii., p. 92 ; and Vol. xx., p. 106. 
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mmimum. Also the area of the roulette clesoribod by any 
other point, distant c from the origin of the minimum roulette, 
exceeds the area of the latter by 


5233 When the line rolled upon is a curve, the whole area 
generated in one revolution of the rolling curve becomes 

Jo \ p / 

where p, p are the radii of curvature of the rolling and fixed 
curves, and G is the area of the former. 

Proof. —(Fig. 113.) Instead of the angle d\pj we now have-4he sum of 
the angles of contingence at P of the rolling curve and fixed curve, viz., 

since pdxj/ = ds = p'd^', by (514G). 


LENGTH OP THE ARC OF A ROULETTE. 

5333 If <j and t be corresponding arcs of the roulette and 
the pedal whose origin is the generating point; then, when 
the fixed line is straight, <t = t; and when it is a curve, 

5334 Jrf<r = J(l+^)rfC 

Proof. —(Fig. 112.) Let B be the point which has just left the straight 
line, Q the generating point, N, 8 consecutive points on the pedal curve. 
Draw the circle circumscribing BQNS^ of which BQ = r is a diameter, and 
let the diameter which bisects N8 meet the circle in K. Then, when the 
points P, B, P' coincide, KN and BQ are diameters, and SKN = 8FN = d\{/ 
= QBQ'; therefore SN or dC = rdxf/ = QQ' or da. When the fixed line is a 

curve, da = rdxj/ ^1-+ in (5232). 


RADIUS OF CURVATURE OP A ROULETTE. 

5235 Let a (Fig. 113) be the angle between the generating 
line r and the normal at the point of contact; p, p' the radii 
of curvature of the fixed and rolling curves, and 11 the radius 
of curvature of the roulette; then. 


, cos a— r 

P+P 

4 Y 
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Proof. — Let consecutive normals of the roulette meet in 0 ; then 
OQ = U, PQ = r, 2IPT - a. 

R—r PM ds cos a , , / 7 » i 71 '\ f ds . ds\ 

^ = W = da = r(,d^+d^) = r[- + ^), 

from which R is obtained. If the curvature of the roulette is convex to¬ 
wards P (Fig. 114), we must write R + r instead of R — r above. 


5236 The curvature is convex towards P when B is posi¬ 
tive, that is, when the carried point Q falls within the circle 
whose diameter measured on the normal of the rolling curve 

= When Q falls without this circle, the curvature is 

p+p 

concave; and when Q falls upon the circumference, the point 
is one of inflexion. The circle has for this reason been called 
the circle of inflexions, 

5237 In figure (163) let PA = p, PB = p\ PQ = r, OQ = E, 

as in (5235). Draw PGD, the circle of inflexions, with its 
/ / 

diameter PG — and therefore PD = 7 cos a. From 

p+p ^ p-fp 

these values and proportion it follows that BG : BP : BA and 
QD : QP : QO. Also, if the circle on diameter PE = PG be 
drawn, AE : AP : AB and OF : OP : OQ. 

5238 A simple construction for the centre of curvature of 
the roulette is the following. (Fig. 164, with letters as in 
5237.) At P draw a perpendicular to PQ to meet QB in N. 
Join NA, which will meet QP produced in 0, the required 
point. 

Proof. —From equation (5235), assuming 0 to be tbe centre of curvature, 
wc can deduce the relation {BA : AP){P0 i 0Q){QN : NB) = 1, therefore, 
by (9G8), A, 0, N are collinear points. 


THE EISIVELOPE OF A CARRIED CURVE. 

5239 When a curve is rigidly connected with a rolling 
curve, it will have an envelope. The path of its point of 
contact with the envelope is a tangent to both curves, and 
therefore the normal, common to the carried curve and its 
envelope, passes through the point of contact P of the rolling 
and fixed curve. 

5240 The centre of curvature of the envelope is obtained as 
follows. 
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In Fig. (163), from P draw a normal to the carried curve meeting it in 
Q, and let on PQ be the centre of curvature of the envelope for the point 
Q ; and 0 that of the carried curve. Then PS is found from 


-h — = cos a 

P 9 



1 

PO 


)■ 


5241 AYhen the envelope is a right line, the centre of curva¬ 
ture lies on the circle of inflexions (5236). When the carried 
curve is a right line, the same point lies on the circle PEF 
(Fig. 163), and if the right line always passes through a fixed 
point, that point lies on the circle PEF. 

5242 If 2^ be the perpendicular from a fixed point upon a 

carried right line whose inclination to a fixed line is ^; the 
radius of curvature of the envelope is p = by (5147). 


INSTANTANEOUS CENTRE. 

5243 When a plane figure moves in any manner in its own 
plane, the instantaneous centre of rotation is the intersection 
of the perpendiculars at two points to the directions in which 
the points are moving; and a line from the instantaneous 
centime to any point of the figure is the normal to the path of 
that point. 

Ex.—Let a triangle ABG slide with its vertices A, B always upon 
the right lines OA, OB. The perpendiculars at A, B to OA, OB meet in Q, 
the instantaneous centre, and QO is the normal at G to the locus of G. 

Since AP and the angle A OP are of constant magnitude, OQ, the 
diameter of the circle circumscribing OAQB, is of constant magnitude. 
Hence the locus of the instantaneous centre is a circle of centre 0 and 
radius OQ. 


5244 EoIditcEs Theorem .—If a chord of a given length LM 
moves completely round a closed curve, the area enclosed 
between the curve and the locus of a point P on the chord is 
equal to ttcc' where c = LK, P = MK. 


5245 If the ends of LM move on different closed curves 
whose areas are X, p, while the area described by K is k, then 

Xc'+jxc / 

K =--Tree . 

c+c 


Proof. —(5244). Let the innermost oval in figure (134) be the envelope 
of LMf e its area, and E the point of contact. Let EL = Z, EM ^ m, 
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EK=k, l + m = a = c + c 0, the inclination of LM. Then, integrating 
in every case from 0 to 27r, 

=x-e') i^(r—m‘)de = -^jj(l-m)de=X-m. 

= /X—e J Also j* dd = ■Kcd'^ 

a^ldd = 7 ra^ + X—fi . (i.)* Similarly cJZcZ6 = ttc^ + X —k . (ii.), 

the last being obtained from — k~) dd — X — k’. k is then found by 

eliminating the integral between (i.) and (ii.)- 

(5245.) If the curves X, fx coincide, X = /x and therefore X—k — ttcc. 


TRAJECTORIES. 

5246 Def.—A trajectory is a curve which cuts according to 
a given law a system of curves obtained by varying a single 
parameter. 

The differential equation of the trajectory which cuts at a 
constant angle j3 the system of curves represented by 
cj, (x, y, c) = 0 is obtained by eliminating c between the 
equations 

^ (cV, //, c) = 0 and tau ^ 

I y T xRX 

the derivatives of (p being partial, and referring to the 
trajectory.* 

Proof, — At a point of intersection we have for the given curve 
m = —0a;4-^y, and for the trajectory m =yj.- Employ (4070). 

If the trajectory is to be orthogonal, tan (3 = oo, and the 
second equation becomes 


Ex.—To find the curve which cuts at a constant angle all right lines 
passing through the origin. 

Let y — cx represent these lines by varying c ; then, writing n for tan 
the two equations become y—cx = 0 and n (l + cy^.) = yx — c. Eliminating 
c, xrjx-^y — '>i{yyxA-x). Divide by + and integrate; thus 

tan’‘^ = ?ilog y(^® + 2 /*) + 0', 

X 

which is equivalent to r ae«, the equation of the logarithmic spiral (5289). 


* For a very full investigation of this problem, seo Euler, Kovi Com, Fetrop,, Vol. xiv., 
p. 46, xYir., p. 205 ; and Xova Acta Fetrop., Vol. i., p. 3. 
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CURVES OP PURSUIT. 

5247 Def.— A curve of pursuit is the locus of a point which 
moves with uniform velocity towards another point while the 
latter describes a known curve also with uniform velocity. 

Let f(x, y) = 0 he the known curve, xy the moving point 
upon it, the pursuing point, and n : 1 the ratio of their 
velocities. The differential equation of the path of Sn is 
obtained by eliminating x and y between the equations 

/(•^’> y) = ^ .(i-). y—v = % .(ii-). 

V(.A;\+y-^ = w v/(l+i?P . (iii.). 

PiioOF.—(ii.) expresses the fact that xy is always in the tangent of the 
path of Iri. 

(iii.) follows from 1 : ?^ = \/+ drf) : f {dx^dy"^) ; the elements of 
arc described being proportional to the velocities. 


Ex.—The simplest case, being the problem usually presented, is that in 
which the point xy moves in a right line. Let x — a be this line, and let 
the point h] start from the origin when the point xy is on the x axis. The 
equations (i.), (ii.)j (iii*) now become, since x^ = 0, 


33 = a, 

From the second y^ = 
Putting = p, 


('^“^)> therefore (a—s) V2^ = n \/(l + »?p- 
_ fZp __ _ ndE 

Vii+ 7 ) “ (^-^^)’ 


Integrating by (1928), we find 

log {p-{- — —n log (ft—^) + n log ft, 

so that p and I vanish together at the origin; 


therefore V 1 +p^+p = / > 

\ft — 4/ 

^=1 I 

d^ 2 I 

2 X 71—1 


therefore 

therefore 


and therefore '/\-\-p‘^—p = 5 

') I’ 

, an 


( / ft \” 

d^ 2 I \a-U \ a I y 


n + 1 


the equation of the required locus, the constant being taken so that t = i; = 0 
together. If, however, w = l, the integral is 


4ft 


--2 '»§ 


ft 


V = 
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CAUSTICS. 

5248 Def. —If riglit lines radiating from a point be reflected 
from a given plane curve, the envelope of the reflected rays is 
called the caustic by reflexion of the curve. 

Let ^ {x, ?/) = 0, (x, y) = 0 be the equations of the 
tangent and normal of the curve, and let hh be the radiant 
point; then the equation of the reflected ray Avill be 

(j) {h, k) ilf (cv, {h, k) 4> y) = 0, 

and the envelope obtained by varying the coordinates of the 
point of incidence, as explained in (5194), will bo the caustic 
of the curve. 


Ex.—To find the caustic by reflexion of the circle + the radiant 

point being hh. 

Taking for the tangent and normal, as in (4140), a; cos a+ ?/sin a = r, 
and X sin a— 7/ cos a = 0, the reflected ray is 

(/i cos a-\-h sin a — r) (x si na — y cos a) 

+ (Ji sin a — h cos a) (x cos a + y sin a — r) = 0. 

Reducing this to the form 

A cos2a+R sin 2a-f- (7 sin a—D cos a = 0, 
and differentiating for a, 

“ 2A sin 2a + 2B cos 2a + G cos a + D sin a = 0. 

The result of eliminating a is 

{4^(h^Ah‘^){x^-\-7f')-r(x-thy-r\y-\-hyy = 27 ihx-hyy(x‘ + 7/-h^-k^)\ 
the envelope and caustic required. 


5249 QuieteleVs Theorem .—The caustic of a curve is the 
evolute of the locus of the image of the radiant point with 
respect to the tangent of the curve. 

Thus, in the Fig. of (1178), if S be the radiant point, TF is the image in 
the tangent at P. The locus of TF is, in this case, a circle, and the evolute 
and caustic reduce to the single point S'. 


Since the distance of the image from the radiant point is 
twice the perpendicular on the tangent, it follows that the 
locus of the image will always be got by substituting 2r for r 

2/^2 

in the polar equation of the pedal, or — for r in the polar 


equation of the reciprocal of the given curve with respect to 
the radiant point and a circle of radius 
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TRANSCENDENTAL AND OTHER CURVES. 


THE CYCLOID.* (Fig. 115) 

5250 Def.— A cycloid is the roulette generated by a circle 
rolling upon a right line, the carried point being on the cir¬ 
cumference. When the carried point is without the circum¬ 
ference, the roulette is called prolate cycloid; and, when it is 
within, a curtate cycloid. 

5251 The equations of the cycloid are 

= a (^+sin ^), y = « (1 —cos 0), 

where 0 is the angle rolled through, and a the radius of the 
generating circle. 

Proof.— (Fig- 115.) Let the circle KPT roll upon the line DE, the 
point P meeting the line at P and again at E. Arc KP = KD ; therefore 
arc PT = AK ~ OT. Also 6 = PGT, the angle rolled through from A, the 
centre of the base ED. Then 

X = OT+ TN = ad + a sin 6 ; y = PN = a—a cos 0. 


5253 If s be the arc OP and p the radius of curvature at P, 
s = 2PT = v/(8«y), p=2PK. 

Proof. —(i.) The element Pp = Bh = 2 {OB—Ob) ultimately; therefore, 
by summation, s = 20B. Also OB = PT = y(TK.TB) = ^/{2ay). 

(ii.) Let two consecutive normals at P and p intersect in L. Then PL, 
pi are parallel to PA, 6A ; therefore PLp is similar to BAi. But Pp = 2Bi ; 
therefore p or PL = 2BA = 2PK. 

5255 Coe. —The locus of L, that is the evolute of the 
cycloid, consists of two half-cycloids as shown in the diagram. 


5256 The area of a cycloid is equal to three times the area 
of the generating circle, and the curve length is four times 
the diameter of the same circle. 

Proof. — (i.) Area PpnN = Pp>rB — BhqQ ultimately. Therefore, by 
summation, PP.AO—cycloid = tt(P. But DE.AO = 2Tra.2a — 4<ira^-, there¬ 
fore cycloid = Stto.®. 

(ii.) Total curve length = 8a, by (5253). 


* The earliest notice of this curve is to be found in a MSS. by Cardinal do Cusa, 1464 
See Leibnitz, Opera, Vol. in., p. 96. 
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5257 The intrinsic equation of the cycloid is 
^ = 4a sill i//. 

Proof : s = 2PT = 4a. sin PKT, and PKT = PTN = iJj.* 


THE COMPANION TO THE CYCLOID. 

5258 This curve is the locus of the j^oint E in Fig. (115). 
Its equation is 

j,=«(i-cosy). 

Proof. — From x = ad and y ~ a (1—cos6). 

5259 The locus of S, the intersection of the tangents at E 
and i ?5 is the involute of the circle ABO, 

Proof : BS = BP = arc OB. 


PROLATE AND CURTATE CYCLOIDS. (5250) 

5260 The equations in every case are 

O’ = a (^+m sill y =. a (1 —ni cos 6). 

The cycloid is prolate when m is > 1 (Fig. 116), and curtate 
when m is <1 (Fig. 117), m being the ratio of CP to the 
radius a. 


EPITROCHOIDS AND HYPOTROCHOIDS. (Fig. 118) 

5262 T hese curves are the roulettes formed by a circle 
rolling upon the convex or concave circumference respectively 
of a fixed circle, and carrying a generating point either within 
or without the rolling circle. 

The equations of the cpitrochoid are 

5263 tC = (a+5) cos 6—mb cos^-^^^ 6, 

5264 // = (a+5) sill 0—mb siii^^^^ 6, 

* For other properties, see Paseal, Ilistoire de la Roulette; Carlo Dati, History of the 
Cycloid; Wallis, Traite de Cycloide ; Groningius, Jlistoria Cyeloidis^ Bibliothcea Univ.; and 
Lalouere, Geometria promota in septem de Cycloide libris; Bernoulli, Op., Vol. iv., p. 98; 
Euler, Comm. Pet., 1706 ; and Legendre, Exercice du Calcul. Int., Tom. ii, p. 491. 
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where a, h are the radii of the fixed and rolling circle 
(Fig. 118), 0 is the angle OGX, Q is the generating point 
initially in contact with the x axis, and m is the ratio OQ : h. 
The dotted line shows the curve described. For the hypo- 
trochoid change the sign of h. 

Proof : x = GN + MQ i GN = (a + 5) cos 6 ; 

MQ = OQ cos OQM = — OQ cos (^ + 6), where ^ = ROB and hd) = aO. 

5265 The length of the arc of an epitrochoid is 

s= («+^) J'j 1+7)1^—2m cos^l 

which is expressed as an elliptic integral E (h, (j)) by substi¬ 
tuting aO = 2b(}). 

For the arc of a hypotrochoid, change the sign of h. 

Proof : s = ^Sgdd = ^ + yl) dO (5118). Find Xg and from (5203-4). 


EPICYCLOIDS AND HYPOCYCLOIDS. (Fig-. 118) 


5266 For the equations of these curves make m = l, in 
(52G3, ’4). P is then the generating point, and the curve is 
shown by a solid line in Figure (118).* 


5267 If^ be the inclination of the tangent at a point P on 
any of these curves. 


cos 6—m cos 0 
lautA --^ 

• n • « + «/} 

sm u—7n sm —1— u 
b 


= tan 




e. 


if m = 1. 


5268 Hence, in the epicycloid, \jj = - 

and tlie equation of the tangent is 

A’ d—y cos 6 = (a+26) siu.^ 

26 26 ^ ^ 26 

5269 The equation of the normal will be 

a-\-2b n , . a-\-2b n « a 

2b 2b 2b 

* Pi’of. Wolstenholme has investigated these curves considered as the envelopes of a 
chord whose extremities move on a fixed circle with uniform velocities in the ratio m ; n or 
m : (—«).— Proc. Lond. Math. Soc., Vol. iv., p. 321. 
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5270 The length of the arc of an epicycloid or hypocycloid 
included between two successive cusps is 

— and the included area is ^^(3a±26). 

a ^ a ^ ' 

Proof.— Putting m = 1 into (5265) and aQ = 60 , the length becomes 

— (a±6)f sin-^ d0 = — (a ± 6). 
ft J Q 2 ft 

Otherwise by (5234); the pedal being the cardioid whose perimeter = 8ft 
(5333). 

(ii.) The area, by (5232), is 7r6' + i [ ’"46^ sin^-^- (l+ ^^0 . since, in 

Jo ^ ®' 

Fig. (118), d<l, of (5232) = clPOR = df and r = PB = 2b sin 


5271 The evolute of an epicycloid is a similar epicycloid. 

Proof. —The equation of the tangent referred to an x axis drawn through 
the summit of the curve will be (by turning axes through an angle a), 

ft + 26 , . ft + 26 o , , « a 

a; cos ^ - - 0+ysin 0 = (ft + 26) cos —0. 

2b 2h 2b 

Comparing this with (5270), which is the equation of the tangent of the 
evolute, we see that the epicycloid and its evolute are similar curves having 
their parameters in the ratio ft+ 26 : a\ and that the radius drawn through 
a cusp of either of the curves passes through a summit of the other. 

5272 AVhen h = —the hypocycloid becomes a straight 
line, namely, a diameter of the fixed circle. 


THE CATENARY. (Fig. 119) 

5273 Characteristic .—The perpendicular TP from tbe foot 
of the ordinate upon the tangent is of a constant length c, and 
therefore equal to OA, the perpendicular from the origin on 
the tangent at the vertex, c is the parameter of the curve. 
The equation is 

5274 _y = 4(el+t-b. 

Proof; tanPGT = ^ = —^—= c {log (y+y?/—c=)— logo} 
(PJ28), since a: = 0 when y = c. Therefore 
cc = A {y + y(^2—c^)j therefore 
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5275 Ifs = arc^O, « = e ”) = CP. 

Proof: s = dx (5197) 

“ jV+ = = 

5276 The area OAGT =. cs. (5205) 


7 /^ 

5277 The radius of curvature at (7 = and is therefore 

c 

equal to the tangent intercepted by the axis of a’. 

Proof : cos —sivul/xl/g = — %ys, p = s^ = ^ (5146). 

y 2 /“ ^ 

5278 The catenary derives its name from a chain, which, 
when suspended from its extremities, takes the form of this 
curve. 

For the equation of the evolute of the catenary, see (5159). 


THE TRACTPIX. (Fig. 119) 

5279 Gharacteristic. —The length of the tangent intercepted 
by the x axis is constant. This curve is the involute of the 
catenary, being the locus of P in Figure (119). 

The equation of the tractrix is 

5280 a? = c log {c+y(c*— y)} —c logy-y/{c?—if). 

Proof. —Let the tangent PT = c, then the differe ntial e quation of the 
curve is therefore yXy = — \/c^ —Substitute = -Ao^ — y^, and integrate 
by (1937). 

5281 Tlie area included by tbe four brauches = irc". 

Proof.— Area = 4 f ydx = —4 [ <f—tfdy = by (1933). 


THE STNTRACTEIX. 

5282 This curve is the locus of a point Q on the tangent of 
the tractrix in Fig. (119). Let QT be equal to a given con¬ 
stant length d ; then the equation of the syntractrix will be 

5283 .r = c log {d+ -c 
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THE LOGARITHMIC CURVE * (Fig. 120) 

5284 Characteristic .—The subtangenfc is constant. 

The equation of the curve is either 

- If 

5285 V — or cV = n 

‘ a 

where n = NT, the constant subtangent, and a is the intercept 
on the y axis. 

5287 If 71 be an even integer, y may take negative values. 
The most general form of the equation may perhaps be 
assumed to be 

2r7r , . . 2/’7r\ , 

y = eni cos-sm — ),t 

\ n 71 ) 


THE EQUIANGULAR SPIRAL. (Fig. 121) 

5288 Gharactei'istic .—The angle OPS between the tangent 
and radius is constant. The equation of the curve is either 

5289 ^ or 6 = n . 

5291 tan (/) = », .s = rsec<^, 

measuring s from the pole. 

Proof.— By (5112) and (5200). 

5293 Hence the length of the spiral measured from the pole 
0 to a point P (Fig. 121) is equal to PS, the intercept on the 
tangent made by the polar subtangent OS. 


5294 The locus of /S' is a similar spiral, and is also an invo¬ 
lute of the original curve. 

5295 The pedal curve, which is the locus of Y, is also a 
similar equiangular spiral. 

Proof. —The constancy of the angle ^ makes the figure OPYS always 
similar to itself. Therefore P, Y, and S describe similar curves. Hence, if 
ST is the tangent to the locus of S, OST = 0 = OPS; therefore PST is a 
right angle; therefore the locus of S is an involute of the original spiral, t 


* Originated Ijy James Gregory, Geometn<s Pars Universalis, 1668. 
t Sec Kuler, Anal. InJin., Vol. ii., p. 290; Vincent, Ann. de Gergonne, Vol. xv., p. 1 ; 
Gregory, (Jamb. Math. Journal, Vol. i., pp. 231, 264 ; Salmon, Uigher Plane Curvet, p. 274. 
I For additional properties, see liornouUi, Opera, p. 497. 
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THE SPIRAL OP ARCHIMEDES.* (Fig. 122) 

5396 Characteristic .—The distance from the pole is propor¬ 
tional to the angle described. Hence the equation is 

5297 r = ae. Also tan = 5. By (5112). 

5299 The intercept, PQ^ on any radius between two succes¬ 
sive convolutions of the spiral, is constant and = 2a7r. 

5300 The area swept over by any radius is one third of the 
corresponding circular sector of that radius. 

5301 This curve is one of the class the general equation of 
which is 

0 

r = a6'\ with tan 4) = —. 

n 


THE HYPERBOLIC OR RECIPROCAL SPIRAL. (Fig. 123) 

5302 The equation is r 

u 

5303 An asymptote is the line y = a. (51 ?I) 

5304 The spiral is also an asymptote to itself. 

For when the radius is of the first order of smallness, the distance 
between two successive convolutions is of the second order. Hence the 
distance to the pole measured along the curve is infinite. 

The area between the radiants r^, is = (rj—jq). 

5305 The equation of the Litims is r = — 

V (/ 

THE INVOLUTE OF THE CIRCLE. (Fig. 124) 

5306 The equation is 

^/ — a^) = a cos“^ —^ 

Proof : <p = OPY = cos'^— and = BP = arcAZ? = a (0+^). 

5307 The pedal of the involute is the spiral of Archimedes. 


^Invented by Conon, b.c. 250. 
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Proof. —Let $' be the coordinates of Y on the pedal curve. Then 

r'=nP = arc^7?= a( 0 ' + | 7 r). (See 5297). 

5308 The reciprocal of the involute is the hyperbolic spiral. 

Proof. —(Fig. 124.) Let P' on OY correspond to P, and let /, d' be the 
polar coordinates of P'. Then / = OP' = 

But OY=nP = arc AB = a (fl' + ^Tr), / = - 7 -^^-. Sec (5302). 

0 


THE CISSOID.* (Fig. 125) 


5309 Char act eristic. — A line drawn from the end, 0, of 
a fixed diameter of a circle to the end, Q, of any perpendicular 
ordinate intersects the parallel ordinate equidistant from the 
centre in a point, P, whose locus is the cissoid. The equation 
of the curve is 


5310 


• {2a-x) = , 


and ■ 
(Lv 


(G^«—2.1’) ^/cV 

2^(2a-a;y' 


Proof. —By similar triangles, y : x = \^(2ax--x^) : 2(1—33. Two mean 
proportionals between the radius a and GS are given by the curve, for it 
appears that a? : CP :: GT ■. CS, and therefore a : CT : ^OS.CT: OS. 


5311 The tangent of the circle at P, the other end of the 
diameter, is an asymptote to both branches of the cissoid. 

5312 The area between the curve and its asymptote is equal 
to three times the area of the circle. 


Proof: 


In 



substitute 03 = 2 a siu^ 0 . 


THE CASSINIAN OR OVAL OP CASSINI. (Fig. 12G) 

5313 Characteristic .—The product PA.PB of the distances 
of any point on the curve from two fixed points A, B is con¬ 
stant ; the equation is consequently 

(«+.#} {y^+(«—a’)^} = ni* 

or = nt*, 

where 2rt = AB. The equation in polar coordinates is 

2^fV^ cos = 0. 

♦ Pioclos, A.D. 600. 
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5314 If > '^^^3 there are two ovals, as shown in the 

ficrure. In that case, the last equation shows that if OFT' 
nieets the curve in P and F\ we have OF.OP' ; 

and therefore the curve is its own inverse with respect to a 
circle of radius = ^{a^—nP). 


5315 0 being the centre, the normal PG makes the same 
angle with PB that OF does with PA. 

Proof. —From (r + fZ?')(r^ —and oA = ; therefore rdr — r dr 
or r : r = dr : dr = sin 0 : sin 0', if 0, d' be the angles between the normal 
and r, r. But OP divides ARB in a similar way in reverse order. 

5316 Let OF = B, then the normal PG, and the radius of 
curvature at P, are respectively equal to 

m^R 2m^R^ ^ 

IV+a^ ^ 3K*+«*+m*' 


THE LEMNISCATE.t (Fig. 126) 

5317 Characteristic. —This curve is what a Cassinian be¬ 
comes when m = a. The above equations then reduce to 

cos 26. 

5318 The lemniscate is the pedal of the rectangular hyper¬ 
bola, the centre being the pole. 

5319 The area of each loop = cP. (5206) 


THE CO^^CHOID.+ (Fig. 127) 

5320 Characteristic. —If a radiant from a fixed point 0 in¬ 
tersects a fixed right line, the directrix, in B, and a constant 
length, BP = h, be measured in either direction along the 
radiant, the locus of P is a conchoid. If OB = a, be the per¬ 
pendicular from 0 upon the directrix, the equation of the 
curve with B for the origin or 0 for the pole is 

5321 oi’ r = asec^±6. 


* B. W'iUiamson, M.A., Educ. Times Math., Vol. xxv., p. 81. 
t Bernoulli, Opera, p. 609. 

% Nicomedes, about a.d. 100. 
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5323 When a < h, there is a loop; when a = a eusp; 
and when ay b, there are two points of inflexion. 


5324 To draw the normal at any point of the eurve, erect 
perpendiculars, at B to the direetrix, and at 0 to OP. They 
will meet in 8 the instantaneous centre, and 8F will be the 
normal at P (5242). 

5325 To trisect a given angle PON by means of this eurve, 
make AB — 20Ni and draw the eonchoid, thus determining 
Q; then AON — 3^0Q. 

Proof.—B isect QT m S; QT = AB = 20^^, therefore SN = SQ= ON ; 
therefore NOS = NSO = 2NQ0 = 2A0Q. 


5326 The total area of the conchoid between two radiants each making 
an angle 6 with OA is 

aHan 0 + 26^0 + 8a\/(6^ —or aHan 0 + 26^0, 
according as h is or is not >a. 

The area above the directrix | ^ f ^ 

between the same radiants ) ° \ 4 2 / 

The area of the loop which exists when & is >a is 

!/*cos"‘-^ — 2a6 log —+a\/(6“—a®). 
b a—^(b-—a) 


THE LIMAgON* (Fig. 128) 

5327 Characteristic .—As in the conchoid, if, instead of the 
fixed line for directrix, we take a fixed circle upon OB as 
diameter. This curve is also the* inverse of a conic with 
respect to the focus. The equation, with OB for the initial 
line and axis of x is 

5328 r = a cos BAzh or 
where a = OB, h = PQ. 

5330 With b > a, 0 is a conjugate point. 

AYith b <i a, 0 is a node. [For m=a, see (5332). 

5331 The area = tt + 

When a = 2by the limatpn has been called the iriscctrix. 


Blaise rascal, 1G43. 
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THE VERSIERA * (Fig. 130) 

(Or Witch of Agnesi.) 

5335 Characteristic .—If upon a diameter OA of a circle as 
base a rectangle of variable altitude be drawn whose diagonal 
cuts the circle in />, the locus of P, the point in which the 
perpendicular from B meets the side parallel to 0^1, is the 
curve in question. Its equation is 

5336 ajf = 2a -v/(2a.r—cT^), 

where a = OG the radius. 

5337 There are points of inflexion where x = f u. 

The total area is four times the area of the circle. 


THE QUADRATRIX.t (Fig. 131) 

5338 Characteristic, —The curve is the locus of the inter¬ 
section, P, of the radius CD and the ordinate QN, when these 
move uniformly, so that x : a :: 9 : ^tt, where x = ON, 
a = OA, and 0 = BOD. The equation is 

, (a—a: 7r\ 

5339 The curve effects the quadrature of the circle, for 
OG : OB :: OB : arc/lPP. 

Proof : OC : OR :: CP : BD. But CP = a; in the limit when it is small, 
therefore CP : BD :: a : ADB. 

5340 The area enclosed above the x axis = 4^a^7^ ^ log 2. 

Proof. —In the integral | x tan ^dx substitute tt (a—x) = 'lay, 

and integrate ^yianydy by parts, using (1940). The integrated terms 
produce logcos log cos |-7r at the limit which vanishes though of 
the form oo —oo . The remaining integral is Jlog cos ydy, and will be found 
at (2635). 


THE CARTESIAN OVAL. (Fig. 134) 

5341 Characteristic .—The sum or difference of certain fixed 
multiples of the distances of a point P on the curve from two 


* Donna Maria Agnesi, Instituzioni Analitichc, 1748, Art. 238. t Dinostratus, 370 B.c. 

5 A 
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fixed points A, />, called the foci, is constant. The equations 
of the inner and outer ovals are respectively 

5342 m7\—lr2 = ncg, 

where o\=AP, 1 \ = BP, c^ = AB, and nymyl. 


5343 draw the curve, put ^ and ^ = «; therefore rjdb = a, 

7 ) 2 ^ 

where a is > AL and p < 1 (1). Describe the circle centre -4, and radius 
AR = a. Draw any radiant AQ, and let P, Q be the points in which it cuts 
the ovals, then, by (1), 

5344 PR = fxPB and QR = f^QB .(2). 

Hence, by (032), wc can draw the circle which will cut AR in the required 
points P, Q. Thus any number of points on the oval may be found. 


5345 By (2) and Euc. vi. 3, it follows that the chord RBr bisects the 
angle PBQ. 

Draw A/) through ?*, and lot PB, QB produced meet Ar in p and q. The 
triangles PBR, qBr are similar, therefore qr = pqB ; therefore q is on the 
inner oval. Similarly p is on the outer oval. By Euc. vi. B., PB.QB 
= PR. QP + PP' ; therefore, by (2), PB.QB = BRK Combining 

this with PB : Bq = BB : Br, from similar triangles, we get 

5346 BQ.ii<i = .(3). 


5347 Draw QG to make Z BQC = BAq; therefore, Z, Q, C, q 
being concyclic, we have, by (3), 

BQ.Bq = AB.BC = .(4). 

1 — 

Hence G can be found if a, /t, and the points A, B are 
given. G is the third focus of the ovals, and the equation of 
either oval may bo referred to any two of the three foci. 

Putting BC = Cj, AG = c^, AB = Cg, the equation between ly m, n is 
obtained from (4) thus: Cgcdl——Cg; therefore 0 ,( 03 -}-Ci) = a^-hp^c,. 

But Cg + Ci = Co, a = —, p = —, and the result is 
m m 

5348 or l^nC+m%yi+n^An = 0 ... (5), 
where GA=—AG, 


Putting vq, for PA, PB, PG, the equations of the 
curves are as follows— 
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5349 

Inner Oval. 
?/iri+/r2 = ucg . 

.. (6), 

Outer Oval. 

— = wcg . 

•• (7). 

5351 

m\ +/r3 = mc.2 • 

•• (8), 

n)\ = mCg . 

•• (0). 

5353 

mr^—nr.2 — Ici . 

••(10), 

nr 2 —niVs = Ici . 

..(11). 


That (6) and (7) are equations of the curve has been shown. To deduce 
the other four, we have Z APB = AqB = ACQ (5347) ; therefore ACQ, 
APB are similar triangles. But, by (6), 7nAP + lBP = nAB, tlierefore 
mAG+lGQ = nAQ or nAQ—lGQ = mAG, which is equation (9). Again, 
ABQ, APG are similar. But, by (7), mAQ — lBQ = nAB therefore 
mAG — lGP = nAP or nAPA IGP = mAG^ which is equation (8). 

Equations (10) and (11) are obtained by taking (G) from (8) and (7) 
from (9), and employing (5). 


5355 AP.AQ^ AB.AC = coustant. 

Proof.— Since A, Q, G, q are concyclic, Z QGA = QqA = ABB', there¬ 
fore P, Q, G, B are concyclic; therefore AP.AQ = AB.AG = constant (12). 

5356 (^P' GP' = . CB = constant. 

Proof: Z PGB — PQB = Bpq = BGq. Hence, if GP meets the inner 
oval again in P', GBq, GBP' are similar triangles. Again, because Z BPG 
= BQG = BAq = BAP', the points A, B, P', P are concyclic; therefore 
CP. CP' — GA. CB = constant. Q. E. D. 

Hence, by making P, P' coincide, we have the theorem:— 

5357 The tangent from the external focus to a series of tri- 
confocal Cartesians is of constant length, and = ^(GB.GA). 


5358 To draw the tangents to the ovals at P and Q. De¬ 
scribe the circle round PQGB, and produce BB to meet the 
circumference in T; then TP, TQ are the normals at P 
and G. 

The proof is obtained from the similar triangles TQR, TBQ, whieh show 
that sin TQ A : sin TQB = l\m, by (2), and from differentiating equation (7), 

which produces ^ ^ = Z : w.* 

as as 


5359 The Semi-cubical ^parabola = aoA is the evolute of a 
parabola (4549). The length of its arc measured from the 


origin is 



For the length of an arc of a Cartesian oval expressed by Elliptic Functions, see a paper 
by S. Koberts, M.A., in Froc. Lond. Math. Soc., Vol. v., p. 6. 
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5360 The Folium of Descartes y = 0, lias two 

infinite branches, and the asymptote = 0. 

For the lengths of arcs and for areas of conics, see (6015), et seq. 


LINKAGES AND LINKWORK. 


5400 A lylane linkage, in its extended sense, consists of a 
series of triangles in the same plane connected by hinges, so 
as to have but one degree of freedom of motion; that is, if 
any two points of the figure be fixed, and a third point be 
made to move in some path, every other point of the figure 
will, in general, also describe a definite path. With two points 
actually fixed, the linkage is commonly called a inece-ivork, 
and if straight bars take the place of the triangles, it is called 
a link-iDorh, 


THE FIVE-BAR LINKAGE. 

5401 Mr. Kempe’s fundamental five-bar linkage is shown 
in Figure (135). A, B, D' are fixed pivots indicated by small 
circles. G, D, B', O', in the same plane, are moveable pivots 
indicated by dots. The lengths of the bars AB, BG, GB, DA 
are denoted by a, h, c, d. The lengths of AB', B'G', G'D', D'A 
are proportional to the former, and are equal to ka, kb, kc, kd, 
respectively. Hence ABGD, AB'G'D' arc similar quadri¬ 
laterals, and Z_AD'G' = ADG, P being any assigned point 
on BG and IIP = X, P' must bo taken on D'G' so that 

D'P' = X Draw PN, P'N' perpendiculars to AB. Then, 
ah 

throughout the motion of the linkage in one plane, NN' is a 
constant length. 

Proof: NN'= JW' -{BN+N'B'). But BD' = a-M, and 

1lN-\-N'r/ = \ cosI>—X —cos 7) = (2ah cosB—2cd cosB) 
ab lab 

= A.(„= + 6s_c>-(?-^)( 702). Hence 
2ah 
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5402 NN' = u-kd- ^((d+b--c^—d^). 

2ab 


5403 Case L —(Fig. 136.) If A = then 

on/ a^ + 6“ —c —cr 

NN' = ; consequently, if tlie bars PO = PB and P'O = 

P'D' be added, tlie point 0 will move in the line AB, 

If, in this case, d = ha and h = c, then \ = h and P coin¬ 
cides with G, P' with O', and B' with D, 0 as before moving 
in the line AB. 


5404 Case II. — (Fig. 137.) If, in Case I., hcl = a and 
0 ?-\.lr = cl^^ X is indeterminate; that is, P may then be 

taken anywhere on BG. D' coincides with Z?, and NN = 0. 

PP' is now always perpendicular to AB. If the bars PO, 
P'O be added, of lengths such that PO^—P'O' = PB^—P'B'^, 
0 will move in the line AB. If, on the other side of PP', bars 
PO' = P'B and P'O' = PB be attached, then O' will move in a 
perpendicular to AB through B. 


5405 Case III.—(Fig. 138.) If, in Case I., hd = a, h = d, 
and c = —a, the figure A BGl) is termed a contra-parallelogram. 

BP = X is indeterminate, BG' = he = — and BP' = 

d 

Hence BG' and BP' are measured in a reversed direction; 
PP' is always perpendicular to AB, and if any two equal bars 
PO, P'O are added, 0 will move in the line AB. 

5406 If three or more similar contra-parallelograms be 
added to the linkage in this way, as in Figure (139), haHng 
the common pivot B and the bars BA, BG, BE, BG in geo¬ 
metrical progression; then, if the bars BA, BG are set to any 
angle, the other bars will divide that angle into three or more 
equal parts. 

5407 If, in Figure (138), AD be fixed and DG describe an 
angle ADG, then B'G' describes an equal angle in the opposite 
direction. Mr. Kempe terms such an arrangement a reuersor, 
and the linkage in Figure (139) a multiplicator. With the aid 
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of these, and with a translator (Fig. 140), for moving a bar 
AB anywhere parallel to itself, he shows that any plane curve 
of the degree may, theoretically, be constructed by link- 
work.^ 


5408 Case IV.— (Fig. 141.) If, in the original linkage 
(Fig. 135) led = a, D' coincides with B. Then, if the bars 
BPO, BP'O' be added by pivots at P, P\ and B; and if 
OP = PB = BP' and O'P' = P'B = BP ; the points 0, 0' 
will move in perpendicnlars to AB. For by projecting the 
equal lines upon /li>, we get NL = BN' and BN = N'L', 
therefore BL = BL' = NN' = a constant, by (5402). 


5409 Case V.— (Fig. 142.) Make la = cl and \ = h. Then 
B' coincides witli D, P with C, and P' with G'. Feplace B'G'^ 
G'D by the bars 1)K, KB' equal and parallel to the former. 
Also add the bars GO = BK and OK = GB. Draw the per¬ 
pendiculars from 0, G and G' to /17i. Then by projection, 
NL = N'B'; therefore BL = BN+NL = BN-\-N'B' = BB' 
—AA”'= constant. Hence the point 0 will move perpendi¬ 
cularly to AB. 

5410 Case VI.—(Fig. 143.) In the last case take 1 = 1. 
Therefore cl = a, B' coincides with B, BK = BG^ and GBKO 
is a rhombus. This is Peaucellier’s linkage. 


5411 Case VII. — (Fig. 141.) In the fundamental linkage 
(Fig. 135), transfer the fixed |)ivots from A, B to P, >S', adding 
the bar >9 A, so that PBS A shall be a parallelogram. Then, 
since NN' is constant (5 102), the point P' will move perpen¬ 
dicularly to the fixed line PS. 

5412 Join AG cutting PS in P, and draw UV parallel to AB. 
Then UV : AB = PU : AB = GP : GB = constant ; there¬ 
fore PU and PFare constant lengths. Hence it follows that 
the parallelism of AB to itself may be secured by a fixed pivot 
at if and a bar PF instead of the pivot S and bar SA. 

5413 In Case VFI. (Fig. 144), with fixed pivots P and S 


Proc. of the Loud. Math. Soc., Vol. vii., p. 213. 
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and bar SA, make h = a, d = c, ha = d, \ = h. Then B' coin¬ 
cides with D, N' with N, F with G and L, and F' with G '; 
and we have Figure 145. DG, DG' are equal, and they are 
equally inclined to AB or GS; because, in similar quadri¬ 
laterals, it is obvious that AB and GB and the homologous 
sides DG' and AD' include equal angles. Therefore GG' is 
perpendicular to G8, and G' moves in that perpendicular only. 


5414 If two equal linkages like that in (5413), Figure (145), 
but with the bars AS, GS removed, be joined at D (Fig. 146) 
and constructed so that GDy , yDG' form two rigid bars, then 
AB, al3 will always be in one straight line. Let A, B be made 
fixed pivots, then, while G describes a circle, the motion of 
the bar «j3 will be that of a carpenter’s plane. 

5415 On the other hand, if the linkage of Figure (145), with 
and GS removed as before, be united to a similar inverted 

linkage (Fig. 147), with DG, DG' common, then, with fixed 
pivots A, B, D', the motion of the bar a/3 will be that of a lift, 
directly to and from AB. 

5416 The crossing of the links may be obviated by the 
arrangement in Figure (148). Here the bars G'(^, G'D, G'D 
are removed, and the bars FD^ FE, FG added in parallel ruler 
fashion. 


5417 Case VIII.—(Fig. 149.) In Case YII., substitute the 
pivot U and the bar UV for S and SA. Make d = a, and 
therefore h = l. Then h'= h and c = c, making BGDG' ^ 
contra-parallelogram; D' coincides Avith B, and B' with D. 
The bars AB, AD are now superfluous. Take BF = \; then 

BF' = \~; therefore FF' is parallel to GG', therefore to BD, 

therefore to FV (5412); therefore V, F, F' are always in one 
right line. F', as in Case VII., moves perpendicularly to FU 
and AB. This arrangement is Hart’s linhage. 


5418 AVhen a point F (Fig. 152) moves in a right line PS, 
it is easy to connect to P a linkage Avhich will make another 
point move in any other given line we please in the same 
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])laTio. Let QR hO) such a line cutting PS in Q. Make Q, a 
fixed pivot, and let OQ, OP, OR be equal bars on a free pivot 
0. Then, if the angle POP be kept constant by the tie-bar 
PR, PQR, being one half of FOR (Euc. iii. 21), will also be 
constant, and therefore, while F describes one line, R describes 
the other. 

If the bar FO carries a plane along Avith it, every point in 
that plane on the circumference of the circle FQR will move 
in a right line passing through Q. 


THE SIX-BAR INVERTOR.* 

5419 If in the linkwork (5410, Fig. 143) the bar AD be 
removed, and D be made to describe any curve, 0 Avill describe 
the inverse curve, just as, when D described a circle, 0 moA^ed 
in a right line which is the inverse of a circle. 

Proof.— -Let ROE and OK intersect in E. Then BO.OD = BE^ — OE- 
~ BG‘-^OG'^ = a constant called the modulus of the cell. 


THE EIGHT-BAR DOUBLE INVERTOR. 

5420 Tavo jointed rhombi (Fig. 150) haAung a common 
diameter AB form a double Peaucellicr cell termed positive 
or negative according as F or Q is made the fulcrum. Wq 
have PQ.PR = PQ,QS = AP^ — A(^, the constant modulus 
of the cell. 


THE FOUR-BAR DOUBLE INVERTOR. 

5421 If, on the bars of a contra-parallelogram ABCD 
(Fig. 151) four points p, q, r, s bo taken in a lino parallel to 
AC or Bl), then in every deformation of the linkage, the 
points p, q, r, s Avill lie in a right lino parallel to AG ; and 
pq .pr = pq . qs = a constant modulus. Thus, if p be a ful¬ 
crum and r describes a curve, ([ aauU describe the inverse 
curve. If q be the fulcrum, p Avill describe the inA^erse curve. 

Proof.—L et Ap= mAB, therefore pq — mBB, and pr ■=: (I — 
therefore jiq.pr = m (1—m) AG.BD — m (1 —HL'-) = constant. 


* Since the curve described is the inverse and not the polar reciprocal of the guiding curve, 
it seems better to call this linkage an invertor rather than a rcciproeator. 
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THE QUADRUPLANE, OR VBRSOR INVERTOR. 

5422 Let tlie bars of the contra-parallelogram invertor 
(5421, Fig. 151) carry planes, and let P, Q, P, S be points in 
the planes similarly situated with respect to the bars which 
contain p, q, r, s respectively, so that Z P^P = QM 
AP : Zp = AQ : Aq; and similarly at G. Then, if P be the 
fulcrum and E traces a curve, Q will trace the inverse curve 
and the angle QPE will be constant. 

Proof —Let FA = nAB and PB = n'AB, therefore, by similar triangles, 
FAQ, BAD, PQ = nBD. Also, by the triangles PBB, ABG, PB = 7iA0; 

therefore PQ.PB = nn'AG.BD = a constant. 

Again, the inclination of PQ to BD = that of AP to AB, which is con¬ 
stant. Similarly, by the triangles PBB, ABG, the inclination of PB to AG 
= that of PP to BG, which is also constant; therefoi*e QPB, the sum of 
these two inclinations, is a constant angle. 


THE PENTOGRAPH, OR PROPORTIONATOR. 

5423 Let ABGD (Fig. 153) be a jointed parallelogram, A, B 
fixed pivots, q a tracer placed at any assigned point in BG 
produced; then a pencil at q) will evidently reproduce any 
fio’ure traced bv Q diminished in linear proportions in the ratio 
ofP^toPO. 


THE PLAGIOGRAPH, OR VERSOR PROPORTIOE-ATOR. 

5424 In the same figure, make an angle qBQ~q)^Pi 
BQ = Bq, and DP — Dp, and let a tracer Q and pencil P be 
rigidly connected to the arms BG and DG. Then P will pro¬ 
duce a similar reduced figure as before, but no longer similarly 
situated. It will be turned round through an angle QBq. 
This is Prof. Sylvester’s Plagiograph. 

Proof. —Let BG = h.Bq; therefore AD = hBQ, DP — kAB, and Z ABQ 
= PDA ; therefore (Euc. Yi. 6) AP = kAQ. Also PAQ is a constant angle, 
for FAQ = BAD-BAQ-PAD = BAD-BAQ-BQA = BAD-{k—ABQ) 
= BAD-TT-^ABG+QBq = QBq. 


THE ISOKLINOSTAT,* OR ANGLE-DIVIDER. 

5425 This linkage (Fig. 154) accomplishes the division of 
an angle into any desired number of equal parts. The dia- 


Invented and so named by Prof. Sylvester. 

5 B 









738 


THEOUY OF PLANE CURVES. 


gram shows the trisection of an angle by it. A number of 
equal bars arc hinged together end to end, and also pivoted 
on their centres to the same number of equal bars which 
radiate, fan-like, from a common pivot. The alternate radial 
bars make equal angles with each other. 

The same thing is accomplished in a different way by 
Kempe’s Multiplicator (5406, Fig. 139). 


A LINKAGE FOR DRAWING AN ELLIPSE. 


5426 In the arrangement of (5413, Fig. 145) the locus of 
any point P, on DG\ excepting D and G\ is an ellipse. 


Proof.—T ake ON, CC' for x and y axes; 
and therefore GEG'=2e; PD = h. Then 


P the point xy ; SGD = 0, 
we have x = (c—li) cosO, 


j = 1 is the equation of the locus. 


y = (c + k) sinO, therefore 

Any point on a plane carried by EG' also describes an ellipse round G ; but 
if the point lies on a circle whose centre is D and radius EG, the ellipse be¬ 
comes a right line passing through G, as appears from (5418). 


A LINKAGE FOR DRAWING A LIMAgON, AND ALSO A 
BICIRCULAR QUARTIC.* 

5427 (Fig. 155.) Let four bars AP', AQ\ BG, GD be 
pivoted at A, B, (7, jD, and let AB = BG = BQ' == a ; AD 
= DG = DP' = h. Take a fulcrum F on BG, ^ tracer at P, 
and a follower at Q, so that PQ is parallel to BD. Let FP = p, 
]i^Q = r\ then, if P traces out a circle passing through F, Q 
will describe a lima 90 n. 

Proof.— Let BQ = ma, therefore PE = mh ; r = 2m . PW, p = (w +1) . EN 
m) BN. Also BN^—EN^= —Eliminate BN and EN, and the 
equation between r and p is 

r'-i-(l —??i) ?*p—w?p^ = m (jR-f-l)" 5') = k^. 

If P describes the circle p = c cos 6, Q describes the locus 
r^-f- (1 — 7 r) cr cos d — mc~ cos- 0 = P, 
which is the inverse of a conic, that is, a lima 9 on (5327). 

If G be made the fulcrum, the equation reduces to P—p^ = 4 (a^—6®). 

5428 “With the same fulcrum F, drawing FTT parallel to 
AG, if a tracer at II describes the circle, then a follower at K 
on GD will trace out a bicircular quartic. 


W. Woolsey Johnson, Mess, of Math., Vol. v., p. 169. 
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Proof. — Draw FL, LK parallel to P/l, AD. Let FII—p, FK = r, 
CK = /3, OF = a = nFD, and therefore CL = Qip. Now 

2 (c.H/30 = 

r" 

Therefore, if H moves on the circle p = c cos 6, K will describe the curve 

+ cos^0 —2 (a^ + /39 = 0, 

or (a, 2 + 2 / 9 H (7jV-2a‘-2/39 x^-2 (a^ + zS^) 7 /+ = 0. 


A LINKAGE FOR SOLVING A CUBIC EQUATION.* 


5429 Let the three-bar linkwork (Fig. 156) have the bars 
AB, DC produced to cross each other. Let AB = AD = u, 
BC = h, GD = c; and let b and c be adjustable lengths. 
Suppose x^—qx+T=^0 a given cubic equation. 


Make <^ ='5'\/(2 + '^)> ^ ^o')’ 


deform the 


quadrilateral until BG = GD; DE will then be equal to a real 
root of the cubic. 


Proof : 


cosF7: 


33“ -1- C“ — h~ _ 6^ + ft) " -j- 4c“ ■ 


2ciV ~ 4c (x + ft) 

from which. 33^—2 (c^ + 6^) 33 +2ft (c^—F) = 0. 

Equate coefficients with the given cubic.f 


ON THREE-BAR MOTION IN A PLANE. 

5430 If a triangle ABG (Fig. 157) be connected by the 
bars AO, BO' to the fulcra 0, O', the locus of 0 is called a 
three-bar curve. 

OA, O'B meet in Q, the instantaneous centre of rotation of 
the triangle, since QA, QB are perpendicular to the movements 
of A and B respectively. Therefore GQ is the normal to the 
locus of G, 

5431 If a triangle similar to ABG be placed upon 00' 
(homologous to AB), the circum-circle of the triangle will 
pass through the node, and the vertices of the triangle are 
called the foci of the curve. 


* M. Saint Loup, Comptes Rendus, 1874. 

t The foregoing account of linkages is taken chiefly from a paper hy A. B. Keinpe, 
F.R.S., in the Proc. of the Royal Soc. for 1875, Vol. xxiii. Other results hy the same author 
will he found in the Proc. of the Loud. Math. Soc., Vol. ix., p. 133 ; and hy H. Hart, M.A., 
ibid., Vol. VI., p. 137, and Vol. viii., p. 286. See also The Messenger of Mathematics, Vol. v. 
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Figures (158) and (159) exhibit different varieties of tlie 
curve according to the relative proportions between the lengths 
of the bars.^ 


MECHANICAL CALCULATORS. 


The Mechanical lntcgrator.'\ 

5450 This instrument computes not only the area of any 
closed plane curve, but the moment and also the moment of 
inertia of the area about a fixed line. The principle of its 
action is shown in Figure (160). OP is a bar carrying a 
tracer at P, and a roller A at some point of its length. The 
end 0 is constrained to move in the fixed line ON. When 
the tracer P moves round a closed curve, the length OP mul¬ 
tiplied hy the entire advance recorded by the roller is equal to 
the area of the curve. 

Proof.— Let the motion of the tracer from P to a consecutive point Q be 
decomposed into PP' and P'Q parallel and perpendicular to ON. Let 
OP = a and PON = 0. When the pointer moves from P to P\ the roll 
accomplished is PP' sin 6. The roll due to the motion from P' to Q will be 
neutralized by the exactly equal and opposite roll in the motion of the pointer 
from q top, since the bar will there have again the same inclination. Con¬ 
sequently the product of the entire roll and the length a is equal to the sum 
of such terms as aPP' sin 0. But this is the area OPP'O' = NPP'N'. The 
algebraic addition of such rectangles gives the entire area, and the instru¬ 
ment effects this, for the area SN is subtracted, by the motion of the roller, 
from the area QN which is added. 


5451 The instrument itself is shown in Figure (161). A 
frame moving parallel to OX by means of the guide 
carries two equal horizontal wheels geared to a central wheel 
which has two circumferences, such that its rate of angular 
motion is half that of the lower wheel and one third of that of 
the upper. The latter wheels carry two rollers, M and I, on 
horizontal axles; and the middle wheel carries an arm OP, a 
pointer at P, and a roller A. In the initial position, the 

* Tho curve is a tricircular trinodal sextic, aud is completely discussed by S. Roberts, 
F.R.S., and Prof. Cayley, in the Froc. of the Land. Math. Soc., Vol. vii., pp. 14, 136. 

t Invented and manufactured by Mr. J. Amslcr-Laffon, of SchaflFhausen. The demon¬ 
strations (which in clearness and elegance cannot be surpassed) of the action of this instru¬ 
ment, and of the Planimeter which follows, were communicated to the author by Sir. J, 
Slacfarlano Gray, of tho Board of Trade, 
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rollers J and I are parallel, while M is at right angles to A. 
The frame is thus supported above the paper on the three 
rollers; and if the arm OP be moved through an angle AOA', 
the axles of the rollers M and I will describe twice and three 
times that angle respectively. Putting OP = a as above, and 
A, M, and I for the linear circumferential advances recorded 
by the three equal rollers respectively, we have the following 
results— 

I.— The area traced out hy the pointer P = Aa. 

II. —The moment of the area about OX = M~. 

4 

iff 

III.— The moment of inertia about OX = (3^+/)—. 

Proof. —I. Since 0 moves in the line OX, while the pointer P moves round 
a curve, the roller A will, as shown above, make the rolling sin 0, where 
li = PP' in Figure (160), and the area of the curve = a%h sin ^ or a X roll. 

II. The moment of the area about OX 

= 2 sin 0 X j =-^ (S/i—2/i cos 20- 

Now 2A vanishes when P returns to the starting point, and — 5A cos 26 is the 
roll recorded by M. For, when OP makes an angle 6 with OX, the axis of 
M will make an angle — (90° + 20) with OX. In this position, while P makes a 
parallel movement h, the roll produced thereby in M will be —A sin (90°+ 20) 

= — A cos 20. Therefore ~ X roll of 31 = moment of area. 

4 

III. Lastly, the moment of inertia of the area about OX 

= 5 (a7i sin 0 X ^ S (3A sinO-A sin 30). 

Now, when OP makes an angle 6 with OX, the axis of I makes —30; there¬ 
fore — 2A sin 30 is the entire roll of J. Hence the moment of inertia 

= X roll of ^ + ^ X roll of I. 

4 12 


The Planimeter. (Fig. 162) 

5452 This instrument ^ is a simpler form of area computer. 
0 is a fixed pivot; OA, AP are two rods having a free pivot 
at A; 0 is the roller, and P the pointer. The area of a closed 
curve traced by the pointer is equal to the total roll multiplied 
by the length AP. 


Like The Integrator, the invention of Mr. Amsler. 
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Proof. —Decompose the elementary motion PQ of the poinier into PP\ 
effected with a constant radius OF, and P'(2 along the radius OP', and so all 
round the curve. The roll of C accomplished while P moves from P' to Q 
will be neutralized by the equal contrary roll when P moves from q to p' on 
the radius Op' = OP. Thus the total roll recorded will be the sum of the 
rolls due to the movements PP', QQ', &c. 

Draw OB perpendicular to AP, and, when P comes to B, let B' be the 
altered position of B. The area PQSR = \ (OP~—OB')io, where w = POQ, 
But OP^=OA^-\-PA^—2PA.AG—2PA.BG (Euc. ii. 13); therefore, since 
BG is the only varying length on the right, we have PQSB = PA{BG<^BG')ti). 
But BCo) is the roll of G due to the angular motion w of the rigid frame OAP, 
and the subtraction of the area OSB from OPQ is effected by the instrument, 
since when the pointer moves from S to U the direction of the roll must be 
reversed. Hence the total area = PA x the total recorded roll. 


APPENDIX ON BIANGULAR COORDINATES * 


5453 In the figure of (1178), the biangular coordinates of a 
point P are defined to be ^ = FSS' and (p = PS'S, or 
a = cot B and jS = cot (p. 

5454 The equation of a right line YY' is 

aa-\-bfi = 1, 

where a = cot SYS' and h = cot SY'S'. 

Proof. —Supplying the ordinate PN in the figure and denoting tlie angle 
S'SY by ip, the equation is obtained from ON cofi\p-\-PN sin ip p the per¬ 
pendicular on the tangent, SS' sinxp = YY' and SS' cos \p = SY— S'Y'. 


5455 cot ^ = a—b. 

5456 Equation of a line through C : a —= const. 

5457 Equation of the line at infinity : a+^ = 0. 

5458 Let SS' = c, then the distance between two points 

ai/3|, 02^2 is 



QuarUrli/ Journal of Mathematics, Vols, 9 and 13 ; W. Walton, M.A, 
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5459 The equation of a line through the two points is 

a—ai _ tti —02 


5460 The length of the perpendicular from a (3' upon the 
line ua + />/3 = 1 is 

p c aa — 1 

~a'+j8'V|(«-6)®+lt 

5461 Cor. —The perpendiculars from the poles S, S' are 
therefore 

O XT' __ be 0 / XT'/ _ 

“ v{{a-hr+iy ~ yi(«-6)*+i}' 

5463 When the point a (3' is on SS' at a distance h from S, 
.. __ (tt—b) h-\-bc 

- ^{(„-by+iy 


With two lines aa-{-h(3 = I, aa-\-h'(3 — 1, the condition 

5464 of parallelism is a—b = a —b', 

5465 of perpendicularity (a—b){a—b')-{-l = 0. 

5466 The equation of the line bisecting the angle between 
the same lines is 

aa+b^ — 1 _ a'a-\-b'fi — l 

v/K«-6)^+1| “ V{{a’-b'f+iy 


5467 The equation of the tangent at a point a'j3' on the 
curve F (a, j3) = 0 is 

(a-a')K^ + (^-j8')F,, = 0. 

5468 And the equation of the normal is 

a—a 

(g'^-l) F,. + {l+a'-^} F., ~ F,: 

5469 The equation of a circle through S^ S' is 

a^—1 = m{a+P), 

where m = cot SPS' the angle of the segment. 
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5470 If G be the centre, the equation becomes 

afi = 1. 

5471 And, in this case, the equations of the tangent and 
normal at a'j3' are respectively 

4+4 = 2 and 
a fS 


5472 The equation of the radical axis of two circles whose 
centres are /S', 8\ and radii a, h, is 


Proof. —By equating the tangents from a/5 to the two circles, their 
lengths being respectively 


(l + «^) 

(a+(^r ' 


and 




-h% by (5458). 


5473 To find the equation of the asymptotes of a curve 
when they exist,— 

Eliminate a and f3 between the equations of the line at 
infinity a+)8 = 0, 

the curve F(a, /3) = 0, 

and the tangent (a-a') + F,, = 0. 

Ex.—The hyperbola has, for the equation of its asymptotes, 

a—d = =b m \/2. 
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SYSTEMS OP COOEDINATES. 


CARTESIAN OR THRBE-PLANE COORDINATES. 

5501 The position of a point P in this system (Fig. 168) is 
determined by its distances, x = PA, y = PB, z = PG, from 
three fixed planes YOZ, ZOX, XOY, the distances being 
measured parallel to the mutual intersections OX, OY, OZ of 
the planes, which intersections constitute the axes of coordi¬ 
nates. The point P is referred to as the point xyz, and in 
the drawing x, y, z are all reckoned positive, ZOX being the 
plane of the paper and P being situated in front of it, to the 
right of YOZ and above XOY. If P be taken on the other 
side of any of these planes, its coordinate distance from that 
plane is reckoned negative. 


FOUR-PLANE COORDINATES. 

5502 In this system the position of a point is determined 
by four coordinates a, (3, y, S, which are its perpendicular 
distances from four fixed planes constituting a tetrahedron of 
reference. The system is in Solid Gleometry precisely what 
trilinear coordinates are in Plane. The relation between the 
coordinates of a point corresponding to (4007) in trilinears is 

5503 Aa+Bj3+Cy+B8 = 3V, 

where A,B, G,D are the areas of the faces of the tetrahedron 
of reference, and V is its volume. 


TETRAHEDRAL COORDINATES. 

5504 In this system the coordinates of a point are the 
volumes of the pyramids of which the point is the vertex and 

5 G 
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the faces of the tetrahedron of reference the bases : viz., ^Aa, 
iC'y? iB^. The relation between them is 

5505 a'+i8'+y+S'= F. 


POLAR COORDINATES. 

5506 Let 0 be the origin (Fig. 168), XOZ the plane of 
reference in rectangular coordinates, then the polar coordi¬ 
nates of a point P are r, 0, such that r = OP, 0 = Z.POZ, 
and (f> = ZXOG between the planes of XOZ and POZ. 


THE RIGHT LINE. 


5507 The coordinates of the point dividing in a given ratio 
the distance between two given points are as in (4032), with a 
similar value for the third coordinate C 

5508 The distance P, Q between the two points xyz, xy'z is 

PQ =^{{.v-a^y+(ij-yy+{z-zy}. (Euc.i.47). 

5509 The same with oblique axes, the angles between the 
axes being X, v. 

PQ = y{(.v-.ty+{y-!/y+{z-zy+2 cosX 

+2 (»—«')(*'—A’') cosfi+2 (. 1 '— .i'')(ir/— y) cos v}. (By702). 


5510 The same in polar coordinates, the given points being 
?’ 0 ^, t'0'(I>\ 

jPQ = 2rr {cos^ cos^'-fsiu^ sin O' cos (<^>— 

Proof. —Let- P, Q be the points, 0 the origin. Describe a sphere cutting 
OP, OQ in P, 0 and the z axis in A; then, by (702), PQ" = OP^-f OQ‘‘^ 
—20P.OQ cos POQ and cos POQ, or cos a in the spherical triangle ABC, is 
given by formula (882), since h = 6, c — 0', and A == — 


DIRECTION RATIOS. 

5511 Through any point Q on a right line QP (Fig. 169), 
draw lines QL, QM, QX parallel to the axes, and througli any 
other point P on the line draw planes parallel to the coordi- 
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nate planes cutting the lines just drawn in L, M, N ; tlien the 
direction ratios of the line OP are 


5512 


j_QL 

QP' 


m = 


QM 

QP' 



The angles PQL, PQM, PQlSf are denoted by a, jS, y; and the 
angles YOZ, ZOX, XOY between the axes by X, v, 

5513 AYhen X, fi, v are right angles, the axes are called 
rectangular, and the direction-ratios are called direction- 
cosines, being in that case severally equal to cos a, cos f3, 
cos y. 

5514 When L, M, N are the direction-ratios (or numbers 
proportional to them) of a line which passes through a point 
ahc, the line may be referred to as the line (LMN, ahc), or, if 
direction only is concerned, merely the line LMN. 


EQUATIONS BETWEEN THE CONSTANTS OF A LINE. 

5515 The relation between the constants of a line with 
rectangular axes is 

= 1 j 

and with oblique axes, it is 

5516 I cos a+m cos cos y = 1. 

Pkoof.—T he first by (Euc. i. 47). The second by projecting the bent 
line QLGP (Fig. 169) upon PQ, thus PQ = QL cos a-\-LG cos/3+(7P cosy, 
and QL = PQ.l, Ac., by (5512). 

5517 Also, when the axes are oblique, 

cos a = Z+m cos v+ n cos fi, 
cos;8 = m+ n cos X+ I cos i/, 
cos y = I cos /x+m cos X. 

Peoof.—B y projecting QP in figure (169) and the bent line QLGP upon 
each axis in turn, and equating results; thus PQ cos a = QL-\- LG cos ^ 
+ OP cosy, applying (5512). 

5518 The relation between Z, m, 7i and X, ju, v is 
Z^+m^+n^+2mu cos X+2wZ cos /x-f 2Zm cos v = 1. 

Proof.—B y eliminating cos a, cos/3, cosy between (5516) and (5517). 






748 


SOLID GEOMETRY. 


5519 The relation between cos a, cos (3, cos 7 and X, ju, v is 

cos^ a sin^ X+cos^ /3 siu^ ft+cos^ 7 siu^ p 

+ 2 cos J8 cos y (cos /x cos v—cos X) 

+2 cos y cos a (cos p cos X—cos fju) 

+2 cos a cos (cos X cos ft— cos p) 

= l — cos^X—cos^ ft —cos^ 1^+2 cosX cos ft cosi'. 

Proof.— By eliminating I, m, n between the four equations in (6516) and 
(5517). 


5520 The angle 6 between two right lines Im7i, I'm'n', the 
axes being rectangular: 

cos 6 = ir -{-mm' -{-7171 . 

Proof. —In Figure (160), let QP be a segment of the line Imn. The 
projection of QP upon the line I'm'n will be QP cos 6. And this will also 
be equal to the projection of the bent line QLCP, upon Vmn\ for, if 
planes be drawn through Q, L, G, and P, at right angles to the second line 
I'm'n', the segment on that line intercepted between the first and last plane 
will be = QP cos 6, and the throe segments which compose this will be 
severally equal to QL.V, LG.m', GP.ri, the projections of QL, LG, CP. 
Then, by (5512), QL = QP.l, &c. 

5521 siu^^= {tnn'—mny-\-{nl'—I'my. 

Pkoop.— From 

1-cos^e = + (5515, ’20). 

5522 With oblique axes, 

cos 6 = IV-{■7n77l -{-7l7l'-{-{inil'771 7l) cosX 

+ (?i/'+n7) cosfi+(/m'+/'m) cos p. 
Proof. —As in (5520), substituting from (5517) the values of cos a, &c. 


EQUATIONS OF THE RIGHT LINE. 


5523 


w—u __ ?/—6 

“IT "IT 


^ or _ y-^ - 
N / 


Here ahc is a datum point on the line, and if r be put for the 
value of each of the fractions, r is the distance to a variable 
point xyz. L, M, N are proportional to the direction ratios of 
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the line, which ratios must therefore have the values 


5524 / = 


L 




n = 


N 

^{L^+M^+N'^y 


5525 Note. —Instead of a, h, c in the equation we may use 
hL-\-ay ]cM-\-bi where h is an arbitrary constant. 


5526 The equations of a line may also be written in the 

forms yv = X;;;+a, y = 

5527 These are the equations of the traces on the planes of 
xz and yz^ and are equivalent to 

x—’a _ y—fi _ 0 

X ~ ft ^ 1 ‘ 

5528 If the line is determined as the intersection of the two 
planes Ax-\-By-\-Gz D and A'x-{-B'y-{-G'z = T)\ we may 
write equations (5523) by taking 

L=.BU^B'C, M=CA'--CA, N^AB-A'B, 

DB'-D'B j DA'-D'A . 

«=-e = 0. 

Peoop. — Eliminate z between the equations of the planes, then the 
reciprocals of the coeflS.cients of x and y will be L and M. 


5529 The projection of the line joining the points xyz and 
ahc upon the line Imn is 

I (cV—a)+m (?/—5)+w (z—c), 

5530 Hence, when the line passes through ahe, the square 
of the perpendicular from xyz upon it is equal to 

(.r—a)H(y—6/+{a—c)2— {Z (.r—a)+»i {y—b)+n (»—c)}^- 

5531 Condition of parallelism of two lines LMN, L'M'N': 

L : L' = M: N : N', 
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5532 Condition of perpendicularity: 

LL'+MM’+NN' = 0. (5520) 


5533 Condition of the intersection of the lines (LMN, abr) 
and {L'M'N', a'b'c') (5514): 

(a - a') ( MN' - M'N) + (5 - b') {NU-N'L) 

+ {c-c’){LM'-L'M) = 0. 


Proof. —Eliminate x, ?/, z between the equations 


x—a _ y — h _ z_-^ 
L ~ M ~ N 


r and 


x — a' 
^L' 


lf — 1/ 

M' 


by subtracting in pairs, and then eliminate r and /. 


z — c 

~w~ 


= 


5534 The shortest distance between the same lines is 

(« - d){}m -M'N) + {h-b'){NL'-N'L)Mc-c') {LM’ - L'JiI) 
v" {{MN - M'Ny+ {NU - N'LY-{-{LM'-L'Mf\ 

Pkoof,—A ssume X, /i, v for the dir-cos. of the shortest distance. Then, 
by projecting the line joining a-&c, ah'c upon the shortest distance, we get 
p = (a- a) \+(6-60/^ + (c-O^- ^Iso, by (5520), + + = 0 and 

L'\ + M'fxl-N't' = 0, giving the ratios \ : /n : y = MN'—M'N: NL'—N'L 
: LM'—L'M ; and (5524) then gives the values of X, /u, v. 


5535 The equation of the line of shortest distance between 
the lines {Imn^ abc) and (Vm'n', a'h'c') is given by the inter¬ 
section of the two planes 

I (a— a)+wt(y-6)+« (s-y) = .(>•)> 

I' {a;-u')+ni {i/-b')+n' {z-y) = " ^ (ii-). 

where u = I (a'—a)-\-m {b'—h)-\-n (c' — c), 
to' = r (a — a') -b m' {h — h') + n' {c — c '), 
and QO^O = IV-\-nn'. 

Proof. —(Fig. 170.) Let 0 bo the point xyz on the line of shortest dis¬ 
tance AB \ 1\ Q the points a6c, a'b'c on the given lines BQ. Draw BR 
and FR parallel to AF and AB ; RT perpendicular to BQ ,; and QX, TM per¬ 
pendicular to BJv. Then Z RJU^ = 0, RN = u, QT = ?*', therefore NM 
= t/cos^ and RM = RN+NM = u + u' oo&d, and in the right-angled tri¬ 
angle RTB, RM cosec® 0 = RBj the projection of OP upon ^-IP, that is, the 
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left member of equation (i.). Similarly for equation (ii.). It should be 
observed that (i.) and (ii.) represent planes through AB respectively per¬ 
pendicular to the given lines AP and BQ. 

5536 Otlierwise, the line of shortest distance is the inter¬ 
section of the two planes whose equations are 

r {.v-a)+m' (t/-b)+n' (z-c) „ 

I (cr—«)+m {y—b)-\-n {z — c) 

_ I {.v—(i)+m cQ 

V {.V—a)+m {y — h') + n {z — c)' 

For these equations state that cos d is the ratio of the projections of OP 
or of OQ upon the given lines, and this fact is apparent from the figure. 


5537 Equations of the line passing through the two points 
abc, a'h'c ': 

cV — u _ y—b __ z—c 
a —a' b — b' ~ c—c' 

5538 A line passing through the point ahc and intersecting 
at right angles the line Imii: 

a!—a y—h _ z — c 

L “ ~ir' 

where L = Im {b — b')-\-nl{c—c') — (in^-{-n^){a—u), 

and symmetrical values exist for M and N. 

Proof. —The condition of perpendicularity to Imn is 

Ll+Mm + Nn = 0 ; (5520) 

and the condition of intersecting the line is 

{a-a){Mn-mN) + (h-V){Nl-nL) + {c-c){Lm~m) = 0. 

These equations determine the ratios L \ M \ N. 


5539 Equations of the line passing through the point ahc, 
parallel to the plane Lx-^-My-^Nz = B, and intersecting the 
line {Vm'n, cdVd ): 

OG—a __ y—h __ z—c 
I ^ m n ^ 

where I, m, n are found, as in the last, from 

Ll-\-Mm-\-Nn = 0, and 

{a—a') {mn — m'n) + (5 — 6') {nV—n'l) + (c—c') {Im — Vm) = 0. 
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5540 Equations of the bisector of the angle between the 
two lines lim{)iiy ’ 

cV _ .V _ ^ 

h + h ” + 

Peoof.— Taking the intersection of the lines for origin, let * 22 / 2^2 5e 
points on the given lines equidistant from the origin ; then, if xyz be a point 
on the bisector midway between the former points, x = ^ &c. 

(4033); and the direction-cosines of a line through the origin are propor¬ 
tional to the coordinates. 


5541 

are 


The equations of a right line in four plane coordinates 

_■ y-y ... s-y ([) 

L ~ M ~ N R . ^ 


where ojSyS is a variable point, and a fixed point on 

the line. The relation between L, M, N, 11 is 

5542 AL + BM+CN^-DR = 0 .(ii.). 

Proof.—F or, since equation (5503) holds for a/3y3 and also for 
we have A (a —a')+J? (/3—/3') + (7 — — = 0. 

Substitute from (i.) a — a' = rL, f3 — ft' = rif, &c. 

5543 In tetrahedral coordinates the same equation (i.) sub¬ 
sists, but the relation between L, M, N, 11 becomes, by 
changing Aa into a, &c., 

5544 L+M+N+R = 0, 


THE PLANE. 


5545 General equation of a plane : 

A.v+Rf/+Cz+D = 0. 

5546 Equation in terms of the intercepts on the axes : 


+ ^ + = L 

a ^ b c 


5547 Equation in terms of 2h perpendicular from the 
origin upon the plane, and /, m, the direction-cosines of lo : 

/tr+= j). 
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PeoOF. —If P be any point xyz upon the plane, and 0 the origin, the pro¬ 
jection of OP upon the normal through 0 is p itself; but this projection is 
Ix + my + nz, as in (5520). 

5548 The values of I, m, n, p for the general equation 
(5545) are 

/_ ^ Vn — 

“ ^{A^+B'^+C^y ^ ^{A+B^+C^y 

Proof. —Similar to that for (4060-2) : by equating coefficients in (5545) 
and (5547) and employing + + = 1. 


5550 The equation of a plane in four-plane coordinates is 

la+mfi+nyAr^ = 0 , 

with I : 711 : n : r = ^ ^ , 

Pi Pi p3 ih 

where are the perpendiculars upon the plane from 

A, B, 0, i), the vertices of the tetrahedron of reference, and 
Pi 5 P'li Ihi pi perpendiculars from the same points upon 

the opposite faces of the tetrahedron. 

Proof. —Put y = ^ = 0 for the point where the plane cuts an edge of the 
tetrahedron, and then determine the ratio I \ m by proportion. 

See Frost and Wolsteiiholruej Art. 81. 

5551 The equation of a plane in tetrahedral coordinates is 
also of the form in (5550), but the ratios are, in that case, 

/ : wi : : r = tti : /8i : yi : Si- 

The relation between the three-plane and four-plane coor¬ 
dinates is a = 2) — /u’ — in I/ — iiz. 


5552 The equation of a plane in polar coordinates is 
r {cos 6 cos ^'+sm 6 sin 6' cos = p* 

Proof. —Here p is the perpendicular from the origin on the plane, and 
p, O', 0' the polar coordinates of the foot of the perpendicular. Then, if \p is 
the angle between p and r, we have p = r cos xj/ and cos xj/ from (882). 


5553 The angle 9 between tw^o planes 

lx + my+iiz = p and Vx + m'y 4- 'it'z = p' 
5 D 
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is given by formula (5520), and the conditions of parallelism 
and perpendicularity by (5531) and (5532), since the mutual 
inclination of the planes is the same as that of their normals. 


5554 The length of the perpendicular from the point x'l/z 
upon the plane Ax-{-Bi/ + Cz-\-D = 0 is 


■ Bi/ -j- Cz -|- D 


p — Lv — mIf ^nz\ 


Proof.— As in (4094). 


5556 The same in oblique coordinates 


{A.v + Bif-\- Cz+B) 
P 


2 ) — cV cos a—// cos^—^ 


cosy, 


where p is found from (5519) by putting yl, i>, C for p cos a, 
P cos |3, p cos y. This gives 


5558 


p- 


A- sin^ X 4* sin^ p + C^ sin^ v + 2J>(7 (cos p cos v —cos \) ) 
+ 26'yl (cos V cos X —cos p) + 2AB (cos X cos p — cos v) ) 
1 — cos"^ X — cos‘^ p —cos'* I' + 2 cos X cos p cos V 


5559 The distance r of the point xi/z' from the plane 
Ax-{-ByCzD = 0, measured in the direction hnUy the axes 
being oblique: 

_ A.v'+JB/+Cz'+n 

’’ Al+Bm+Cit ' 

Proof.— By determining r from the simultaneous equations of the line 
and the plane, viz., 

= y AL — t — — = r and Ax-\- By-{-Cz-\-D = 0. 

I m n 

Otherwise, by dividing the perpendicular from x'l/z' (5554) by the cosine of 
its inclination to Imn, viz., 

V {A -\-B + G*) 


EQUATIONS OF PLANES UNDER GIVEN CONDITIONS. 

5560 A plane passing through the point ahe and perpen¬ 
dicular to the direction Imn : 

I {a‘—+ m (// — />) + // —c) = 0 . 
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5561 


A plane passing throngli two points abc, a'b'c': 


\ 


cV — a 
a—(I 


y—h 



5562 witli X+fjL+v = 0. 

PiiOOF. —By eliminating n between the equations 
I (x—a) (y—h)-\-n (z—c) =0, I (a — a)-{-m (b — b') +n (c—c') = 0, 

and altering the arbitrary constant. 


5563 A plane passing through the point of intersection of 
the three planes = 0 , r = 0 , iv = 0 : 

lu-\-mv+mc = 0. 

5564 A plane passing through the line of intersection of the 
two planes lo — O, v = 0 : 

lH-\-7nv = 0. 

5565 A plane passing through the two points given by 
= v = 0, w = 0 and u = a, v=b, iv = c: 

lu-\-7nv-\-nw = 0 with = 0. 


5566 The equation of a plane passing 
through the three points x^yiZi, 
or A, B, G, is given by the determinant 
annexed, in which the coefficients of x, y, z 
represent twice the projections of the 
area ABC upon the coordinate planes. 


cV y z 1 
u’l y, z, 1 
il’2 y^z ^2 1 
"^3 //s ^3 1 


Proof. — The determinant is the eliminant of Ax + Py + Cz = I, and 
three similar equations. Expanded it becomes 

^ + —2/i% + 2/i2^2 —2/2^i)+ 2/ (&C.)+2r (&C.)— &c. = 0. 

Hence, by (4036), we see that the coeflBcients are twice the projections of 
ABC, as stated. 


5567 The sum of squares of the coefficients is equal to 
four times the square of the area ABC. 

Proof. —For, if I, n are the dir-cos. of the plane, and ABC = S, the 

coefficients are = 2Sl, 2S7n, 2S7i, by projection. 


5568 The determinant {xi, ^ 2 ? ^ 3)5 is? absolute term 
in equation (5566), represents six times the volume of the 
tetrahedron OABG, where 0 is the origin. 
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Pi?OOF.—Writing the equation of the plane AEG, Ax-\-By + Gz-{-D = 0, 
we have for the perpendicular from the origin, disregarding sign, 

^ “ yiA’+B^+C^) ~ ^ 
therefore D = 2^)8 = 0 X the tetrahedron OAEG. 

5569 If be a fourth point, F, not in the plane of ABG, 
the determinant in (5566) represents six times the volume of 
the tetrahedron FABG, 

Proof. —By the last theorem the four component determinants represent 
six times (^OECP-\-OGAF-\-OAEF-]rOAEG^ for an origin 0 within the 
tetrahedron. 


5570 A plane passing through the points ahe^ a'b'c\ and 
parallel to the direction Imn : 


cV — a 

y—h 

z—c 

a — a 

b-b' 

c—c 

1 

m 

n 

a — a 

b-b' 

c—c 


Proof. — Eliminate X, n, v between the equations (5561-2) and 

-? == + ~~ ~ / = 0, the condition of perpendicularity between hmi 

a—a h — b c—c r x j 

and the normal of the plane (5561). 


5571 A plane passing through the point ahe and parallel 
to the lines hmi, Vm'n ': 


cl’ I r 

y — h m m 

z—c n n' 


= 0. 


Proof.— -The equation is of the form \ (x—a) + fi (y—h)+ v (z—c) = 0, 
and the conditions of perpendicularity between the normal of the plane and the 
given lines are ZX-|-m/i + ?ir = 0, = 0. Form the eliininant 

of the three equations. 


5572 A plane equidistant from the two right lines (ahe, Imn) 
and (a'h'c', Vm'n '): 


{v—\{(i-\-iV) I 
y — ^ih+h') m 
z — }{c+c') n 


V 

in' 

n' 


= 0. 


By (5571). 
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5573 A plane passing tliroiigh the line {ahc^ Imn) and per¬ 
pendicular to the plane l'x-{-m'y-]rn'z = j ): 

The equation is that in (5571). 

For proof, assume X, //, v for dir-cos. of the normal of the required plane, 
and write the conditions that the plane may pass through abc and that the 
normal may be perpendicular to the given line and to the normal of the 
given plane. 


TEANSFOEMATION OP COOEDINATES. 


5574 To change any axes of reference to new axes parallel 
to the old ones : 

Let the coordinates of the new origin referred to the old 
axes be a, hy c; xyz and xy'z, the same point referred to the 
old and new axes respectively ; then 

0 ,’ = cv'+a, y = y-\-hy z = z'+c. 


5575 To change rectangular axes of reference to new 
rectangular axes with the same origin: 

Let OXy OYy OZ be the original axes, and OX'y OY', OZ' 
the new ones, 

mi% the dir-cos. of OX' referred to OXy OYy OZ, 
do. OY' do. do. 

Zg mg % do. OZ' do. do. 

xyzy Evl the same point referred to the old and new axes 
respectively. Then the equations of transformation are 

5576 h ^+4 y+h C . (i*)? 

;/ = (ii.), 

z = n^^+i^rj + nsC .(hi-)* 

And the nine constants are connected by the six equations 

5577 ll+ml+nl=l...{iY.)y kk+m,m,+ n2ns = 0 ... (vii.), 

/ 2 “hwi 2 -}“/i 2 ~ 1 ••• “ 6 ... (viii.), 

(l+ml+nl = 1 ...(vi.), 4Z2+^iW2+niU2 = 0 ... (ix.), 

so that three constants are independent. 
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Proof.—B y (5515) and (5532), since OX', OY', OZ' &Te mutually at 
right angles. 


5578 The relations (iv. to ix.) may also be expressed thus— 

li nil 


ni —'ihk 

h __ 

— ” ihh — n^k 


= ±1. (x.), 

= ±1. (xi.). 


- ^5 -— — = ±1 .(xii.). 


Obtained by eliminating the third term from any two of equations 
(vii.— IX.). Also, by squaring each fraction in (x.) and adding numerators 
and denominators, we get 




(+ O (?"++ vr) - (Z 2?3 + m^m .^+ 


= 1, by (5577). 


5579 If the transformation above is rotational, that is, if it 
can be effected by a rotation about a fixed axis, the position 
of that axis and the angle of rotation 6 are found from the 

equations 2 cos 6 = li+m^+n^—l, 

cos^a __ eos^^ _ cos^y 

^2+^*3““^! —1 ~ «3 + ^l —'^2—1 /i + W2“»3—1’ 

where a, f3, y are the angles which the axis makes with the 
original coordinate axes. 

Proof. —(Fig. 171.) Let the original rectangular axes and the axis of 
rotation cut tlie surface of a sphere, whose centre is the origin 0, in the 
points X, y, z, and I respectively. Then, if the altered axes cat the sphere in 
r/, 'C, we shall have 0 = / xJ^ in the spherical triangle; Jx = =. u ] ly = 

Ji; = /3; 7z = 7; = y, and by (882) applied to the isosceles spherical triangles 
xU, &c., li = cosx^ = eos®a + sin^a cos 0, Wj = cos yr) = cos'/3 + siir/3 cos 0, 
71 ^= cos^C = cos'y + sin^y cos 6. From these cos0, cos a, cos/3, and cosy 
are found. 


5581 Transformation of rectangular coordinates to oblique : 

Equations (i. to vi.) apply as before, but (vii. to ix.) no 
longer hold, so that there arc now six independent constants. 
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THE SPHEEE. 


5582 The equation of a sphere when the point abc is the 
centre and r is the radius, 


{x—ay+(i/—by-\-{z—cy = r\ 


5583 The general equation is 

AcV-{- Cz+D = 0. 

The coordinates of the centre are then — 

A 

and the radius =\s/{A^ + -f (7^—4D). 

Proof.— By equating coefiBcients with (5582). 


B 

2 ’ 


G 
2 ’ 


5584 If xyz be a point not on the sphere, the value of 
{x'-ay-{-{y — hy-\-{z—cY‘—v'^ is the product of the segments 
of any right line drawn through xyz to cut the sphere. 

Proof.—F rom Euc. iii., 35, 36. 


THE RADICAL PLANE. 

5585 The radical planes of the two spheres whose equations 
are u = 0, u' = 0, is 

u—u = 0. 

5586 The radical planes of three spheres have a common 
section, and the radical planes of four spheres intersect in the 
same point. 

Proof.— By adding their equations, and by the principle of (4608) 
extended to the equations of planes. 


POLES OF SIMILITUDE. 

5587 Def.—A pole of similitude is a point such that the 
tangents from it to two spheres are proportional to the radii. 

5588 The external and internal poles of similitude are the 
vertices of the common enveloping cones. 
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5589 Tlio locus of the pole of similitude of two spheres is a 
sphere whose diameter contains the centres and is divided 
harmonically by them. 


CYLINDRICAL AND CONICAL SURFACES. 


5590 Def.— A conical surface is generated by a right line 
which passes through a fixed point called the vertex and 
moves in any manner. 

5591 If the point be at infinity, the line moves always 
parallel to itself and generates a cylindrical surface. 

5592 Any section of the surface by a plane may be taken 
for the guiding curve. 


5593 To find the equation of a cylindrical or conical surface. 

Rule.— Eliminate xyz from the equations of the guiding 
curve and the equations = -y o/ any generating 

line; and in the result qyut for the variable qoarameters of 
the line their values in terms of x, y, and z. 


5594 Ex. 1.— To find the equation of the cylindrical surface whose 
generating lines have the direction hnn, and whose guiding curve is given 
by + and = 0. 


At the point where the line ^ = 'I—- = A meets the ellipse, z = 0, 


X = a, y = f). Therefore + Substitute in this, for the 

variable parameters, a, /3, a = x——, l3 = y— — -, and we get, for the 

n n 

cylindrical surface W {nx — lzy-\-ar{ny—mzy' = o?h~n'‘'. 


5595 A conical surface whose vertex is the origin and 
guiding curve the ellipse h^x^-\-ah/ = a^b^, z = c, is 






0 . 


PiiOOF.—Here the generating line is = -A = A. At the point of iutcr- 

l m n 
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J U me . hH‘c- , tAii-V _ 3,2 

section of the line and curve 2 = c, ^ ^ ‘ — a o . 

Substitute for the variable parameters I : m : n the values x : y : z, and the 
result is obtained. 


CIRCULAR SECTIONS. 

5596 Rule. —To find the circular sections 0 / a quadric curves 
express the equation in the form A (x- + y^ + z‘^ + cO H-&C. = 0. 
If the remaining terms can he resolved into Pwo factors^ the 
circular sections are defined hij the intersection of a sphere and 
two planes. 

5597 Generally tlie two quadrics 

ax^-Yhif^-c?^^-2fyz-\-2gzx-]r'^hxy — 1 
and (a + X) 33 ^ + (& + X) y^-\-{v-\-\) + 2fiyz + 2yzx + 2hxy = 1 

have the same circular sections. 


Proof. —Let r, p be coincident radii of the two surfaces having linn for a 

common direction. Then ^ = al~ -\-hm^-\-cn“-\-2finn-\-2gnl-\-21ilm and 

r~ P 

= the same +\. Therefore, if r has a constant value throughout any 
section, p is also constant throughout that section. 


5598 Ex.—An oblique circular cone whose vertex is the point a, 0, Z>, 
and guiding curve the circle + 2 = 0; is 

(az — hxy-\-hh/ = (^ — hy. 

The equation may be written 

+ = 2 {2ahx + (h^ + c^ — (i^) z—2bc^}, 

and therefore the cone has two series of parallel circular sections, s = k and 
2ahx + (h^ + c^-a^) z-2bc^ = f (5583). {Frost and Wolstenholme.) 


OONICOIDS. 


5599 Dees.— A conicoid is a surface every plane section of 
which is a conic. 

The varieties are the elliq)soid, the oue-fold and two-fold 
hyperboloids, the elliptic and hyperbolic ^ paraboloids, the 
sjfiieroid of revolution, the cone, and the cylinder. 

5 E 
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In any of the following equations of a conicoid, by making one of the 
vanables constant, the equation of a section parallel to a coordinate plane is 
obtained, and the equation of the surface is by that means verified. Thus, 
in the equations of (5600) or (5017), Figs. (172) and (173), if z be put 
= OX, we get the equation of the elliptic section RFQ, the semi-axes of 

which are NQ = “ and NR = -^(c^-ON\ a, b, c being the 

c c 

principal semi-axes of the conicoid; that is, OA, OB, OG in the figure. 


THE ELLIPSOID. 


5600 The equation referred to the principal axes of the 
figure is 


(r 6- r 


(Fig. 172) 


5601 There 

equations are 


with ayhyc. 


are two [)lanes of circular section whose 



= 0 , 


- 1) +/ (ij -1) +.q - ^) = 0 

is a cone having a common section with the conicoid and a sphere of radius 
r. If the common section be plane, one of the three terms must vanish 
in order that the rest may be resolved into two factors. 

Since a>h > c, the only possible solution for real factors is got by 
making r ~ b. 


5602 Sections by planes parallel to the above are also 
circles, and any other sections are ellipses. 


5603 The umbilici of the ellipsoid (see 5777) are the points 
whose coordinates are 



(r—lr 


1 / = 



Proof. —The points of intersection of the plane s (560 1) and tlu 

/ llr—r^ / 

(5600) on the xz ])lanc arc given by ic = ± (t W ^ 2 = ± c 

Since, by (5602) the vanishing circular sections arc at tlie points in the xs 
plane conjugate to x' and z\ we have, by (4352), x = ——z', z = ^ x'. 
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5604 If a = l), in (5C00), the figure becomes a spheroid, and 
every plane parallel to xy makes a circular section. Hence 
the spheroid is a surface of revolution. It is called isolate 
or oblate according as the ellipse is made to revolve about its 
major or minor axis. 


THE HYPERBOLOID. 

5605 The equation of a one-fold hyperboloid referred to its 
principal axes is 

= (Pig-173) 


5606 The planes of circular section, when ayhyc^ are all 
parallel to one or other of the planes whose equations are 




= 0 . 


Proof.—A s in (5001), putting r = a. 


5607 The generating lines of this surface belong to two 
parallel systems (i.) and (ii.) below, with all values of 0. 


5608 

iV 


= cos 0+ — sin B 
a c 

= sill B— — cos^ 
b c 


... (i.), 


— = cos^— — sin b) 

a c I 

= sill — cos B 

b c 


...(ii.). 


For the coordinates which satisfy either pair of equations, 
(i.) or (ii.), satisfy also the equation of the surface. Tlio 
equations may also be put in the forms 


5610 


,v—a cos B 
a sill B 


jf—h sill B _ ^ 

—^cos^ 6* 


5612 If 2; = 0, x = a cos 0 and y = b sin 0. Hence 0 is 
the eccentric angle of the point in which the lines (i.) and (ii.) 
intersect in the qij plane. 


5613 Any two generating lines of opposite systems intersect, 
but no two of the same system do, 
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5614 If two generating lines of opposite systems be drawn 
through the two points in the principal elliptic section whose 
eccentric angles are 0—«, a being constant, the coordi¬ 

nates of the point of intersection will be 
= a cos 0 sec a, if = h sin 0 sec a, 
and the locus of the point, as 0 varies, will be the ellipse 


5615 


= 1 ; 


^ =: :j-c tan a. 


Proof, —From (i.) and (ii.), putting 6zka for 0.* 


5616 The asymptotic cone is the surface given in (5595). 

Proof. —Any plane through the z axis whose equation is y = inx cuts the 
hyperboloid and this cone in an hyperbola and its asymptotes respectively. 


5617 The equation of a two-fold hyperboloid is 

_ 1 
~ 


(Fig. 174) 


and the equation of its asymptotic cone is 


5618 



0 . 


Proof. —Any plane through the x axis, whose equation is y = mz, cuts 
the hyperboloid and this cone in an hyperbola and its asymptotes respec¬ 
tively. 

There are two surfaces, one the image of the other with regard to the 
plane of yz. One only of these is shown in the diagram. 


5619 The planes of circular section when & is > c are all 
parallel to one or other of the planes whose joint equation is 



= 0 . 


Proof. —As in (5001), putting r' = — 5“. 

5620 If h = Cy the figure becomes an hyperboloid of revo¬ 
lution. 


THE PARABOLOID. 

5621 T his surface is generated by a parabola which moves 
with its vertex always on another parabola; the axes of the 
two curves lieing parallel and their planes at right angles. 

* The STirfiico of a oiie-fold liyperboloid, as generated by right lines, may frequently be 
seen in the foot-stool or work-basket constructed entirely of straight rods of eane or wicker. 
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The paraboloid is cJJlpiic or hyjierholic according as the 
axes of the two parabolas extend in the same or opposite 
directions. 

5622 The equation of the elliptic paraboloid is 

2 

^ + ^ = (Fig. 175) 

h and c being the later a recta of the two parabolas. 

Pkoof: QiP = b.OM-, PN^ = c.QN-, ^ + Oil+QS = x. 

0 c 

If h = c, the figure becomes the 2 ^arahoIoid of revolution. 


5623 Similarly the equation of the hyperbolic paraboloid is 

2 2 

— = (Fig. 176)* 

5624 The equations of the generating lines of this surface 


are ± and JL^:^z=—, 

\/b y/ C y/b y/C iU 

the upper signs giving one system of generators and the lower 
signs another system. 

5625 The equations of the asymptotic planes are 


CENTRAL QUADRIC SURFACE. 


TANGENT AND DIAMETRAL PLANES. 

5626 Taking the equation of a central quadric ‘— + 7 ^- 1 - -u 

a" Ir cr 

= 1 to include both the ellipsoid and the two hyperboloids 


* The curvature of this surface is anticlaatic, a sort of curvature which may be seen in 
the saddle of a mountain ; for instance, on the smooth sward of some parts of the 
Malvern Hills, Worcestershire, 
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according to tlie signs of Jr and c^, the equation of the tangent 
plane at xyz is 


u- li’ “ 


By (5G70). 


5627 If ]} be the length of the perpendicular from the origin 
upon the tangent plane at xyz, 




£l + iC+£ 

a* ^ ^ c* 


Proof.— Prom (5549) applied to (5G2C>). 

5628 The length of the perpendicular let fall from any 
point ii}t upon the tangent plane at xijz is 

+ ¥ + (5554 & 5627) 


5629 Direction cosines of the normal of the tangent plane 


at xi/z^ 


I 


-PR. 


-P- 


Proof.— By (5548) applied to (5G26) and the value in (5G27). 

5630 If I, m, n are the direction cosines of j), 
j} = Lv+m y-[-nz and 

PuoOF.— (5G30) By projecting the three coordinates ;r, y, z upon p. 
(5631) By substituting the values of a’, y, z, obtained from (5f'29), in 
(5G30). 


5632 The equation of the normal at xij7: is 

If ^ 

since the dir-cos. are the same as those of the tangent plane 
at (562G). 

5633 Each term of the above equations 

or p multiplied into the length of the normal. 
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Proof. —Bach term squared = —— 

^ y_ z-‘ 

c* 

Add numerators and denominators, and employ (5627). 


5634 Equation (5681) is the condition that the plane 
lx-\-my-{-nz = 2 ^ may touch the conicoid; and if — 0, we 
have for the condition of the plane lx-{-vii/-{-nz = 0 touching 

the cone H- ^ =0, 

<r Ir r“ 

5635 (iH^+h^m^+c^n^ = 0. 

5636 The section of the quadric made by a diametral plane 
conjugate to the diameter through the point cVi/z has for its 

equation M ^ = 0 . By (5688). 

‘ ft- Ir c~ 

5637 Hence the relation between the direction cosines of 
two conjugate diameters is 

ll' mn/ )iu __ 

¥ ‘ ^ 


ECCENTRIC VALUES OF THE COORDINATES. 

5638 These are defined to be 

= aX, y — bfi, z = cv, with = 1. 

5640 are the dir-cos. of a line called the eccentric 
line; and ^ = rX, r? = r^i, t = w are the coordinates of the 
corresponding point upon an auxiliary sphere of radius r. 

5641 The eccentric lines of two conjugate semi-diameters 

are at right angles. By (5637). 


5642 The sum of the squares of three conjugate semi¬ 
diameters is constant and = + 

Proof. —Let a, h\ c' be tbe semi-diameters, and tbeir 

extremities. Put the eccentric values in the equations + + &c., 

and add. By (5641), + + Ij <^c. 
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5643 The sum of the squares of the reciprocals of the same 
is also constant. 

Proof.— Pat cos a^, cos 7 -i cos yj for 7/1, in the equation of tlie 
quadric. So for x^^ t/,, z.^ and x^^ z^. Divide bj r,, r-,, r^, and add the results. 


5644 The sum of squares of reciprocals of perpendiculars 
on three conjugate tangent planes is constant. 

Proof. —For each perpendicular take (5G27), and substitute the eccentric 
values as in (5642). 

5645 The sum of the squares of the areas of three con¬ 
jugate parallelograms is constant. 

Proof.— By the constant volume of the parallelepiped p,A. = mzl., = jvt,, 
(5648) and by (56t4). 1 1 2 1 2- - 23 3 


5646 The sum of the squares of the projections of three 
conjugate semi-diameters upon a fixed line or plane is 
constant. 

Proof.— With the same notation as in (5642), let {limi) be the given line. 
Substitute the eccentric values (5638) in + 

{lx^-\-my^-\-nz^'. In the case of the plane we shall have 
a'^— (Ix^ + 4- nz^y &c. 


5647 CoK. — The extremities of three conjugate semi¬ 
diameters being follows that, by pro¬ 

jecting upon each axis in turn, 




5648 The parallelepiped contained by three conjugate semi¬ 
diameters is of constant volume = abc. 


Proof. —By (5568), the volume 

= ^’1 Vi 

= ahe i \i Pi 


1 '^’2 y-i .^2 

K Hi 


1 '^’8 Vi ^3 

1 ^3 Hi 

by the eccentric values (5638). 

But the last 

determinant 


(584, I.). 

5649 Cor. —If a', //, c' are the semi-conjugate diameters, 
w the angle between a and b\ and p the perpendicular from 
the origin upon the tangent plane parallel to ah\ the volume 
of the parallelepiped is pal/ sin 10 = ahr. 
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5650 Hence tlie area of a central section in tlie plane of ah' 

n / . abc 

= mt b sill o) = TT-. 

P 


5651 Quadratic for the semi-axis of a central section of the 
quadric ^ ^ ~ ^ made by the plane lx-\-7ny-{-nz = 0 : 






0. 


Proof. — The equation is the condition, by (5636), that the plane 
Za; + my-}-= 0 may touch the cone 




as in the Proof of (5600). For another method, see (1863). 


5652 

form 


^Yhen the equation of the quadric is presented in the 

iux^+hf+cs^+2fijx+'2gM'+-lhvy = 1 , 


the quadratic for r‘^ takes 
the form of the determi¬ 
nant equation annexed. 
Or, by expanding, and 
writing A*" for the same 
determinant, with the 

fraction ~ erased, the 

r 

equation becomes 



h 


S 

I 


h ^ I 



f 


m 


f 



= 0. 


n 


A'r^ + {(6 + c) + (c + a) nP + {a + h) n - 2fm n — 2gn / - 2 /? /m } 


—P — 7n^--7p = 0 . 


Proof.— The equation of the cone of intersection of the sphere and 
quadric now becomes 

2/'+(^-7) 2/y0-h2^2.13-h2;ia;y = 0, 

and the condition of touching (5700) produces the determinant equation. 

5 F 
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5654 To find tlie axes of a non-central section of the 

quadric % ^ = 1. 

a-' 6- r" 

Let PNQ (Fig. 177) be the cutting plane. Take a parallel 
central section POO, axes 0/7, 00, and draw NP, NQ parallel 
to them. These will be the axes of the section PXQ, and XQ 

will be found from the equation " , = L 

5655 The area of the same section 

_ irahc 

~ p \ p^ 

where p' and p are the perpendiculars from 0 upon the cutting 
plane and the parallel tangent plane. 

Proof.—T he area = nNP.NQ = tt^.OB.OG 



0B.0G = — \ 


\ OA‘} 

P 

^ p } 


SPHERO-CONICS. 

Def.— A sphero-conic is the curve of intersection of the 
surface of a sphere with any conical surface of the second 
degree whose vertex is the centre of the sphere. 

Properties of cones of the second degree may be investi¬ 
gated by sphero-conics, and are analogous to the properties 
of conics. 

A collection of formula? will be found at page 562 of Routh’s Bigtd 
Dynamics, 3rd edition. 


CONFOCAL QUADRICS. 

5656 Definition.— The two quadrics whose equations are 


^ + '^ + 5=1 and 






ir 


«-+\ 6'+X f'‘+\ 


= 1 , 


ai’e confocal. We shall assume aybyc. 


5657 As X decreases from being large and positive, the 
third axis of the confocal ellipsoid diminishes relatively to the 
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others until A = —when the surface merges into the 
focal ellipse on the x]/ plane, 


A still diminishing, a series of one-fold hyperboloids appear 
until \ =—])\ when the surface coincides with the focal 
hyperbola on the zx plane, 

The surface afterwards dev elopes into a series of two-fold 
hyperboloids until A = —a^, when it becomes an imaginary 
focal ellipse on the yz plane. 


5658 Through any point xyz three confocal quadrics can be 
drawn according to the three values of A furnished by the 
second equation in (565G). That equation, cleared of frac¬ 
tions, becomes 

5659 

{tM+c^a^+aW-{b-+c^) if-{(r+¥) s'} X 
+ (rb^r — b^c^^ t ^= 0 . 

These three confocals are respectively an ellipsoid, a one¬ 
fold hyperboloid, and a two-fold hyperboloid. See Figure 
(178); P is the point xyz; the lines of intersection of the 
ellipsoid with the two hyperboloids are PPE and FPCi, and 
the two hyperboloids themselves intersect in IIPK. 

Proof.—S ubstitute for X successively in ( 5659 ) or, h'\ c^, —co ; and the 
left member of the equation will be found to take the signs +, —, +, — 
accordingly. Consequently there are real roots between cr and U, Ir and r, 
and —00 . 


5660 Two confocal quadrics of different species cut each 
other everywhere at right angles. 


Proof.—L et a, h, c ; a', h', c' be the semi-axes of the two quadrics ; then, 
at the line of intersection of the surfaces, we shall have 


\ a 



1 
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which, since a~ — a~= V‘^—lr = c'"—c” = X, becomes the condition of per¬ 
pendicularity of tlie normals by the values in (5G29). Thus, in (Fig. 178), 
the tangents at P to the three lines of intersection of the surfaces are 
mutually at right angles. 


5661 If P be the point of intersection of three quadrics 
ajbx. 2 i confocal with the quadric ahc ; the squares 

of the semi-axes, of the diametral section conjugate to 

P in the first quadric are (considering and writing 


the suffixes in circular order) 

72 2 2 
th — <h - « 2 

In the second, d\ = r/! a\ 

in the third, (tl = a\ ~ a\ 

Or, if for d\^ we put < 
values may be read with X in 
suffixes. 


72 2 2 

dz = «1 ~ 

72 2 2 

72 2 2 

= ^3 - « 2 - 

^-f-Xi, a^ + X 2 , ft^+Xg, the above 
the place of a and the same 


Proof.—P ut or—a' = /n ; then 


^ _L ^ 1 A x-‘ . y- 

a- ^ a-^ b--fx c--^ 

are confocal quadrics. Take the difference of the two equations, and we 

- -h &c. = 0. Comparing this with 


obtain, at a common point ^ „ 

0 ^ (a — ju) 

(5G51), the quadratic for the axes of the section of the quadric by the plane 
lx-\~my +nz = 0, we see that, if Z, m, n have the values d:c., ft is identical 


with ; the plane is the diametral plane of P; and the two values of ft are 
the squares of its axes. Let tZ", (Z“ be these values; then, since there are but 

three confooals, the two values of yu must give the remaining confocals, i.e., 
2 ,2 2 1 2 2 

a.^—a^ = a .2 and a^ — d., = a^. 


The six axes of the sections are situated as shown in the 
diagram (Fig. 179). Either axis of any of the three sections 
is equal to one of the axes in one of the other sections, but 
the equal axes are not those which coincide. 0 is supposed 
to be the centre of the conicoids, and the three lines are drawn 
from 0 parallel to the three tangents at 7^ to the lines of in¬ 
tersection. 


5662 Coordinates of the point of intersection of three con¬ 
focal quadrics in terms of the semi-axes : 
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2 2 2 


ir 



^2 


Cl C 2 C 3 




The denominators may be in terms of any of the confocals 


• 272 272 2720 

since «i —61 = a2 — 02 = ci^—Os, &c. 



Proof. —The equation of a confocal may be written 


= 1, producing’ a cubic in the product of whose roots gives 


5663 The perpendiculars from the origin upon the tangent 
planes of the three confocal quadrics being j^i, * 






Proof. —By (5649), — aihiCi; then by the values in (5661). 


RECIPROCAL AND ENVELOPING CONES. 

5664 Def.—A right line drawn through a fixed point always 
perpendicular to the tangent plane of a cone generates the 
reciprocal cone. 

The enveloping cone of a quadric is the locus of all 
tangents to the surface which pass through a fixed point 
called the vertex. 

5665 The equations of a cone and its reciprocal are respec¬ 
tively 


= 0.(i.), and .(ii.). 

A H iy 


Proof.— The equations of the tangent plane of (i.) at any point xyz, and 
of the perpendicular to it from the origin, are 


Axk + Dyn + Gzi^ = 0 .(id.), and 

Eliminate x, y, z between (i.), (iii.), and (iv.). 



5667 The reciprocals of confocal cones are concyclic; that 
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is, liave the same circular section; and the reciprocals of con- 
cyclic cones are confocal. 


Proof. —A series of eoneyelic eones is given by 

+ Dir + Cz'^ + X + 1 / = 0 

by varying X; and the reciprocal cone is 


A+\D+\ 0+X 


= 0. 


(5G65) 


5668 The reciprocals of the enveloping cones of the series 

of confocal quadrics -V—"H 

“P A u “p A c “p A 

the common vertex, P, of the cones, are given by the equation 

«-.r^+&y+e-^"-(/r+g(/+/(s)-+X(.rH'/-+^:-) = 0. 

Proof. —Let hnn be the direction of the perpendicular p from tbe origin 
upon the tangent plane drawn from P to the quadric. Equate the ordinary 
value of^“ at (5G31) with that found by projecting OP upon p; thus 
(a^ + X) Z-+(6'^-f X) m^+(c"-fX) = (/Z + pw^+/m)^. 

Now p generates with vertex 0 a eone similar and similarly situated to tbe 
reciprocal cone with vertex P, and I, m, n are proportional to y, z, the 
coordinates of any point on the former eone. Therefore, by transferring the 
origin to P, the equation of the reciprocal cone is as stated. 

5669 Cor. — These reciprocal cones are concyclic; and 
therefore the enveloping cones are confocal (5GG7). 


5670 The reciprocal cones in (5GG8) are all coaxal. 

Proof. —Transform the eone given by the terms in (HGGS) without X to 
its principal axes ; and its equation becomes AP-f Pr = 0. Now, if 

the whole equation, including terms in X, be so transformed, .r- + y- + ^- will 
not be altered. Therefore we shall obtain 

(.1 + X) ajH (P + X) + ( 0 -h X) = 0, 
a series of coaxal eones. 


5671 The axes of the enveloping cone are the three normals 
to the three confocals passing through its vertex. 

Proof. —The enveloping cone becomes the tangent plane at P for a con- 
foeal through P, and one axis in this case is the normal through P. Also 
this axis is common to all the enveloping eones with the same vertex, by 
(oG70). Put there are three confocals through P (5G58), and therefore 
three normals which must be the three axes of the enveloping cone. 


5672 equation of the enveloping cone of the quadric 
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rii^ 7/^ . rt T • • 

-T-h rr^ + —r = 1 i®, when transformed to its prin- 

l)^ + \ c^-j-X 

cipal axes, 




x-x, 


= 0 


or 


V 


+ 


ir 

X' + 


X'+r/| 


where X^, X^, are the values of X for the three confocals 
through P, the vertex, and 1 ^ 2 , are the semi-axes of the 
diametral section of F in the first confocal (5661). 


Proof. —Transform equation (5GG8) of the reciprocal of the enveloping 
cone to its principal axes, as in (5G70). Let Xj, Xg, Xg be the values of X 
which make the quadric become in turn the three confocal quadrics through 
P. Then the reciprocal (^ + X) oi^-f (P + X) ((7 + ^) = 0 must become 

a right line in each case because the enveloping cone becomes a plane. 
Therefore one coefficient of x^, y^, or must vanish. Hence -d + Xi = 0, 
P-PX 2 = 0, O + Xg = 0. Therefore the reciprocal cone becomes 
(X-XO crHCX-X^) Z+CX-Xg) = 0, 
and therefore the enveloping cone is 

^.2 ,.2 „2 

-b -L + =0. 

X_X, X-X., X-X, 


THE GENERAL EQUATION OF A QUADRIC. 

5673 This equation will be referred to as f{x, ij, z) = 0 or 
U = 0, and, Avritten in full, is 

(Lv^ + + 2lhi^i/ +2/>a’+ 2qi/ -{-2rz-\-d = 0. 

By introducing a fourth quasi A^ariable t = ly the equation 
may be put in the homogeneous form 

5674 + 2Ihvij 

+ 2]).vt ’{-2qt/t-{-2rzt = 0, 

abbreviated into 

(«, b, c, (l,f, g, h,p, q, rX.c, //, s, 0^ = <>> 
as in (1620). 

Transforming to an origin wy'z' and coordinate axes 
parallel to the original ones, by substituting r/ + »?, 
for Xy ijy and 2 ;, the equation becomes, by (1514), 
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5675 ae^+hy)^ + cC‘+2fr,C+2^ii+'2hir, 

+ ^U,-\.rfU„+^U,+ U = 0, 

where U =/(*', y', z') (omitting the accents). 

5676 The quadratic for r, the intercept between the point 
x'y'z' and the quadric surface measured on a right line drawn 
from xy'z' in the direction Imn, is 

(«/“+ bm^-\- cti^-\-2f}nn + 2gi)l-\-2hlm) 

+ r {I f4 +m Uy +« ?4) + C7 = 0. 

Obtained by putting $ = rl, »? rm, I = rn in (5674). 

5677 The tangents from any external point to a quadric are 
proportional to the diameters parallel to them. 

Proof. —From (5676), as in (1215) and (4317). 


5678 The equation of the tangent plane at a point xjjz on 
the quadric is 

(^-aO f4 + (£-^:) = 0 

5679 or |L(,.+r,f7,+ gC7,+Ti7,= 0, 

with T and t made equal to unity after differentiating. 

Proof. —From (5676). Since xyz is a point on the surface, one root of 
the quadratic vanishes. In order that the line may now touch the surface, 
the other root must also vanish; therefore + = 0. Put 

rl = i,~x, rni = r]~i/, rn — C—^] WC being now a variable point on the 
line, and therefore on the tangent plane. 

5680 Again, xUx + yUy + zU~ + tUt = '2U, by (1621), 

therefore xU^-^yUy-^zU^ = —tUt, 

which establishes the second form (5679). 


5681 Equation (5679) also represents the polar plane of 
any point xijz not lying on the quadric surface. AVritten in 


full it becomes 

i («.)•+/(//+_cs+/() 

+r) (/i.r-{- /)_i/+fz+r/) 

+ C (.«'.<’+/V+ c~+r) 

+ )•;:+(/ = 0, 


or .r(fi^+/ir)+g-C+/>) 
+~ c^+ r) 






THE GENERAL QVADRIG. 


777 


5683 That is, the forms 

are convertible, U standing for f{x, ?/, z) in the first, and for 
/(5, V, 1) in the second. 

5685 The intersection of the polar planes of two points is 
called the ^oZar line of the points. 

5686 The polar plane of the vertex is the plane of contact 
of the tangent cone. 

Proof. —If be the vertex and xyz the point of contact, equation 

(5683) is satisfied. If y, z be the variables and constant, the second 
form of that equation shows that the points of contact all lie on the polar 
plane of the point 


5687 Every line through the vertex is divided harmonically 
by the quadric and the polar plane. 


Proof. —Inequation (5684) put x=:^+Bl, 7/ = t; + P???., 2 = 4 + Pa to 
determine B, the distance from the vertex to the polar plane. This gives 
_ 2 ^ 

p, employing (5680). 


B = : 


lU^ + mU^ + nU^^ 

Now, if r, r' are the roots of the quadratic (5676), with I, tj, t, written for 

X, y, z, it appears that - - = B, which proves the theorem. 

T-\-r 


5688 Every line {Imn) drawn through a point xyz parallel 
to the polar plane of that point is bisected at the point, and 
the condition of bisection is 

Proof. —The equation is the condition for equal roots of opposite signs in 
the quadratic (5676). Since Z, w-, n are the dir. cos. of the line and Tig., Up, 
Uz those of the normal of the polar plane (5683), the equation shows that 
the line and the normal are at right angles (5532). 

5689 The last, when r, y, ^ are the variables, is also the 
equation of the diametral plane conjugate to the direction hnn. 
Expanded it becomes 

{al-\-}im+gn) ,v-{-(]il-\-hm-\-fn) ?y + (g’/+/m + cn) 

•\-pl-\-qm-\-rn = 0. 

5 G 
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For the point xyz moves, when x, jj, z are variable, so that every diameter 
drawn through it parallel to Imn is bisected by it, and the locus is, by the 
form of the equation, a plane. 

If the origin be at the centre of the quadric, p, q, and r of course vanish. 


5690 The coordinates of the centre of the general quadric 
U= 0 (5673) are 



2 A‘ 


Proof. —Every line through xyz, the centre, is bisected by it. The condi¬ 
tion for this, in (5688), is Z7j,= 0, TJy= 0, and Jig — 0, in order to be inde¬ 
pendent of Imn, The three equations in full are 


ax -|- liy+gz -\-p = 0 ") 

}ix~\-'by-{- fz-\-q = 0 > ; and A' = 
fy+cz+r = o) 

Solve by (582). 


a h q p 
h h f q 
<J f 0 r 
p q r d 


; A = 


a h q 
h b f 
g f c 


5691 The quadric transformed to the centre becomes 

ci^+2M+2gU^2h^r,+ ^ = 0. 

Proof. — By the last theorem, the terms involving I, rj, ^ in (5675) vanish. 
The value of If or f (x, y, z), when xyz is the centre, appears as follows :— 

U = ^Ut (5G80) = px+qij+rz + d = + d (5C90) = — (1C47). 

The last equation, being again transformed hj turning the 
axes so as to remove the terms involving products of coordi- 
dinates, becomes 

5692 = 0, 

5693 whci’c a, (3, y are the roots of tlic discriminating cubic 

R *—/P («+6+c)+R {be-\-ca-3-uh—f ’^—g-—}p) — A. = 0, 

or {ll-u){R-b){R-c)-{Il-(t)p-{U-b}g^-{It-c) h 
-2fgh.= 0 . 

Proof. —It has been shown, in (1847-0), that the roots of the discrimi¬ 
nating cubic ^multiplied in this case by “ ^j the reciprocals of the 

maximum and minimum values of + But such values are evidently 
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the squares of the axes of the quadric surface. Let the central equation of 
the surface he ^ + ^ + = Therefore ~ = — &c., producing 

the equation above. 


5694 The equations of the new axis of x referred to the old 
axes of 5, n, I are 

(F+af) .V = (G+ag) i, = (i/+a/0 

and similar equations with fS and y for the y and ^ axes. 

Proof.—W hen hnn, in (5689), is a principal diameter of the quadric, the 
diametral plane becomes perpendicular to it, and therefore the coefficients of 
«, y, z must be proportional to I, m, n. Putting them equal to EZ, Rm, Rn 
respectively, we have the equations 

{a—R) l-\-hm + gn = 0. (1) ") The eliminant of these equations is 

hll-(b—R) mFfii = 0. (2) ^ . the discriminating cubic in R al- 

gl-^fm-\- (c—E) w = 0. (3) ) ready obtained in (5693). 

From (1) and (2), Z : (h—R) : gli—f{a—R'), 

and from (2) and (3), m : n = fg—h (c—R) : hf—g (6 —E) ; 
therefore (gh-af-i-Rf) I = {7if—hg-\-Rg') m = (fg—cli + Rh) n, 
which establish the equations, since x : y : z ■=■ I : m : n and F= gh—af, 
&c., as in (4665). 


5695 The direction cosines of the axes of the quadric. 

If the discriminating cubic be denoted by <p (B) = 0, and 
its roots by a, j3, y; the direction cosines of the first axis are 



For the second and third axes write j3 and y in the place of a. 


Proof. —Let F+ctf=L, G-i-ag = 3I, H’j~ah = N . 

(a —6)(a—c)—/^ = X, (a — c){a — a)—g'^ = ii, (a — a){a—h)‘-h^=v.. 
Then the equation 0 (a) = 0 may be put in either of the forms 

V = 3/2 ^rX, N^ = \fi . 

Now the dir. cos. of the first axis are, by (5694), proportional to 


i_ • -L • Ji. 

L ' M' N 


= yx : v/ju : \/vf by (iii.). 


. (i.), 

.(ii.). 

(iii.). 


Their values are, therefore, 

yx _ 

y(x+ju-p»^)’ y(x+,a+v)’ y(x+/i+v)’ 

But X = _ and X+a-f v = d<p (a) , actual difierentiation of the 

da da 

cubic in (5693). 
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SOLID GEOMETRY. 


5696 Cauchy’s proof that the roots of the discriminating cubic (5003) 
are all real will be found at (1850). 


5697 The equation of the enveloping cone, vertex ai/z, of 
the general quadric surface U = 0 (5673) is 

4<{ahcfgliXlmnyU = {lU^-\-mUy-\-nUyf, 

vdth a?, r]^y, l—z substituted for /, m, n. 


Proof. —The generating line through xyz moves so as to touch the 
quadric. Hence the quadratic in r (5676) must have equal roots. The equa¬ 
tion admits of some reduction, 

5698 When U takes the form ax^-\-h/-\-cz^ — 1, equation 
(5697) becomes 

{aP+bm^+cn^){(LV^+hy^-]-cz^‘-~l) = {aLv+b)ni/+cnzy. 


5699 The condition that the general quadric equation may 
represent a cone is A' = 0; that is, the discriminant of the 
quaternary quadric, (5674) or (1644), must vanish. 

Proof. —By (5692). Otherwise A' = 0 is the eliminant of the four 
equations = 0, Uj, = 0, 17. = 0, U = 0, the condition that equation 
(5675) may represent a cone. 


5700 The condition that the plane 
lx-]rmy-\-nz = 0 may touch the cone 
{ahcfgh'Xxyz)'^ = 0 is the determinant 
equation on the right. 


a h g 
h b f 

S f c 
I m n 


I 



n 


Proof. —Equate the coefficients I, m, n to those of the tangent plane 
(5681), p, q, r being zero, and xyz the point of contact. A fourth equation 
is lx-\-my -\-nz = 0, which holds at the point of contact. The eliminant of 
the four equations is the determinant above. 


5701 The condition that the 
plane lx-\-my ■^nz-\-t 0 may 

touch the quadric 

{ahcdfghijqr\xyz\y = 0 
(5673) is the determinant equation 
on the right. 

Proof. —As in (5700). 


a h g p 

h b f q 

g f c r 

p q r d 

I m n t 


I 


m 

n 

t 


= 0. 
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5702 If the origin is at tlie centre, p = q = r = 0, In that 
case, transposing the last two rows and last two columns, the 
determinant becomes 


a h g 1 0 

o 

o' 

11 

a h g 1 


a h g 

h h f m 0 


h b f m 


h b f 

g f c n 0 


g f e n 


g f « 

1 m n 0 t 


1 m n 


0 0 0 t d 




5703 The condition that the line of intersection of the 
planes 

lx-[-my-\-nz-ht = 0 and = 0 ... (ii.) 

may touch the general quadric {ahcdfgliiiqr'^xyzVf = 0, is the 
determinant equation deduced below. 


Multiply equation (i.) by I and (ii.) by v to obtain tbe plane 

x + (m^ + m'T)) y + (n^+nr}) z + tl + t'n = 0 . (iit), 

passing through the intersection of (i.) and (ii.)* Tte line of intersection 
will touch the quadric if (iii.) coincides with the tangent plane at a point 
xyz, and if xyz be also on (i.) and (ii.). Therefore, equating coefficients of 
(iii.) and the tangent plane at xyz (5681), we get the six following equa¬ 
tions, the eliminant of which furnishes the required condition. 


ax-\- liy-\- gz-\-'pw = ll-\- I'n 
lix -h ly -h p-h qw = m'yi 
+ fyA- cz-\- no = nk + nr) 
px -h qijA- rz -j- div = t'}} 

lx-\- my A nz-\- tw = 0 
l'x-\-m'y+ 7i'z + t'w = 0 



a 

h 

9 

P 

1 

r 


h 

b 

f 

9 

in 

in 

! 

9 

f 

c 

r 

n 

11 

f’ " 

P 

9 

r 

cl 

t 

t' 

\ 

1 

ni 

n 

t 



J 

r 

in 

n 

t' 




KECIPEOCAL POLAES. 


5704 The method of reciprocal polars explained at page 665 
is equally applicable to geometry of three dimensions. 

Taking poles and polar planes with respect to a sphere of 
reciprocation, we have the following rules analogous to those 
on page 666. 
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RULES FOR RECIPROCATING. 

5705 A j^lane becomes a point, 

5706 A plane at infinitij becomes the origin, 

5707 Several points on a straight line become as many planes 
jmssing through another straight line. These lines are called 
reciprocal lines, 

5708 Points lying on a plane become planes passing through 
a point, the pole of the plane, 

5709 Points lying on a surface become planes enveloping the 
recipirocal surface, 

5710 Therefore, by rules (5708) and (5709), the points in 
the intersection of the plane and a surface become planes 
passing through the pole of the p)lane and enveloped both by 
the reciprocal surface and by its tangent cone, 

5711 When the intersecting plane is at infinity, the vertex 
of the tangent cone is the origin. 

5712 Therefore the asymptotic cone of any surface is 
orthogonal to the tangent cone draivn from the origin to the 
recip)rocal surface. The cones are therefore reciprocal. 

5713 The recijwocal surface of the quadric is a hyperboloid, 
an ellipsoid, or a paraboloid, according as the origin is without, 
within, or upon the quadric surface. 

5714 The angle subtended at the origin by two points is equal 
to the angle beticeen their corresponding p)lanes. 

5715 The recipirocal of a sphere is a surface of revolution of 
the second order, 

5716 The shortest distance betiveen two reciprocal lines 
passes through the origin. 


5717 The reciprocal surface of the general quadric 
{abcdfghpfir'y^xyrAy = 0 (5G74), the auxiliary sphere being 
!)!'“ + ?/ + 2^ = is 


a h )i; p f 


or, if j) = 

q = r 

=0, 

/( 1) f q -q 

(1 

a h <»• f 


a h 

g- / C }• 1 

= 0, 

h b f r) 


h h f 

p q r (1 — 


^ 


f 

i V ^ —le 


f C 0 
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Proof. —The polar plane of the point with respect to the sphere is 
+ — = 0. This must touch the given surface, and the condition is 

given in (5701). 


5718 The reciprocal surface of the central quadric 

—+ ^+—=1. when the origin of reciprocation is the 
Ir 

point xyz\ is 

or, with the origin at the centre, 

5719 a^^^+F-yf+cT = k\ 


Proof. —Let p be the perpendicular from xy'z' upon a tangent plane of 
the quadric, and the point where p produced, intersects the reciprocal 
surface at a distance p from x'l/z'. Then 

= p = lx my'-\-nz — + + cV). (5030) 

Multiplying by p produces the desired equation. 


THEORY OF TORTUOUS CURVES. 


5721 Definitions. —The osculating gilane at any point of a 
curve of double curvature, or tortuous curve, ^ is the plane 
containing either two consecutive tangents or three consecu¬ 
tive points. 

5722 The principal normal is the normal in the osculating 
plane. The radius of circular curvature coincides with this 
normal in direction. 

5723 The binomial is the normal perpendicular both to the 
tangent and principal normal at the point. 

5724 The osculating circle is the circle of curvature in the 
osculating plane, and its centre, which is the centre of circular 
curvature, is the point in which the osculating plane intersects 
two consecutive normal planes of the curve. 

5725 The angle of contingence, cl^, is the angle between two 
consecutive tangents or principal normals. The angle of torsion, 
dr, is the angle between two consecutive osculating planes. 


* otherwise namsd “space curve.” 
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5726 The rectifying plane at any point on the curve is per¬ 
pendicular to the principal normal; and the intersection of 
two consecutive rectifying planes is the rectifying line and 
axis of the osculating cone. 

5727 The osculating cone is a circular cone touching three 
consecutive osculating planes and having its vertex at their 
point of intersection. 

The rectifying developable is the envelope of the rectifying 
planes, and is so named because the curve, being a geodesic 
on this surface, would become a straight line if the surface 
were developed into a plane. 

5728 The polar developable is the envelope of the normal 
planes, being the locus of the line of intersection of two con¬ 
secutive normal planes. Three consecutive normal planes 
intersect in a point which is the centre of spherical curvature: 
for a sphere having that centre may be described passing 
through four consecutive points of the curve. 

5729 The edge of regression is the locus of the centre of 
spherical curvature. 

5730 The rectifying surface is the surface of centres (5773) 
of the polar developable. 

5731 An evolute of a curve is a geodesic line on the polar 
developable. It is the line in which a free string would lie if 
stretched between two points, one on the curve and one any¬ 
where on the smooth surface of the polar developable. 


5732 In Figui'e (180) Ay A'y A'f A'" are consecutive points on a curve. 
The normal planes drawn through A and A' intersect in CE ; those tlivough 
A' and A" in G'Ef and those through A" and A'" in C"E". CE meets C'E' 
in E, and C'E' meets G"E" in E\ The |)rincipal normals in the normal 
planes are AG, A'G', A"G"y and these are also the radii of curvature at 
Ay A', A", while G, G', G" are the centres of curvature. /.AGA' = dij/ and 
CA'G' = (h. 

The surface EGC'G"E' is the polar developable, CC'C" being the locus 
of the centres of curvature, and EE'E" is the edge of regression. 

EA is the radius and E the centre of spherical curvature for the point 
A, hlly llJEy JI'Jl" are elemental chords of an evolute of the curve, AhJI 
being a normal at A, and A'JllE a normal at A' , and so on. The first 
normal drawn is arbitrary, but it determines the position of all the rest. 
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PROPERTIES OF A TORTUOUS CURVE. 


5733 The equation of the osculating plane at a point xyz on 
the curve is 

5734 V are the direction cosines of the binormal, and 
their complete values are 

P {l/s^2s y-Zs^^i p (,^s'^''Zs p 

5735 The angle of contingence 

dljj = \/ 

Proof.—L et the direction of a tangent be Imn, and that of a consecutive 
tangent l-j-dl, n-\-dn. Since the normal of the plane must be per¬ 

pendicular to both these lines, we shall have, bj (5532), 

l\-\-mfx-\-nv ■=. 0 and (l-\-dl)\-\-(jn-\-dm) fx + ^n-^dn') v — 0^ 
therefore \ : /x : v = mdn—ndm : ndl — ldn : Idm—mdlj 
and the denominator in the complete values of X, ju, v is 
^ \^{mdn — ndm'f = sindif/, 

by (5521) ; tbat is, = d\p. Also Z, m, n = a?*, Zg and dl = x-7gds, &c. 
Therefore \ = Similarly, fi and v; and = p, by (5146). 


5736 The radius of curvature p at a point xyz. 


-v=4+2/L+4 

r 


'4+.'/2«+^L—4 


Proof: d\j/= -/{(ys^ss—ZZ 2 s 2 ;s)H&c.} ds, in (6735), 

therefore { (a;^ + yj + z]) + y\g+— {^ 8 ^ 2 $ + Vsy-is + ZgZogY} 

= ^(x\^ + ylg-\-z\) 5 since + + = 1 ; 

and differentiating this equation makes XgX 2 s-\-&G. = 0. 

Otherwise, geometrically, precisely as in the proof of (5141), we find the 
direction cosines of the principal normal to be 

5737 cos a = cos P = py^si cos y = px-^s- 

Therefore + yl^ + z]^) = cos^ a + cos® /3 + cos® 7=1. 

The change to the independent variable t is made by (1762). 


5738 


The angle of torsion, in terms of X, p, v of (5734), is 

Ch = + = (^ t’3« + /^Z/3s + *'^3s) P^^ 

— y {{pvs—pigyy+(vK-‘v,\y+(\p.s-“Kpy^] • 

5 H 
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Proof. —By (5745), we have (chy = (dxy (dnY -I (d^y . (i.), 

whicli gives the first form. The third reduces to this by the method in 
(5736). For the second form put. u = ysZog—y^Zg, &c., then 


\ Li V 1 ds /K>7o i\ 7\ udl\- 

T=^ = r=i- = ;^(5'34), a = 


&c. 


U V 10 

Substitute in (i.), reducing by = u^ + v^ + tv^ and KdK = udn,-\-v dv iv dio. 


CURVATURE AND TORTUOSITY. 

5739 Radius of curv., p = Curvature = 

(Is • 1 t/i* 

Radius of torsion, o- = Tortuosity = — = ——. 

(It o - (Is 

If Tg changes sign while passing through the values 
zero or infinity, there is a point of inflected torsion or 
a inf, respectively. If without changing sign, 

passes through zero or infinity, tliere is a point of susi^ended 
torsion or inflnite torsion respectively. 

If Tg is zero, identically, the curve is plane. 


5740 The radius of spherical curvature, 

R = v^(p^+p,.). 

Proof. —In Fig. (180) B‘^ = y-\-EC^ aud EG = Pt by analogy with q=p^ 
n a plane curve (see proof of 5147). 

5741 The element of arc of the locus of centres of circular 
curvature is 

(Is = Rdr, and therefore R = s^. 

Proof. —In Fig. (180) ds^ = GG' = pdr sec0 = Bdr. 


5742 The radius of curvature of the edge of regression 

= S': = RR, = p+p, , 

S" being the arc of the edge of regression. 

Proof.— An inspection of Figure (180) shows that B and p stand in the 
same relation to the edge of regression that r and occupy with regard to a 
curve in the standard formula. In fact we may substitute B for r, p for p. 
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(j) for 0, T for if/, and 0 remains 0. The chosen line of reference AB being 
always parallel to the tangent EC, then AEG = BAE = 0. Also the angle 
of contingence GEG' — GAG' = dr, by the right angles at G and G'. Ac¬ 
cordingly, we have the formula p — s^-= rrp=.p from (5146-8), and the 

values above corresponding to them. 


5743 A motliod of estimating the variation in direction of a 
right line ivhose ^position is given as depending upon the form 
of a tortuous curve at every point. 

Let a?, y, z be the direction cosines of the line referred to a 
fixed principal normal, tangent, and binormal of the curve 
[a?, y, z may either be constants with respect to the varying 
principal normal, tangent, and binormal, or they may be func¬ 
tions of the angle between the binormal and the spherical 
radius]. 

5744 The complete changes in a?, y, with respect to the 
fixed origin and axes, will be 

S.r = cLvJ^yd')li—^dTy 
hif = dif —cidxjj, 

Sz = dz+etdr. 

Proof. —In Figure (180) AG, AB are the fixed axes of x and z. Let a 
line AB of unit length be drawn always parallel to the line in question ; then, 
if X, y, z be the coordinates of L, x, y, z will also be the direction cosines of 
AL, and therefore of the given line. 

Now, suppose A to move to A', and consequently AX to take the position 
A'L'. Then the changes in x, y, z will be the changes dx, dy, dz relatively to 
the moving axes, plus the changes due to the rotations dij/ round the 
binormal and dr round the tangent. With the usual notation, we shall have 
= dx-\-(t)^z—(o^, cy = dy-\-(o^x—o}-^z, Zz — (Zs; + 
with Wj = 0, <*>2 = — dr, Wg = — dij/. 


5745 If dx be the angular change in the direction of the 
right line, 

For dx = LL' since AL is a unit length. 


Examples. 

5746 The angle between two consecutive radii of circular 
curvature being de, 


{(kf = (#)^+(f/r)l 
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Proof.— Here, in (5744), x = \, y = 0 , z = 0 , therefore ^a; = 0, ^y = — dxf /, 
Sz = dr. Substitute these values in (5745). 

5747 The angle, thi, between two conseciitiYe radii of 
spherical curvature, ^ being the inclination to the binormal, 

(drjY z= (dxjf.&UKpy+{(!(!>—dry. 

Proof. —In (5744) the direction cosines of R (Fig. 180) are x = sin 
y = 0, z = cos (p, 

therefore = cos 9 (cZ^ —dr), Sy = —dip sin cj), dz = —sin 0 (dtp — dr). 
Substitute in (5745). 


5748 The angle of contingence of the locus of the centres 
of circular curvature, 

= (dxjf .cos (l>y+{d(l>+dry. 

Proof. —The dir. cos. of the tangent at C to the locus (Fig. 177) are 
a? = COS0, 2 /= 0, ^=sin0; 

therefore Sx = —sin 0 ((Z 0 + fZr), Sy = —dip cos 0 , Sz = cos 0 (d<p-hdr). 
Substitute in (5745). 

5749 The osculating plane of the same curve lias its 
direction cosines in the ratios 



Proof. —As in the Proof of (5735), the dir. cos. of the normal to this 
plane are proportional to yh — z^y^ zlx—xhz, xhj—y^x. Substitute the 
values in last proof. 

5750 The angle of torsion of the same curve is found from 
(5745) and (5744) as above, jr, ^ being in this case the dir. 
cos. of the normal of the osculating plane as given in (5749). 


5751 The direction cosines of the rectifying line are 
.. dr d\lf 

’ 777 ’ 777 ’ 

Proof. —The rectifying plane at A ' (Fig. 180) is perpendicular to the 
normal A'C'. Therefore its equation is x — ydip^zdv = 0. The ultimate 
intersection of this plane with the rectifying plane at A (that is, the plane 
of yz) is the rectifying line. Hence the equation of the latter is yd^p = zdr ; 
and the dir. cosines reduce to the above by (5740). 
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5752 


Cor. —The vertical angle of the osculating cone 


= 2 taii"^ 


# 

(It 


5753 The angle of torsion of the involute of the curve is 

= (If. 

PnoOF. —This angle is also the angle between two consecutive rectifying 
lines. Therefore, taking the dir. cosines from (5751), we must put in (5744) 


03 = 0 , y = 


in 




therefore dx = ^ ^ dr = 0; hj = r^^de ; h = xj/.j^de. 


da 


de 


5754 The angle of torsion of an evolute of the curve 
= dxlj sin (a—r). 

Pkoof. —(Fig. 180.) Let HH'H" be an evolute of the curve, AH the 
tangent to it in the normal plane of the original curve at A, and let a = CAH, 
the inclination of AH to the principal normal. At any other point H" of 
the evolute, where its tangent is A"H'H", let the corresponding angle be 
0 = C"A"H". Then 6 = a — r, r being the sum of the angles of torsion 
between A and A", or the total amount of twist of the osculating plane. Now 
the normal of the osculating plane of the evolute at HZ is perpendicular to 
HH' and H'H"y two consecutive tangents. Therefore its dir. cosines in 
(5744) must be 

fB = —sin (a —r), y = 0, ^ = cos(a —r); 

therefore Sx = cos (a — r) dr+ 0 —cos (a — r) dr = 0, 

hj = sin (a — r) dxp ] h = sin (a — r) dr —sin (a — r) dr = 0 . 

Hence the angle required = ly =. dx^f sin (a — r). 


5755 Approximate values of the coordinates of a point on a 
tortuous curve near to the origin in terms of the arc, the axes 
of cT, 7/, ^ being the principal normal, tangent, and binormal, 
and the arc s being measured from the origin: 


X = 




(ip' 



(1 — PPls) + &C., 




= ^_^(A + ^)+&c. 

bpcr lA \ per p^<r/ 


p and (T being respectively the radii of circular curvature and 
torsion. 
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Proof. —By Taylor’s tlieorem (1500), since x, y, z, s are the same as 
dx, dy, dz, ds initially, we have x — + + and similar ex¬ 

pansions for y and z. The dir. cosines of the principal normal at the point 
xyz will be, from (5737), 

cos (-^) = px.,, cos = p7jo„ cos 

4/ = dij/ and r = dr being estimated positive as drawn in Figure (180) for 
positive values of x, y, z. 

Differentiate these equations for s, and in the results put the initial values 

Xg=.z, = 0, 4' = r = 0, 4 /, = —, T,= \ &c., 

P ^ 

to determine the derivatives in the above expansions. 


THE HELIX. 

5756 The helix is a curve traced on a cylinder of radius a, 
so that its tangent preserves a constant inclination, = ^ir —a, 
to the axis. Taking the axis of the cylinder for the axis of 
coordinates, the equations of the helix are 

,v = a cos 6, y — sin 6, z = ad tan a. 

5757 The radius of curvature p = u sec^ a. 

5758 The radius of torsion a = 2a cosec 2a. 

Proof.— p from (5806) ; since p ^ = a, = oo , and ^ = a at every point. 
By (5739), (T = s^. But dz = ds sin a and adr = dz cos a. 


5759 The helix of closest contact with a given curve may 
be found as follows. 

Determine the constants a and a from equations (5757-8), with the 
known values of p and <t for the given curve; then place the helix to have a 
common tangent with the curve at the point, and make the osculating planes 
coincide. 


GENERAL THEORY OF SURFACES. 


5770 Definitions.— A tangent j^iane passes through three 
consecutive points on a surface which are not in the same 
right line. 

5771 T he normal at any point of a surface is perpendicular 
to the tangent plane. 
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5772 A normal plane is any plane through the normal. 

5773 A line of curvature on a surface is a line along which 
consecutive normals to the surface intersect. At every point 
of a surface there are usually two lines of curvature at right 
angles to each other; and to these correspond two principal 
radii of curvature. The two lines of curvature coincide with 
the principal axes of the indicatrix at the point. See (5778). 

5774 The surface of centres is the locus of the centres 
of principal curvature. There are two such surfaces, for 
there are two centres on each normal, and the normal is a 
tangent to both surfaces. Either surface may be regarded as 
generated by the evolutes of the lines of principal curvature. 

5775 A geodesic is a line traced on a surface along which 
the osculating plane at every point contains the normal to 
the surface. See (5779). 

5776 The radius of geodesic curvature ^ of a curve traced 
on a surface is measured by the ratio of the element of arc of 
the curve to the angle between consecutive normal sections 
of the surface drawn through consecutive tangents of the 
curve. Geodesic curvature, being the reciprocal of this, is 
therefore the rate of angular deviation of the normal section 
per unit length of the curve. 

5777 An umhilicus is a point on a surface where a section 
parallel to and close to the tangent plane is a circle; in other 
words, the indicatrix is a circle. 

For a definition of Indicatrix, see (5795). 

5778 In Figure (182) OCT) is the normal at 0 to a curved surface; 
-40^1', BOB' are the lines of curvature, therefore the normals to the surface 
at .4 and 0 intersect in the centre of curvature radius pi (5773), and the 
normals at B and 0, in the centre, radius p.^. The normals to the line of 
curvature BOB' at B and 0, drawn in the osculating plane BOB', intersect in 
K, and those at B' and 0 intersect in H. ROD is the angle between the 
osculating plane of the line of curvature and the plane of normal section. 
Similarly for the line of curvature AO A'. 

5779 If POP' be a geodesic, its osculating plane POP' contains OD the 
normal to the surface at 0, and therefore p = OD, the radius of curvature 
of this section at 0 ; but PE, the normal to the surface at P, does not inter¬ 
sect OD, the consecutive normal at 0, unless the geodesic coincides with one 
of the lines of curvature, OA or OB. The angle DPE is the angle of torsion 
which vanishes in the latter case. 


Not to be confounded with the radius of curvature of a geodesic. 
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GENERAL EQUATION OF A SURFACE. 

5780 Let the general equation of a surface be represented 
by 'p (*, 1J, «) = 0. 

5781 The equations of any tangent at a point xijz are 

Pboof.—A t an adjacent point lU + rZ, y + rm^ z-^-rn, we have 
0 (fc + rZ, 2/ + rm, z + rri) = 0, 
therefore, by (1514), (/> (aj, ?/, z)->(~r {l(l>^-{-m^y-{-n<p^) = 0, 
the rest vanishing in the limit. But (j) (x, y, z) = 0, therefore 
Z0^ + m0^ + w02 = 0. 

But Z, m, n are the direction cosines of the line joining the two points, which 
becomes a tangent in the limit; and if be any point on this line distant p 
from xyz, |— x = pi, t )— y =. pm, ^— z = pn, &c. 


5782 The equation of the tangent plane at xijz is 

^„+(b-.y) <!>. = 0- 

Proof. —Eliminate Z, m, n from + + = 0 by a? = pi, &c., as 

above. 


TANGENT LINE AND CONE AT A SINGULAR POINT. 

5783 If, in the expansion in (5781) by Taylor’s theorem, all the deriva¬ 
tives of 0 {x, y, z) of an order up to n inclusive vanish, we have 

0 (a? + rZ, 7/ + rm, z + ni) = 0 (x, y, z) + (?<^x + + nd.y^'^ip (x, y, z) = 0. 

There are in this case 7i-j-2 coincident points at xyz in the direction hnn, 
and since the equation (ld^ + mclj,-\~nJ^y^^(j> (x, y, z) = 0 is of the 
degree in l,m,n-, n~\-\ tangents to the surface at a’y.3 can, in general, be 
drawn in any given plane through that point. This equation now takes the 
place of the conditional equation in (5781). 

5784 Equation (5782) is now replaced by 

{(f-.r) <4+ (rj-//) <4+ {i-^) (l,Y<i>{.v, //, x) = 0, 
the equation of the locus of all tangents at the point xijz, and 
representing a conical surface generated by the motion of 
those tangents. 


5785 The equation of the normal at xyz is 
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5786 The equation of the tangent at a point s yz' on the 
curve of intersection of the tangent plane at xyz with the 
surface is 

_ y—y' _ 

X ft V ’ 

with the two conditions 

+ + + + = 0 . 

For these are the conditions of perpendicularity to the normals of the 
tangent planes si xyz and x'y'z' respectively. 

There are three exceptional cases in which the ratios 
X : : V have more than one set of values; namely— 

5787 I. —XVhen vanish simultaneously, there is a 

tangent cone at mjz, 

5788 ll .—When 0 ^./, (f^/, vanish simultaneously, xyz' is 
a singular point on the surface. 

5789 HI.—When If = In this case the point 

<l>y' 

x y'z' coincides with xyz^ and the tangent there meets the curve 
ill more than two coincident points, the condition for which is 


</> (cih //, ^) = 0 . (i.), 

with = 0.(”•)• 


These equations furnish two sets of values of the ratios 
X : ju : V, giving thereby the directions of two inflexional 
tangents (tangents to the curve of intersection) at xyz, each 
meeting the surface in three coincident points. If all the 
derivatives of an order less than n vanish at xyz, equation (i.) 
will be replaced by {fld^-\-f.iLlyflr'^d^Y<^{x,y,z) = 0, which, 
together with (ii.), will determine n inflexional tangents at 
the point. 


5790 The polar equation of the tangent plane at the point 
r. O', <p' being the variables, is, writing u for 

u z=. (*«cos^— cos^'+(i< sin^+WflCOS^) cos —siu^' 

cosec 6 sin {<!> —(t>) sin S'. 

5 I 
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Proof. —Write the polar equation of the plane through pa(3, the foot of 
the perpendicular on the plane from the origin; thus 

pit = cosO cos a + sin 0 sin a cos (0-/3). 

Differentiate for 0 and 0 to find pu^ and pu^, and eliminate p, a, and /3. This 
elimination is troublesome. 


5791 The length of the perpendicular from the origin upon 
the tangent plane at xijz, 


P = 


QJ. _ 


(5782, 554.9) 


the second form being the value of p when the equation of 
the surface is 0 (a?, //, z) = c, a constant, and when 0 is a 
homogeneous function of the degree (1624). 


5793 In polar coordinates, 


1 2 I 2 I cosec^ ^ 

= Il^+Ul + IG^ COS(iC 0= I -. 


P 


Proof. —Add together the values of the squares of p 2 i, pu^, and pu. found 
in (5790). 

For a geometrical proof, sec Frost and Wolstenholme, Art. (314). 


THE INDICATRIX CONIC. 

5795 Def. —The indicatrix at any point of a surface is the 
curve in which the surface is intersected by a plane drawn 
parallel to the tangent plane at that point and infinitely near 
to it. 

5796 The following abbreviations will be employed— 

Tho derivatives of (x, y, a), f.,, fy,, <p„ <Py, f., 

will bo denoted by a, h, c, f, g, h, I, vi, n. 


5797 PliOP.— The indicatrix at a point xijz of a surface 
0 {ic, y,z) =0 is the conic in which the elementary quadric 
surface 

5798 I. 

= — A v/= N 
P 

is intersected by tlie tangent plane at xyz, whoso equation is 

5799 11. /f+n,7,+ nf+AxY=0. 
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The origin of coordinates is the point tTijz in both equa¬ 
tions. It is an indefinitely small radius from the centre of 
the quadric (I.) to a point tnl on the indicatrix, and p is the 
radius of curvature of the section of the surface by a normal 
plane drawn through R; the ratio : p being constant for 
all such planes. 

Proof. —Let 0, in Fig. (181), be tbe point xyz on the surface + 
y + rj, z + ^ an adjacent point P. Then 

(p (x + ^, y + V, + 0 (•'*’> 2/j z) + U + mrj-\-n^+^ (a|^+...+ + &c. 


With xyz for origin, draw the quadric surface 

a^ + bT]^-{-cC^ + 2frii; + 2g^^-\-2Ur] = N .(i.) 

and the plane + = 0.(ii.)« 


Since k, V, C veiy small, N is likewise. Also the unwritten terms in the 
above expansion may be neglected in the limit. Hence, any point Irjl, lying 
on the intersection of the quadric (i.) and the plane (ii.) will also lie on the 
original surface ^ + 2 / + » 7 , 2 :-}-^) = 0 . 

To determine A, we have the perpendicular from xyz upon the plane (ii.), 

n =-- (5549). The radius of curvature of the section of the 

surface <p made by a normal plane at 0 drawn through P being p, we have 

p = —, and therefore W = — — ^. 

2 p p 

In the Figure, R = OP, p = OL, and the intersection of (i.) and (ii.) is 
the conic PSQ. Since p is indefinitely small, we may put N = 0 in equa¬ 
tion (ii.). This amounts to taking the parallel section of the quadric by the 
tangent plane at 0 instead of the section PSQ. But these two will be equal 
in all respects, since the section of the quadric is a central one. 

5800 If w = equation (II.) becomes = and if 

the inclination of the indicatrix plane to the plane of xy be o, 

tana = ——. To obtain, in this case, the equation of the 
n 

indicatrix in its own plane, put S = cos a, ^ = 2^' sin a, and 
7j = ri\ in equation (I.). 

5801 When none of the three constants /, m, n are zero, 
the quadric (I.) simplifies as follows— 

From (II.) we have — —nt and two similar equa¬ 

tions. Square these, and by the results eliminate the terms 
in vl, li, from (I.), which then becomes 

5802 III. 

where H = a-\ — (If — 'nig — nli), K=^h-\ - jigng nh Z/), 

mn '>^1 

L = cA- ^ (nh—lf—mg). 

Im 







796 


SOLID GEOMETRY. 


This is the equation of another quadric intersecting the 
plane (II.) in the indicatrix. 


5803 The equation of a surface for points near an origin 0 
(Fig. 182), the normal at 0 being taken for ^ axis, is 


£l + id. 

Pi 


where pi, /02 are the radii of curvature of the normal sections 
through the x and y axes, and those sections will be proved to 
be the lines of curvature at 0. 


Pkoof. —Let AG — a and BC = 6 be the semi-axes of the indicatrix conic 

at a small distance z from 0 (5795). The equation of the conic will there- 
3.2 2 ^2 ^2 

fore be — -f- = 1 ; but — = 2 p^ and — = 2 p. 2 , giving the equation 

do z z 


required. 

Secondly, on a line of curvature, the normal to the surface at a point xyz 
will intersect the « axis (5773). The condition for this, by (5533) [with 
xyz for ahc, the origin for a'h'c', 

L, M, N = (j,, (^57S5) = —, % -2, and L', 31’, N'= O.OAl, 

Pi Pi 


gives xy 



0 , therefore 35 = 0 or y — 0 on a line of curvature. 

Q. E. D. 


5804 If the equation of the surface with the same axes be 
= ax^-jr2hxy-\-hi/-{-2fyz-\-2gzx-{-cz^-{-higher powers, 

then = = 

Proof. —Put y = 0 and divide by z, therefore 1 = a — + 2ffx-j-cz-f-&c. 
When X and z vanish, we have 1 = 2 api. 

5805 For a normal section making an angle 0 with AC, 

zzz 2 (a cos^ ^+2^^ sill 0 cos ^+6 siii^ ^). 

Proof. —Turning the axes in (5804) through the angle 0 by (4049), the 
coefficient of x''^ becomes a cos^O-j- as above. 


5806 Eider^s Theorem ,—If p be the radius of curvature of 
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any other normal section at 0, makinor an anofle ACP = 0 with 
AC (Fig. 182), 

1 cos“ 6 siiF 6 

P ~ Pi Pi ' 

Proof. —Let r = OP j then x = r cos 6, y = r sin 0, and = 2pz, which 
substitute in (5793). 

5807 Coe. — The sum of the curvatures of two normal 

sections at right augles to each other is constant; or, if p, p 
be the radii of curvature for those sections, and the 

radii for the principal sections, 

P P Pa Pb 

5808 The radius of curvature of a normal section varies as 
the square of the radius of the indicatrix in that section. 

Proof. —From = 2pz, in Figure (182). 


5809 MeunieAs Theorem .—The radius of curvature of an 
oblique section of a surface is equal to the radius of curvature 
of the normal section through the same tangent multiplied by 
the cosine of the inclination of the planes. 

Proof.—(F ig. 183.) p = -^5 p = therefore — = = cos (p, 

NO JSO p JSU 

when NO and NO vanish. 


5810 Quadratic for at a point on the surface z = (^ (r, y) 
giving the direction of the principal normal sections, and, 
therefore, of the lines of curvature (notation 1815). 

{( 1 +/) <-(l+f/) »•} ?/^ 

+ w} = 0- 

Proof. —(i.) The equations of the normals at the consecutive points xyz 
and x + dx, y-\~dy, zAdz of the surface ^ (x, y, z) = 0 are 

a? _ >/—y _ ^—z ^—(x + dx) _ v — (y + di/) _ i; — (z-hdz') 

9x 9z 

5811 The condition of intersection is, by (5533), 


dx 

dy 

dz ! 

1 

Vx 

pF<iyx 



1 = 0 , or 

P 

9. 

-1 

d9x 

d<Py 

d9g 1 

r-^sy:. 

5 + 

0 
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by dividing tbe first row by dx, and putting + (p-ix-^^PxpVx, 

&e. The form of (p (cr, y, z) being, in this ease, (p {x, y) — z, <Pz beeomes — 1, 
and df, becomes zero. The determinant ecjnation produces the quadratic. 

(ii.) Otherwise. —Consider ^r]ii the point of intersection of consecutive 
normals. The equations of a normal being 

or '^—x=p{z — i;) and r} — y = q{z-i:). 

p q -I 

Differentiate both equations for x, considering rj, ^ constant and p, q func¬ 
tions of X and y ; the results are 

l + (r + sy^)(2-O+i3(i? + 2yx) = 0 and yx + (,s^ty^){z-i;) + q{p + qy;) = 0. 
Eliminate z—'C to obtain the quadratic in y^.. 


5812 If the equation of the surface be in the form 0 (a:, y, z) = 0, the 
quadratic for may be obtained in the same way. The requisite substitu¬ 
tions in the first determinant are found from + 

d<Px = + +and with the notation of (5796) the determin¬ 

ant equation and quadratic for y^ becomes 


n ny^. 

I m 

an—gl-\- (hn — gm) y^ hn—fl + (hn—fm) y^ 


n 

gn — cl-\-(fn—cm) y^ 


= 0 . 


5813 The above determinant, or the corresponding one in (5810), is the 
differential equation of the lines of curvature. 


5814 The radii of curvature of the principal normal sections 
of the surface <p (x, y, z) = 0 at a point xyz are given by the 
following quadratic, in which A' is the bordered determinant 
in (5700), and the notation is that of (5796) and (1620). 

+ — kp — k* = 0 , 

where Ic^ = 


Proof. —The quadratic in (5653) applied to a section of the quadric (I.) 
(5798) by the plane (II.), becomes 

[(54-c) (c + u) 7n^-\-(a + b) n^ — 2fmn — 2gnl—2hhn^^ NB^ 

+ 0 , 

whose roots, being the two values of B'\ are the squares of the principal 
semi-axes of the iiidicatrix. Put lir = as iu the Proof of (5797). 


5815 Otherwise, the quadratic in (5651) might be applied to a section of 
the quadric (III.) (5802) by the plane (I.). 


5816 If the equation of the surface be given in the form 
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z = (j) (x,y), the quadratic becomes [writing, as in (1815), 

]Pi ^ j ^ ^2x3 ^xy3 5 

{rt—s^) /5^— i(l+ 7 >^) t-2pqs-\-{l+ff) >•} kp-\-k* = 0, 

where F = 

Otherwise, this equation may be found from the two equations obtained 
in the second proof of (5810), by eliminating y^. instead of z — C 


5817 The radius of curvature at a point xyz on the surface 
(}) (x, y, z) = 0 of the normal section whose tangent has the 
direction cosines X, v is, with the notation of (5796) and 
0620 ), ^ 

^ {ahcfg]tJ\F^Y 

Proof. —From equation (I.) (5798), since ri, 4 are respectively equal 
to i2X, R}ji, and Rv. 

5818 The curvature at any point of a surface (p {x, y^z) = 0 
is termed elliptic or synclastic, hyperbolic or cinticlastlc, and 
jMrabolic or cylindrical, according as the indicatrix is an 
ellipse, hyperbola, or two parallel right lines, or according as 
the principal curvatures have the same signs, opposite signs, 
or one of them vanishes; and this will be according as the 
determinant A', in (5814), or s^ — rt, in (5816), is negative, 
positive, or zero. 

Proof. —The rule follows at once from the consideration that the two 
values of p in the quadratic of (5814) must have the same sign in the first 
case, different signs in the second, and that one value must be infinite in the 
third case. 


5819 The condition for an umbilicus is that the indicatrix 
must be a circle; therefore, either (III.) (5802) must be a 
sphere, or, if it be a quadric surface, the plane (II.) must 
make a circular section of it, and therefore either /, m, or n 
must vanish. 

5820 Otherwise, the quadratic in (5814) or (5816) must 
have equal roots. 

5821 Otherwise, the conditions for an umbilicus on the sur¬ 
face (j) {x, y,z) = 0 are the two equations 

h)i^ + cm^—2fmn ___ cP+an^^2g}il _ a))P-{-hP — 2hlm 
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Proof. —The radius of the indicatrix, and therefore also p in (5817), is 
constant for all values of X, r. Now, by (5817), 

(xX^ + &c. = —; 

P 

.*. X^+ ^6— —J v^-\-2ff^v-\-2gv\ + 21i\n = 0, 

and = 0, since X/xr is always tangential, and hnn is normal to 

the surface. As these equations are true for all values of X, fx, v, the second 
expression must be a factor of the first. The quotient, by division, is there- 


(a-l] 


|Xi + (c-A) 

\ p i 

1 \ pi 

m \ p } 


Equating to zero each of the three coefficients of the remainder, and elimi¬ 
nating /), we obtain the above conditions. 

5822 If a common factor of tlie three fractions in (5821) 
exists, that factor equated to zero is the differential equation 
of a line of spherical curvature at every point of which there 
is an umbilicus. If the fractions are identically equal, the 
surface has an umbilicus at every point, and must therefore 
be a sphere. 

5823 The number of umbilici on a surface of the degree 
cannot exceed n {\0n^ — 2bn-\-lQ). Salmon, p. 208. 


5824 The condition that the indicatrix may be a rectangular 
hyperbola is 

(« + 5+c)(/‘^+wt^+n^) = {ahcfghf^lmny. 

Proof. —The quadratic in (5814) must have equal roots of opposite 
signs. 

Similarly, when z = <p (x, y) is the equation of the quadric, the condition 
becomes (1+P^) ^ —2^(75+(1 Ag^^) r = 0. (5816) 

5825 The condition that the indicatrix may become two 
coinciding lines. 

Here equation I. (5798) must represent a cone, and the plane (TI.) 
must touch it. Hence N = 0, and, if C be eliminated, the quadratic for the 
ratio ^ : 7 ] obtained is 

(an^ + cP — 2gnr) ^ + 2 {dm —fnl—gum + Jnv) It] + (bn‘ + ewi^ — 2fmn) rj‘ = 0, 
and this must have equal roots. 


CUJIVATURE OF A SURFACE. 

5826 Dkfs.— Integral cxirvatnre of a closed surface is equal 
to the area of that part of the surface of a sphere of unit 
radius which is intercepted by radii drawn parallel to the 
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normals at all points of the given surface. This area also 
measures the solid angle of the cone generated by the radii. 
The curve on the sphere is called the horogrcqili of the curve 
on the original surface. In other words, integral cuvcature 
of a closed surface is the area of the horograph of its 
boundary. 


5827 Average curvature is the integral curvature divided by 
the area of the surface. 

Specific curvature is the average curvature of a small 

element at the point; i.e., ' ^ = -. 

P 1 P 2 P 1 P 2 


5828 The last is the usual measure of curvature at a point, 
and its value in coordinates of the point is given by 


1 A' r/—.9^ 

P1P2 ~~ 


(5796) 


according as (p (x, = 0 or z = (p {x, y) is the form of the 

equation to the surface. 

Proof. —From the product of roots of the quadratics in (5814) and 
(5816). 

5829 In a plane curve integral curvature is the plane angle 
contained by the terminal normals, and average curvature is 
the integral curvature divided by the length of the curve. 


5830 Another measure of curvature at a given point of a 
surface is the ratio of the area of the indicatrix to the area of 
the indicatrix cut off by the same plane on a sphere of 
radius which touches the surface internally at the point. This 
measure is = \/ 

Proof.— Patting AG=R^, BG = R,, in Fig. (182), and OG = the area 
of the indicatrix of the surface is ttR^R.^ at an ellipsoidal point. But 
R\ = 2p^s and Rl = 2p^z, therefore ttR.R^ = 2 Trz /(PiP-d- Also the indicatrix 
of the sphere = 2jrj3 since = Ps = 1 sphere. 


5831 The radius of curvature of any normal section at a 
point P of an ellipsoid (Fig. 184) is equal to the square of 
the semi-diameter parallel to the tangent of that section, 

5 K 
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divided by the perpendicular from P upon the diametral 
plane conjugate to OF. 

Proof. — Let AOB be the plane parallel to the tangent plane at P; 
OA = d, the semi-diameter in it parallel to the given tangent PT. Draw 
Pli perpendicular to OA and PN = p perpendicular to the plane AOB. The 

radius of curvature atP of the elliptic section PA = (4536). Therefore, 

by (5809), the radius of curvature of the normal section through the same 

tangent FT, will P = pfi PN J' 


5832 The principal radii of curvature at P, viz. pi, p 2 , are 
found from their sum and product thus : putting y for OP, 
and a, h, c for the semi-axes of the ellipsoid, 


pi+pz = 


P ‘ 


Pip2- 




Proof.— Let a, /3 be the semi-axes of the section AOB (Fig. 184), then 
a^-}-/3‘^ + y^ = + (5642) and _pa/3 = abc (5648). By these values 

eliminate a, (3 from p^-\-p 2 = - and (5831). 


5833 The lines of curvature on a quadric surface are its 
intersections with the confocal quadrics. 


Proof. — Let the quadric and confocal be the ellipsoid and one-fold 
hyperboloid in (Fig. 178) intersecting in the line DPE, and let their equa¬ 
tions bo, as in (5656), 


2 ' 


= 1 


, (i.) and 


a? . r . g 
a'-fX bHX cHX 


= 1 . 


. (ii.). 


At any point P on the line of intersection x, y, 2 satisfy the three following 
equations:— 

First, the differential of (ii.), M = 0. 

' a^-f-X 6^-}-X C- + X 

Second, the difference of (i.) and (ii.), 

a- (a“ + X) V (P + \) c‘ (cH\) ^ 

Third, the difference of their difierentials, 

xdx I ydy . zdz 
(a'HX) P (64x) (c=^-f X) ' 

The eliminant of these equations in », y, z pro¬ 
duces the determinant equation here annexed, which, 
by (5811), is the condition for the intersection of con¬ 
secutive normals. Hence this condition holds for 
every point of the line of intersection of (i.) and (ii.). 


dx dy dz 

JL ± 
c* 

dx (hf^ ih 


= 0. 
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The general method of determining the lines of curvature 
of a surface from the differential equation in (5811) is here 
exemplified in the case of an ellipsoid. 

5834 The determinant just written gives for the differential equation of 
the lines of curvature 

(F~c^)xdydz-{-{c^—a'^)ydzdx-\-(a^ — F)zdxdij = 0 . (i.). 


To solve this, multiply by and substitute for z and dz from the equation 
of the quadric. The result is of the form 


in which A = 


b^a?-c‘y 


Axyyl-\-(x^—Aif—B) y^—^y = 0, 


; or, multiplying by 


A^^- (xyyj.—y"^)—B'^ +(^yyx—y^) = 

X X 

whicli is of the form in (3236). Solving by that method, we find that the 
two equations ^ = a and xiyy^—y"^ = /3 have the common primitive 

cix'‘‘—= 13, which, with the relation —5a+j8 = 0, constitutes the 
solution. The result is that the projections of the lines of curvature upon 
the xy plane are a series of conics coaxal with the principal section of the 
ellipsoid, and having their axes n, 6 varying according to the equation 
d^(a^-c^) FjU-c-) _ ^ 
a^da^-F) F{F-d^) 

At an umbilicus y = 0, therefore, equation (i.) becomes xdz 

+ (a^—6‘) zdx] dy = 0. Here dy = 0, being a solution, gives y = 0 = 0, 
showing that the plane of zx contains a line of curvature. The other 
factor, equated to zero, taken with the differential equation of the curve 
dxdxAo^zdz = 0, gives the coordinates of the umbilicus, as in (5603). 


OSCULATINH PLANE OP A LINE OF CURVATURE. 

5835 Let (p be the angle between the osculating plane and 
the normal section through the same line of curvature, ds an 
element of the other line of curvature, and />, p' their radii of 
curvature respectively : then 

P 


tail <f> = ^ . 

ds 


P-P 


Pkoof. —Fig. (185). Let OA, OB be the lines of curvature; OP, AP 
consecutive normals along OA ; and OS, BS the same along OB. Also, let 
BQ, GQ be consecutive normals along the line of curvature BG. Then, 
ultimately, OP = p, OS — p', BQ = p + dp. Also, let QP produced meet the 
osculating plane of AO in R. Join RO and RA, and draw QN at right angles 
to PS. Since tlie tangent to AO at 0 is perpendicular to the plane OBQP 
and that at A to ACQP, it follows that both tangents are perpendicular to 
QP, which must therefore be perpendicular to the osculating plane ABO. 
Hence (p or ROP = PQN. 
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Now 


NQ _ _ p'—p—dp 

ds SD p' ’ 


tan (b = . -f— ultimately. 

NQ ds p —p 


5836 At every point on a line of curvature of a central 
conicoid is constant, where d is the semi-diameter parallel 
to the tangent at the point and p is the perpendicular from 
the centre upon the tangent plane. 

Pkoof. —Let the first and third confooals in (5GG1) be fixed, and there¬ 
fore and Us constant. Draw the second confocal through the point of 
contact P of the tangent plane (Fig. 178). Then, by (5GG8), ^16^3 and 
are constant along the line of intersection of the first and third surface, 
because, by (5GG1), dl = —and d\ = al-al- 


GEODESIC LINES. 

5837 The equations of a geodesic on the surface (p (x, y,z) = 0 


are 


•i>^ <i>a <l>/ 


Proof. —The osculating plane of the curve contains the normal to the 
surface (5775) ; therefore, by (5737) and (5785). 


5838 A geodesic is a line of maximum or minimum distance 
along the surface between two points. 

Proof. —The curve drawn in the osculating plane from one point to a 
contiguous point is shorter than any other by Meunier’s theorem (5809), 
for any oblique section has a shorter radius of curvature and therefore a 
longer arc. A succession of minimum arcs, however, may constitute a maxi¬ 
mum curve distance between the extreme points ; for example, two points on 
a sphere can be joined by either of two arcs of a great circle, the one being 
a minimum and the other a maximum geodesic. 

5839 A surface of revolution such as the terrestrial globe affords a good 
illustration. A meridian and a parallel of latitude drawn through a point 
near the pole are the two lines of curvature at the point. The meridian is 
al.so a geodesic, but the parallel is evidently not, for its plane docs not 
contain the normal to the surface. 


5840 A geodesic is the line iu which a string would lie if 
stretched over the convex side of a smooth surface between 
two fixed points. 

Proof. —Any small arc of the string FOP' (Fig. 182) is acted upon by 
tensions along the tangents at P and P', and by the normal reaction of the 
surface at 0. But these three forces act in the osculating plaiic (5775) ; 
therefore the string will rest in equilibrium on the surface in that plane. 
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Coe.— Two equal geodesics drawn from a point and in¬ 
definitely near to each other are at right angles to the line 
which joins their extremities. 


5841 If a geodesic has a constant inclination to a fixed line, 
the normals along it will be at right angles to that line. 

Proof. —Let Imn be the fixed line and a the constant angle; then 
Ixg + m7jg + nzg = cos a, and therefore lx 2 s + my 2 s + nz 2 s = 0. 
Therefore, by (5837), the principal normal is at right angles to Imn. 
Example. —The helix, the axis being the fixed line. 


5842 On any central conicoid is constant along a geo¬ 
desic, where p is the perpendicular from the centre upon the 
tangent plane and cl is the semi-diameter parallel to the 
tangent of the geodesic. 

Proof. —(Pig- 186.) Let AT, BT be the tangents at the two extremities 
of a small geodesic arc AB, and let the tangent planes at A and B be ADC 
and BCD. AT and BT make equal angles with CD, by the property of 
shortest distance, for if the plane BCD be turned about CD until it coincides 
with the plane ADC, ATB will become a straight line, and therefore 
Z ATD = BTC = i, say. 

Let w be the angle between the tangent planes; let the perpendiculars 
upon those plaues from ^l, B be AM = q, BN = q', and from the centre of the 
quadric p, p'; and let xyz and x'l/'z' be the points A, B. Then 

q = /IT sin i sin tu, q' = BT sin i sin w, q : q' = AT BT . (i.). 



therefore q q = p' • T. (ii-)* 

Again, let d, d' be the semi-diameters parallel to AT and BT. Then, by 
(5677), AT : BT = d : d'; therefore p' : p = d : d' or pd =p'd' -, that is, 
pd is constant. 


5843 If a line of curvature be plane, that plane makes a 
constant angle with the tangent plane to the surface. 

Proof. —Let PQ, QR, RS be equal consecutive elements of the line of 
curvature. The consecutive normals to the surface bisect PQ and QR and 
meet in a point. Therefore they are equally inclined to the plane PQR. 
Similarly the second and third normals are equally inclined to the plane QBS, 
and so on. Hence, if the curve be plane, all the normals are equally inclined 
to its plane. Hence also the following theorem. 


5844 Lancrefs Theorem .—The variation in the angle be¬ 
tween the tangent plane and the osculating plane of a line of 
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curvature is equal to the angle between consecutive osculating 
planes. 

5845 Cor.—‘I f a geodesic be either a line of curvature or a 
plane curve, it is both, but a plane line of curvature, as in 
(5839), is not necessarily a geodesic. 


GEODESIC CURVATURE. 


Theorem .—The square of the curvature at any point of a 
curve traced on a surface is equal to the sum of the squares 
of the normal and geodesic curvatures (5776), or 


68*6 

where p is the radius of curvature of the normal section and 
p" the radius of geodesic curvature. Also, if ^ be the angle 
between the plane of normal section and the osculating plane, 

5847 p = p" sill = p cos 


Proof. —Let PQ = 1^7) be consecutive elements of any curve 

traced on a surface. Produce PQ to >S', making QS = PQ. Let QT = PQ 
be the consecutive elements of the section of the surface drawn through 
PQS and the normal at Q. Join BS, ST, TB. PQSB is the osculating 
plane of the curve PQB. PQST is the plane of normal section, and there¬ 
fore PQT is a geodesic. QBT is the tangent plane, and STB is a right 
angle. 

Then, putting SQB = SQT = d\p', BQT = d\p‘ 
ds / ds //_ ds 


Therefore 


P = 
9 

p" 




P = 


dxjy'’ 


P = 


dxP" 


BST = <f>, we have 
(5776) 


ds .d"^" BT 

= ——=-- = sin <t>. 

ds.d\l> llS 


Also A = = -A = cos 0, as in (580!)). 

p ds.dij/ SB 

Thus both theorems are proved. Note that p' is the radius of curvature of 
the geodesic PQT, while p" is the radius of geodesic curvature of PQB. 


RADIUS OF TORSION OF A GEODESIC. 

5848 If 0 be the angle between the geodesic and one of the 
lines of curvature; pi, p-y the principal radii of normal curva¬ 
ture, and <T tlie radius of torsion, 

— = -sill 0 eos 6. 

<r Vpi pJ 
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Proof. —(Fig. 182.) Let OP = ds be the geodesic, OA, OB the lines of 
curvature, and 6 ~ AGP. The angle of torsion dr measures the rotation of 
the normal to the surface round OP = ds. But this angle is equal to the 
sum of the rotations of the normal round OA and OB resolved along ds. 
For, in travelling along each of the lines CN and JVP, which are iii the direc¬ 
tions of the lines of curvature, the normal rotates only about the other. 
Therefore, if be the rotations round OA, OB, dr z= Wj cos 0 + Wj sin 6. 



, ds sin 6 

out U)i = -——, 


1 dr 

<T ds 


ds cos 6 
Pi 


sin 6 cos 0. 


5849 The product has the same value for all geodesics 
which touch the same line of curvature. 

Proof. —By theorems (5836) and (5842), since the product where they 
touch it must be the same as that for the line of curvature. 

5850 The product pd has the same value for all geodesics 
drawn through any umbilicus on a conicoid. 

Proof. —The semi-diameter d, in this case, is the radius of a circular 
section, and therefore equal to the mean semi-axis h for all the geodesics; 
and p is the same for all. 


5851 The geodesics drawn through any point on a conicoid 
to two umbilici make equal angles with either line of curva¬ 
ture through the point. 

Proof.— pd is the same for each geodesic, by the last, and p is the same 
for each ; therefore d is the same, that is, the diameters parallel to the two 
geodesics at the point are equal; therefore they are equally inclined to each 
axis of their section; but these axes are parallel to the lines of curvature 
(5803); therefore, &c. 


5852 Hence the geodesics joining any point to two opposite 
umbilici lying on the same diameter are continuations of each 
other. 

5853 The sum of the distances of any point on a line of 
curvature from two interior umbilici is constant; and the 
difference of the distances from one interior and one exterior 
umbilicus is constant. 

Proof. —Geometrically, as in the analogous theorem for the focal distances 
in a conic, if r, / are the distances and r-\-dr, r' + dr' the distances fora 
consecutive point on the line of curvature, it follows from (5851) that 
dr = —dr for interior umbilici and dr = dr' for exterior ones. 

5854 A system of lines of curvature and the umbilici on a 
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quadric surface has therefore analogous properties with a 
system of con focal conics and their foci in a plane, the geo¬ 
desics corresponding to straight lines. 

5855 In the same way, every surface has a geodesic geo¬ 
metry proper to itself; spherical trigonometry, for instance, 
being the geodesic geometiy of the sphere. 


INVAEIANTS. 


INVARIANTS OP A SINGLE FUNCTION. 

5856 The constancy of the ratio : p in equation (5798) 
gives rise to the following invariant forms. Since the quadric 
surface I and the tangent plane II are the same for all posi¬ 
tions of the coordinate axes, they have been called respec¬ 
tively the invariable quadric and the invariable qjlane. As a 
consequence, 

5857 

is an invariant of ^ (x, y, z). 

Proof. —By (5791), since the perpendicular from the origin upon the 
invariable plane is constant. Also, the coefficients of the discriminating 
cubic (5G93) of the invariable quadric will not be altered by transformation 
of axes. Therefore the following are also invariant forms :— 

5858 + 

5859 4>’z + <t>2ic’i>iu~ ~ ~ 4’%! 

5861 A similar theorem applied to a function <}> (x, y) of 
two variables gives the invariable roizm and invariable line; 
namely, 

= 1 luid = 1; 

and from these the invariants, 

5863 4u+42!i, 

5866 x4y—ij4>z!, Hu+!/42c- 
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Proof. —The last two invariants are obtained from the cosine of the 
angle between the invariable line (5862) and the fixed line y^—xt] = 0, 
joining the point xy with the origin, or the fixed line a’| + ?/// = 0. 


INVARIANTS OP TWO FUNCTIONS. 

5868 An invariant of the two functions (}> {x, y), ^ {x, y) is 

Proof. — Form the cosine of the angle between the invariable lines 
1 and = Ij observing (5863). 


Also the two following expressions are invariants, 

5869 + — 

5870 <f>±A2..+ <f>i!,'l'2!, + 24>.r„'P.vr 

Proof. —From the invariable conics (5861) of 0 and ij/, we get 

invariable for any value of X. Hence the coefficients of the several powers 
of X in the invariant 

(02a: "f" X0'2a:) (02y “t “1“ 

are also invariants. This gives (5869). Subtracting the latter from the 
invariant ((/> 2 x + 92 y)(^ 2 x + 4'2y) produces (5870). 


INTEGEALS FOE VOLUMES AND SUEFACES. 


5871 If V be the volume included between the surface 

z ^ (}> (x, y), three rectangular coordinate planes, the cylindri¬ 
cal surface y = if (a?), and the plane x = Fig. of (1906) 

5872 V = ^'^^(Lvdi/ds = J’J zd.vdi/. 

For the limits and demonstration, see (1906). 


5874 The area of the surface {«, y, «) = 0 or z =/(*, y) 
will be 

s =^^yMdM±Mld.vdij or S=JJv/(1+4+4)«/‘1’%- 
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Proof. —The area of the element whose projection is dxdy will be 
dxdtj see y, where y is its inclination to the plane of xy^ and therefore the 
angle between the normal and the z axis. Therefore 

secy = -i-ft = y(l+ 2 | + zj), by (1708). 


5875 I jet the equation of a surface APB (I’ig. 188) in polar 
coordinates be r =f{0, f), and let V be the volume of the 
sector contained by the planes AOB, AOP, including an angle 
<!> = PEG, the given surface APB, and the portion OPB of 
the surface of a right cone whose vertex is 0, axis OA, and 
semi-vertical angle 0 = AOB or AGP; then 

F = ^ sill 6d6d^. 

Jo do 

Proof. —Through P, any point on the surface, describe a spherical sur¬ 
face POD, with centre 0 and radius r = OP. The volume of the elemental 
pyramid, vertex 0, base Pe, = ^r.Pf.Pg = ^r.rdO .r sin dd((>. Here the 
error of the small portions, like PE, ultimately disappears in the summation, 
since the volume of PP, being equal to ^dr .rdd .r sin dd(f>, is of the third 
order of small quantities ; and so in similar instances. 


5876 The area of the same surface APB (Fig. 188) is 
,S = I ( r \/{(r-+rfl) siiF 6+rl} d6d(f>. 

»'o Jo 

Proof. —Let the perpendicular from 0 upon the tangent plane at P to 
the given surface be ON = p. The element of 

area PE = areaPe. = rdd.r sin Od<l>.— = ^ 

ON p p 

Substitute the value of jp in (5793). 


SURFACE OF REVOLUTION. 

If y =^f{P) (Fig. 90) be the generating curve, and the x 
axis the axis of revolution, V the volume, and 8 the surface 
included between the planes x = a, x = h; 

5877 V = \ «= 1 27r;/v/(l+//!•) </.!■. 

a a 

Proof. —The volume of the elemental cylinder of radius y and height dx 
is Tryhlx, The clement of the surface of revolution is 

'2.7ryds = ^irys^dx = 27ry (1 +2/j) (5113) 
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Guidin's Rules .—AVhen tlie generating curve of a surface 
of revolution is a closed curve, and does not cut the axis of 
revolution, a solid annulus, or ring, is formed. 

5879 Rule I.— The volume of the solid ring is equal to the 
area of the generating curve multiplied hy the circumference of 
the circle described hy the centroid^ of the area. 

5880 H-ULE II. — The surface of the ring is equal to the 
perimeter of the generating curve multiplied hy the circum¬ 
ference described hy the centroid of the perimeter. 

Pkoof. —Let A be the area of the closed carve, and clA any element of A 
at a distance y from the axis of revolution. The volume generated 

= 1 ^TrydA = I ydA = ^^ryA, 

by the definition of the centroid (5885), y being its distance from the axis. 
Similarly, if P be the perimeter, writing P instead of A. 

Quadrature of surfaces bounded by lines of constant 
gradient. 

5881 Defining the curve ( 7 ) as the locus of a point on the 
given surface at which the normal has the constant inclina¬ 
tion 7 to the 2 axis; let i’^( 7 ) be the projection of the area 
bounded by the curve ( 7 ) upon the xy plane; then the area 
itself will be found from the formula, 

S = I sec 7 F'( 7 ) dy. 

Jo 

Proof.—T he element of area between two consecutive curves ( 7 ) and 
projected on the xy plane will be dF ( 7 ) = F'{y) dy ; and, since the 
slope is the same throughout the curve ( 7 ), this projected element must be 
equal to the corresponding element of the surface multiplied by cos 7 . 

5882 Rule. — Equate coefficients of the equation of the 
tangent qjlane ivith those oj’ i£-{-mj?-l-n^ = p, and eliminate \ 
and mfrom P-fim^+n^ = 1. The result loill he an equation in 
X, y and n = cos 7 , representing the projection of the curve ( 7 ) 
upon the nj plane. From this F ( 7 ) must he jound. 

5883 Ex.~ Taking the elliptic paraboloid ^ ^ = 2^ ; the tangent 

plane at ajyz is ~ ^ Equating coefficients of the last with 

= p, and substituting for I and m in + + = 1 , we obtain 

for the projection on the xy plane, “k ^ ~ tan“ 7 . The area of this ellipse 


* Centre of mass ^ or gravity. 
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is F (y) = Trab tan'^y, and therefore F'{y) = 27:ab tany sec^y. Consequently, 
by (5881), S = 27ra6 j tan y sec'*ydy = ^7rab (scc'y—1). 


CENTRE OF MASS. 


5884 Definitions. —The moment of a body with respect to a 
plane is the sum of the products of each element of mass of 
the body and the distance of the element from the plane. 

5885 The distance (denoted by x) of the centre of mass * 
from the same plane is equal to the moment of the body 
divided by its mass. 

5886 Note. —If the body be of uniform density, as is supposed to be the 
case in all the following examples, assume unity for the density, and read 
volume instead of mass in the above definitions. 


The definition gives the following formulm for the position 
of the centre of mass of a uniform body : 

5887 For a plane curve, 

- _ I _ J<»’ \/(l +■'/:■) (Iw _ JV cos 6 x/(r^-+rl) d0 
~ W0-+!lV)d'V ~ 

For y, change x into y and cos fi into sin 6 ; but observe that in all cases, 
if the body be symmetrical about the axis of a*, y vanishes. The formula 
gives the centre of volume of the portion of the curve included between the 
limits of integration. 


For a p)lane area, 

5890 u’ 


^fvdcvdi/ j\d\t/d.v 
^pLvdi/ ~ ^i/(Lv' 


The area is bounded by the curve, the a; axis, and the ordinates aj = a, 
x = h, if such be the limits of integration. 


For a plane sectorial area bounded by two radii 8P = r, 
= r' (Fig. 28) and the curve r = F{0); 


* Also called centre of gravity or inertia^ and luoro recently centroid. 
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5892 

5894 


- __ If Odd dr IJ r® cos Odd 

^S^rdOdr ^r^dS 

- _ JJ Odd dr If sin Odd 
^ l^rdddr ~ 


The second forms for x and y give the centroid of an area like SPP' 
(Fig. 28). The double integrals applied to that figure require the limits of 
the integration for r to be from 0 to F(d), and afterwards for 6, from 
@1 = ASP to 02 = ASP'. But, if applied to the area in (Fig. 109), the order 
of integration must be reversed, as explained in (5209). 


For a surface of revolution round the x axis, 

CQQR - _ I-ny yci+j/l) dx Jsiu e cos e y(r-+rD dd 

f/.r “ sin e^{}^+rl)de 

Proof.—B y (5885), for the moment — j ^ and the area = j* 2vyds ; 

the second form by (5116). If cc = a, x = h are the limits of integration, the 
surface is bounded by the parallel planes x = a, x = b’, and in the second 
form, the corresponding values of 0 are the limits defining the same parallel 
planes. 


For any surface, 

5898 = 


ff cV x /(1 + devd^ 


(5874) 


For a solid of revolution round the x axis. 


5899 


J d if d.v Jf r^ siu 0 ao^OdO dr 
J if dx jj r^ siu OdOdr 


Proof. —By (5885), for the moment —^x.7ry‘^dx and the volume 
i TTy^dx. The limits as in (5896). 


5901 For any solid figure bounded as described in (5871), 
the coordinates of the centroid are given by 


Vx = I' dx dy dx> 
Fy = Jlj ydwdijdz 
Vz = jyi zdd'di/dz 
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where V= 111 j j zdvdt/, 

as in (5872-3), and the limits are as defined in (190G). 


5902 For the ivedge sliaiied solid {OAPB, Fig. 188) defined 
by the polar coordinates r, 0, as in (5875), 

Ftii = J I j Slip 6 cos(l>d6d(j>, 

^ j'j shP 6 siu (j)d0d<l>, 

Vz = J I'j siu 6 cos OdOdcj), 


where 


Proof. —By (5875); multiplying the elementary pyramid sin Odddcp 
separately by the distances of its centroid from the coordinate planes; viz., 
|r sin d cos <p, |r sin 6 sin (j), and |r cos 9. 


MOMENTS AND PEODUCTS OF INEETIA. 


5903 Definitions. —The moment of inertia of a body about 
a given right line or axis is the sum of the products of each 
element of mass and the square of its distance from the line. 

5904 The square of the radius of gyration of the body about 
the given line is equal to the moment of inertia of the body 
divided by its mass. 

5905 The moment of inertia of a body with respect to a 
plane or point is the sum of the products of each element of 
mass and the square of its distance from the plane or point. 

5906 The giroduct of inertia of a body Avith respect to two 
rectangular coordinate planes is the sum of the products of 
each element of mass and its distances from the two planes. 

5907 Let A, 7J, G be the moments of inertia of a body 
about three rectangular axes ; A', B', C' the moments of 
inertia Avith respect to the three planes of yz, zx, and xy ; and 
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F, G, H the products of inertia with respect to the second 
and third planes, the third and first, and the first and second 
respectively. F, (7, H are more frequently called the products 
of inertia about the axes of yz^ zx, and xy respectively. 

By the definitions we have the values 


5908 A = 

B = Sm 

5914 A' = ^ 

B' = ^mif = S-B [ 
C = Smz^= S-Cj 


F = tmijz, 

G = 'SmZiV, 
H = ^mxy. 

where S = 

A 

= %mr^. 


5920 Theorem I .—The M. I. of a lamina about an axis per¬ 
pendicular to its plane is equal to the sum of the two M. I. 
about any two axes in its plane drawn through the foot of the 
perpendicular axis and at right angles to each other. 

Proof. —By the definition (5903), and Enc. i. 47. 

5921 Theorem II .—The M. I. of a body about a given axis, 
plane, or point is equal to the M. I. about a parallel axis or 
plane through the centroid, or about the centroid itself 
respectively, plus the M. I. of the whole mass, supposed col¬ 
lected at the centroid, about the given axis, plane, or point. 

Proof. —In the figure, p. 168, let the given axis be perpendicular to the 
paper at B\ let .4 be the centroid, and m an element of mass at G ; then, for 
every thin section of the solid parallel to the paper, 

M.I. =^m.BG^ = 'Zm{ACr^+AB^“~2AB.AB) 

= ^m.ACPA-'^m.AB^-^AB.tm.AD. 

But 'Sim.AD = 0, by (5885), since A is the centroid of the body, which 
proves the proposition. Similarly for the plane or point. 


Cor. I.—Hence, if the M. I. about any axis is known, that 
about any parallel axis can be found without integration. For, 
let be the M. I. about a given axis, whose distance from 
the centroid is a, and let I^ be the required M. I. about an 
axis whose distance from the centroid is h; then, by Theorem 

II., 
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Cor. II.—The M. I. has the same value for all parallel 
axes at the same distance from the centroid. 


5922 Theorem III. —The product of inertia for two assigned 
axes is equal to the product for two parallel axes through the 
centroid of the body plus the product taken for the whole 
mass collected at the centroid with respect to the assigned 
axes. 

Proof.— Let x = y = y-\-y' he the coordinates of an element of the 

body with respect to the assigned axes; x, y being the coordinates of the 
centroid, and x\ y the coordinates of the same element with respect to 
parallel axes through the centroid, all axes being parallel to z. Then 
'Zmxy = {^-{-x'^^y + y') = scy'Stm-h'S^mxy'-{•x'Lmy'-hy'^mx 

— xy 2m + ^mx'y'. 

Since "^mx' and vanish by the definition of the centroid. 


5923 The M. I. of a body with respect to a point is equal 
to the M. I. for any plane through the point plus the M. I. 
about the normal to the plane through the point. 

Proof.—F or the origin and yz plane, 

tmx‘ + 2m (y* + z^) = 2mr*. (5908, ’14, ’19) 


5924 Given the moments and products of inertia, A, B, G, 
F, G, II, as above, about three rectangular axes, the moment 
of inertia of the body about a line through the origin, whose 
direction cosines are t, m, n, will be 

I = AT+Bm^+Cn^^-^Finn+^Gnl+^Hlm. 

Proof. —(Fig. 11.) Let xyz be a point P of the body, OM the line hnn, 
and PM the perpendicular upon it. Then the M. I. about OM 
= Sm {OF-OM^) = '2,m{{x^^f + z^){I^^-m^+n^)-{lx + my-hnzf] (5530) 
producing the above result, by (5908-13). 


ELLIPSOIDS OF INERTIA. 

5925 The equation of the Momental Ellipsoid is 

= ]\h\ 

obtained by putting Ir'^ = M being the mass of the body, 
and A a constant to make the equation homogeneous. Hence the 
square of the radius of the momental eUip>soldfor any point varies 
inversely as the moment of inertia of the body about that radius. 
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5926 If the products of inertia vanish, the axes are called 
the principal axes of the body. 

5927 At every point of a body there are always three 
principal rectangular axes. 

Proof. —These are evidently the principal axes of the moniental ellipsoid 
of the point; for if the coordinate axes be made to coincide with the former, 
G, H wili vanish. 


5928 The equation of the momental ellipsoid referred to its 
principal axes will be 

A.v^ArBtf+Cz^==Me\ 

5929 The moment of inertia about a line Imn will now be 

I = AP+Bm^-\-Cn\ 

THE ELLIPSOID OF GYRATION. 

5930 The equation of the Ellipsoid of Gyration referred to 
principal axes is 

C ~ M 

It is the reciprocal surface of the momental ellipsoid (5719), 
and its property is— 

5931 The moment of inertia about the peipendiciilar from 
the origin upon the tangent plane vaHes as the square of the 
perpendicular. 


A 

-H 

-G 


-a 

-F 

G 


5932 For any other rectangular axes through the point, the 
equation of the ellipsoid of gyration is, by (5717), 

= 0, being the reciprocal surface of 
the momental ellipsoid, 

{A, B, a, -F, -G, -EXxgzy 

= M, 

with the radius of the sphere of 
The equation when expanded becomes 

A H G 

(BC-F^) ... +2 (FG+CH) auj = 


-H 

B 

-F 

y 


reciprocation = 1. 


5933 


y 

z 

M 


H B 
G F 












818 


SOLID GEOMETRY, 


5934 


LEGENDRE’S EQUI-MOMENTAL ELLIPSOID. 


The equation is 




]\r 


with the values in (5914). 

5935 The mass of this ellipsoid is taken equal to that of 
the body, and it has the same principal moments of inertia. 


THE MOMENTAL ELLIPSOID FOR A PLANE. 

5936 If A', B\ C' be the moments of inertia for the three 
coordinate planes, as in (5914), the M. I. for a plane through 
the origin whose dir. cos. are /, on, n, will be 

r = A'l^+B'm^+C'n^+2Fmn+2Gnl+2nim. 

Proof: I' = %)i -\-nzy — 


5937 The momental ellipsoid for this plane will be 
A\v^^+By+C'z^+2Fi/z+2Gxd’+21Lvi/ = Ah\ 

and its property is— 

5938 The M. L for any Diane imssing throvgh the centre of 
the ellli^soid is equal to the Inverse square of the radius qjcr- 
Dendicular to the qdane. 

5939 If r be a radius of this ellipsoid, and a, h, c its semi¬ 
axes, the M. I. about r 

= -+-+4--- 

rt- ^ b-^ e 

Proof.— (Fig. 11.) M. I. about r, plus M. I. for tho plane OM perpen¬ 
dicular to r 

— 2mOP^ = + ^mz- = ^ -f ^ -1- by (5938). 

a" 6“ c 


EQUI-MO]\IENTAL CONE. 

6940 The equation of tho cqui-momental cone at any point 
of a body, referred to principal axes of tho body at the point. 
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is (A-I) .r^+{n-J) j/^+{C-l) 0, 

its property being that 

5941 The generating line imsses through the given i^oint, and 
moves so that the M. 1. about it is a constant = I. 

Proof.—L et Imn be the generating line in one position, then 
Al^FRiid+Cn^^ = I{l^Fm^ + n^). Therefore, &c. 


5942 Theorem. —If two systems have the same mass, the 
same centroid, principal axes and principal moments of inertia 
at the centroid, they have equal moments of inertia about any 
right line whatever, and are termed equi-momental. By (5906) 
and (5929). 


5943 If two bodies are equi-momental, their projections are 
equi-momental. 

Proof.— If the projection be from the xy plane in the ratio 1 : the 

coordinates x, y, z of a particle become x, y, nz, and the mass m becomes nm. 
The conditions in (5942) will then be fulfilled. 


MOMENT OF INERTIA OF A TRIANGLE. 

5944 The M. I. of a triangle ABD (Fig. 190) about a side 
BI), distant from the opposite vertex A, is 

6 

Proof.— Let ED = a and EF = y; ^ ^ ^ 


5945 The M. I. of a triangle ABC (Fig. 190) about a 
straight lino BD passing through a vertex B, and distant p 
and q from the vertices A and C, is 

O 

Proof.—B y (5944), taking difference of U. I. of the triangles AIW, CBD. 

5946 The M. I. of a triangle ABC about an axis through 
its centroid parallel to BD, is 

18 


By (5921) 
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5947 Cor. —If tlie triangle be isosceles, so that p = q, the 
last two moments of inertia become 


71 )]) 7 ))]) 


5949 The M. I. of the triangle about axes perpendicular to 
ABG through B and through the centroid, respectively, are 


„.K±£±f2 


12 


36 


(5920) 


5951 The M. I. about GF of the trapezoid ACGF (Fig. 
190), is 

6 


5952 The moments and j^roducts of inertia of a triangle 
about any axes are the same for three equal particles, each 
one-third of the mass of the triangle, placed at the mid-points 
of its sides. 

Proof. —(Fig. 190.) The M. I. of the three particles at the mid-points 
of AB, BGj CA about BD, any line through a vertex, will be 

((£±£Z+£! + iZll 

3 I 4 4 4)’ 

which is equal to that of the triangle, by (5945). 


MOMENTAL ELLIPSE. 

5953 If a, j3 be the radii of gyration of a plane area to 
principal axes Ox, Oij, where 0 is the centroid, the equation 
of the momental ellipse for the point 0 will be 

5954 Also the area is equi-momental with three equal 
particles, each one one-third of its mass placed anywhere on 
the ellipse so that 0 may be their centroid. 

Proof. —Let xy, xy\ x'y" be the coordinates of three equi-momental 
particles : then 

~ (»^ + x^ + aj"2) = “ (y®+ y"^ + y""^) = '>n(A; xy + xy' -h x"y' = 9; 

o o 
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and the two systems have the same centroid; therefore 

aj+iB' + aj" = 0 and y'-\-y"= 0. 

Eliminating x', y\ x'\ y" between the five equations, we find the equation of 
(5953) for the locus of xy. 


5955 The momental ellipse for the centroid of a triangle is 
the inscribed ellipse touching the sides at their mid-points. 


Proof. —(Eig. 189.) The inscribed ellipse, which touches two sides at their 
mid-points, also touches the third side at its mid-point, by Carnot’s theorem 
(4779). Now PE’is parallel to AC, the tangent at P ; therefore BE, which 
bisects EF, passes through the centre 0 of the ellipse. Similarly, AD 
passes through it; therefore 0 is the centroid of the triangle. 

Let OE = a, and let h' be the semi-diameter parallel to AG ; then 

^ = 1. But ON = 4-, therefore m‘ = The M. I, about 

a‘ b- ^ 2 

OE, by (5954), =sin^ w = where a, h are the semi-axes. 


Hence the M. I. about OD, OE, OF varies inversely as the squares of those 
lines, and therefore the ellipse in the diagram is a momental ellipse, since it 
has six points which fulfil the requirements. 


5956 The projections of a plane area and its momental 
ellipse form another plane area and its momental ellipse. (5943) 


5957 The M. I. of a tetrahedron ABGD about any plane 
through A is 

^ (a^+^'^+y^+Z^y+ya+a^), 

where a, jS, y are the perpendiculars on the plane from B, G, D. 

5958 The tetrahedron is also equi-momental with four 
particles, each one - twentieth of the mass, placed at the 
vertices, and a particle equal to the remaining mass placed at 
the centroid (5942). 


5959 The equi-momental ellipsoid of a tetrahedron has the 
same centroid, and touches each edge at its middle point. 

Proof, — By projecting a regular tetrahedron and its equi-momental 
sphere (for the centroid) of radius = -s/3 X radius of inscribed sphere. 


5960 To find the point, if it exists, in a given right line at 
which the line is a principal axis, and to find the other prin¬ 
cipal axes at the point. 
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Let 0 be a datum point in the line. Take this for origin, 
the given line for axis of z, and OX, OY for the other axes. 
Then, if h be the distance from 0 to the required point O', 
and 0 the angle between OX and the principal axis O'X', 



and tan 20 = 

A—B 


where A, B, IT are the moments and product of inertia about 
OX, OY. 


Proof. — At the point 0, 0, h, (z — h) x = (z — h) y = 0, from 
wliicli h is found ; and the equation for 0 is that for determining the prin¬ 
cipal axes of the elliptic section of the momental ellipsoid, whose equation 
is Ax^ + 21Ixy-{-L7/ = d/e^ as in (4408). 


5964 The equality of the two ratios in (59G1) is the condi¬ 
tion that the axis should be a principal axis at some point of 
its length. 

5965 If an axis be a principal axis at more than one point 
of its length, it passes through the centroid of the system; 
and, conversely, if it be a principal axis at the centroid, it is 
so at every point of its length. 

Proof.— For h must be indeterminate in (50G1). Therefore ^myz =: 0, 

Zmy = 0 , Z^nzx = 0 , = 0 . 


5966 The principal axes O'X', O'Y' are parallel to the 
principal axes of the projection of the body in the original 
plane of xj/. By (5962-3). 

5967 Given the principal axes of a body at its centroid, to 
find the principal axes and moments of inertia at any point in 
the principal plane of xj/. 

Let G in the Figure of (1171) be the centroid, CX, GY 
principal axes. A, B the M. I. about them, and B the given 
point. Fiiid two points S, S', called of inert la, such that 
the X and Y moments of inertia thei*e are equal, and therefore 



/> H-= A ; giving 


The internal and external bisectors of the angle SBS' will be 
two of the principal axes at I', and the third will be the normal 
to the ])lane. 
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Pkoof, —The X and Y principal moments being equal at S, the moment 
about every line through S in this plane is the same. [For I = + 

+ W and w = 0 and A = B, therefore I = A.] Therefore the moments 
about SB and S'P are equal. Therefore the bisectors PT, of the angles 
at P will be principal axes. 


5968 SY^ S'Y' be the perpendiculars on Fl\ and 8Z^ 

S'Z' those npon PG; then the M. I. about PT and PG will be 
respectively, 


SP+S'P 


)■ 


A+mSY.S'r= B+m(^ 



Proof. —Draw CE perpendicular to 8Y. The M. T. about GE (0 = SCE) 
= yl cos^0 + P sin^ 0 (5929) =A — {A —P)siiF0 
= A—m GS^ sin^ 0 (by i.) = A — mSE^. 

Therefore M. I. about PT = A-mSE^YmEY^^ (5921) 

= A + m(EY+SE)(EY-SE) = A + mSY.S'Y' 



Similarly for the M, I. about PG. 


5969 Hence, if an ellipse or hyperbola be described with 
S, S' for foci, the tangent and normal at any point of the 
curve are principal axes, and the M. I. about either is constant 
for that curve. 

5970 Similarly, for a point P in any plane through the 
centroid 0, it may be shown that the same construction will 
give the axes Pi\ PG about which the product of inertia 
vanishes, OX, OY being the axes at 0 in the given plane about 
which the product of inertia vanishes. 

5971 The condition for the existence of a point in a body 
at which the M. I. about every axis through it shall be the 
same, is— 

There must he two iirincifal axes of efjiial moment at the 
centroid, and the M, I. about each must he less than the thirdj 
principal moment. 

Two such points will then exist situated on the axis of 
unequal moment, and eqiii-distant from the centroid. 
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5972 Given the principal axes at the centroid of a body and 
the moments of inertia about them, to find the principal axes 
and moments at any other point. 

[See (5975) for the result.] 


Let A, B, G be the given principal moments, and let the 
mass of the body be unity. Then the ellipsoid of gyration at 
the centroid 0, and a quadric confocal with it, will be 


7'’^ 7"’^ 7/^ 

I+x + 7?+x+c+x 


1 . 


5973 Peop. I.—The M. I. is constant for all tangent planes 
of the confocal, and is equal to the 

M. 1. for the origin 0 -[-A = »S'+X. (5919) 

Proof,— Let I, in, n be the dir. cos. of the tangent plane of the confocal, 
p the perpendicular on the plane from 0. The M. I. for this plane 
= M. I. for a parallel plane through 0-\-p^ (5921) 

= A'l^ + B'm^+G'n^+p^ (5936) 

= (8-^1) P+(iS-D) m^-\-(S-C) Z' + (I? + \) mH(0+A) 

(5914, 5G31) = 8 + X, which is independent of I, m, n. 


5974 Prop. II.—All these planes are principal planes at 
their points of contact, and if the three confocals be drawn 
through any point F, the tangent planes at F to the confocal 
ellipsoid, two-fold hyperboloid, and one-fold hyperboloid, are 
respectively the principal planes of greatest, least, and mean 
moments of inertia. The normal to the confocal ellipsoid is 
the axis of least moment, and the normal to the two-fold 
hyperboloid is the axis of greatest moment. 

Proof.— Draw any other plane through P. The perpendicular on it 
from 0 is less than the perpendicular on the parallel tangent plane to the 
confocal ellipse, and greater in the case of the two-fold hyperbola. Then, 
by (5921). 

The solution of the problem at (5972) is now given by Proposition HI. 


5975 Prop. III.—The principal moments of inertia at F are 
Ai, OF^—X^, OF'^—X^, and the normals to the three con¬ 
focals at F are the principal axes. 

Proof.—T he M. I. about the x axis at F 

= M. I. for the origin P— ^1. I. for the yz plane 
= 8-bOP'-(8 + A,) = Or--\ (5921-73). 








3I0MENTS OF INERTIA. 


825 


5976 The principal moments of inertia above, expressed in 
terms of \i of the confocal ellipsoid and d^, its principal 
semi-diameters conjugate to OP, will, by (5661), become 

OP^-K OP^-\+dl OP^-\^+dl. 


5977 The condition that the line ahc, Imn, referred to prin¬ 
cipal axes at the centroid, may itself be a principal axis at 
some point of its length, is 

a h ^ _ c c 

I m __ m n _ n ^ _ 1 

A-B ” B-C ” C-A ■“ p' 

Here ahc is any point on the line, and if a confocal quadric 
of the ellipsoid of gyration at the centroid be drawn through 
the stated principal point of the given line, p is the perpen¬ 
dicular from the origin upon the tangent plane of the confocal 


at that point. 

Pkoof. —The given line ^^ = -—- .(i.) 

I m n 

must be a normal to the confocal ~ ^ . ^ 

Therefore, by (5629), I = ^ , m = n = ^ ■.(iii-)* 


Eliminate a;, y, z from (i.) by means of (iii.), and from the resulting equa¬ 
tions eliminate p, and the condition above is obtained. 

Also, by (5631), 

/ = (j^_^x) + (I? + A) m'-b (0+\) n' = AV^ + + On^-\-\ ... (iv.). 

The principal point xyz is now found by eliminating \ and p from equa¬ 
tions (iii.), by means of (iv.) and (5977). 


INTEGRALS FOR MOMENTS OF INERTIA. 

By the definition (5903), the following indefinite integrals 
for moments of inertia are obtained :— 

5978 For a plane curve, y =f (x), the M. I. about the x and 
y coordinate axes are 

I y'^ds and | x^ds; and therefore j* (^r^+y^) 

5 N 
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is the M. I. about an axis perpendicular to both the former 
through the origin (5920). 

5980 Observe that ds may be changed into dx, dij, or dO 
by the substitution formulae (5113, ’16). 


5981 For a plane area bounded by the coordinate axes, the 
ordinate y and the curve y =f(x), the M. I. about the x and 
y axes are 




and 


5983 And the M. I. about an axis perpendicular to both 
the former drawn through the origin. 


jy (.r^+?/) iLvdy = ^^r^drdd = i j rhlB, 


but in the last two integrals the area has the boundaries 
described in (5894). 


5986 The M. I. of a solid bounded by three rectangular 
coordinate planes and the surface z =f{x, y) about the ^ axis, 
will be 



but in the last integral the solid is bounded as described in 
(5875). 

5988 The volume, which represents the mass in all these 
cases, has already been expressed (5205, 5871); and by 
dividing by the volume, the square of the radius of gyration 
of the solid is found (5904). 

Proofs. —Formulae (5981-3) are directly obtainable by geometry from 
figures 90 and 91, and formulae (598G-7) from figures 168 and 188. The 
transition to polar coordinates may also be effeeted by the formula of 
(2774). 


5989 In expressing moments of inertia, the factor m will stand for the 
mass of the body, and the remaining factor will therefore bo the value of the 
square of the radius of gyration. 
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PERIMETERS, AREAS, VOLUMES, 
CENTRES OF MASS, AND MOMENTS OF INERTIA 
OF VARIOUS FIGURES. 


RECTANGULAR LAMINA AND RIGHT SOLID * 


For a rectangle whose sides are a, h, the moments of inertia 
about the sides, and an axis perpendicular to both where they 
meet, are respectively 


6015 

Proof: 


¥ 

m-g., m-, 


u^+b^ 


"axHx = ?^z=m The third hy (5920). 
a 3 3 


6018 Hence, for a right solid, whose dimensions are 2a, 
2h, 2e, 

ci^ —I— 

M. I, about the axis of figure 2c = ni .——. 


ARC OF A CIRCLE. 

6019 Let AB (Fig. 191) be the arc of a circle whose centre 
is 0 and radius r. Let the angle AOB = 0; then 

Length of arc AB = 7*6. (601) 

6020 Huygens’ Approximation.— Rule. —From 8 times the 
chord of half the arc take the chord of the whole arc, and divide 
the remainder by 3. 

Proof.— The rule give.s T * 

Expand the sines by (7G4) as far as d®, and the result is rd. 


6021 Taking an axis OX through the mid-point of the arc 
Avith origin 0, the centroid of the arc is given by (5889) 

- _ 2rsiii Hence for a semi-circle w = —. 

6 TT 


For M. I. of a triangle, see (5944-52). 
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6023 Also, for the centroid of BX, y = — 

OL 

where a = Z XOB. 


6025 The M, I. of the arc AB about OX and OY are 



6027 M. I. about axes perpendicular to XOF, through 0 and 
X the mid-point of the arc respectively, are 

7117'^ and m. (5979) 

6029 Cor. —The M,I. of a) __ 7nr^ 
circular ring about a diameter j “ 2 ’ 


SECTOR OF CIRCLE. AOB (Fig. 191) 

CAOA “ 4rsiuW -c, - 4r siuHa 

6030 Area = - 5 -, w=. —. For XOR, ?/ = —- — 

A 0(7 oa 

Peoof.— ir, g are respectively of if, ^ in (6021, ’3) ; since tlie centroid 
of each elemental sector is distant fr from 0. Otherwise, by (5893, ’5). 

6033 The M. I. about OX and OY are 



Peoof.—B y (5981-2) ; or integrate (6025-6) for r from 0 to r. 


6035 

6037 


SEGMENT OP CIRCLE. ABX (Pig. 191) 


Area = (^— sin $), 

A 


- _ 4r siii^ ^6 
3 {e-sin 6)' 


For (7Z?X, 


y = 


r (2—3 cos g+cos^g) 
3 (a —siu a cos a) 


Peoofs.— From the sector and triangle; otherwise, the centroid, by 
(5893, ’5). 
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6038 M, L about OX and OY, 
r 


(5981-2) 


4 x (3^—4 sin ^+sm ^ COS and ^ sin ^ cos ^). 
24 o 


4r 

6040 Cor. —Hence, for a semi-circle, oo = 

OTT 

6041 Also, the If. I. of a circle about a diameter, and about 
a central axis perpendicular to its plane, are respectively 


mr^ and 


(5920) 


THE RIGHT CONE. 

If h be tbe beigbt, r the radius of the base, and I tbe slant, 
6043 Curved surface = irrl. Volume = ^m^h. 

6045 Distance of centroid from vei’tex = |7^. 

6046 M. I. about axis of figure = ni 

6047 M. I. about cross axes through the vertex and centroid 
respectively. 

m -^0 (r^+4/t^) and m (4r^+• 


FRUSTUM OF CYLINDER. 

Let 0 be the inclination of the cutting plane to the base, 
and c the length of the axis intercepted. 

6048 The distance of the centroid from the axis is 

- tan 6 
” 4c ' 

ct^ 

6049 The M. I. about the axis = m-^, being the same as 

that of a cylinder of height c. Hence, by (5921) and the value 
of X above, the M. I. about any line parallel to the axis can be 
found. 
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SEGMENT OF SPHERICAL SURFACE. 

(Fig. 191) 

Let 0 be the origin of coordinates; OA = r the 
and OG = x the abscissa of AB the plane of section. 

radius; 

6050 The curved area of AB = 27rr {r—.v) = the area of its 
projection on the enyeloping cylinder of the sphere. 

Proof 

Area = 27ry ^dx = 27rr (r—.r). 

j X y 

(5878) 

6051 

For centroid of surface, = J (r+u’). 


6052 

The M. I. about the axes OX, OY are 



(2r^—rcT—and ^ (4r^+ rco + aA ). 
o b 



HEMISPHERICAL SURFACE. 


6054 

II 

II 

(6050-1) 

6056 

31.1, about OX or OY = m |r^. 

(6052-3) 


SEGMENT OF SPHERE. 

6057 Volume = (2r+ci")(r—tt’)^ x = 

o 4(2r+.r) 

6059 M. I. about OX = (r-af (8r*+!)w+3a’*). 

oU 

6060 M. I. about OY 

- ^ (r-af (10V*+17>-li’+18r,r^+9.i’'). 
Proof.— As in (6146-7) ; or put a = h = c in the results. 


HEMISPHERE. 

6061 Volume = Y = (6064) 

Proof.—V ol. = surface (6054) x by elemental pyramids having their 

common vertex at the centre of the sphere. Otherwise, make x = 0 in 
(6057). 
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6063 M. I. about OX or OY = (6059-GO) 


SECTOR OF SPHERE. 

6064 Volume = |7rr^(r—/i), .P = ^{r+h). 

Peoof. —Vol. = surface (6050) X if = f of in (6051), since the 
centroid of each elemental pyramid is distant |ths of r from the centre. 

6066 For tlie ill. I. add together the ilf. I. of the cone and 
segment (6046, ’59). 


THE PARABOLA, = te. 

6067 Bad. of eurv. p = = 2« (^1+ 

6069 Coordinates of centre of curvature 
3.r+2rt, — ^2* 


(Fig. of 1220) 
(4542) 


(4545) 


6071 ArcAF^s = v/(acf+ ftlog 

6072 = « [cot 0 cosec ^+log cot (|^)]. 

Proof: s = ^1 + da?. (5197,4206) 

Substitute and integrate by (1931). 

6073 ^L = «y 2 +«log(l + v/2). 


Centroid of are AP with above value of s. 

6074 

4 o a 

6075 sy=^i{Va{a^+af-a^}. 

6076 For centroid of arc AL, putting x = a, 


._ 6 \/2-j-log (3-|-2 \/2) 

' ” 8{v/2+log(l+^/2)} 


- 4 


(2 v/2-l)a 


3 y2+log (1 + ^/2) 
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Half-segment of parabola ANP. 

6078 Area = fa??/, x = fa, ?/ = |?y. 
6081 The ilf. I. about the x and y axes are 


m faa and m fa^ 


THE ELLIPSE. 


6083 The equation being lAx^A-ahf = the length of the 
arc AP (Fig. of 1205), putting (p for the eccentric angle 
of P, is 



Proof. — In {dsf = (dxf(dyY (5113), substitute dx =—asincpdf, 
dy = h cospdf, by (4276), and use (4260). 

6084 The length of the elliptic quadrant AB is 



Proof. —Expand the binomial surd above, and employ (2454) and (2472). 
Similarly, from (5887) and (5978) the three following values are found. 


6085 For the centroid of the same quadrant, 


- 2a 1—. , T 

• 1— L ~- ¥ - 4 approximately. 

IT 1 — 46 


6086 The il/. I. about the x and y axes are approximately, 



6088 Fagnani's Theorem. —(Fig. 192.) Let P be any point 
on the ellipse, GY the perpendicular on the tangent at P; 
/_ACY=9; Q the point whose eccentric angle =-j7r —0. 
Then 

6089 PY+AP = rtj v/(l-e' siii'0) (le = BQ ; 

and in the hyperbola (Fig. 198) 

6090 PY-AP = «J y(l-c^ sin^^) (le. 
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6091 Cor. — The difference between the lengths of the 

infinite curve and asymptote = a \ v^(l — sin“0) (70, wher 

, a 

tan a =—. 


L’e 


Peoofs.—B y (5203), 

AP + Py or s-\- q = ^pdO =■ ^(1 — sin^ 0) d6 = BQ, by (6083). 

lu the hyperbola we have q — s = 


6092 Draw the tangent at Q and the perpendicular CU upon 
it. Let X, X be the abscissa} of P, Q. The following relations 
subsist, 

PY= = QU, CY.CU = ab, CP-+GU-^ = 

Proof.—L et </> = the eccentric angle of P, and let ACU = 6'. Then 

tan <i = ^ = - tan 0. (4276-80) 

hx a 

Similarly for Q, tan ^ ^ 0 = — tan B', 

therefore tan^ = cot0' or 0 = ^ —0' . (i.). 

The relation therefore between P and Q is reciprocal. Now PY = e^x sin0 
(4295) and x' = a sin B, therefore PY = LEL = QU, hy the reciprocity. 

Again, CU^ = cos' B'-\-U sin^ 0' (4372) = tP sin^ f + U cos^0 . (it)- 

Put 0 in terms of 0 by the above, and we find 

pjp __ _ cdlr 

cP cos^ 0 4- 5^ sin^ 0 CY~ 

Lastly, CP^ + C U^ = P sin^ 0 + 6^ cos' 0, by (ii), = tr + h'^ (4276-7). 

6095 When P coincides with Q, the point is called “ Fagnani’s 
point,” GY = \/(ah), PY = a —6, and x = cu (a-\-b)~^. 


6096 GriffitJiP Theorem.^ —If an ellipse of eccentricity e, 
and a hyperbola of eccentricity e“^, be placed as in the figure 
of 1205 (the circle representing the ellipse), P^j) being con¬ 
sidered corresponding points; then, calling PQ, in (6088), a 
Fagnanian arc, we have the following theorem :— 


* J. Griffiths, M.A., Proc, Land, Hath. Soc., Vol. v., p. 95. 

5 0 
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The ratio of the difference of two Fagnanian arcs on the 
ellipse to the difference of the two corresponding arcs on the 
hyperbola is equal to the product of and the four abscissa? 
of the points on the ellipse. 


SECTOR AND SEGMENT OF ELLIPSE. 


6097 The formulse for the sector and segment of a circle 
may be adapted to the ellipse by writing a for r and multi¬ 
plying linear dimensions parallel to the minor axis by b : (i. 
But a will then represent the eccentric angle of the semi-arc, 
and 6 twice that angle. Thus, in the figure of (1205), if 
AGP be the half sector, a = AGp^ 6 = 2AGp. 

Sector of ellipse {2AGP in fig. of 1205): 


6098 


Area = 


abO 


cV 


4« sin ^6 - 45 siiF|a 

W ’ ;ja ’ 


(6030-2) 


the last being for the half sector AGP, The M. I. about the 
X and y axes are 


6101 



and 


4 V 6 r 


(6033) 


Segment of ellipse (2^iV'P in same figure) : 

6103 Area = x= 

6105 For Ij of the half segment ANP^ and for the M. I. 
about the x and y axes, replace r by b in (6037-8) and by a 
in (6039). 


6108 For the lohole ellipse^ the area = irab. (6103) 

6109 For the half ellipse, .T = ^. (6104) 

07T 

6110 The M. I. about the x and y axes, and a third central 
axis perpendicular to both, 

mb^ ma^ m (a“ + 5‘^) 

IT’ 4 


(6041-2) 
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6113 The area of the ellipse whose equation is 

{abcfghX^vyiy= 0, is — ^(ab-hy ^7^’ 

Proof.—I f a, /3 be the semi-axes of the conic, the area 7ra/3 takes this 
value, by (4414) and (4407). 


6114 LamherVs Theorem .—The area of a focal sector of an 
ellipse, as FSF (Fig. 28), in terms of <^, </>', the eccentric 
angles of P, P', is 

^ {<^-f-e(siu<)!>-smf)} = ^{x-x'-(si“X-s'wx')}- 


In tlie second value, sin ^ and sin are = 

2 2 y a 

respectively, where r = PP, r = 8P\ and c = PP\^ a result 
of use in Astronomy. 


THE HYPERBOLA. 

6115 The length of an arc of the hyperbola h^x^—ahf = aW 
and the abscissa of its centroid may be approximated to, as in 
(6084) for the arc of an ellipse, by the substitutions from 


(4278), 

1 (Is = a 1 sec y/ ff sec^ — 

and 

j w(l.s‘ = (r j see" (j> >/ ff see- 1) 


6117 Landen’s Theorem.—This theorem gives any arc of an 
hyperbola in terms of the arcs of two ellipses, as follows; 

cos C) dC = 

(y(«2_ j2sj„2 d]i-h-lasml}+ const., 

that is —Arc of ellliJse whose semi-axes are uA-h and a — b 
= Arc of ellipse whose major axis is 2a and eccentricity h ; a 
+ difference between a right line and the arc of an hyperbola 
whose major axis is b and eccentricity a : b.\ 


WiUtamson's Liteg. Calc., Art. 137. t Ibid,, Art. 157. 
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6118 ANP (Fig. of 1183) bounded by y, and tlie 

curve 


= log 




(1931) 

(4271) 


6119 

6120 Area of rector between GA, CP and the curve 

6121 Area heOveen two ordlnater y^, when the asymptotes 
are the coordinate axes 


Proof: 


sin 2ACO 


(if) 1 W^2, 

r , 2ab {A dx 


(4387) 


6122 The centroid of AXP, A being the area (6118), is 
given by 

A.r = - er-a^y; A;, = • 

6124 The M. L of AXP about the x and y axes are 

^ - 0 N // 2 n I ir+-v/(cr^—«“) 

^(2,i>’-o«m') y(,i'2-(r) + _ log^EV_L- L. 

6125 E(^ir-ii\r) 

Sid S (t 


THE ELLIPTIC PARABOLOID. 

6126 Equation, 

6127 \ 'oL nf Hi'ijmrnt = V ^/{tili) Z-, i 

6129 M. /. about the axes of x, y, and r, respectively, 
(tz , z~\ bz , z^\ ... + 
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6132 The surface S of the same segment may be found from 


S = 




(5874) 


6133 If the surface of the paraboloid be bounded by a 
curve of constant gradient y (5881), the area becomes 

,8= |7rrt6(secV-l). (5«83) 


THE PARABOLOID OF REVOLUTION. 

6134 Equation, = 2az or = 2az. 

6136 Surface of segment, S = %7ry/a . (5880) 

6137 Volume = 'rraz^ = ^ (5887, ’99) 

inr^ 

6140 M. I. about axis of figure = (6131) 

6141 For M.I. about OX and OTput a = b in (6129-30). 


THE ELLIPSOID. 

6142 Equation, ^ + |3 + ^ semi-axes a, b, c (5600). 

6143 The surface of the segment cut off by the plane whose 
abscissa is x, will be found from 

Pkoof. —By (5874) and (5629, ’7), eliminating r by means of the equa¬ 
tion of the surface. 


6144 The volume of the solid segment 
given by 

I" = (2rt-^-.r)(«-.^')^ ,7 = 


and the centroid are 
4 {2a-jrcvy 


Proofs.—L et (Fig. 177) represent one octant of the ellipsoid; OA, OB, 
00 being the principal semi-axes. The elemental section 

4PVQ = irNP.NQd^ = TT - v4r-.P — Vtd~xLU. 

Cl 0/ 

Therefore Vol. = ["(a.*-.)'*) <U = 0 (2a®-3o=a!-t-.r’) = &c. 
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The moment with respect to the plane of yz 


Trhc 2 

and division by the volume gives £' as above. 


^ I (lx = ■ — (a^-* y, 


6146 The M. 1. of the solid segment about the axis a 

= («-.»■)= (8«^+9«.r+.'U-^). 

Proof. —(Fig. 177.) 

M. L = (lx (6112) = ifa = &c. 

6147 The M. /. about the axis h 

15a“ (tr 3 


Proof; 


M.L = ^“TNP.NQ{^^ + ON‘'^dx (5921) 

= f (^a?—x^ydx+^^ f {d? — x‘‘)x-dx = &c. 

4a. Ja, o, ]x 


6148 The volume of the whole ellipsoid = ^Trabc. 

Proof.— By making ^c = 0 in (0144). 

Otherwise: Let be the point on the auxiliary sphere of radius r cor¬ 
responding to xyz on the ellipsoid. By (5638-9), rx = a^, ry = hr), rz = c;. 

Therefore j* dxdydz = j* dndrjd^ = (6061) 

6149 For the centroid of the semi-ellipsoid <r = (6145) 

6150 The ilA. J. about the axis a = ni (6140) 


6151 T he volume of a segment cut off by ang plane F^Q 
(Fig. 177), where OA = d is the semi-conjugate diameter, and 


^.V=/^ is 


V=z mihc^^ 


WiF 


Proof. —Taking the area of the section from (5655), the volume of the 
segment will be 

TTffic sin 0 rV , x‘\ J , ... p 

- 1 I 1— Tj I "‘L where sin tl = 

p J^\ tr / d 

0 being the inclination of d to the cutting plane. Integrate, and put 
x = d-h. 
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PROLATE SPHEROID. 

Put c = h in equation (6142) of the ellipsoid; then a will 
be the semi-axis of revolution. 

6152 The surface of the zone between the plane of yz and a 
parallel plane at a distance x is 

S = irb \ — siii"^ j_ -iL ? . 

I e a ^ a ) 

PROor.—By (5878). S = 

Then by (1933). Otherwise, make 6 = c in (6143), and reduce. 

6153 Coe. —-The tvliole surface = 2ir6(6+ —siu ‘e^ 


6154 The centroid of the surface of the zone in (6152) is 
given by - _ f 

‘MS 1 e* \ 

Proof.—F rom Sx - | — x‘''^dx. 



6155 The if. 1. of the same zone is 

= Traft'’— A) sill"' — + — (l+3-2 — 4^) 

\e 4 ev « ' « \ ‘lav 

6156 And for the whole surface, by making x = a and 

doubling, / ^ i \ / i \ 

M, L = miW ^m-^e+nb^(l + —^ . 

The first integral by (1933). For the second, by Rule VI. 2048, we obtain 
the formula 

6157 I \/(a'—i«'0 dx = -I" sin"^^ ^ ^ X ^/(a-—a?'), 

in which — must now be written for a. 


6158 For the volume, moment of inertia, and abscissa of 
centroid of the solid prolate spheroid, make r = in (6144-51), 
a being the axis of revolution. 
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OBLATE SPHEROID. 

6159 Put h = a in the equation (6142) of the elhpsoid; 
then c will be the semi-axis of revolution. 

The surface of the zone between the plane of xy and a 
parallel plane at a distance is 

s = _5/(c*+«Vs*) + —log- 


Proof.— By (5878). >8 = 


27r are 


Then by (1931). 


l + C 


6160 Cor.— The whole surface = 27rrt-+—loi^ —^ 

e " 1 — 


6161 The centroid of the surface of the zone in (6159) is 
given by 


_ 2ff«V <•* , c” I 

*3c^S C Kcre^ ^ ) * 


Proof. —As in (6154). z for the surface of half the spheroid is obtained 
in this case by making z = c, but in (6154) jDut ^ = a. 

6162 The M. I. of the same zone is 

TTC^ (4«--.‘lc-) . a(>z+ 

4t>« ^ c- 

6163 And for the whole surface, by making z = c and 
doubling, 

M. I. = rra* (l - 

Pkook: .V.L = 2. J (l + g) f (--^'0 V( 

The fir.st integral involved is given at (1931), and the second is obtained in 
the same way as in the Proof of (6155), giving 

6164 j '^''xr + a'Lh = ^ log {»+ v/(.«* + a'')]. 

6165 For the col time, moment of inertia, and abscissa of 
centroid of the solid oblate spheroid, make h = a in (6144-51), 
r beinfy the axis of revolution. 
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EXPLANATION OF ABBREVIATIONS, &c. 


a. c. 

= areal coordinates. 

i. cq. 

= 

indeterminate equation. 

alg. 

= algebraic. 

imag. 

= 

imaginary. 

ap. 

= application. 

1 . c. m. 

= 

lotvfst common multiple. 

anal. 

= analytical. 

num. 

= 

numerical. 

ar. p. 

= arith. progression. 

0 . c. 

= 

oblique coordinates. 

c. c. 

= Cartesian eoordinates. 

p. c. 

= 

polar coordinates. 

cn. 

= construetion. 

p. d. e. 

= 

qmrtial difference equations. 

cond. 

= condition. 

p. e. 


polar equation. 

curv. 

= curvature. 

perp. 

= 

perpendicular. 

d. c. 

= differential calculus. 

Pl. 


plane. 

d. e. 

= differential equations. 

pr. 

= 

problem. 

d. i. 

= definite integral. 

q. C. 

= 

quadriplanar coordinates. 

eq. 

= equation. 

rad. 

= 

radius. 

cx. 

= example or exercise. 

sd. 

= 

solid or dimensional. 

ext. 

= extension. 

sol. 


solution. 

f. 

= formula. 

s)Tn. 

= 

symmetrically. 

f. d. c 

. — finite difference calculus. 

ta. 

= 

table. 

f. d. e 

. = finite difference equation. 

t. c. 

= 

trilinear coordinates. 

geo. 

= geometrical. 

tg. c. 

= 

tangential eoordinates. 

o- P- 

= geometrical progression. 

tg. e. 

= 

tangential equation. 

gn. 

= general. 

th. 

= 

theorem. 

gz. 

=. generalization. 

tr. 

= 

treatise (t.c.,more than 50 pages). 

h. c. f. 

= highest common factor. 

transf. 

= 

transformation. 

i. c. 

= integral calculus. 




163 .— 

The suffix means that three articles under the same heading will be found in the volume. 


18—21 .—Means that one artieU on the subject will be found in each of the four consecutive volumes. 


References to the Synopsis stand first, and are the numbers of Articles, 
not of Pages. An asterisk (*) is prefixed where such numbers will be found. 

The unclassified references following a ]irincipal title commonly refer to 
papers on the general theory of the subject; but some papers are occa¬ 
sionally included amongst these of which the titles are too long for inser¬ 
tion, aud do not admit of abbreviation. 

Subjects which might Avell have been included under the same head¬ 
ing appear sometimes under different ones, for the folloAving reasons:—■ 
Exigencies of space have decided the insertion of the number of the volume 
only of the particular work in question, and a subsequent examination of 
the Index of that A’'olnme is required in order to find the page. It, thea’c- 
fore, became desirable not to change the original title of tlie pa]ier when 
there Avas danger, by so doing, of making it unrecognizable. When, hoAv- 
ever, the same subject appears in tAA’O ]>arts of this Index undei* different 
names, cross references from one to the other are giA’en. Some changes, 
however, have been made when the synonym Avas ])crfectly obvious ; for 
instance, Avhon a reference to a journal, ]>ublished fifty years ago, is found 
under the heading of “ Rinary Qualities,” the aeliial title of the article Avill, 
in all jirobability, be “ Homogeneous hiinelious of M’wo Variabh's,” aud so 
in a few other instances. 





INDEX. 


Abacus of the Pythagoreans : L.39. 
Abelian cubics and symmetrical cejua- 
tions: Q.5. 

of class \/(—31) Mo.82. 

Abelian equations : A .68 : C.95: J.93 : 
M.18: Mo.77,92. 

Abelian functions : see “ Hyper-elliptic 
functions.” 

^Abel’s formula for F{x+iv)-hF{x—iij): 
2705. Me.73. 

^Abel’s theorems: 1572: 0.94: J.9,24, 
61,90: LM.12: M.8,17: P.81, 
83: Pr.30,34. 

(.r)-f (/) iy) = ^ {x/(y)+yf(x)} : An. 
57. 

^Abscissa: 1160. 

Acceleration: Mc.trOo. 

*Algebra: 1—380: A.tr20. 

application to geometry : JP.4. 
foundation, limitations : AJ .6 : CP.7, 
82 : Q. 6 . 

history of, in Germany : Mo.67,70. 

Algebraic: -Calculus: N.81. 

definitions: C.37. 
forms: C.84,94: M.15. 
coordination of: J.76. 
whoseHessianvanishes identically: 

M.IO. 

in theory of cubics: M. 8 . 
formulm: G.12 : Q.5. 
functions: A.10,31: J.92 : L.50,51: 
M.IO: N.62. 

applied to geometry: G.22 : M.7. 
number of constants : J.64. 
as partial fractions : Z.9. 
rationalization of: A.69. 
representation by: J.77,78. 
resolution into factors : A.46. 
theorems : J.82 : M.1,6. 
synthesis : C.I63. 

Algorithmic geometry: N.57. 

Algorithm:-re definition of (-^) : 

J.27. ^ ^ ^ 

of higher analysis : Mo.75. 
of arithmetical functions : G.23. 


Alternants of 4th order, co-factors of; 
AJ.7. 

Alternate numbers : LM.IO 2 . 
Alternating functions : AJ.7: C.12, 
22 : J.83 tVaudermond’s) : Me. 
82. 

Altitudes, determination of: A.12,19: 

Mem.15: N.45. 

Amicable numbers : A.70. 

Anallagmatic curves and surfaces : 

C.87 : N.64 (quartic surface). 
Anallagmatic paremeiits : E.IO. 
Analysis : A.l : An.50 : C.3,11,12 : 
J.f7: P.14: Q.6,7. 
ap to geometry : G.23 : JP.4. 

Analytical:-aphorisms: A.5 : J.IO. 

combination theorem : J.ll. 
functions : Ac.6: thsAn.82 : La- 
grange, trJP.3. 

system of, and series from it: An. 
tr 840. 

* geometry : 4001—6165: A.2,11,38: 

C.6: JP.9: L.72: M.2: Mem. 
13: Z.9: tr 11,12. 

theorems and problems: A.8,52: J.46. 
plane and solid in homogeneous co¬ 
ordinates : Z.15,16. 
of three dimensions : CM.4. 
metrics : Q.7,8. 

theorems: A.8. treatise: C.13. 
Angles :-conterminal: Me.74. 

* of a central conic : 4375. 

division into n and n + 1 parts : A.70. 
of five circles or six spheres : Me.79. 

* of two circles : 4180. 
problems on : P.1791. 

two relations between five : A.20. 

* trisection of: 5325 : A.4,34 : C.2,66, 

81: G.15: Mc.72: N.56,76. 
Anharmonics : LM.2,3. 

*Anharraonic pencils of conics: 4809 
— 21 . 

*Anharmonic ratio: 1052,4648: GM.12. 
corresponding to roots of a biquad¬ 
ratic : N.60. 

* ofaconic: Q.4: of four tangents: 4986. 

, 5 Q 
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Anharmouic ratio {continued) : 
of 5 Hues in space : Me.76. 
of 4 points in a plane : A.l ; C.77. 
sextic : LM.2,60 : Q.37,38. 
systems : cnM.lO. 

^Annuities : 302 : A .%: Ac.l: CP.3; 
J.83 : 1.1—24:' P.1788, -89, -91, 
-94, 1800, -10: N.47. 

Auticaustic (by refraction) of a parabola: 
K83,85. 

*Anticlastic surface: 5623,5818. 
Aplauatic lines, leraniscates, caustics, 
&c.: tliL.50; N.45. 

Apolarity of rational curves : M.21. 
Apollonius’s problem : A.37 : M.6. 
Approximation : J.13 : N.66. 
algebraic: J.76. 

to functions represented by integrals : 

0 . 20 .. 

of several variables: C.70. 

successive: Mem.38. 

Apsidal surfaces: Q.16. 

Arabs, mathematics of: C.39,60. 
Arbitrary constants : C.15 : L.80 : in 
d.e and f.d.e, TI.13. 

*Arc, area, &c.:-quantification of : 

1244, 5205, 5874,6015. 
relations of: (4.16: C.80,94: L.46. 
Arcs with a rectifiable difierence and 
areas with a quadrable difference: 
L.46. 

*Areas :-and volumes in t.c and q.c : 

4688 : Q.2. 

* approximation by ordinates: 2991—7: 

C.78; CD.9. 

* between 3 lines : 4038: Me.75. 
ext. of meaning : CD.5. 

Arithmetic: A.5,18: L.59. 
ancient: C.71: N.Sl. 
degenre, ext. of the notion : C.94. 
higher: J.35. 
history of: C.17. 
of Ibn-Esra: trL.41. 
of Nicomaque de Gerase : Au.57. 
Arithmetico-geometric mean : Mo.58 : 
Z.20. 

^Arithmetic mean: 91 : CD.6: of n 
quantities : 332 : L.39. 
^Arithmetical progression; 79: tliL. 
39: Pr.lO. 

and g. p when n (the number of terms) 
is a fraction : A.35. 
when the terms are only known ap¬ 
proximately : C.96. 

Arithmetical theorems: A.IO: C.93,97.>: 
CD.6: G.7,18 : L.63 : of l.c.m', 
N.57: Gergunne, C.5. 
Ai’ithmctical theory of algebraic forms: 
J.92,93. 

Arithmographe polychrome: C.51,53. 


Arithmometer : 1.16—18. 

Aronhold, theorems of: gzJ.73. 

Associated forms :-systems of : 

gzAJ.l : C .86 : CD. 6 . 
and spherical harmonics : Mc.85. 
Astroid of a conic : A.64. 

^Astronomical distances : p 5. 
^Asymptotes : 5167: A.p.c 15,17: CM. 
4: M.ll : N. 68 : thsN.48o and 
73. 

* of conics : 1182, 4490, t.c 4683 : tg. c 

4904, -66 : Me.71 : Q.3,8. 
of intersections of quadrics : N.73. 
of imaginary branches of curves: 
CM.2. 

Asymptotic :-chords : A.l2. 

* cone of a quadric: 5616: E.30, g.c34. 

* curves: 5172. 

lines of surfaces : A.60,61: Ii.84. 
law of some functions : Mo.65. 
methods : M. 82 . 

* planes of a paraboloid: 5625. 
planes and surfaces : CD.3. 

Atomic theory and graphical represen¬ 
tation of invariants and covari¬ 
ants of binary qualities : AJ.I 3 . 

Attraction :-of confocal ellipsoids : 

Me.82. 

of ellipsoids: CD.4,9 : J. 12,20,26,31 : 
JP.15: L.40,45: M.IO: N.76: 
Q.2,7,17. 

of ellipsoidal shell: J.12: JP.15 : Q.17. 
of paraboloids : L.57. 
of polyhedra: J. 66 . 
of a right line and of an elliptic arc : 
An.59 : CD.3. 

of a ring and of elliptic and circular 
plates : G.21: Z.ll. 
of spheroids : J.12 : JP .8 : L.76 : 

Mem.31 : l\{Ivonj) 12. 
of solids of revolution, &c.: Au.56 : 
CD.2. 

solid of maximum : TE. 6 . 
theorems : Q.4,17. 
theory of : L.44,6. 

* Auxiliary circle : 1160. 

Averages : 1.7,9. 

*Axes :-of a conic : gn.eq4687 : A.30 : 

E.36: G.12: Q.q.c l; t.c 5,8,15 
and 20 : Me.a.c 64,71: N.43,48,58; 
t.cQ.12. 

* construction of : 1252 : l\Ie. 66 .j. 

* cn. from conj. diameters: 1253: 

A.13,20 : Me.82 ; N.67,78. 

* of a quadric: 5695: A.30: Au.77 : 

G.9 : J.2,64,82 ; N.43,51, cn 68 , 

69,74. 

* rectangular, nine direction cosines 

for two systems : 5577 —8 : 

L.44,. 





INDEX. 


851 


*Axis :-o£ perspective or homology : 

975. 

* of reflexion : 1007. 

* of similitude : 1046,4177. 

Axonometry and projective collineation 

in space : M.25 : Z.12,21. 

Babbage’s calculating machine: C.OOo. 
Barycentric calculus and right line con¬ 
struction : J.28. 

Battement de Monge : L.82. 

Beltrami’s theorem : A.44. 

^Bernoulli’s numbers : 1539 : A.3 : 

AJ.5,7: An.69,77: C.54., 583 ,SB : 
G.9: J.20,21,28,58,81,84,85 (first 
62),88,92 : LM.4,,7,9 : Me.75 : 

gzMem.83 : ]Sr.76 : Q.6,22. 
application to series : see “ Series.” 
and interpolation : C.86. 
and their first 250 logarithms: CP.12. 
and secant series : A.1,3,35: C.4,32. 
bibliography of : AJ.5. 
indeterminate representation of: Z. 
19. 

new theory of : C.83. 
theorems on : E.2,8 : N.77. 

Bernoulli’s series : 1510. 

Bessel’s functions (see also “ Integrals 
of circular functions”): J.75: 
M.3,4,9,14,16: Q.20,21. 
representation of arbitrary functions 
by : M.6. 

squares and products : M.2. 
tables : Z.2. 

Bonnet, two formulas of: G.4. 

Bicircular quartics : LM,3,99 : P.77 : 
Pr.25: Q.19o: TI.24. 
focal conics of : LM.ll. 
with collinear triple and double foci : 
LM.12,14. 

nodal, mechanical cn. of: LM.3. 
Bifocal variable system : M.16. 

Bilinear forms: J.68.,84,86 : L.74: 

Mo. 66 , 682 , 74 . 

congruent transformation of: Mo. 
74. 

four variables : G.21 : Mo.83. 
relation between two and their 
quadric and quartic system: jM.1. 
reciprocals: G.22. 
reduction of : C.78,92. 

Bilinear functions: GM.ll. 
polynomials : C.77. 
triliuear and quadrilinear systems: 
E.5. 

Billiards, theory of : L.83. 

Bimodular congruences : G.21. 

Binary and ternary quadratics: N.64,65. 
^Binary cnbics : 1631: A.17 : C.92 : G.17 : 
J.27,53,41 : Q.1,11. 


Binary cubics— {continued): 
automorphic transf. of : LM.14. 
and quadratic forms : G.21. 
system of two : E.7 : G.17: LM.13: 

M.7. 

resultant: Q.6. 

tables and classification of : A.31. 
transformation by linear substitution: 
J.38. 

Binary forms: An.56,77: At.65: G. 
2 , 3 , 10 , 162 : J.74: M.2,3,20: Q.14. 
and their covariants, geo.: M.23. 
ap. to anal, geometry : L.75. 
ap. to elliptic functions : AJ.5. 
ap. to Euler’s integrals : C.47. 
canonical: J.54: M.21. 
evectant: Q.ll. 

geo. interpretation or ap.: C.78: G. 
17 : M.9,222. 

having the same Jacobian : C.94. 
having similar polar forms : M.8. 
in a cubic space-curve: JB6. 
in twoconjugateindeterminates: C.97. 
most general case of linear equations 
in: C.99. 

{q) groups of: M.23. 
with related coefficients : M.12. 
transference of, when not of a prime 
degree: M.21. 
transformation of: M.4,9. 
typical representation of : An.68,69. 
Binary homographics represented by 
points in space, applied to the 
rotation of a sphere : M.22. 
Binary nonics, ground forms ; AJ.2. 
Binary octics : thC.96 : M.172. 

Binary quadrics: C.47: G.3: J.27: 
L.59,77: M.15,172. 

construction of, through a symboli¬ 
cal formula: 0.57. 
indeterminate, integral sol.: J.45. 
for a negative determinant: N 0 . 8 I : 

C.60 (table): L.57 : M.l 72,21,25. 
partition table: AJ.4. 
representing the same numbers: L.59. 
transformation of: C.41. 
with two conjugate indeterminates : 
C.96. 

^Binary quantics : 1636 : An.56 : C.52 : 

CD.9. 

(2>i—l)-ic, canonical form of: Q.20. 
derivatives of: Q.15. 

* discriminant of: 1638: Q.IO. 
reduction of: J.36 : L.52 : Q.7. 
transformation of : CM.l: thE.28. 
in two polynomials U, V, prime to 
each other and of the same de¬ 
gree : ]Sr.85. 

Binary quartics :-and their invari¬ 

ants ■ A.18: G.14: J. fl: M.19: Q.7. 
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Binary qiiartics— {continued) ; 

condition for perfect square: E.3G. 
or quiiitics, with three equal roots or 
two pairs of equal roots : P.G8. 
and ternary cubic, correlation be¬ 
tween: An.76. 

Binary quiutic: Gr.l4. 

canonical form for: Q.19. 

Binary sextics: taAJ.4: 0.64,87,963'. 
G.14: M.2,76,77. 
syzygies of: AJ.7. 

Billet’s function: L.75. 

Binodal quartic with elliptic function 
coordinates: AJ.5. 

^Binomial:-coefficients: 283,366—7 : 

A.1,2: G.14: M«?m.24: N.th60, 
61,70,85: Z.25. 
sum of selected : Me.85. 

^ ccinations : 480: A.IO: At.65,68: 
c.10,44: G.52,10: L.57: LM.11, 
12,16. 

irreducible factors of : An.69. 

—1 = 0 : see “ Boots of unity.” 
equivalences to any modulus ; 0.25. 

* theorem: 125—36: A.8,geo.61: 0. 
45: CD.7: 0M.3: G.12: J.1,4,5, 
28,55: Me.71: N.423,47,50,71,78 : 
P.16,16,95,96: TI.12. 
generalization of : J.l : N.572. 
*Binormal: 5723. 

Bipartite functions and determinants: 
LM.16. 

Bipartition, repeated: Mel.4. 

^Biquadratic:-equation (see also 

“Cubic and biquadratic”): 492 
—501: A.l,12,16,23,31,39,40,41, 
45,69: AJ.l: CM.l,46o,47: G.5 
—7,13,21: J.90 : Me.62: N.44,bS^, 
59,60,63,78,81,83: Q.7,28: Z.6,8, 
18. 

cond. for two equal roots : E.44. 
and elliptic functions : 0.57: L.58. 
reduction to canonical form : G.5. 
reduction to a reciprocal equation : 
L.63. 

solution of : A.51,56 : 0.49,82 : L. 
73: Q.19: numerical, 0.61: with¬ 
out eliminating the 2nd term, 
A.39 : 4 variables, J.27: trigono¬ 
metrical, A.19,70. 

and scxtic cqs. in the theory of 
conics and (jiiadrics : J.53. 

* values which make it a square : 
496: G.7: E.22. 

function with four variables : An. 59. 
involutions: 0.98. 

Bi(juatcrnions: AJ.7: LM.I. 

Bitcrnary forms with eonti'agredicnt 
varialdes: ^1.1. 

Borchardt’s functions: J.82. 


^Brachistochrone : 3037, 3044: L.48: 
Man.31: Me.80: Mem.22: N. 
77,80. _ 

Brahmins, trigonometrical tables of the: 
TE.4. 

*Brianchon’s theorem : 4783: A.53: C. 
82: CM.4: G.2: J.84,93: gzN. 
82: Z.6. 

and analogues : CD.7 : Q.9. 

on a quadric surface: 0.98: E.19. 
on a sphere : A.60. 

*Brocard circle and Lemoine’s point: 
4754c: gzN.85. 

^Burebardt’s factor tables p. 7: erra¬ 
tum, A.23. 

*Burmanu’s theorem, d.c : 1559. 

Calculating machine: Pr.37. 

Calculus:-algebraic, which includes 

the calculus of imaginaries and 
quaternions: 0.91. 
of chemical operations: Pr.25. 
of direction and position : A J.6: M. 
pr 6. 

of enlargement: A J.2. 
of equivalent statements: see “Logic.” 
of forms (Invariant theory): CD.72, 
8,92. 

of infinitesimals, third branch of: 
viz., given y and yx, to find aj: 
TE.24. 

of limits, ap. to a system of d.e: 0.156. 
ofYictorius: Z.16. 
of other subjects : see the subject. 
Calendar: J.3,9,prs 22. 

Jewish: J.f28. 

Canal surfaces : A.1,10. 
Cauon-arithmeticus of Jacobi. 0.39,63; 
L.54. 

Cantor’s theorem: ]\r.22. 

*Cardioid: h—a in 5328, Fig.129: 

A.59,63,68: LM.4: Me.64: N.81. 
and ellipses: Pr.6. 

*Cai'not’s theorem : 4778. 

^Cartesian oval: 5341—5358: A.69: C. 
97 : LM.I,32,99 : Me.75 : Q.l: Me. 
74: Q.12,cnl5. 
area of: E.21. 

eq. with triple focus as origin : E.9,23. 
foci: E.7. 

functional images: Q.18. 
mechanically drawn : LM.5,6: Q.13. 
l)crimeter: E.21. 

rcctific. by chip, functions : 0.80,87 : 
LM.5. 

through 4 points on a circle: L!M.12. 
with 2 imaginary axial foci: Ll\1.3. 
^Oassinian oval: 5313: ^Ie.77,83: N.57. 
analogous surfaces: An.61. 
radial of: E.26. 
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Cassinoid with n foci, rectif. of: L.48. 
Catacaustic and diacaustic of a sphere: 
3T.17. 

Catalecticant of a binary quautic: E. 
37,38. 

Catenary : 5273: Me.64,66,68. 
by parabolic trigonometry : Pr.8. 
revolving: E.22. 

*Canchy’s formula i.c: 2712. 
closed curve theorem : Mo.85. 
various formula?: C.27io. 

^Caustics : 5248-9 : Ac.4: L.46 : P.57, 
67: Pr.8,14,,15: Q.l,2,3cu8,9,12. 
by successive reflexion from spheres : 
J.13. 

identity with pedals : Z.14. 
of a cardioid : ]\Ie.83. 

* of a circle: 5248 : CD.2. 
of a cycloid: A.30. 

of an ellipse, focus at centre: J.44. 
of infinitely thin pencils : J.98. 
of refraction at a plane surface: N.47. 
radii of curvature: 14.65. 
surfaces and singularities : J.76. 

Cells of bees ; 14.56: Q.2. 

Cell structure: L1VI.16. 

Centimetre - gramme - second system : 
p.l. 

Centrals, theory of: J.243. 

Centre of:-curves and surfaces: L. 

46: Q.IO. 

a circle touching two: A.24. 
geometrical figures: A.16. 
harmonic mean: J.3. 
mean distance of curves and surfaces : 
14.ths85: Q.33. 

mean distance of points of contact of 
parallel tangents, ext. of th.: L. 
44. 

* similarity: 947. 

* similitude: 1037. 

* similitude of 3 circles : 1046 : 4176. 
similitude of 2 quadrics each of which 

circumscribes the same quadric : 
J.31. 

Centres, theory of: J.24. 

Centro-baric methods in anal, geometry: 
J.52. 

^Centroid:-formula? for: 5884—5902, 

6015: JP.26: L.43. 
and its use in stereometry: A.39. 
of common points of two conics : A.3. 

* of circular arc : 6021: E.13. 
of a dice : 14.63. 

* of frustrums : 6048, Ac.: A.33. 

of a gauche curve after development 
on a right line, locus of: C.88. 
of algebraic curves and surfaces: 
An.68. 

of a frustrum of a prism : L.39. 


Centroid— {continued): 
of a frustrum of a pyramid: Me.79 : 
N. 76o. 

of oblique frustrum of a cone: E.33. 
of a perimeter: A.51. 

* of plane curves : 5887: J.21: G.12. 

* of spherical and other areas : 5898, 

6051: J.50: L.39,422. 

* of surface and solid of revolution : 

5896—9: AJ.3: L.39. 
of a trapezium: Q.9. 

* of a triangle : 951: A.52,58. 

^Change of independent variable : 1760— 

1816 : AJ.3 : CM.l : G.2 : L.40,58 : 
Q.1,2,10: Z.17. 

* from X, y to r, 0: 1768. 

* from X, y, z to r, 6, <p : 1783. 

* in a definite multiple integral: 2774— 

9: A.22,41. 

in transcendent definite integrals: 
C.23. 

in the theory of isotropic means : C.34. 
Characteristics : E.5: J.71: M.6. 
of conics : A.l: C.67,72,76,83.: JP.28: 

LM.9: M.15: 14.666,71. 
of conics of 5-point contact: E.27. 
of cubic systems : C.74,. 
of curves and surfaces : C.73. 
of quadrics; C.67 : JP.28: 14.68. 
relation between two characteristics 
in a system of curves of any de¬ 
gree: C.62. 

surface groups defined by two: C.79 : 
^ = 1, ,, = 1, C.78. 

Chart construction: Mel.2: 14.60,783. 
Chemico-algebraic theory: AJ.l. 
Chemico-graphs: AJ.l. 

Chess board, ths and prs : A.56: E.34, 
42,44. 

Chessmen, relative value of: E.39: 
Mel.3. 

Chinese arithmetic and algebra : C.51 : 
14.63. 

*Chord :-joining two points on a 

circle: 4157: A.43,44: E.22. 

* of contact for two circles : 4172. 
Chronology: J.26. 

^Circle: 4136—90c.c: A.l,3th4,9,25,27, 
th47: C.94: J.14,17: Q.19: TE. 
th6. 

* approximate rectification and quadra¬ 

ture: 6019, &c: A.2,6,geol3,14, 
43: J.32: Me.75,85: N.4.5,47: 

Q.4. 

arc of: see Circular arc. 

area of segment: 6035: A.27,39,4 4 

* chord of: 4157—8. 

* chord of contact: 1017: 4138,-72. 

* coaxal: 1021—36: A.23. 
configuration of: C.fi.J.. 
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(Mrcle— {continued): 

* cii. from 3 conditions : 937 : JP.9. 

* C'otes’s properties : 821: A.ll,ext. to 

ellipse 30: P.13: T1.7. 

* cuttiii" three at "iven angles: 4185: 

LM.3,5: N.83o. 

division of: A.27,37,41 : At.l9: E.l, 
31: G.6: C.85,93: J.27,54,56: 
N.53,64. 

and theory of numbers: J.30,842,87: 
K.56. 

ths. on sum of sqs. of perpendicu¬ 
lars, &c.: 1094—8. 

* eight circles touching three, cn: 

4189: Mdl.3: 9 . 5 . 

eight through 6 points of intersection 
of 3 conics: Q.IO. 

* equation of: 4136—18, p.c 4151: 

Pr.27: TI.26. 

* general eq.: t.c, 4691,4751: tg.c, 

4906. 

Euler’s th. extended to ellipse : A.51. 
live-point th.: E.5. 
four pairs of circles through 6 points 
common to 3 circles : Q.9. 
four ]ioints concyclic, condition: A. 
44: K84. 

geometry of : A.67 : Z.24. 

groups of points on : A.14. 

in tri-metric point-coordinates : Z.27. 

* and in-quadrilateral: 733: (’D.9. 
lines of equi-different powers in two 

circles : A.19. 

* of curvature: 1254,5134: A.31,63: J. 

45: p.cN.84. 

* polar of x'y': 4138,—64. 
rectangles of: Z.14. 

ring of, touching two fixed: J.39: 
Me.78. 

six points th.: Q.8. 
and sclf-conj. triangle: A.41. 
and sphere, geo.: ^lo.82. 
system through a point on a plane or 
sphere: G.16. 

* tangents : 4137—43,4160: L.56 : 1M4. 

common to a circle and conic: 
cnA.69. 

* common to two circles: 953,4171: 

cnA.34. 

* locus of a point, the tangents from 

which to two circles have a given 
ratio : goo.965—6. 

* three: 997—9,1036,104.6—51,4183—7. 

* prs.(G5;r_7oune); 1049: At.19: L. l-G, 
through mid-i)oints of sides of a tri¬ 
angle : see Nine-point circle. 

* through 3 points : 1156,4738. 
through 3 ])oints on a conic: A.2: 

.J.3<>. 

tonchlng a conic twice : J.56 : N.65. 


Circle— {continued) : 

* touching 3 circles, cn: 946,1049: 

A.24,26,28,35: An.68: 0.60: Me. 
62 : N.63,65,66,84: Q.8. 
touching the 4 circles which touch 
the sides of a spherical triangle: 
A.4. 

and triangle, ths and prs : A.30,57 : 
LM.15: Q.4. 

* two; eq. for angle of intersection: 

4180—1. 

* theorems: 984—1045: Q.ll: see 

“ Radical axis ” and “ Coaxal cir¬ 
cles.” 

and two points; Alhazen’spr: AJ.4. 

Circulants:-final expansion of: Me.85. 

of odd order : Q.18. 

^Circular:-arc : length, centroid, &c.: 

6019. 

with real tangents : Z.l. 
graphic rectification and trans¬ 
position of: Z.2. 
cuhics, involution of : LM.1,7. 

chord of curvature of; E. cn 36. 
and elliptic functions in continued 
fractious: CI3.4. 

* functions: 606: A.17: J.16. 

points at infinity: sec “ Imaginary 
ditto.” 

relation of Mobius : LI\I.8 : N.76 : Q.2. 

* segment: arc, chord and area: 6035 : 

N.63. 

Circulating functions: 1M8. 
^Circum-centre of a triangle: 4642: tg. 
eq 4883. 

*Circum-circlc :-of a triangle: 713, 

4738: tg.oq4895: A.51,58. 
coordinates of centre : 4642. 
hypocycloidic envelope of Ferrers : 

and in-conic: N.79. 

* of a polygon : 746—8: A.19. 

* of a (piadrilatcral: 733 : N.79. 
Cfircum-conc of a quadric, locus of 

vertex: N.52. 

*Circum-conic :-of a triangle : 4724 : 

tg. cq 4892: An.57. 

* of a (|uadrilateral: 4697: At.54. 

locus of centre : E.l. 

Circiim cubic of a conqilctc quadri¬ 
lateral : G.IO: Q-5. 

*Circum - parallelogram of an ellipse: 
4367. 

Circum-pentagon of a conic: j\I.5 : N.67. 

Circuni - polygon : -of a circle : 

746—8': CD.l : ]\lo.80: N.66. 
of a conic: ;M.25. 
of a parabola : 0^1.2. 
of a cuspidal cubic: TjM. 13: ditfo 
tpiartic : liM.M. 
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Circum-qiiadrilateral:-o£ a circle : 

E.35: K48. ^ 

of two circles : N.G7. 

Circum-rhorabus of au equil. triangle; 
A.45. 

Circum-triaugle :-of a coiiic^ N.70. 

* locus of vertex : 4800: E.35. 
of a triangle : J.30. 

*Cissoid: 5309—12: A.62,69 : jS". 43,85. 
tangents of: LM.2. 

Cissoidal curves: A.56. 

Clairaut’s function and equations: Pr. 

25. 

Clinant geometry: Pr.l0,llo,12,15. 

Closed curves : 5le.77 : geo tli Q.4. 

* and moving chord,Holditch’s th: 5244: 

gzMe.78: Q.2. 
ext. to surfaces : Me.81. 
quadrature of: A.61: N.43: Croftoii’s 
thsA.55: C.65,68: E.SO.. 

t = 0, t' = 0 being the 

tangents from xy : LM.2. 

* rectification of: 5204. 

Closed surfaces : JP.21. , 

*Coaxal circles : 1021—36: 4161—70: Q. 

52: reciprocated, 4558. i 

Poncelet’s limiting points: 4165: 
thJ.86. 

Coaxal conics: Q.IO. 

Cochleoid, {x--\-]j-) tau'^ =7rry: A.70. 

X 

^Coefficients :-detached: 28. 

* differential: 1402. , 

* indeterminate: 232. [ 

*Cogrcdients: 1653. i 

*Collinear and concurrent systems of j 

points and lines : 967 : A.69 : G.21. I 
Collineation and correlation: M.22: j 

prM.lO. ^ 1 

and reciprocity : M.23. ! 

“ gleichstiminigkeit ” of, in space : 
Z.24,28. 

multiple c. of two triangles : A.2,70. 
of plane figures, ground forms : J.74. 
paradox: Z.28. 

^Combinations : 94—107 : trA.15 : CP.8 : 
G.18: J.5,13,21o,34,38,th53 : M.5: 

Z.2. 

ap. to determinants : JP.28. 
complete, i.e., with repetitions : C.92 : 
N.42,74. 

compound: Man.79. 

* C (», r) au integer: 366 : L.42. 

G(n, }•) when n is fractional: A.70. 

* C {n, r) = C (u—1> r—1) + G0i—1, r): 

102. 

0 = 2^ 0 (w, r). G : 

L.42. 


Combinations— {continued) : 

* problem or theorem: 105—7: A.21 : 
C.97: CD.2, 4 , 7 , 82 : 1.5:3.3,45,56: 
L.38:Mem.ll: N.53,73: Z.15. 
of Euler and its use in au eq.: L.39. 
of 1,2, ...n, each c. having a sum 
>.£1: G.19,20. 
of dominoes: Au.73. 
of n dice each withp faces : TE.21. 
of n points in space : L.40. 
of observations: L.50. 
of planes through a system of 
points: N.57. 

Combinatorial:-products : A.34. 

systems: L.56. 

Combinatory analysis: A.2,50,70 : J.ll, 
22 : Mem.50: N.SO. 

Commensurable quadratic divisors ; N. 
47. 

Commensurables: TE.23. 

^Commutative law: 1489. 

*Compauiou to the cycloid : 5258. 
Complauation formula : A.48. 
Complementary functions: C.19 : J.ll. 
Complete functions : C.86 : J. 482 . 
Complete numbers : Mo.62. 

^Complete primitive: 3163. 

Complex axes of a quadric: Z.19. 
Complexes : L.44,47 : M.2,4. 
of axes of a quadric : N.83. 
in combinations and permutations : 
A.21. 

of 1st and 2ud degrees and linear 
I congruences : An.76 : L.51 : M.2, 

I 9: N.85: trZ.27. 

i linear: N.85: Z.18: of an in-couic of 
] a quadrilateral: G.21. 

! of 2nd degree: G.8,17,18: cn J.93 : 

I M.7: N.726. 

1 of 2nd degree with a centre: L.82. 

' of 2nd degree of right lines which cut 
two quadrics harmonically: M.23. 
quadratic ray- & web-complexes: J.98. 
of nth degi-ee, singularities : M.12. 
and congruences, spherical of 2nd 
degree, their circles and cyclides: 
J.99. 

and spherical complexes, ap. to linear 
p. d. e : M.5. 

tetrahedral in point space : Z.22. 
Complex numbers: A.28: C.90,99: G.ll: 
J.22,35,67,93: L.54,75,80: M.22: 
Mo.70: Q.4. 

from the 31st roots of unity: Mo.70. 
from the nth roots of unity: J.40: 
Mo.70. 

index and base of a power, geo : Z.5. 
prime and from roots of unity : J.35 : 
taMo.75. 
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Complex numbers— [continued): 

prime and from the 5th roots of unity: 
JMo.ta 59. 

resolution of = 0, and 

when n = b: L.47. 

from the roots of unity; class num¬ 
bers : J.65; Mo.61,63o,70. 
in theory of residues of 5tb, 8th, and 
12th powers : L.43. 

Complex unities : C.96,99 : J.53. 

Klein’s groups: J.50. 

Complex roots of an algebraical eq: 

M.l: N.443: ofaj"= 1, M0.57. 
Complex variables, functions of: An. 
59,68,712,82,83: G.3,6: J.54,73,83: 
1^1.19 : Z.82,10. 

especially of integrals of d.o: J. 
75,76. 

Composite functions of a higher order : 
G.2. 

Composite numbers :-for construc¬ 

tion of factor tables : A.45. 
groups of: J.78: LM.8: Me.79. 

“ Compteurs logarithmiques ” : C.40. 
^Concavity and convexity: 5174. 
Concentric circles : LM.14. 

3 quadrics, intersection of : E.39. 
^Conchoid: 5320 : A.55 : N.432. 
Concomitants of a ternary cubic: 
AJ.4. 

^Concurrent lines and collinear points 
967—76: A.69. 

th. on conic and triangle: E.35. 
*Concyclic conicoids : 995: Q.ll. 

*Cone: 1150—59,6043 : A.16 : L.61: Me. 
62. 

and cylinder, superfices, tr: An.57. 
general d.e of: E.18. 
intersection of two: N.64. 

* oblique: eq 5598: J.2 : Me.80. 

* sections of: 1150—9. 

* and sphere; 5652 : ths]\Ie.64. 
superfices of oblique frustrum: J.2. 
through m points and touching 6 —m 

lines: L]\1.4. 

volume of frustrum : Ac.41: N.13. 
Configuration of 16 points and 16 planes: 
J.86. 

(3, 3)JO and unicursal curves : M.21. 
*Confocal conics : 4550—8, 5007, tg.e 
5005: J.54: LM.12,13 : Mo.66,68, 
73: N.80: Q.IO: TE.24: Z.3. 

* Graves’ theorem: 4555: Griffith’s ext. 

LM.15. 

* tangents of: 4555. 

*Confocal (luadrics : 5656—72 : A.3 : CD. 
4,5,92: G.16: M.18: thMe.72: Q.3. 
relation to curves and cones: Cl). 1,9. 
volume bounded by three and the co¬ 
ord. planes; A.36. 


Confocal surfaces: !Me.66. 

Conformable figures : A.59: LM.IO: M. 
19:Z.17. 

Congruences: C.51,88: th and apJ.19: 
thMe.75: N.50: P.61, 
binomial: AJ.3 : C.61: expon. to base 
3, Mel.4. 

classification of roots : C.63. 
Cremonian: LM.14. 
irreducible: J.40. 

and irreducible modular functions: 
C.61. 

linear: LM.4: of circles in space: C.93. 
numerical: An.60; multiplication of, 

61. 

of 1st degree: A.32. 

in several unknowns : L.59. 
sol. by binomial factorial: Mem.44. 
transformation of modulus : Mel. 
2: N.59. 

with composite modulus : E.30. 
of 2nd degree: C.622: M6m.31: re¬ 
duced forms: C.74. 
of 3rd order and class : LM.16. 
higher, with real prime modidus: 
An.83: J.31,54,99. 

resultant of systems of linear: C.88. 
and trigonometrical functions : J.19. 
x^-\-y^ = 1 (mod. p) : J.19. 

= 1 (mod. p): J.31. 

Congruent divisors of a number, no. of: 
A.37. 

Conical functions: M.18,19. 

^Conical surfaces : 5590: A.63 : Ac.5 : 
LM.3o: M.3. 

through 6 points, locus of vertex : J.92. 
*Conicoids : 5599 : A.48 : Q.tg.c9, q.c 
and t.c 10. 

50-point: ]Me.66. 

iconics : 4032—5030: A.ls,5,17,31,32,60, 
68; C.83: G.1,2,3,21: J.20,30,32, 
45,69,86: M.17,19: N.42,435,442, 
45,71.,,75o.82 : P.62 : Q.8, tg.c 9 : 
Z.18,21,23. 

anharmonic eorrespondents, problem 
of 5 conics and 5 lines : N.56. 
of Apollonius : L.58. 

* angles connected with : 4375. 
arcs similar to: N.44. 

* areas of (see also “ Sectors ”): 4688, 

6097—6121: K46: t.cQ.2. 

* auxiliary circle: 1160. 

* centre :-coordinates of 4402, 4267, 

t.c 1.733 and 4742 : tg.C(i of 4901 : 
ths and prs N.45. 

* locus of 4520, 5028. 

* chords of: 1315,4322; p.c4337 and 

OD.l: Mc.66: see also “ Focal.” 
cutting an ellipse at a given angle 
E.28. 
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Conics :-chords of— [continued) ; 

* intersecting: 1214, 4ol7. 
moving round an ellipse ; A.43,44: 

E.22. 

* chord of contact: 4124,4281; 4699— 

4721. 

* and circle, intersection th: 1263: 

A.59: N.64. 

collinear relation to circle : Z.l. 
and companion ([uadric: An,60 : JP.7. 
conjoint lines of: L-SSj. 

* conjugate diameters: 1193 —1213, 

4346; ths 1278—85: CM.l: L.37 : 
N.42, ths 44,69: Q.3. 

* parallelogram on : 1194: 4367. 
relation to ellipse when equal: A.18. 

conjugate points : Q. 8 . 

* construction of: 1245,4822: A.28,43: 

E.29: Q.4: lSr.59,73 : with help of 
circle of curv. A.24. 

* from conj. diameters: 1253: A.52. 

* contact of : 4527—33 : A.1,60 : C.78 : 

Pr.34. 

at 2 points : Q.3 : ISr.74. 

* do. with each of 2 conics or circles : 

4803-6: GD.5,6: E.31,34. 
4-pointic with a quartic : M.12. 

* 5-pomtic: 5190-1 : 0.78.: E. 52,23 : 

J.21: P.59. 

with surfaces: 0.91..: P.70,74, 
convexity from focal property: lSr.56. 
criterion of Mobius : J.89. 

* criterion of species : 4464—77; t.c 

4689: 5000. 

* curvative :-centre and radius of: 

4534—49 : geo 1254—66 : thsMe. 
73: N.79,85. 

* geo cn : 1265: A.17. 

* chord of: 1259,—64: Q. 6 : locus of 

mid-point A.70. 

as curves in space : tr A.37 : M.64. 

* definitions : 1160. 
degenerate forms : LM.2.,. 

* diameters : 1214,—35 : eq 4458 : cn 

Me. 66 : N.65. 

* director circle: geo 1217, eq 4693—5 : 

o. cE.40: LM.13: N.79. 

* dmectrices: 1160: trA.63: LM.ll, 

* eccentric values of coordinates : 4275 : 

0M.4. 

* eccentricity: 1151,4200. 
elementary formula: G.9. 

* ellipse and hyperbola : 4250—96. 

* equations of: 4251,4273; p.c 4336; 

tg.c 4663,4870: J.2. 

* general: 4400,4714,4719; t.c 4755 

and 4765; tg.c 4664 and 4872; 

p. c 4493: t.c A.51: OP.4,5: t.c 
G.6,7: Mera.52: N.43,45,65. (See 
also “ Gonics, general equation.”) 


Oonics :-equations of— (continued) : 

^ intercept: 4498. 

^ equations of parabola: 4201 ; t.c 
4775; p.c 4336. 

^ general: 4430,4713; t.c 4656 with 

4689; tg.c 4974 with 5000. 

^ ay = A'/SS and derived equations : 4697 
—4719: Q.4. 

^ ay = or LM = : 4699, 4784: N. 

44 : = 0, &G.: 4707. 

* Aa"+^4)3'd-Ay^ = 0: 4755, ’65 : Me.62. 
equation in p and i): Q.13. 

^ equi-conjugates, gen.eq: 4491. 
formulm : J.39 : N.62. 
from oblique cone : L.38. 

^ general equation ; cond. for a circle : 
^ 4467: t.c 4691 and Me. 68 : Q.2: 

from eq. of axes : N.57. 

^ cond. for an ellipse: 4464; t.c 4689. 

^ cond. for a hyperbola: 4468; t.c 
4689: A.39. 

^ cond. for a rectangular hyperbola: 

4737 ; t.c 4690; tg.c 5000. 

^ cond. for a parabola: 4430; t.c 4696, 
4735, 4746 and 4775; tg.c 5000. 

* cond. for two right lines: 4469, 

4475, t.c 4662. 
generation of : N.75 : Z.23. 
by a moving chord of a circle : A.34. 

* Maclaurin’s method: 4830: LM.4. 

* Newton’s method : 4829. 
graphic problems : N.80. 

Halley’s pr: N.76. 

harmonically in- and circura-scribed : 
Q.18. 

intersecting in 4 points : J.23. 
intersecting a surface in 5 points : 
0.63. 

with Jacobian = 0: M.16. 
limiting cases : 4465—77 : Me. 684 . 

* normals: 1171,sd5629—32 : A.16,24,32, 

cn 43,47 : An. cn 64,78: 0.72,84 : 
J. cn 48,56,62 : Me .66 : Mel.2 : N. 
70,81 : Q. 8 : Z.ll,18,26. 
circle through feet of: N.80. 
cutting off the min. or max. arc or 
area: N.44. 

dividing ellipse most unequally: 
E.29. 

* eccentric angles of the feet of four, 

th : 4334. 

* equations of: 4286, 4483, 4512. 

* intercepts : 4294: segments; 4309, 

4486. 

least distance between two: A.21,38. 
number of real: J.59 : N.70,722. 
number cut by 8 lines in space: J. 
68 . 

number under double conditions : 0 . 
59, 

5 R 
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Conics— {continued) : 
octagram: LM.2. 

* passing through given points and 

touching given lines : cn 4831— 
40. 

5 points : cn 4831, eq 5024: A.27 : 

A.9,24,64: An.50: X.57. 

4 foci of a conic : Q.5. 

4 points: N.66 : Q.2,8; Z.9. 

4 points, envelop of: E.28: Do. of 
axes, N.79. 

* 4 points, locus of pole of a line : 

4770. 

* 4 points and touching a line : cn 

4833 : A.65. 

3 points and touching a circle 
twice: N.80. 

3 points and touching a line : Q.6. 

3 points with given focns : cn A.54. 
2 points and touching a line : Q.2, 

2 points and touching 2 lines, locus 
of centre : G.7. 
four such conics, th : Q.8. 

1 point and touching 3 lines : Q.8. 
parameter of: lsr.43. 

* perpendicular from centre on tan¬ 

gent : 1195, 4366—73. 

* ditto from foci: 1178, 4300. 
of 8 points : J.65. 

of 9 points : A.43 : G.l. 

of 9 points and 9 lines ; G.7,8. 

of 14 points : Me.66. 

pencil of: M.19. 

and polar, Desarqucs’ th: ^.64. 

* pole of chord joining : 4326 : 

parabola, 4218. 

* properties of: 1274: A.4.25,70; p.cJ. 

38. 

quadrature of: TE.6. 
and quadrics : A.30 : L.42 : lsr.580,662, 
ths 73; geo interpretation of 
variables, N.66. 

* rectification of: 6071, 6084: P.2: 

TL16: Z.2. 

* reduction of u, u' to the forms 

= 0 , = 0 : 

4995. 

series of : A. cn 67 and 68. 

* seven points of: C.94. 

* similar: 4522. 

six points of : A.62: J.92. 
systems of: 0.62,65 : M.6: ISr.66: of 2, 
Q.7: of 4, L.54. 
and orthogonal lines: lSr.71. 
and quadrics : Z.6. 

* tangents or i)olar : 1167—9, 4280—5, 

4790: gn.eq 1478; A.61 : cnCD. 
3 : Cl\[.l, p.eq 4; X.79. 
intercepts on the axes ; 4292. 

* two at the origin, eq : 4489. 


Conics :-tangents— {continued): 

* two from x'y': 4311: gn.eq 4488, 

4965, A.57 : t.c 4680—2, cn 1181: 
A.53o. 

* do. for parabola: 4215, cn 1232: 

ratio of lengths, 1243. 

* qiiadratic for m : 4313: parabola, 

4220. 

* quadratic for abscissse of points of 

contact: 4312; parabola, 4216. 

* subtend equal angles at focus: 

1181, 1234; CM.2. 
locus of : A.69. 

* segments of: 4307. 

* at the points /a, tan cp, fi cot ^: 

4799. 

tangent curves of: Z.15. 

* theorems: 1267: A.54: J.16: L.44: 

]\1.3 : N.4.55,483, 72,84 : Q.4,62,7 t.c : 
by Pascal, Desarques, Carnot, and 
Chasles, A.53. 
conic and triangle, Q.5. 

3 circles touch a conic in A,B.C and 
all cut it in D; A,B,C,D are 
concjdic, J.36. 

* throe ; 4707, 4710; in contact, 4803. 

* Jacobian of : 5023. 

* touching:-a conic and line, cond.: 

5017. 

a curve twice : J.45. 
curv'es of any order : C.59. 
five curves : C.584. 

* four lines: 4804: locus of centre, 

4772, 5028 : locus of focus, 5029 : 
N.45,67. 
n lines : IST.Ol. 

a group of linos, and having a given 
characteristic and focus : A.49. 
a quintic curve in 5 points, no. of : 
K.66. 

* two circles twice : 4806. 

* two conics twice : 4803. 

* two sides of the trigon : 4784— 

4808. 

transformation of: G.IO. 

* two: 4936-5030: N.58. 

* with common chords or tangents : 

4700— 5. 

* common elements, on : A.68. 

* with common points and tangents: 

4701— 7: LM.14: Z.18. 

* at infinity : 4715—6. 

* common pole and polar, cn : 4762. 

* condition of touching: 4942, t.c 

5021. 

* intersecting in 4 points : 4700 : A. 

32: at a:, A.16. 

* points of intersection : tg.e 4973 : 

cn A.69. 

reciprocal properties; E.29. 
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Conics :-two— {continued): 

* reduction to = 0 and 

4995. 

* six chords of, eq : 4941. 
tangents of, four: eq 4981: J.75:Q.3. 

* under 5 conditions; 4822—43: L.10,59. 

6 conditions, cn : 0.59. 

7 conditions in space : C.61. 

Conjugate :-functions : apLM.12 : 

TI.17. 

lines of surfaces : CD.9. 

* points : 1066, 5184 : in ellipse, A.38. 
point-pair of a conic : Z.17. 
tetrahedrons of a quadric, each ver¬ 
tex being the pole of the opposite 
side: N.60,83. 

triangle of a conic : N.83. 

Connexes (1, corresponding to d.e: 
A.69. 

in space : Mel.6. 
linear: M.lo. 

of 1st order and class in simple invo¬ 
lution: G.20. 

of 2nd order and class : G.19. 
analoguein anal. geo. of space: M.14. 
Cono-cunei: A.2. 

Constant coefficients, theory : 1.23. 
Constant functions and their deriva¬ 
tives : A.15. 

^Contact and circle of curvature : 4527, 
5188, 5134: A.30. 

^Contact of curves:-5188: cir. of cnrv. 

A.53: C.32: J.66: P.62: Pr.ll : 

Q.7. 

with a parabola: Z.2. 
with faisceaux of doubly infinite 
curves : C.83. 

with surfaces: L.78 : with triangles, 

M.7. 

Contact:-of lines with surfaces : L. 

37: Q.1,17: Z.12. 

of an implexe with an alg. surface : 
C.84. 

of quadrics : LM.5. 

4-pointic on an algebraic surface: M.9. 
of spheres : JP.2. 

of surfaces: J.4: JP.15: P.72,74,76: 
Q.12. 

of 3rd order between 2 surfaces: C.742. 
problem: of Apollonius, A.66: spheri¬ 
cal, At.192. 

transformation : C.85 : M.23. 
Contingence angle of: see “ Torsion.” 
Continuants : AJ.l: Me.79. 

^Continued fractions : 160—87: A.18,33, 
55,69 : An.51: gzC.99 : CM.4 : th 
E.30: G.10,15: J.6,8,ll4 and ap, 
18,53,80 : L.50,58,65 : LM.5 : Me. 
77: Mem. aptoi.c 9,13: Mo.66: N. 
42,tr49,56,66: Q.4 : geo Z.12. 


Continued fractions— {continued): 

11 ill 11 AI.OTQ 

±-and--: A.42: J.3. 

ft-p «+ ff'P 5+ 5 + 


6+1 


n + n +1 + n + 2 + &c 


6 >a+l: Mel.l. 


a3+aj+l+ 05+2 + 

1 1 


and 


2.15+1+2o5+3+2o;+5+ 


: A.3O2. 


2+LL 

2+2+ <Z + <Z + 

ascending: A.60 : Z.21. 

* algorithm = up,I i + hpn-z- 168: J. 

69,75. 

do. ap. to solution of trinomial eq: 
A.66. 

combinator representation of the ap¬ 
proximation : A. 18. 
development: Ac.4: C.87: Mem.9. 
for e* and log (I+05): CM.4. 
for e exp. a+605+0+^+ : C.87. 

for . J.27,28. 

1—05" * + 05“ ^—05"® + 

for U sin a5+Y cos 05+^^; U, V,W, 
polynomials in 05; J.76. 
for (7?i+ Vn) -i-ij: N.45. 
for powers of binomials : CM.4 : Mem. 
18. 

infinite: A.332. 
numerical valnes: Q.13. 

Eisenstein’s, TE.28: Wallis’s, Mem. 


15. 

periodic : A.19 (2 periods), 33 : G.16 : 

J.53 : K42,43,45,462. 
reduction of: J.46. 

* reduction of a square root to a: 195 : 

A.64: J.31. 

do. of a cube root; A.8. 
do. of an 7ith root: A.64. 
Contingence, angle of : 5725. 
Continuity, principle of: CP.8: in rela¬ 
tion to Taylor’s and Maclaurin’s 
theorems, L.47. 

^Continuous functions: 1401; A.15: 
Ac.52: C.18,20, and discontinuous 
40, of integrals of d.e 23: TA.7. 
Continuous manifoldness of 2 dimen¬ 
sions : LM.8. 

*Contragredieuts : 1813. 

Contraposition : E.29. 

*Contravariants : 1814: G.12, of 6th deg 
19. 

* of two conics : 4990 and 5027. 
*Convergents : 160—87 : gzC.98 : CD.6 : 

J.37,57,58: N.46. 

Convex polygon, intersection of diags : 
N.80. 
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^Coordinates, transformation of: 4048— 
51,4871,5574—81. 

^Coordinate systems : 4001—31, 5453, 
5501—6 : G.16 : J.5,45,50 : LM.12. 
ap. to eanstics : An.69, 

* areal: 4013 : Me.80,82, gn eq 81. 
axial: N.844,85 : Q.IO. 

* biangular: 5453—73: Q.9,8,13. 

* bilinear : ap 5341 : A.32. 
bipolar : N.82. 
bipunetual: AJ.l. 

Boothian : see tangential. 

* Cartesian : 4001. 

dual inversion of c.e and t.c : Q.17. 
eentral: Z.20. 

eurviliuear : A.34 : An.57,64,683,70, 
73 : C.48,54 : CP.12 : G.IO, and 
i.c 15 : L.40,51,82: ]\lcm.65 : Q.19 : 
on a surface and in space, An.69.2, 
71,73: including any angle, J.58. 

* eccentric values of : 4275,5638 : CM.4. 
elliptic: A.34,402: J.85 : Q.7 : Z.20. 
Fuchsian functions of a parameter : 

C.92. 

hyperelliptic coordinates: J.65. 

* one-point intercept: 4026. 

* two-point intercept: 4025. 
linear : Z.21. 

mixed coordinates : A.13. 

parabolic : C.50. 

parallel: ]Sr.84j,85. 

pedal: Me.66. 

pentahedral: Me.66. 

of a plane curve in space : LM.13. 

* polar : 4003,sd5506: Me.76. 
polar linear in a plane : Z.21. 
cpiadrilinear: Me.62,642. 

* quadriplanar or tetrahedral: sd5502, 

apA.53: Q.4. 
surface: C.65,81. 

* tangential: 4019.4870—4915,5030: 

Me.81 : Pr.9 : Q.2,8. 

* tangential rectangular, or Boothian: 

4028. 

tetrahedral point coordinates : Z.8. 
triaxial : A.64. 
trigonal: G.14 : Q.9. 

* trilinear : 4006 : A.39 : ]\ro.62,64: N. 

63: Q.4,5,6 : conversion to tan¬ 
gential, 4876. 
trimetrical point: A.67. 

Coplanation:-Z.ll. 

of central quadric surfaces : Z.8. 
of pedal surfaces : Z.8. 

Coresolvonts : C2.6,10,l t : non-linear, 

TN.67. 

Correlation of planes : J.70 : An.75,77 : 
LM.5,6,8,10. 

Correlative figures, focal proi)crtics: 
LM.3. 


Correlative or reciprocal pencils : M.12. 

Correspondence:-principle of: geo 

thAn.71 : extC.78,80,0x83,852: 
N.46. 

of algebraic figures : M.2,8. 
application to Bezout’s th C.81 ; to 
curves, C.72 ; to elimination, N. 
73 ; to evolute and caustic, ]S[.71. 
complementary theorem to: C.81. 
determination of the class of the en¬ 
velope and of the caustic of a 
curve: C.72. 

determination of the degree of the 
envelope of a curve or surface of 
n parameters with n—2 relations : 
C.832. ^ 

determination of no. of points of inter¬ 
section of 2 curves at a finite 
distance : L.73 : C.75. 
determination of the number of solu¬ 
tions of n simultaneous algebraic 
equations : C.78. 

determination of the order of a geo¬ 
metrical locus defined by alge¬ 
braic conditions : C.82,842. 
forms : M.7. 

multiple in 2 dimensions : G.IO. 
of curves : C.62 : P.68 : Q.15. 
of two planes : LM.9. 
of points : LM.2 : C.62 on a curve : 
Q.ll on a conic: M.18 on two 
surfaces. 

for groups of n points and n rays: 
M.12. 

of two variables (2,2): Q.12. 
of 2nd deg. between 2 simply infinite 
systems ; An. 71. 

Correspondent values, method of: P. 
1789. 

Corresponding points :-in some in¬ 

volutions : LM.3. 
on two curves : M.3. 
on two surfaces : C.70. 

Corresponding surface elements: M.ll. 

Cosmography, graphic method: N.82,79. 

*Cotes’s theorem: circle,821; areas,2995. 
analogous ths : CM.3. 

Conntcr-pedal surface of ellipsoid: AJ.4. 

Ooupnres of functions : C.99. 

*Covarianis: 1629, 4936-5030 : C.80,81, 
th90: G.1,20: Q.5,16: J.47,87, 
90 : thM.5 : X.592: ap to i.c C.56. 
binary: G.2. 

of binary forms : An.58 : C.82,86,87 : 

G.17: L.76,79: M.22. 
of binary quadrics, cubics, and quar- 
tics : An.65 : J.50: Q.IO. 
of binaiy qualities : F.31 : Q.4,5,17. 
of abinaryquartic: J.53: qniiitics. An. 
60. 
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Covariants— {continued): 

and contravariants oi a system of 
simultaneous forms in n varia¬ 
bles ; to find the number of: C.84. 
of qnantics : An.68 : binary, Ms.79. 
of a septic, irreducible : 0.87. 
sextic : G.19. 

of a system of binary cubo-biquadra- 
tics ; number of irreducible co¬ 
variants : 0.870. 

of a system of 2 binary quadratic 
forms ; number of : 0.84. 
of ternary forms : 0.192- 
* of two conics: 4989, 5026 : of three, 
Q.IO. 

Oovariants and invariants : An.60. 
of binary forms : An.58,59,61,83 : 0. 

66,69 : reciprocity law, 0.86. 
of a binary octic, irreducible system: 
0.86,93. 

of a binary quintic ; 0.96. 
of a binary sextic : 0.962- 
as criteria of roots of equations : An. 
68 . 

Oribrum or sieve of Eratosthenes: N. 
43,49. 

Critical functions: see“ Seminvariants.” 
Oriticoids and synthetical solution : E. 
9,26,32. 

*0ubature of solids; see “ Volumes.” 
Cube numbers, graphic cn of: E.43 : 

Me.85 : tables to 12000, J.42. 
Cube root extraction: A.22,64: J.ll: 

N. 44,583: TI.1. 

*0ube roots, table of (2 to 30): p.6. 
Cubes of sums of numbers : N.71. 

Cube surfaces : Pr.l7. 

Cubical parabola: Q.6,9. 
metrical properties : M.25. 

*Cubic and biquadratic equations : 483— 
501: A.45: No.1780: An.58: 

O. geo41,90: JP.85 : L.59 : M.3 : 
N.79 : Z.8 ; Arabic and Indian 
methods, 15. 

Sturmian constants for : Q.4. 
mechanical construction: L]V[.22. 
Cubic and biquadraticproblems; Au.702. 
Cubic classes which belong to a deter¬ 
mining quadratic class, number 
of: A.19. 

Cubic curves : An.73 : AJ.5,15,27 : C. 
37: thCD.7: CP.ll: 0.1.2,2,14, 
23: J.ll,32,34,ths42,63,geo78,90: 
L.l3,44,45 : M.15 : t.cMe.64: Mo. 
geo56 : N..50,67,geo723: P.57,58 : 
Pr.8,9: Q.42,5: Z.geol5,22. 
classification of: Q.i6. 
and conics which touch them : J.36. 
coordinates, explicit functions of a 
parameter: J.82. 


Cubic curves— {continued): 

48 coordinates of: P.81 ii. 
with cusps : A.68. 
degeneration of : A.4: M.13,15. 
derivation of points : LM.2. 
with a double point: M.6 : with two, 
M.3. 

with double and single foci: Q.14. 
Geiser’s; J.772. 

generation of : 0.11 : J.36 : M.52,6 : 
by a conic pencil and a projective 
ray pencil, Z.23 : linear, J.52. 
and higher curves : A.70. 
mechanical construction of : LM.4. 
number of cubic classes which belong 
to a determining quadratic class: 
A.19. 

nodal, tangents of : LM.12. 
of third class with 3 single foci: Q. 

14,162. 

18 points on : E.4. 

inflexion points of: J.38 : M.2,5 : N. 
73,th83,85. ^ 

12 lines on which they lie in threes : 
E.29. 

rational: A.58 : 0.9. 
referred to a tetrad of corresponding 
points: Q.15. 

represented by elliptic functions: 

and residual points : E.342. 
resolved into 3 right lines : ]\r.l4. 
and right lines depending on given 
parameters : J.55. 

16 cotangential chords of : Q.9. 
and surfaces: J.89. 
synthetic treatment: Z.21. 
tangential of : P.58 : Pr.9. 
tangents to : cnE.25—7,ths28: LM.3 : 
Q.3. 

with a double point or cusp : M.l. 
forming an involution pencil: LM. 
132. 

their intersections with cubics or 
conics : C.41 : TI.26. 
through 9 points : 0.cn36,37 : L.54 : 

two cubics do., CD.62. 
through 8 points : Q.5. 
through 2circularpoiutsat 00 : ciiZ.14. 
transformations of: 0.91. 

*0ubic equations: 483—91 : A.1,3—7,11, 
22,25o, 32,37,41,42,442, prs47,68 : 
An.55: 0.nuin46,85: CD.4,6: E. 
35; G.12,16: J.27,56,90: LM.8: 
M.3 : Mem.26 : N.45,th52,th56,64, 
66,703,75,78,81,84: TE.24: TI.7. 
See also “ Cubic and biquadratic 
equations.” 

and division of angles : A.15. 

in a homographic prof Chasles : 0.54. 
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Cubic equations— {continued) ; 
irreducible case: A.30,39,41,42: No. 
1799: AJ.l.,: C.58: J.2,7: L.79: 
N.07 : in real values, A.49: by 
continued fractions, A.2. 

roots :-condition of equality : E.30. 

definition of: thA.31. 
geometrical construction of: C.44, 
45: Arab, m.s.s, J.40o. 
integral: N.752. 
power-sums of: C.54,55. 
squares of differences of: An.56: Q.3. 

* solution of:-Cardan’s formula: 

484: A.14,40,gz22 : Me.85. 
Cockle’s : CM.2,3. 

* trigonometrical: 489 : A.19 : N.61, 

67,71 : TE.5. 

by differences of roots : J.42. 
by continued fractions : A.10,39. 
by logarithms : (k66. 

by £B = — -f/i.: C.60. 
z 

* mechanical: 5429 or C.79. 
numerical: C.44. 

Cubic forms (see also “ Binary cubics ”): 
thsJ.27. 

ternary: J.28,29 : JF.31,32. 
quaternary: transf J.58 : P.60: Pr.lO: 
division into five, J.78. 

Cubic surfaces : Ac.3,5 : thsAn.55 : C. 
97o,98 : Ct.22 : J.53,65,68,69,88,89 : 
M.6 : Mo.56 : N.69 : P.69 : Z.20. 
classification of: M.14. 
double sixers of : Q.IO. 
with 4 double points : M.5. 

“ gobbe”: G.14,17,21. 
hyperboloidal projection: G.2. 

27 lines of: C.52,68,70: J.62 : L.09 : 

M. 23 : Q.2. 

27 lines and 45 triple tangent planes 
of: An.84: and 36 double sixers 
Q.18. 

locus of centre of quadric through 8 
points : Me.85o. 
model of: CP.12. 
polar systems : M.20. 
properties of situation : M.8. 
in quaternions : AJ.2. 
reciprocal of Steiner’s surface: N.72o, 
73. 

singular points of : P.63, 
triple tangent planes : Cl), lo. 
Cubo-biquadratic eqs., no. of irreducible 
forms: C.87. 

^Curvature : 1254—8: 5134,5174: A.l, 
28,43 : J.81 : Mc.62.,,fG l.,72,75 : 

N. th60,69: C2.t.c8,12. 

* circle of: 1254—5, 5134: A.cn30,37: 

J.68. 


Curvature— {continued) : 

* at a cusp : 5182 : N.71. 

* at a double point: 5187 : Q.3. 
dual, evolute and involute: Q.IO. 
of an evolute of a surface : C.80. 

of higher multiplicity (Kiemann) : 
Z.20,24. 

* of higher order : 5188—91 : M.7,16. 

of third order : C.26. 
of intersection of 2 quadrics : An.63. 
mean : C.92. 

* at a multiple point: 5187 : 0.68. 
of orthogonal lines : JP.24. 

* parabolic: 5818. 

of a plane section of a surface : C.78 : 
Z.17. 

spherical : A.25. 

^Curvature of surfaces : 5818—26 : A.4, 
20,41,57: An.f and ths61,64 : C. 
th25,49,60o,ths66,67,68,geo74,84 : 
J.1,3,7,8: JP.13: L.44,722: p.c 
Me.71 : Mcl.3 : Q.12: Z.27. 

* average, specific, integral, Ac. : 5826 

—30. 

axis of curvature of envelope of a dis¬ 
placed plane; 0.70. 
approach of 2 axes of finite neigh¬ 
bouring curves : C.86. 
circular and spherical: see “Tortuous 
curves.” 

constant: J.88 : G.3 : mean, C.76, L. 
41,53; neg.,C.60,M.16; pos.,G.20; 
total, C.972. 

Euler’s theorem: gzC.79. 

Gauss’s thC.42 : analogy M.21: Q. 
16. 

ap. to aneroid barometers : 0.86. 
indeterminate : CD.7. 
and inflexion : trA.19. 

* integral: 5826. 

and lines : An.53,59 : L.41. 
mean = zero throughout: Mo.66. 
and pencils of normals : C.70. 
and orthogonal surfaces : P.73, 
of revolution : L.41 : Z.21,22. 
skew: Z.26. 

sphere of mean curvature of ellipsoid : 
A.4 3. 

^Curves (see also “Curves algebraic” 
and “ Curves and surfaces ”) : 
5100: A.2,16,32,66: An.53,54-..: 
C.geo72,91: J.14-,31,34:,63,6 k70 : 
L.38,14.ths57 and 61: M.16: N. 
p.cGl, 71,77,863 cu from p.c. 
from Abel’s functions, p = 2 : M.l. 
Aoust’s problem : A.2,66. 
arcs of, compared with lengths : JP. 
23. 

of “ allineamento ” : G.21. 
analytical method: L]\l.9,16. 
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Curves— {continued): 

whose arcs and coordinates are con¬ 
nected by a quadratic equation; 
J.62. 

whose arcs are expressible by elliptic 
or hyperelliptic functions of the 
1st kind: Z.25. 

argument of points on a plane curve : 
LM.15. 

bicursal: LM.4,7. 

with branches : imaginary, Ci\I.l,Q.7: 
infinite, Q.3. 

2 characteristics defining a system 
of algebraic or transcendental 
curves: C.78. 

least chord through a given point: 
A.23. 

class, diminiition of : ]^^.67. 
closed : see “ Closed curve.” 
of 2-point contact with a pencil of 
curves : M.3. 

of 3-point contact with a triply infinite 
pencil of curves : M.IO: 4-point 
do., LM.8. 

whose coordinates are functions of a 
variable parameter: Me.85 : ellip¬ 
tic, J.64 : N.68. 

cutting others in given angles or in 
angles whose bisectors have a 
given direction : C.68,83. 
and derived surfaces : An.59,61. 
derived from an ellipse : A. 10. 
determination from their curvature: 
P.83,84. 

from property of tangents : A.51. 
determination of the number of curves 
of degree r which have a contact 
of degree with an m-tic, 

and which satisfyr (r-f 3)—72- 
other conditions, and similar 
problems: 0.665. 

defined by a differential equation : C. 
81,90,93,98: L.81,82. 
do. algebraic and an analogous 
space theorem : L.762. 

— 0, Pr.l5 : p oc r2, Mem. 
24: p“ = A sin co, K.76. 
diameters of: L.49 : hl.71: and sur¬ 
face, C.60. 

eq obtained from tangent: 1^.45. 
whose equations are: y = A.14, 

16: pt—!)’(«—aj) (74—7/), 

X and 7/ constants, C.93. 

*= r<j) = a sin (f), A.48: 7/ = r {«). 2323. 
linear functions of the coordinates : 
N.66. 

equidistant, tangents to ; cu Z.28. 
whoso evolute and involute are equal: 
C.84. 

extension to space: C.85. 


Curves— {continued): 
a family of: N.7'2. 

four, with two common points : Q.9. 
generation of: geoJ.58,71 : M.18. 
by intersections of given curves : 
Z.14. 

by collinear ray-systems : Z.19. 
geometrical : A.37 : two laws, C.84. 

relation to harmonic axes : C.734. 

“ gobbe”: of zero kind, Gr.ll: rational, 
G.9,12. 

higher plane: A.70: L.61,63. 
homofocal: ]Sr.81. 

defined by intersecting conics : C.37. 
intrinsic equation : CP.8 : Q.5. 
joining two points : pr L.63. 
with multiple points : C.62 : L.69. 
with three of higher degrees, cn 
An.58. 

77--tic with m.p of 77—1th order ; C. 
80: X.76. 
network of: C.67. 

pencils of: A.65 : of 3rd order, Z.13. 
27+2)2,^ = S'/-: E.ll. 

with a constant polar subtangent: N. 
62. 

with several “ points d’arret ” : N. 
60. ^ ^ 
in a power-series of sines : J.3. 

* of pursuit: 5247: C.973: N.83. 
of “ raccordoment ” : JP.12. 
rational: A.56 : G. thl5,16: M.9,18. 

generation of : G.12. 
reciprocal of: J.42. 

of section: A.43. 

of a series of groups of points, ths: 
C.73,. 

with similar evolutes : Me.66. 

* singularities of: 5187: An.71 : C.78, 

80 : CF.9 : J.64 : JP.7 : L.37,45 : 
LM.6: M.8—10-2,16: N.50,80,8l3: 
Q,2,7 : higher singularities, J.64: 
L.70. 

of the species 1 : C.973. 
sextactic points of : P.65, 
on surfaces : see “ Surface curves.” 
systems of: An.61: G.13: Mo.82; 
theory, 0.632,94. 

and surfaces : A.73 : Ac.7 : L.65. 
tangential polar eq of: Q.l. 
theorems or problems : A.prl,3l3,prs 
37 and 42: G.L: J.l : M.14: Q.3. 
re arc CP and chords GF, P2I, CM 
Mem.10. 

to describe curves which shall have 
equal arcs cut off by a fixed pen¬ 
cil of lines ; Mem.10, 
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Curves— {continued): 

rc lines drawn at all points of a 
curve at the same inclination to 
it: C.74. 

tracing apparatus: LM.4. 
transformation of: CD.8: LM.l : 
scalene Q.13 : M.4,‘20,21: of 14- 
ics which cut a quartic in the 
points of contact of its double 
tangents: J.52. 
and transversals: J,47. 
under given conditions : P.68. 

Curves algebraic (see also “ Curves and 
surfaces ”) : C.99,ths60 and 80 : 
CM.4: G.1,4,5 : J.12,47,59 : N.50 , 
81,cn83, 

represented by arcs of circles : J P.20, 
with axes of symmetry : N.80. 
of 2nd class and 2nd order : G.l. 
of 3rd class and 4th order : G.4. 
of 3rd class and curves of 3rd order : 
J.38:L.78. 

of 4th class with a triple and a single 
focus : Q.20i. 
of 6th class : Ac.2. 
of class n and order w, two laws : 
C.85. 

common points, a system of : J.54. 
generation by right lines : J.42. 
and homothetic conics, ths : J.53. 
lemniscatic ; An.58. 
manifoldness of: M.IO. 

* mechanical construction of an n-tic : 
5407 : LM.7. 
with a mid-point: J .47. 
number of points of contact: C.82. 
number of intersections : C.76 : M.15. 
projective involution : M.3. 
remarkable group of ; M.16. 
species determined : ]\1.23. 
symmetrical expression of constants : 
Q.5. 

theorems : two metric, M.ll: Mac- 
lanrin’s, N.50. 

Curves and surfaces :-M.8: N.59 ; 

gnthsC.45 and G.4: algebraic. 
An.77 ; J.49 and L.55. 
arguisiano G.12. 

curves having the same principal 
normals and the surface which 
the normals form : C.852. 
of same degree, a common property : 

G.8. 

satisfying conditions of double con¬ 
tact: C.89. 

Curvilinear angles, ths : L.44,4'5. 
Curvilinear triangles : A.dP : N.45. 
Curvital functions : C.60. 

(hirvo-graph : A.l. 

*Cusps: 5181: Mem.22 : Q.IO. 


Cusps— {continued): 

construction of 8 cusps of 3 quadric 
surfaces when 7 are given : J.26. 

* keratoid: 5182. 

* ramphoid : 5183. 

Cyclie :-curves : A.37 : Z.cn2,26,27. 

functions ; A.69, and hyperbolic 37. 
interchanges (higher algebra) : Man. 
62. 

projective groups of points: M.13,20. 
number of do. in a space transf.: 
C.90. 

surfaces : Z.14. 
sj^stems : C.76. 

Cyclidos : N.66,70 : Pr.l9 ; Q.9,12. 
reducible: LM.2. 
and sphcro-quartic.s : P.71. 

^'Cycloids : 5250 : A.13 ; N.52,82. 

and trochoids on surface of sphere : 
M6m.22 : Q.19. 

surface of, th of Archimedes : Me. 
84. 

Cycloidal curves : Z.9. 

Cyclosis in lines : LM.2. 

Cyclotoraic functions : C.9O3: 

^Cylinder, frustrum of : 6048. 

circumscribing a torus of revolution: 
C.45. 

and cones, intersection by spheres, 
ths : J.54. 

and hemisphere : P.12. 

Cylindrical functions : A.56 : An.73 : 
M.5,16 : and d.i M.8. 
of 1st and 2nd class : M.l. 

J (ic) analogous to the spherical func¬ 
tion P” (cos 6) u : M.3. 
representing a function of 2variables: 
M.5. 

^Cylindrical surfaces : 5591: LM.Sj. 
quadrature of : A.9. 

Cylindroids : At.19,39 : Me.80 : Z.25. 

Decimal fractions :-approximation 

by : N.51. 

error in addition of non-terminating: 
C.40 : X.56. 

repeating: A.16,33,56: G.9: Mc.85: 
Mcl.5 : N.42,49,74. 

- where n is one of the first 1500 

V 

primes: A.3. 

Definite integrals: see “ Integrals.” 

Deformation :-of conics : Z.25. 

of a cache-pot 4 N.81. 
of a one-fold hyperboloid: E.30. 
of surfaces : C.68,70 : G.16 ; JP.22 : 
L.60. 

*Do Moivre’s theorem: 756: A.6,11. 
Demonstrations, reduction to simplest 
form: C.83. 
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Derivation :-applied to geo prs : 

An.54. 

of analytical functions, gz: G.22o. 
of a curve : An.52. 

Derivatives : see “ Differential coeffi¬ 
cient.” 

* Arbogast’s : 1536 : CD.6 : 1.12 : L. 
82 : extMe.78 : P.dl; Pr.ll: Q. 
4,7. 

Schwarzian: CP.132. 

Descriptive Geometry : An. 63: L.39 : 
N.52o,56. ^ 

^Detached coefficients : 28. 

Determinants : 554 : A.44,56,65 : apAn. 
57 : J.22,tr61o,72,73,74,89 : G.86 : 
CP.8: G.1,4,8,9,10: L.84: LM. 


10: Me.62,78,794,83; K51,69,ap 
70: Pr.8: Q.8 : TE.28: Z.16. 
and algebraic “ clefs ” : C.36. 
of alternate numbers : LM.ll. 

application to : - algebra and 

geometry, A.51,50,53. 
contact of circles and spheres : X. 
60. 


cylindrical surfaces : A.58. 
equations : Q.19. 
geometry: J.403,49o,77. 
surfaces of revolution : A.58o. 
arithmetical: G.23 : LM.IO : Me.78: 
Pr.l5. 

of binomial coefficients : Z.24. 
catalogue of papers and treatises ; Q. 


of Cauchy (“aleph”): G.172. 
combination of : CD.8. 
combinatory analj^sis of: C.86. 

* composite : 555 : J.88,89. 

* compound : 555 : AJ.6 : LM.14: Me. 

82. 


in conics : J.89,92. 
with continued fractions : J.69. 
cubic: G.6: LM.13 : and higher, 11. 
cycle of equations : G.ll. 
of definite integrals : L.52 : Z.ll. 
development of: An.58: 1*7.85: in 
binomials, G.IO: in polynomials, 
G.13,15: and ap to resultant of 
2 eqs, G.21. 

division problems: A.59. 
double orthosymmetric: Z.26. 
and duadic disynthemes : AJ.22. 
elements of: G.10,15. 
equation in which Upg = a^p : C.41. 
of even order, analogy between a class 
of: J.52. 


of figurate numbers : G.9. 
functional: CD.9 : J.22,69,70,77,84 : 
M.1,18 : Me.80: Q.l: of binary 
forms, C.92 ; of a system of func¬ 
tions, L.51. 


Determinants— [continued): 
function in analysis for a certain de¬ 
terminant of quantities : C.70. 
gauche (up, = —: C.88,89o : CD.9 : 

J.32,38,50,th55: L.54. 
involving ^1, &c.: Q.15,16,17. 
of lower determinants : J.61. 
of minors of given determinant: C.86. 

* minor: 554: G.l. 

* multiplication of: 562, 570 : A.14,59 • 

L. 52. 

number of terms in : LM.IO. 
partial: C.97. 
persymmetric: Me.82. 
with polynomial elements : Me.85. 
of powers : AJ.4. 

quadratic forms of: J.53,89: L.56 : 
iSL52. 

ditto of negative dets.: J.37 : L.60 • 

M. 22: Mo.62,75. 

of rational fractious : Me.82. 
resolution into quadratic factors of a 
det. formed from two circulauts : 
Me.82. 

of the 16 lines joining the vertices of 
two tetrahedrons: J'.62. 
of sixth order: Me.84. 

* signs of the terms : 557: E.29 : Me. 

80. 

skew: Q.8,18. 

of squares of distances of points : O. 

11 . 

Sylvester’s det.and Euler’s resultant: 
An.59. 

symmetrical: G.l : J.82 : M.16 : th 
Me. 85: Q.14,18. 

and Lagrange’s interpolation : LM. 
13. 

ap to a pr in geo : Z.20. 
of wth order and n —1th power X 
sq. of a similar determinant: 
AJ.4. 

theorems and problems : AJ.3 : An. 
pr60: G.2,42,62,12,16 : J.pr66,pr 
84; L.51,54: M.13 : Me.79 : ^7.65: 
Q.Lpr2,15 : Z.7,prsl8. 
transformation of: Au.73: G.10,fl6: 

of product, L.60. 
nnimodular, cn : Z.21. 
for verifying a system of d.e : C.23. 
with a diagonal of zeros : Me.73. 
Developable cylinders, motion of : Man. 
84. 

Developable surfaces : A.69 : M.18: Me 
77: Q.6. 

circumscribing given surfaces : Z.13, 
15. 

circumscribing 2 quadrics: C.67,ths 
54,gz63: CD.5. 
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Developable surfaces— (continued): 
of a conical screw : A.69. 
edge of regression : L.7*2. 
of first 7 degrees : J.64.. 
through a given curve which develops 
into a circular arc: L.56. 
through a gauche curve : C.97. 
mutual: J.19. 
quintic : 0.54: CD.5 : G.So. 
of surfaces having principal lines of 
curvature plane; 0.36. 
Development of tortuous curves : prs 
Mem. 

Diacaustic of a plane : N.75. 

Diagonal scales : LM.6. 

Diametral curves : 0M.2. 

of constant sectional area, prs: N.43. 
Didon, proposition of: 0.86. 

Differences :-and differential-quo¬ 

tients : A.49,53: ISr.69. 
equations of mixed : J P.6 : N.85. 
parameters of functions : 0.95. 
^Differential Calculus: 1400—1868: J. 
11 o, 12,133,14„15,,16: Me.66o: Q.4. 
reciprocal methods : CD.7,8. 
^Differential coefficients or differential 
quotients or derivatives (see also 
“ Differentiation ”): 1402, 1422— 
46 : Pr.l2. 

of algebraic functions : Mel.l. 
of log 83 and a*': A.l; of and a': N. 
53. 

of {/(»)}” : M.3 ; of y exp (z'): A.22. 
calculated from differentials : AJ.16. 
of a composite function: 1420: uth, 
G.13. 

* of exponentials and logarithms : 1422 

—7 : A.ll : N.50,52,85. 

* of a function of a function : 1415 : A.9; 

in terras of derivative of inverse 
function, Mem.57. 

of a function of two independent 
variables : 1815. 
of irrational functions : P.16, 
of products whose factors are con¬ 
secutive terms of a series : Me.31. 
ratio to the function at the limit oo : 
J.74. 

successive or of wth order: 1405,1460 
—72, 2852—91 : A.l,4,7 : An.57 : 
G.18: M.4: Z.3. 

* of a sum, product,or quotient: 1411. 
independent rep res. of: M.4. 

* of a function of a function : G.13 : 

n=4, 1419. 

of functions of several variables : 
0.93. 

of a logarithmic function : A.8. 

of a product: 1460, 1472. 

and summation symbols: J.33,ths32. 


Differential coefficients of «th order— 
{continued): 

* of (a2-f:c2)«: 2860; 1467. 

* (1—(Jacobi): 1471, A.4; 

>v/(a-’^—6'V), A.3. 


* 


* 

* 

* 

* 


* 

* 


rbc J-8-> 

(a+te+»2)», 2858; 
(a3--}-aic-}-5)“”*, A.8. 


tan X : A.12 ; cos"‘:c, A.9 ; ax, 
1461, N.62. 


x\ 2862; sin-‘a!, 2854—5; 
cos ’ ’ 

tan'^a.’, 1468, apN.9. 
e'^'y : 1463—4 ; CM.2. 

: 2861, A.30; e"* cos fta, 1465. 
log03: 1466 ; cos (x sin a), 
2856. 

of nth order with « = 0 in the result: 
tan'^a, sin“^A’, (sin'’a3)2, 2865—9 ; 

^?®msin-hr, ^'?%ncos-br, 2871—7; 

film ’ «in ' 


* {l+a32)*f®'" 7ntan->a3, 2883-7 ; 

' cos 


* xf’e^'coshx, 2889—91 ; 
e*—1 

sin (a3 or ?/)-f cos x ^ ^ 

1 + 2^ cos a3-f 1/2 

^Differential equations (D.E.) : p.460, 
3150 — 3637: A.l,52,67: AJ.4 : 
An.502: C.8,15,23,29,42,54,70,83 : 
CM.3: E.9: J.l,36,58,64,66,74,75, 
76,78,86,91: L.88,52,56: LM.4.10 : 
M.8,12,25: Man.79: Me.81: M^m. 
30 : ^10.84: N.72,80 : Pr.7: TI.13 : 
Z.4,16,27. 

Abel’s theorem : J.90. 
algebraic : An.79 : C.86. 
with algebraic integrals : J.84.. 
approximate solution : C.5. 

by eciuatious of differences : L.37. 

■* by Taylor’s theorem : 3289. 
of astronomy: C.9,29 : P.4, 
asymptotic methods : C.94 : Q.5. 
Bessel’s numerical solution: Z.25. 

* Complete primitive : 3163—6 : J.25. 

no. of constants : CP.9. 
with complex variables : Mo.85. 
of a conic : E.38. 

continuous and discontinuous integ¬ 
rals of: C.29. 

for a conical pendulum : A.84. 
relation between its constants and 
the constants of a particular 
solution : C.92. 
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D. E.— {continued); 
of curves having the same polar sur¬ 
face : An.76. 

* depression of order by unity: 3262—9. 
with different, total integrals : L.84. 
of dynamics : C.5,26,40o: CD.2 : G.l, 

4: L.37,49,52,503,72,74: M.2,17, 
25: Mel.4: Pr.l22: P.54,55,63, 
ap. to engineering : JP.4. 
and elliptic functions : L.49. 
elliptic: G.19: M.21. 
elliptic multiplier: M.21. 

* exact: 3187,3270—5: G.12: C.1,10,11. 
of families of surfaces : Me.77. 
with fractional indices : JP.15. 

of functions of elliptic cylinders : M. 

22 . 

general methods : L.81. 

* generation of : 3150. 
geometrical meaning of : Q.14. 

* homogeneous : 3186, 3234, 3262—8 : 

C.13 : CM.4 : J.86. 
hyperelliptic: J.32,55 : Mo.62. 
of hypergeometrical series : J.56,573, 
73. 

integrability of: Z.12: immediate, 
0.82. 

whose integrals satisfy relations of 
the form F [cpx] = yjrx Fx : 0.93. 
whose integrals are satisfied by the 
periodicity modulus of elliptic 
integrals of the first kind : J.83. 
integrating factors : pp468 — 471, 

3394 : 0.682,97. 
of Pdx + Qdy + lldz : Q.2. 
integration: by Bessel’s function: 
Me.80. 

by Gamma function : TE.20. 

* by definite integrals : 3617—28: 

0.17 : J.74. 

by differentials of any index : 0.17 : 
L.44. 

by elimination : 0P.9. 
by elliptic functions : An.79,82 : 0. 
41: JP.21. 

by separation of operative symbols : 
Z.15. 

* by series: 3604—16: 0.10,94: LM. 

6 : Me.79 : Q.19 : TI.7. 
by theta-functions : 0.90. 
irreducibility of: J.92. 
isoperimeters, pr : Mem.50. 
of Lame : J.89. 
of light: M.l. 
in linear geometry: M.5. 
of motion: 0.55: of elastic solids, 
Q.13 : of fluids, 0P.7 : of a point, 
0.26. 

with integrals “ monochrome and 
monogene ” : 0.40. 


D. E.— {continued): 

* Parseval’s theorem : 3628. 
and p.d.e of first order : J.23. 
particular integrals of: 0M.2: alge¬ 
braic, 0.86. 

relations of the constants : 0.93 : 
J.IO: JP.6. 

in problem of n bodies : An.83. 
of perturbation theory : Mem.83. 
with quadratic integrals : J.99. 
for roots of algebraic equations : P. 
64: Pr.l3. 

* rule for equivalence of two solutions 

3167. 

* singular solution of : 3169—78,3301— 

6,3401-3: 0.19,94: 0M.2 : JP. 
18 : M.22 : ]\ran.83,84 : Q.12,14. 
of sources : A J.75. 
of a surface : G.2. 

satisfied by the series l±2q-\-2q^± 
2ff-)-&c. . 2l/g+2t/^®+2y2‘*'^ 

^ &c.: L.49: J.36. 

satisfying Gauss’s function F (a,/3,y,w); 

L. 82. 

synectic integrals of : 0.40. 
and tortuons curves : L.53. 
transformation of : An.52 : GD.9: in 
curvilinear coords: J.85. 

D. E. linear : A.28,35,40,41,43,45,46,53, 
59,65,69 : Ac.3 : AJ.7 : An.50,85 : 
At.75: 0.72,293,58,78,84,88,903,913, 
92o,94: OD.3,42,9: OP.9,10 : G. 
15 : J.23.24,25,40,42,55,63,70,76, 

79,80,81,83,87,88,91,98 : L.38,64: 

M. 5,11,12: Me.75: P.48,50,51: 

Pr.55,182,193,20 : Q.8: Z.3.7,9. 

without absolute term, condition of 
solutions in common : 0.95. 
with algebraic integrals : 0.96,97 : J. 
80,90: M.21. 

determination of arbitrary constant : 
At.65; Q.192. 

argument & parameter interchanged 
in the integral: J.78. 
bibliography of: AJ.7. 
with coefficients that are algebraic 
functions of an independent varia¬ 
ble : 0.92,94. 

* with constant coefficients: 3238—50 : 
An.64: 0M.L,2 : E.34 : JP.33 : 
L.42: N.47,84. 

with periodic coefficients : 0.91,92 : 
doubly periodic : 0.900,92,982: J• 
90. 

with rational coefficients, algebraic 
integrals of: 0.96: JP.32,34. 
with rational coefficients, upon 
whose solution depends the quad¬ 
rature of an irrational algebraic 
product : O.9I3, 922. 
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D. E. linear— [contimied): ^ 

with variable coefficients : C.92 ; 

J.66,68,76: L.80,81. 
which connect a complete function of 
the 1st kind with the modulus : 
C.86. 

homogeneous : Ac.l : J.90 : Mo.82. 
integrating factors of : C.97,98. 
integration by Abelian functions, C. 
92: J.73; by finite differences, 
Q.l ; by series, J.76. 
which admit of integrals whose loga¬ 
rithmic differentials are doubly 
periodic functions: L.78. 
whose particular integrals are the 
products of those of two given 
linear d.e: A.41. 
irreducibility of: J.76. 

Landen’s substitution, geo : J.91. 
Malmsten’s theorem : J.40. 
singular solution : J.73,83,84. 
transformation of: C.91,96. 

* w variables, 1st order : 3320—32: C. 

14,15 : G.13: J.20,80: L.38. 
n variables, 2n(3 order : L.37 : 2 varia¬ 
bles, C.70. 

n variables, any order: Mem.l3. 

* PdicQdy Bdz —0: P,Q,B iuYo]\mg 

a;, i/, 2, 3320 ; geoM.16 ; Z.20: P, 
Q, B, integral functions of x only, 

Q.lOs: P=(a»’‘+5a’«-' + &c.)”’S 
Q, B similarly with y and z, Q.20o. 

* Xdx-\-Ydy-\-Zdz-^Tdt = 0 : condition 

of being an exact differential, 
3330. 

xdt-\-ydx-\-zdy + tdz = 0 : A.30. 

*D. E. of first order, linear: p4C7 : C.86 : 
G.13: algG.18; M.23. 

* exact: 3187. 

* homogeneoiis: 3186. 

integration by a particular integral: 
C.86. 

reduction to a continued fraction of a 
fraction which satisfies a: C.98. 

* separation of variables : 3185: Clff.l. 

* Mdx~]-Ndy = 0: 3184 : N.74,77. 

* {ax + hij-\-c) dx + {ax-\-h'y-‘rc')dy = 0: 

3205,p471: L.59. 

{ax-\-hy-\-c)”dx-\-{a'x-\-h'y-\-cy*dy : A. 
64. 

V ^ being qnartics in 

V P \/ (I 

X, y : C.66 : LM.8 : 1\IE.79. 

/ (aO dx ■ fi y)dij _ Q / (aO of 1st deg.. 
F{x) ^ F{y) ' P0f)of5thdeg.- 
C.92. 


D.E. of first order, linear— {coniimied): 

* Pxdx + pjly -h Q ( xdy—ydx) = 0\ Pi , 
Pa being homogeneous and of the 
pth deg. in x, y •, Q homogeneous 
and of the gth deg.: 3212. 

Pj, Po, Q different linear functions 
of », y : C.78,83 ; L.45: J.24. 

*= y:rypy = Q, where P, Q involve x 
only: 3210. 

^ y x-\- Py = Qy^' t 3211. 
yy -\-PyyQ: Mem.ll. 

. o A 

= 7 


where P, 


(P+2Q«-fP*2)2’ 

Q, B are functions of x : Mcm.ll. 
2/a-+«+&i/+2/” = ^ = J.25. 
yxV{'m-\-x) — \y\^m—x : A.42. 
y>=f{y)‘ yx=f{x,y)-. An.73: 

L.55. 

(7^+1)— 4^e. Q 33 

(82/-I) ' 

yxA-f{x) sin yyF{x) cos = 0: 

L.46. 

* Ux+hu^ = ca’”* (Eiccati’s eq.) : 3214 : 

A.40: C. 11,85: (m=—6)E.7: 
ext28 : JP.14 : L.41 : P.81 : Q.7, 
11,16. 

allied eqs : L.51 : Me.78 : Q.12. 
sol. by continued fractions: Mem.18. 

by definite integrals : J.12. 
transformation of: Me.83. 

*D. E. of first order : 3221—36 : A.29 : 
C.40,45,66 : M.3. 

two variables : An.76 : J.40 : Mem. 
62 : ]SI’.50: singular solution, J.38. 

* Clairaut’s equation, y = : 

3230 : CM.32 : Me.77. 
integration by second order d.e: A.46. 
homogeneous in x and y : 3234. 
reduction to alinear form with respect 
to the derivatives of an unknown 
function ; C.87. 
related transcendents : Ac.3. 
separation of variables : CD.9. 

* singular solution: 3230: A.56,58 : 

CP.9.: J.48 : Me.73,77. 

* solution by differentiation : 3236. 

* solution by factors : 3222. 
transf. by elliptic coords : J.65. 
verified by a reciprocal relation be¬ 
tween two systems of values of 
variables : C.15. 

dx^-\-di/^ = ds'^ and analogous eqs : 
1.73. 

* adx-\-hdy = ds : 3287. 
dx^+dy'^+dz^ = ds- : L.48. 
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D. E. of first order— (continued): 
da?2-|-di/2-{-c?z2 = X {da^-\-d(i^-\-dy'^): L. 
50. 

F (u, it.) = 0 : 0.93. 

* x(l) {p)-\-y^ ip) = X ip) • 3-26. 

D. E. of second order, linear: A.29, 
32,55,64: An.63,79,823; 0.820,90, 
91,93o,97: J.51,74: L.36 : Me.l4: 
M.ll: Mo.64 : Z.5. 
with algebraic integrals : 0.90 : J.81, 
85: L.76. 

with doubly periodic coefficients: 
Ac.2. 

homogeneous : M.22. 
integration by Gauss’s series : Z.19. 
transformation of : An.52. 

* y" = a: 3288. 
y" = Py : 0.9. 

* y''-\-ahj=Q: 3522,’5 : geoMe.66 : 

Q = coswflJ, 3526: Q = 0,3523—4. 
y” = Ay {a-\-2hx-{-cx'^)~^ : L.44. 

* y" — ax-]-hy : 3281. 
xy" = y : Z.2. 

(1 =Fj» 2) my = 0, &c.: CM.80. 
x'^{y"-\-q^)=p{p—^)y’- CM.2. 
y" = [h-\-n (ii+1) h'^s7i'^x} y (Lame’s 
eq.): 0.85. 

y" — when &c. 

are trigonometrical series : 0.98. 
2/" = ^ (e^+e-^)'2: L.46. 
y" + ax^y =/(m); E.6. 
y" = («): A.45. 

=*= 2/'=/(2/): 3257. 

* 2/" = fi^‘s y) (Jacobi): 3285. 

y " py'~^^y — 6 : 0.85,90 : Q.19. 

y” = xhj—nxy : A.53. 
xy" A'nfiy’ -\-nxy = 0 : L.45,78. 
xy”-\-y'— 0 ; 0.39. 
xh/'-\-Yxy' = (bx'^-\-s) y : An.51 : CD. 

x^y”-\-2xh/-\-f (]j) = 0 : A.28,30. 
y”-\-fix) y' -\-F iy) y'“ — 6: 3284: L.42. 

* {a-\-ix)y''-\-ic-\-dx)y'-\-{e-\-fx)y = 0 : 

A.58. 


(a+5.r’*) (c+ea:”) xy'-\- (/+ya;”) 

y = Q (Pfaff): 3598 : J.2,54 : and 
like eqs., Z.2,3 : with 6 = 0, A.38. 
{k 2 (a— hx) y" — 2.« (2a— hx) y' 

+2 (3a—6.r) y = 6a2 : A.28,30. 
xy''-{- y'~\~y (®+A) = 0 : Me.81,84. 


xy 




82. 


x-\-l 


x^]j ”— 2xy^-y2y = x’^yf 2; A.28,30. 


D. E. of 2nd order, ]ir\eRr—{continued): 
sy"-\-(r-\-qx)y’-\-{pA'n«-\-mx^) y = 0: 
A'.23: Z.8,9. 

* (1—a-2) y''— xy-\-q^y = 0 : 3282. 

* (1 c(x'^) y"axy'q^y = 0; 3283,3594. 

2«!(1—a:2)2/"—2/'+'?t {n+l)y = 0: Q.18. 
X (1—ar) i/"+ 3—^a*) y'-\-iB 2/ = 0 = Me. 

82: Q.17. 

(m+cr) {n-\-x)7j"-\-(m—n) 7j 
-X2(?n+»)2 2/ = 0 : A.42. 
{mx’^-\-nx-\-p)y"{qx-\-'r)y'-\-&y = ^ • 
JP.13 : Z.4. 

\iiy"-\-A\y'-\-Biiy = 0, y^f-i-AXy' 

-\-B\py = 0, and y-y" -\-A\y' -\-Bp 
= 0; with X = a-|-6ie+ca'2 and 
y = 64-2ca:: A.423. 
dx {(a?— x^) yx]—xy = 0 : L.54. 

* y"+ry^+Qy-\-P = 0, p, Q, B being 

functions of a?: 3280. 
Py''-\-Qy'-\-Py = 0 : Ac.l. 

zy"2x+aZyy^x-\-fiy) = 0:'Me.7\. 

D. E. of second order : Ac.l : An.79 : 
JP.29 : 0.67,69,80,91 : J.90: L.39: 
LM.11,12,13,16 : Z.15. 
with algebraic integrals : 0.82. 
derived from linear eq : Me.73. 
with elliptic function coefficients : 
Ao.32. 

in the nei gh bourh ood of critical poin ts: 
0.87. 

polynomials which verify : Ac.6. 
solution by defiffite integrals : A.27. 
by factors: 0.68. 

by Challis’s method, and application 
to Calc, of Variations : A.65,66. 
yy” = ; L.73. 

21/2/1/"+AY3=/(a;): N.79. 

* ,y"q_p^'-)-Q2/'2 = 0, P, Q functions of 

a:: 3276. 

* i/"+P2/d" Q 2 /” ~ 6: 3278. 

* 2 /"+Pi/^+Q 2/"‘ = 6: 3279. 

* 2/"+Q2/'2-|-2e = 0: 3277. 

= 0, where I is Bessel’s 

X 

function : J.56. 

D. E. of third order, linear: C.882: Q. 
7,8,14 : M.24. 

2/’= 2 /" I JP.15 : Ut—Uzx’. 0.3. 
x^y"'—y — 0 : Z.8. 

2/'"= 3m«2'?y"+ Qm{y -\-^)xy' +3w(/i+2) 
(g + l)2/: A.42. 

y”' = x”‘ (Axhj” -\-Bxy -\-Cy) ' A.58. 

D. E. third order ; An.832: C.OSo: M.23. 
*D. E. of higher order, linear: 3237—50: 
A.65 : 0.972 : J.16 : M.4 : Q.18. 
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D. E. of higher order, linear— (coni.) : 
of orders p and th ; C.43. 

=‘X'ltjc — y. A.l. 

* 2/,.^=/(jk) : 325G. 

= x”'y : L.39. 
y,u = {a+My- J-10. 

y,„r = a”*y : A.32. 
x^'^yomx = y : A.42. 

«ynx = y. A.26. 

x"'7t„j: = ±y: by definite integrals: 
C.48o,49 : J.57. 

y,,^ = x"‘y : by definite integrals: J.19. 

=± 2/: by Bessel’s func¬ 
tion : M.2. 

ynx — x”*y-\-A-\-Dx-\-Cx ^-\-... -{-A<c’‘: 

Z.IO. 


* 


* 


y,^^ = Ax"\ii-\-Bx"^~^y : A.28,38. 
x-"y„r = Axy -\-By : A.33. 

— xy = 2 / 2 x+ttl/«” 2 /: by definite in¬ 
tegrals : J.17. 

2/»r = Ax~y2x 'lBxyjr-\-Cy : A.53 : M.3. 


r = Ax"‘y)x-\- Bx"'' 

29,30,33,38. 


'hjjcA- Cx'"~hj : A. 


xynx + ciy{n-\)x = l>xy : J.2 : Z.IO. 
xynx—y{n~\)x-\-'inxhf = 0: A.40. 
xy»x+'i<y(n-\)x — X {xy^A-y-y ): A.86. 
Axy,,^A-By[n-\)x—x^’^ {Axy^-\-By) : Z.8. 
xhj,nx-\-(f‘x^AI = P (i^—1) i/(«-2) * : J-2. 
Axhj(„ + 2 ) + i)x4- Cynx 

=. .c”* {ax-yoxA-bxy^A-Cy ): A.38. 
2/»x^-nl2/^»^-l;x^-... + ««2/ = 0 • 3239 : A. 
40. 


ditto —f{x) : 3243, 3ol6 : aj ... a„ 
functions of x, 3237 : J.39. 
n fractional and all lower orders 
integral; L.36. 

[d.^af y =f{x ): CM.4. 


ditto = e"-': 3528 : ditto = sin mx 
3529. 

ip + qxTy,^ -\-ciiipA-qx)'^-hj^n-\)x-\-... 
A-an'y =/ (x) : 3250 : with p = 0, 
C.9U. 


«m + «2/(m + w)-r+ + 2/»»J: + ... 

= 0 : A.47. 

id*~^{aA-hx) 2/Hx4-fc“"^(c+(Z) ?/^n-i)x+... 

+ ^yz=0: J.39. 

?/3x-|-w2/x+n?/x A-py = q : E.44. 

2 i 

*D. E. of higher order : 3251—C9. 

* = 3258. 

* y„x = ii’(2/(„-2)x): 3260. 

BynxA-Q~0, where l\ Q are func¬ 
tions of y, and the first n—\ 
derivatives of y : J.31. 


D.E., simultaneous system of: An.69, 
82,84: 0.10,432,47,92.,: CM.l: LM. 
14: Me.13,80: Pr.l2. 
Hamiltonian: Q.14. 
integration and inversion of the in¬ 
tegrals : C.23. 

Jacobi’s : OD.3. 

*' method of multipliers : 3353. 

number of arbitrary constants: Me. 
77. 

* reduction of order : 3350. 
reduction to a P.D. eq : 0.44. 
theorem of Abel: 0.24. 

theorem analogous to Lagrange’s 
in the Perturbation theory: L. 

theorem of a new multiplier : J.27. 
transformation and integration of: 
L.45. 

* X 2 i = axA-hy and y 2 t = exA-dy : 3354 

and a similar example. 

*D.E., simultaneous linear: 3340—59 : 
AJ.4: 0.9,92 : E.5: N.66,84. 
Pfaff’s method : 0.14 : J.2 : 
transformation of: J.98. 

* 3340: Q14 

B Q Ih 

^ dx __ dy _ dz 3^47 

P^xP~P^Yp~P^^’' * 

* xtA-P{axA-hy) = Q and t/^ + P(r.«+(Zi/) 

= B : 3348. 

* txtA-^{x—y) = t and fytA-{xA-^y)= t-'. 

3349. 

* equations in x, Xot, x-u, &c. . yt, yzu 2/5<> 

&c.: o3o7. 

* homogeneous in a*, p, z...and their 

second derivatives only : 3358. 
*D.E., simultaneous first order: 3340— 
49; 0.43: J.48: Pr.G2. 

*D.E., symbolic methods: 3470—3G3G: 
OD.l: P.Gl: Q.3,172. 

* P(d.)zt=(2: 3515. 

* '?{2x+«2a = Q and similar : 3522. 

* exceptional case of the inverse pro¬ 

cess : 352G. 

* reduction of an integral of the nth 

order : 3530. 

* rt-c”'ymx+5/b/„j-+t^c. = Q; 3531. 

* ay,„iA-hyu«A-^<^-= /(e®,sin^,co3^); 3535. 

* a7ri”'z-|-57ri’*j;-f-&c. ='?ti-f"a2-l-&c. : 

3540. 

* P(7r)a= 0,: 3541. 

* Bcduction to the form (n"-l-A„n'*“’-|- 

...A-An)ii ■=. Q„ where IT = MdxA- 
NdyA-^c. : 354G. 
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D.E., symbolic methods— {continued) : 

* F {xch, ydy, ...)u = : 3558. 

* to transform (a+ 5-^ +. ■ •) Unx-\- («■' + Vx 

d-...)M(«-i)x+ + .--&c. = Q intothe 
symbolic form: and the con¬ 
verse : 3571, 3573. 

* «+ai0 (D) etfw4-&c. = Z7: 3575. 

* to transform tfc+<p {D) e’‘^n = U : 

3579—80. 

* to reduce a homog. eq. to the form 

ynx-\-qy = Xi 3585. 

^Differential expressions : 1407: prAn. 

85.^ 

algebraic: An.79: M.9, by homog. 
coords. 

transf. of : J.85 : Q.I62: Mo.69. 

Differential:-formula), theory of : L. 

52. 

functions, theory of: C.60. 
expressions, linear: J.85. 
parameters of functions : C.66,78. 
ciuadratic forms: An.84 : transfor¬ 
mation of, A. 16. 

* resolvents of alg. eqs : 3631—7 : An. 

83 : C.91; LM.1,9,14: ]M.geo4,18 : 
Me.75,82: Man.65,84: Q.6,11. 

* of y’* —ny”~’'-l-(n—l)a5 = 0, &c. : 

3633—6 : Man.65. 
of ^’"+6y''+ca3 = 0 : Q.17. 
of 12 {y^-{-ay^-\-xy) = : Me.82. 

Differentiants in terms of differences of 
roots of parent quantities : AJ.l. 
^Differentiation : (see also ‘ Differential 
coefficients’) 1402—82: CM.l. 

* formnlm: 1411-72: An.59: CD.2: 

CM.l : Pr.9. 

by the method of “ Bates ” : Me.75. 
general, i.e., with any index fractional 
or imaginary : An.58 : AJ.3 : CD. 
3o,4,5 : J.12 : JP.13 : L.55 : K.84 : 
Q.3,4: TE.14,15: Z.16: change 
of independent variable, JP.15. 

* under the sign |: 2253 : A.17. 
successive: A.20: Q.12. 

when the function becomes infinite: 
C.88. 

Digits :-calculus of : Sbouimsky’s 

th : J.30. 

frequency of in numbers : AJ.4. 
origin of: L.39. 

Diophantine analysis : see “ Partition 
of numbers.” 

Di-polar geometry: Z.27. 

^Direction ratios and cosines : 5511—14. 
Directive algebra: N.68. 


Directrix:-of a conic: 1160; gn.eq 

A.25 : E.36: Me.80 : t.cQ.13. 
of in-parabola of a triangle : Me.80. 
of a curve : A.20 : J.2. 
of a parabola : gn.eqE.29. 
of a quadric : ISl.74,75. 

Discontinuity :-in curves : CM.4 : 

Z.26. 

in fractions : Man.48. 
in maxima and minima: CD.3. 
Discontinuous functions : A.7 : C.lSa, 
28: G.19; J.7,10: LM.6: Man. 
48: TI.21. 

Discriminant: 1627,1638—9,1644: Ac. 
1: J.90: LM.2: M.12 : N.59 ; 
Pr.l4: Q.10,11. 

of an algebraic d.e of 1st order in 4 
variables, and of its complete 
primitive: An.84. 

of alg. eqs., resolution into factors : 
M.24. 

of alg. functions : J.91. 
applied to conics and quadrics ; A. 
58. 

of binary quantic : An.56. 
of a binary sextic : An.68. 
of a quartic : lSr.83. 
of a ternary quadratic form : Me.68. 
^Discriminating cubic: 1849, 5693: G. 
16: J.26,71. 

* proof of real roots : 1850: A.29. 

Displacement:-theory of : ^.82. 

of plane figures : C.80: N.73. 
of an invariable dihedrou; Me.85: 

infinitesimal ditto, C.84. 
of an invariable figure : 0.51,523,66, 
922: JP.26 : L.'74,75. 
of a figure, two of whose points slide 
on two curves : 0.82. 
of a solid: L.40: determination of 
the normals to the lines or sur¬ 
faces described: 0.62. 
of a system of points: 0.78. 

virtual displacement: J.ll. 
infinitesimal: of an alg. surface : 0. 
70. 

of bodies only defined by 4 coordi¬ 
nates : 0.73. 

of a parallelogram : 0.97. 

^Distance:-between 2 points: 4034—5, 

t.c4601: Q.7 : sd5508, 5510: some 
relations, G.9. 

correspondences for quadric surfaces : 

LM.16. 

of a point from a line and from a 
plane: A.57. 

* of a point from a plane in a given di¬ 

rection ; 5559. 
relations : Z.27. 

^Distributive law: 1488. 
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Divisibility : C.96 : E.8 : M.39 : N.67,7-i. 
of decadic numbers : Z.22. 
of numbers of the form 2-"*+1: Mel.Ss. 
of a quotient by the powers of a fac¬ 
torial : C.94. 

of (.r-f ?/)"+(—ic)’*+(—?/)'‘: Me.79. 
Division : prJ.47 : prL.5t). 

* abridged: 28: arithj.ol: N.453,463, 

52,54,57,81 : algN.42.^ 
by 73 or 47 ; rule for remainder: E.22. 

* effected by determinants : 581. 
Fourier’s rule: N.52. 

of planes and spaces : J.1,2. 
of a rectilineal figure and of a spheri¬ 
cal polygon : J.lOo, 

* of a right line into equal parts : 950. 
and transformation of plane figures : 

A.4.. 

of trapeziums, pyramids, and spheres: 
A.ll. 

of triangles: A.11,17. 

Divisors :-of an integer, number of : 

374 : C.96 : N.68. 

of integral rational functions: Mem.57. 

* Newton’s method of: 459. 

of a polynomial with commensurable 
coefficients : N.75. 

rational, of 2nd and 3rd degree: N.45. 

* sumof: 377: Ac.f4: L.56,57. 
sum of powers of: L.58. 

of x~-\~Ay^ : L.49. 

Double algebra: LM.15. 

Double function, laws of change of 
higher order : A.21. 

^Double points : 5178 : n-tic with 

In {n —3), C.60 ; with (n — 1) 
(u—2),M.2; Clebsch’s ths of these ' 
(juaiitics, C.84: n-tic with 4 (ai—1) 
(ni~2)—2 double points, L.80. 
of plane curves in cubic space: Z.28. 
in a locus defined by alg. conditions : 
C.88. 

of a pencil of curves : Au.64. 
of plane curves in cubic space : Z.28. 
in the projected intersection of 2 quad¬ 
rics : N.84. 

of tortuous curves : M.3. 

Double relations : A.60. 

Double tangents : An.51: J.49 : r.59 : 
Q.4: Z.21. 

of a Cartesian : E.30. 
of an n-tic: M.7: number = 4n(n—2) 
(n2-9), 3.40,63; N.53. 
of a quartic : C.37 : 3.49,55,68,72 : M. 
1: N.67: lh61 : Pr.ll : with a 
double point, M.4,6: reciprocity 
of 28 double tangents, 
to the surface of centres of a quadric : 

^ C.78. 

Drilling, shape of liole : Pi%35. 


Dual relation between figures in space: 
J.IO. 

Duplication of the cube, approx.: Pr.20. 
(see also “Expansion”): 151: N.67, 
682; geo meaning E.4: N.55. 
combinatorial definition of : A.I2. 

* incommensurable: 295: CM.2 : L.40: 

Me.74. 

and TT, numerical th: Q.15. 

fractions : L.8O2. 

&c.: CP.6. 

E.37. 

766: AJ.7: in transformations: 
CM.4. 
e«*‘^:A.33. 

*Edge of regression : 5729: tg.eC.71, 

* radius of curvature of; 5742. 
Eisensteiu’s theorem: G.16. 

Elastic curve: C.18,19: JP.34. 
Elementary calculation: N,45. 

*Elimiuauts: 583,1626. 

and associated roots : LM.16. 
of two cubics : J.64. 
degree of: G.ll, two eqs 12 : J.22,3l. 
^Elimination: 582—94: A.23: Ac.6,7 : 
C.12,87,90: CD.3o,6: CM.3: G. 
15,17 : J.34,43,60 : JP.4: L.41,44 : 
LM.ll: M.5,11: N.42,452,46,80, 
82,83o: Q.7,thl2: Z.23. 
problems: C.84,97: J.58: M.12 : Q. 
8,11: in metrical geo, A.63. 
^Elimination of x between two equations: 
586—94: C.12: CM.2: J.15,27: 
M0.8I: N.432,762,77. 

* by Bezout’s method: 586: A.79: J. 

53 : Me.64 : N.74,79. 
by cross multiplication : CM.l. 

* by the dialytic method : 587 : N.79. 
in geodetic operations : Z.3. 

* by h.c.f : 593 : JP.8. 

by indeterminate multipliers : CM.l. 

* by symmetrical functions : 588. 
degree of the final equation: J.27: 

L.41. 

Elimination :-ap to alg. curves : M.4. 

ap to in- and circum-conics of a poly¬ 
gon : At.63. 

calculation of Sturm’s functions : C. 
80. 

* of functions : 3153 : C.84,87 : Me.73, 

76. 

with linear equations : At.53. 
with linear differentials : L.36. 
with n variables : CP.5. 
resultants, comparison of: J.57 : and 
interpolation, J.57. 
transformation and canonical forms : 
CD.6. 
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^Ellipse (see also “Conics”): 1160, 
4250: cnl245: geoQ.9. 
theorems : A.30,47,prs49 : K.76 : Me 
Cullagh’s, N.72. 
cq.r+r' = 2ti: A.2, 
eqnal chords : tg.eE.22. 
of maximum surface : N.65. 

* as the projection of a circle: 4921 : 

N. 752. 

* rectification of : 6083—96 : A.3,22,27, 

30: At.39: graphic: M^l.l: N. 
43: TE.4 : Z.6 : when e is very 
small, TI.9. 

representation by a circle : An.70. 

* quadrature of : 6108, 6113; t.c4688 : 

A.46 : of sector 6098, A.20; of 
segment, 6103. 
and triangle : thQ.4. 

^Ellipse and hyperbola : 1160, 4250 : A. 
24,28. 

theorems : A.23 : CM.3 : N.85. 
sectors: TE.14. 

^Ellipsoid: 5600,6132: A.28: thCD.2 : 
prC.20: L.38 : cnM.20 : P.9, 
centro-surface : CP.12: LM.3. 
cubature of some derived surfaces: 
A.12. 

* and enveloping cone : 5664—72: Q,6. 
generation of (Jacobi): CD.3. 

* of gyration : 5930 : of inertia : 5925— 

■ 39 . 

and plane of constant segment, th: 
E.32. 

* of revolution: 5604 : area, N.42. 
a locus in space : Q.16,172- 

* quadrature of : 6143 : J.17 : Z.l: of 

zone, A.22. 

* volume : 6144,—8 ; A.46. 

Ellipsoidal geometry : A.IO: LM.4. 

^Elliptic functions: 2125: A.1,122,16,21, 
35,48: trAc.5,62,ths72: An.61,84: 

O. 46,506,90,96,97 : CD.2,32,5 : CM. 

32: E.23 : G.I 4 : J. 2 , 84 ,44, 6 ,8,16,26, 
27,30o,32,35,37,39,46,72,83o : JP. 
25 : L.55,56,61 : LM.7,10,29 : M. 
3,ll,12,pr25 : Me.79,80,81,822 : 
M 0 . 81 , 823 , 832,85 : N. 773 , 784 , 792 : 

P. 31,34,75,78 : Pr.6,9,10,12,232 : 

Q. 11,17,19 : Z.22,11,27. 

of first kind : A.12,21 : C.16 : J.93 : 
L.43. 

with complementary moduli exten¬ 
sion of a theorem of Lagrange: 
An 832- 

normal forms of 3rd and 5th de¬ 
gree: M.172. 

replaced by one of second kind: J.55. 
r epresented by gauchebiquadratics: 
C.83. 


Elliptic functions— {continued): 
of first and second kind : C.IO. 

as functions of their amplitude: JP. 
14. 

representation in a simple form : 
Z.21. 

series by which they are computed; 
J.16,17. 

of second kind : J.93. 
mechanical representation : Me.75. 
reduction to first kind from same 
modulus: A.56. 

of second and third kind, expression 
by 6 function : Z.IO. 
of third kind : C.94,96 : CD.8: J.14, 
47 : LM.13. 

addition of: A.47,geo64: AJ.7 : C.59, 
78: J. 35 , 41 , 44 , 54 , 882 , 90 : LM.13: 
M.17 : Me.80,84: Q.18: Z.l. 
of 1st kind, Z.26 : 3rd kind, Me.81. 
2nd kind by q series : Me.83. 
application of: C. 857 , 865 , 892 , 90 , 93 , 946 . 
to algebra: J.7. 
to arithmetic : C.98 : L.622. 
to confocal conics : Z.72- 
to geometry : G.12 : J.38,53. 
to in- and circum-circles of a poly- 


* 


gon : L.45. 

to rectification : L.45. 
to spherical conics : Z.22. 
to spherical curves and quadrature: 
An .50. 

to spherical polygons with in- and 
circum-circles: L.46. 
to spherical trigonometry : Q.20. 
approximation to : 2127—32 : P.60,62, 
arithmetical consequences : Ac.5. 
arithmetico-geometric mean : J.58,85, 
89. 

arg sn a and (arg sn a)3, as def. inte¬ 
grals : Q.19. 

in complex regions : Z. 282 . 
development of : 2127—32 : J.81 : 1st 
and 2nd kind, C.92 : with respect 
to the modulus of \ (a’)i H- {*) 
their powers, C. 86 . 
development of an imaginary period 
when the modulus is small 
enough: An.70. 

differentiation by periods and invari¬ 


ants : J.92. 

discriminant of modular equations : 
M.8,9. 

double substitution; J.15. 


±y 2K 
am — cos 


±0 2K . 2K 
am — sm — 


5 T 


fr 2ii 

X x\ A^am—xdxi 
Jo TT 


J.37. 
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Elliptic functions— {continued) : 
oqs. for the division of : Mo.75. 
formula): AJ.5 : J.15,36,50: LM.13 : 
Me.78,80,85 : Jacobi Mel.l: Q.16, 
19; from confocal conics,LM.14 ; 
differontial,Me.82 ; for su, cn, dn, 
of u-\-v-^w, Me.82. 

Galois’ resolvent: 1M.18. 
geo. problems : M.19. 
geo. properties : L.43,45 : r.52,64. 
geo. representation: A.22,61 : An.60, 
61: At.53 : C.19,2l3: J.63 : L.44, 
78 : in solid geo, M.9: of 1st kind, 
An.53: C.70: CD.l : JP.28: L. 
43,45^,46,78 : of 3rd kind, A.24. 
identities: Me.77. 
imaginary periods: AJ.6. 
infinite double products, A.14: with 
elliptic functions as quotients, 
J.35. 

inversion of: J.4: JP.34 : L.69. 
KE^K'E-KK' = \tt‘. Me.75. 
ofiA: Me.85. 

modular equations : 0.472: J.58 : 

LM.9,10 : M.12. 

modular functions: A.11,13: G.12: 
J.72,83 : L.4O2: M.17,18: differen¬ 
tiation for modulus of am, LM. 
13 : expansion in powers of modu¬ 
lus, J.41: formulae, L.64: relation 
between the modulus and the 
invariant of a binary quartic, Z.18. 
multiplication of: C.880: J.14,39,41, 
74,76,81,86,882 : M.8 : Mo.57,833 : 
and division, Z.72 : formulae, trA. I 
36 : C.59: J.39,48 : complex, M. 
25: Mo.62: Q.19,20: mod.-Pi 

periodicity moduli of hyper-elliptic 
integrals as functions of a para¬ 
meter: J.71,91. 
subsidiary, {u, h ): LM.15. 
products of powers: Mem.71. 
quadriquadric curve: M.25. 

^-formula for sin am: LM.ll. 

q-series: and f852: for — -f- coefls.: 

2 A TT 

Q.21. 

reduction of: An.64: in canonical 
forms, J.53. 

relations : A.67 ; J.56 : between E' 
{k)and F'{Jc): J.39. 
representation by power series: J.54. 
representation of quantities by sin 
am{u-\-w,k): J.45. 
series: C.95. 

8n8w, cn 8w, dn 8a in terms of snzt, 
tables: Pr.33. 

sn, cn, and dn of w+v+w : LM.13. 


Elliptic functions— {continued): 
spherical triangle of: Q.19. 
and spherical trigonometry : Q.17. 
substitution of 1st order: J.34. 
and theory of numbers : L.58. 
transformation: An.573,58,60 = Ac.3 : 
C.49,f79,180,82: CD.3,5: J.3,34, 
35,f55,55,87,88,89: LM.9,n : M. 
14,192,22 : Me.83,tr84; Pr.27 : Q. 
13,20. 

of 1st kind : A..33. 
of 1st and 2nd kind as functions of 
the mod: L.JOo. 
of 3rd order : J.OO; Me.83. 
of 7th order, square of mod : J.12: 
LM.13. 

of 11th order : At.5. 
of the orders 11,13,17, and 19: J. 
12,16. 

cubic : C.64 : Q.13. 
and division: J.76: M.25. 
of a double integral, &c.; Me.75. 
Hermite’s ; tables : J.72. 

Jacobi’s: LM.153,16: J.87. 
linear : J.91. 

modular, of Abel: ap to geom : C. 

58 : to conics, 0.79. 
modulus of in a function of the 
quotient of the two periods : An. 
70. 

pertaining to an even number : J. 

14. 

quartic: Q.12. 
by roots of unity: J.6. 
of rectangular coordinates : LM.15. 
and of functions in theory of Cate¬ 
nary : A.2. 

triple division of and ap. to inflex, of 
cubics : A.70. 

Weierstrass’s method: AJ.6. 
*Emauents : 1654. 

Empirical formulm, calculation of : Me. 
73. 

Engrenages : L.39,400. 

“ Ensembles,” theory of: Ac.24. 
^Envelope: 5192 : A.24,prs56 : 0.45,86. 
p.d.eCM.4: G.ll: M.84: Mc.64,72: N. 
44,59,68,74. 

application to perspective : A.9. 
class of (Chaslcs), th : 0.85. 
from ellipse and circle : LM.15. 

* of a carried curve: 5239. 
of conics, theorems : N.45. 

of chords of a conic: N.48: subtending 
a constant angle at the focus, 
O^il.3. 

of chord of a closed curve: E.28 : cut¬ 
ting of a constant area, E.31. 
of curves in space : L.83. 

* of a curve with n parameters : 5194. 
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Envelope— {continued): 

of directrix of a parabola : E.34. 
of geodesics : M.14,20. 
imaginary, of the conjugates of a plane 
curve : C.75. 

of pedal line of a triangle: Q.IO : do. 

of in-triangle of a circle, Q.8,9. 
of perpendiculars at extremities of 
diameter of an ellipse : lSr.46. 
of a plane : 0.35. 

of planes which cut a quartic gauche 
curve of the 2° in 4 points of a 
circle : An.71. 

of planes perpendicular to radiants of 
an ellipsoid at the surface: An. 
69 : Pr.9. 

of plane curves : G.11,12 : singulari¬ 
ties of, LM.22. 
of polars of a curve : J.58. 
of a quadric : Q.ll. 
of a right line : 1^.63,79,83 : Q.13. 
cutting two circles harmonically : 
K.85. 

sliding on two rectangular axes; 
N.45. 

of a Simson line : E.29,34. 
of a sphere: 0.67: J.33 : touching 3 
spheres, N.60. 

of a surface : OM.l: M.5 : degree of, 
N.60. 

of a surface of revolution : L.66. 
of tangent of 2 variable circles : N. 
61. 

Enveloping asymptotic chords and 
polars : A.14,16,17. 

^Enveloping cone : 6664—72. 

of an n-t\c surface : CD.4. 

* of a quadric : 6697: th of Jacobi, J. 
12 and 0D.3. 

of a twisted hexagon, locus of vertex: 
A.IO. 

Enveloping line of class cubic : invo¬ 
lution th, E.29. 

Epicycloids : J.l : Mem.20 : 17.45,46,60: 
TE.24: thsZ.15. 

centre of curvature : 17.69: plane and 
spherical, JP.14. 
double generation of: 17.69. 
reciprocal polar of : geoE.19. 
*Epi-aiid Hypo-cycloids: 6266—72: LM. 
4 : Z.18. 

and derived curves : Z.17. 
tangential properties of : absPr.34.^ 
*Epi- and Hypo-trochoids : 5262—5: 

LM.4. 

Equality and similarity of figures : J.52. 
^Equations (see also “ Linear equa¬ 
tions ”): 60—67, 211—222, 400— 
594: A.6,18,57,68,60,61,660,67: tr 
Ac.32: AJ.6: An.51,54-2: C.44, 


Equations— [continued]: 

47,69,62,68,91,97,995: CM.3: CP. 
4: G.l: J.13,16,34: L.672,69: M. 
14,21: Me.76: Mo.79,f80: 17.67, 
68,ths56,67, and 80: P.1799. 

(For IBinomial, Biquadratic, Cubic, 
Cubic and biquadratic, Linear, 
Quadratic, Quintic, and Trans¬ 
cendental equations, see those 
headings. Other kinds will be 
found below.) 

Abel’s properties : C.91. 
algorithms for solving : M.3. 
whose coefiicients are rational func¬ 
tions of a variable : J.74. 
of degree above the 4th not soluble ; 
J.83. 

whose degree is a power of a prime : 
An.61: 0.48 : L.68. 

* derived : 424 — 31: A.22: in d.c, 

1708—12. 

developments : An.61. 
differential operators in: LM.14. 
Eisenstein’s theorem: LM.7. 
extension of theory of : C.58. 
fundamental principles or theorems 
A.1,11: C.96,97: L.39,40: J.23. 
Galois’ theory : C.60 : G.12 : M.18,23. 
of geometry: C.68: homogeneous, 
17.64. 

generic: Q.4,5. 

Hariot’s law of: J.2 : extC.98. 
homogeneous, reduction of a princi¬ 
pal function which verifies a 
characteristic homog. eq.: Ckl34, 
14.,. 

identical: J.27. 
impossible: Man.51. 
in geo. mean of roots : 17.45. 
in quotients of roots: 17.45. 
in sums of the C {n,2) roots of another 
eq.: 17.43. 

insolubility of quintics, &c.: J.l. 
irrational : Man.51. 

* with integral coefiScients : 603: C.24: 

J.63: complex, J.63. 
irreducible: An.61: Mo.80 : of prime 
degrees, AJ.7. 

* linear: see “Linear equations.” 

* miscellaneous : 214. 

numerical: C.10,123,32,78,81: G.13 : 
J.IO: L.36,38,41,83. 
and commensurable quadratic fac¬ 
tors: L.45. 

of ^^th degree with two real roots: 
C.98. 

from observations: A.21. 

* with only one positive root: 411: 

C.98. 

of payments : A.34,36 ; CD.l: CM.2. 
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Equations— {continued): 

* reciprocal: 466: A.44: C.I 62 : of a 

quartic, N. 66 . 

reduction of: C.97 : CD .6 : to recipro¬ 
cal eqs., A.35. 

relation to linear d.e and f.d.e: L.36. 
roots of: see “ Roots of equations.” 

* simultaneous (see also “ in two or 

three variables”): 59, 211, 582 : 
C.25 : LM .6 : thsN.48 and 81: 
quadratics, N.60. 

deducible the one from the other: 
C.22. 

of the form a?’"-f 2 ”* = a: N.46. 

* solution of : 46,54,59,211,466—633, 

582: A.64: trAn.52: C.3o,53,62, 
643 : J.4,272,87 : Mo.56,61. 

* by approximation : 506—533 : A.30: 

Ac.4: 0 . 11 , 17 . 45 , 60 , 792 , 82 : E.4: 
G .8 : J.14,22 : Me. 68 : N.51, 62 , 783 , 
80,84: N 0 . 68 : P. 6 : Q.3: T1.7: 
Z.23. 

* Horner’s method : 533 : P.19. 

* Lagrange’s method : 525: C.91. 

* Newtou-Fourier method : 627—8 : 

AJ.4: G.2: Me. 66 : N.46,56,60, 
69,79. 

Weddle’s method: Z.7,8. 
by continued fractions : J.33. 
by definite integrals: Me.81 : P.64: 
Z3. 

by diminishing the powers of the 
roots : C.41. 

by elimination of integers: N.70. 
by geometry: C.87. 
by imaginary values : J.20. 
by infinite series : J.33. 
by interpolation: C.5. 
by logarithms: C.95. 
the one by the other: C.72 : L.71. 
by radicals: C.58: Q.15. 
by series: An.57: C.49,52: J. 6 : 
Mem. 33. 

by transcendents : An.63 : Q.5. 

* by trigonometry : 480: A.l. 

a nonic ef{. which has this charac¬ 
teristic : A given rational sym¬ 
metrical function d{a,fS) of two 
roots, gives a third root y, such 
that (i = d{/3,y), /3 = d(y, a), 

y = 6 (a, fd ): J.34. 
symbolic, non-linear: 0 . 22 . 
systems of: 0.67: Cl.11,18: LIM.2,8: 
Q.ll: M.19: Z.14,18 (see also 
“ Linear equations.”) 
transformation of: C .6 k 

* in one variable: 45—58,214—16,400 
—550: approx A.20. 

graphic solution : 0.65. 

a 11 .59. 


Equations— {continued): 

a:’"—^jxc-fg = 0 : number of real 
roots: 0.98. 

jj, 2 n_i-^^n_j-p« _ 0 and derivatives: 
N.652. 

... + 1 =0 irreducible 
if n be a prime: L.56. 
ax -”*+» + « q- cx” -f d = 0 : G. 14. 

(a;-l) 1-1-1 = a:”‘: L. 66 . 
{x^—a^)yp^{x) = 0: N.82. 

( 14 -»’)’"(!+5a’) = 0 when x is small: 
A.2. 

* in two variables : 59—67,211,217—8: 

A.20,25: CM.2: J.14: N.473,48, 
63: Pr. 8 : Q.18. 

of any degree with a variable para¬ 
meter; L.59. 
implicit: Mem.30. 
numerical solution: Z.20. 

= a and x^y-\-xy^ = h : A.48. 
in three variables : gn.sol, 60: A.l,64: 
N.47: M.37: by acubo-cycloid, 0.69. 

* (1/— c)( 2 — 6 ) = sym in x,y,z: 

219. 

* y2^z’^-\-yz = a 2 , &c., sym : 220 . 

* x^—yzz=a^, &c.,sjm, and x^cy+hz 

&c., sym : 221 — 2 . 
x—yz = ±aA/{(l— 2 /~)(l— 2 ^)}, &c., 
sym: A.35. 

ax-)-hy-\-cz = I, a'x-\-h'y-\-c'z = V, 
x^+y^+z"^ = 1 , by trigonometry : 

A. 6 . 

^Equiangular spiral: 5288: Me. 622 : N.69,70. 
Equilateral hyperbolic paraboloid and 
derived ray-system: Z.23. 
Equimultiples in proportion: Gl. 
Equipollences, method of: N. 692 , 70 o, 737 , 
743 . 

Equipotential curves : lMe.82 : Pr.24. 
Equipotential surfaces: G.20: geoJ. 
42 : M. 8 . 

of ellipsoid : L. 822 . 

Equivalence of forms : 0.88,90: JP.29. 
Equivalent representation: Z.23. 
E(pnvalonts, theory of: A.44. 
Eratosthenes’ crib or sieve : N.43,‘19. 
Error in final digit of decimals : 0.40: 
Mc.74: N.56. 

Errors of observation : A.18,19 : An.58: 

0.93 ; JP.13 : N.56 : P.70; TE.24. 
Errors of constants: Mo.83. 

*Euclid, enunciations : p. xxi. 

axiom 11 : J.l; 1.47 ; new proof, 0.60. 
11 . 12 and 13: Me.80 ; V1.7 : Q.ll 
new proof, Q.9. 

XL, Ac., Mc.71: Xr.28: A.IO. 

Xll., Ac., G.9; criticism on : Q.7,9. 
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Euler’s algorithms: A.67. 

*Euler’s constant: 2744 : Pr.15,16,18,19, 
20, Table 27. 

and Binet’s function : C.77 : L.75. 
Euler’s equation: lSr.72 : integration of 
it by the lines of curvature of a 
ruled hyberboloid, N.75. 

Euler’s equations of motion solved by 
elliptic integrals : Q.14. 

Euler’s formula for (l+»)”: L.44. 
*Euler’s integrals ; 2280—2323: A.41 ; 
Ac.1,2: An.54: C.9,17,94,95,th96: 
J.15,21,,45: fL.43: Me.83 : Z.9. 

* B {I, m): 2280: An.69 : G.9. 

r (h) ; see “ Gamma function.” 
ap. to series and functions of large 
numbers: JP.16. 

sum formula and quadratic residues : 
An.52. 

Euler’s numbers : AJ.5 : An.77 ; 0.66, 
83 : J.79,89 : prsL.44: Me.78,80. 
Evectant of Hessian of a curve: E. 
32. 

=*Even and odd functions: 1401. 
*Evolute: 5149 — 59, 5165: Au.53,61 : 
0.30: Q.3,11. 
analogous curves : L.76. 

* of a catenary ; 5159. 

of a cubic curve : Q.ll. 

of a cycloid: A.30. 

of an evolute, in inf.: L.59: Me.80. 

* of an ellipse: 4547,4958: 0.84: lSr.52, 

63.. 

and involute in one : L.41. 
of the lima 9 on, rectif. and quadr. of: 
E.40. 

of negative focal pedal of a parabola : 
E.29. 

oblique, direct and inverse of differ¬ 
ent orders: 0.85. 

* of a parabola: 4549,4959: Q.5: H.Oo. 
rectification and quadrature of: A.4. 
of surfaces: 0.74. 

of symmetrical bicircular quartics: 
Q.18. 

* of a tortuous curve : 5731: A.25. 

* angle of torsion of evolute : 5754. 
integrable equations : L.43. 

*Evolution: 35. 

H (aj) = integral part of x: 0.50: L.57. 
*Ex-circle of a triangle: 711,953 : 

4749: A.54: thN.60. 
locus of centre, th : Q.9. 

^Expansions of a function in a series 
(see also “ Series ” and “ Sum¬ 
mation ”): A.31 : An.7 : thsAJ. 
3 and 4: 0.7,13,17,20: 0M.4: 
J.90 : L.38,46,76: M.16 : Mel.3 : 
Mem.33 : N.82,83 : num, Q.3 : 
Z.2. 


Expansions of a function in a series— 

* of circular functions: 2955: A.ll: 

CM.3: J.43: L.36: Q.12: of 
imag. arcs, J.6. 

coeSicients of: gn form, 0.85: gn 
property, J.41. 

connected with a 2ud order d.e : 0.5 : 
L.36,372. 

of denominators of convergents : 

0.46: JP.21. 
of exponentials: J.80. 

* of explicit functions: 1500—47. 
extended class of: 0.82: approxi¬ 
mating to functions of very large 
numbers, L.78.2. 

of faculties of the variables : Mem.31. 
of implicit functions : 1550—73. 
of Jacobian functions : An.82. 
of Legendre’s functions, X„: An.75. 
with limits : 0.34. 
of another function : 1559 : 0.95,96. 
of periodic quantities : 0.52,53 : JP.ll. 
of powers of the variable: At.57: 

0.19: L.46. 

of powers of a polynomial: 0.86: J.53, 

88 ,. 

of powers of another function: Mem. 
33: N.74. 

within a given interval according to 
the mean values of the function 
and of its successive derivatives 
in this interval: 0.90. 
by Bessel’s function : J.67: M.10,17 : 
Z.l. 

* by binomial theorem : 125. 

* by factorials : 3730. 

* by generating functions : 3732. 

* by indeterminate coeflQcients: 232, 

1527—34: A.3. 
by logarithmic method : 0.92. 

* by Maclaurin’s th : 1524. 
by a series : 0.93,95. 

Expansion of :-alg. functions : 0.89 

Z.45. 

Eisenstein’s th : J.45. 
n, alg. functions from n eqs : G.ll. 

(1-1-a.r)” in an integral series: A.65. 
(l-ir)(l-ir2)(l_a;3)... ; 0.92: J.21 : 
L.42. 

(l-»)(l-a 32 )(l_rct)( 1 ^ 8 ) ... : Me.80. 
(l-b«)(l+2.o)...(l+i2^a3): 0.25: J. 
43. 

(l-j-uaj-j-isj^-j-: AJ.6. 

{(a?—: C.OSa. 

(1-|-ua!-|-; Q.18. 

(l-2aa;+a;2)-i: L.372. 

2J + 1 

(l- 2 aa:-l-a 2 a 2 )' 2 ' ; 0 . 863 . 
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Expansion of— [continued): 

( 1 — ax —: J,43. 

[x —z)"‘ in powers of —1 : C. 86 . 
(rc+7/y"): CM.3. 

lith derivative of : A.4o. 

j \ii powers of t, wlien 


# 


# 


* 


* 


* 

* 

* 


* 


l+ya-»; 2 ) = 


1565. 


Bernoulli’s numbers : 1545. 
circular functions : J.24: Q.5. 
an arc in linear functions of sines or 
tangents of fractions of the arc 
in g.p : L.43. 

powers of arc in powers of sines : J.ll. 
77 : 2931—2, 2945, 2960—2 : Me.78. 
powers of tt : Me.78 : 77 '-, 858 : 77 “^ 
Me.83. 

sin ^ and cos ^ in powers of^: 764, 
1531: A.5,29 : C.16. 
sin“^ and cos"^ in sines or cosines of 
multiple arcs : 772—4 : A.24,55: 
C.12: CD.3; J.1,5,14: K71 : TI.7. 
sin n6 and cos nd in powers of sine or 
cosine ; 758, 775—79,1533 : 0.82 : 
CM.2: Me.76: Mem.13,15,18 : N. 
730,83 : Q.4 ; couvergency of the 
series, J.4. 

cos nd in powers of cos 9: 780 : Q. 

12 . 

sin-iaj: 1528,-64: J.25:N.74: re¬ 
mainder, Z.lo. 
cos"ax: A.ll. 

tana;: 1525,2913,-17: A.16: 0.88: 
N.57. 

cot a;: 2911,-16: 0.88: Q.17. 
sec a;: 1526 : A.16 : 0.88 : J.26 : N.57 : 
Q.17. 

coscca;: 2914,—8. 
tan“*.(;: 791. 
tan 71^: 760. 

a'^sin X in differences of sin x : 3749. 


nx t cos a;” : A.4. 
cos ‘ 

(1—/xcos^)"^ =2a„cos2a^ : A.21. 

2^5 cos '/>)oxp.—(w + -j-):ffE.5. 
(«+ 5 cos <^ 4 -c cos </>')■'* in cosines of 
multiples of </> and </>': J.15. 
cos/i; cos'* (cos 0 )+a): 0.15. 

(6+6 .+.A.34 

11 in powers of m when x = —-. 

796,1558. sin (;,+«) 


Expansion of— [continued): 

* do. when a; = ^^ 1570. 


^cot^ in powers of sin 2 ^; Q. 6 . 
cot"’(? 7 i— 1 )—cot“^ (i/t-f 1 ) : A.47. 
differential coefficients by f.d.c and 
the converse: J.16. 
elliptic functions : A. 19. 
and of their powers : 0.83 : cos anix, 
L.64. 

equations : L.50. 
exponential functions: N.82. 

* e = limit of (1 : 1590: A.3,23: Q.7. 


e^: 0.30: N.48. 

1539, 1543—4. 

e^±l e^+1 

in powers of ye^'-^ : 1571. 
[ae^ —1)“’: At.57. 


# 


Qajr_^-ax 
gfiw—g-nir 


: 2962. 


e exp. ^Xa 3 -j- : Z.3. 

* cos 5a;: 798. 


e-(‘^ ^^^ Ixdx, and summation of 
Jo cos 

the series: J.41. 

* ft exp. sin a;: 1529. 

* e exp. asin-’a;: 1535. 

* e exp. log(^+a; siny) : 1557. 
e exp.—^(.c,y,; 3 ...): C.58> 

a; exp.[a; exp.[a; exp, ttc.: J.28. 

* fractions : 248- 

functions :- 

Al[x),Ali[x), Ah[x) (Weierstrass’s func¬ 
tions) in powers of the modulus : 
0.822,85,86: L.79.>. 

by Taylor’s th : CM.4. 

* /-(.c + Zi) (see Taylor’s th): 1500-9, 

1520: Abel’s th, 1572; Stirling, 
1546; Boole, 1547: AJ.3. 

* /(.r) (Maclaurin) : 1507: 3759. 

* /(.i;4-7i,7y-hA:) : 1512, 1521. 

* f[x,y): 1516, 1523: Mo.3. 

* /(O) (Bernoulli): 1510. 

* <?> (u-|-5a’-t-ca;2-f...) (Arbogast): 1536: 

OD.1,6. 

* 1555. 

* f { 3 -fa’<Z>(y)} in powers of a; (La¬ 

grange) : 1552: Laplace’s tin 

1556. 
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Expansion of— {continued): 

* f{y) in powers of ^/^ (?/) (Burraann); 

1559. 

* (a?)} and (a’): 1561—3. 

* <l> (e*) (Ilerschel): 3757. 

* Ux+n: 3740; : 3761. 

* A’^Ux and A’‘uj: 3741—2. 

* in differential coefficients of u : 

3751. 

* A’*a5”‘ and A'*0'" : 3743—4. 

* Unx in differences of u: 3752. 

* j^^Uxdx in terms of Uq, Ui,ih, &c.: 3778. 

a function of a complex variable ; M. 
19. 

a function of a function : AJ.2,3. 
functions of infinitesimals ; G.12. 
a function of a rational fraction : At. 

65. 

a function of n variables: C. 6 O 4 : J. 

66 . 

a function of y,y' in ascending powers 
of x,x when y = z-\-X(p{ij) and 1 / = 
z'-j-x'0{y') as in 1552: J.48. 
holomorphic functions: M,21: by 

arcs of circles, C.94. 

* implicit functions : 551,1550: L.81. 
integrals: A.l: of linear d.e, An.71 : 

of log a*, A.4. 

* logarithms : 152—9 : N.82. 

* log {l±x), log &c.: 155—9. 

1 —X 

* log y and log 7 /’* in powers of a~^ when 

7/3— ay^b = 0: 1553—4. 

* log ((:t-l-5a;+caj3-l-...): 1537. 

* log ( 1+2 acosi»+a 2 ); 2922. 

* log ( 1 + 12 -cos cc): 2933. 

* log 2 f : 2927. 

^ sin ^ 2 / 

* log rd+a:): 2294, 2773. 
higher integrals of log x : A.4. 
numbers : M. 21 . 

* a polynomial: 137 : Z.26. 
a qnartic function : A.35. 

Exponents : N.57 : r.l776. 

reduction for d.i: C.16. 

Exponential, th : 149 : lSr.52. 
functions : P.16. 

replaced by an infinite product: C.99. 
Exponentials, successive of Euler: L.45. 

Factorials:-calculus of: L.57 : N. 

60: Pr.22: Q.12 : Q.f 8 . 
geom. i.e ( 1 +aj) (l+ivc) (l + r^aj)...: C. 
17. 

* notation : 94,2451 : Q.2. 


Factorials— (continued) : 
reciprocal: C.17. 
treatment by limits : J.39. 

1 , 23 ,. 33 ...i 2 »: Me.78. 

* ?i! = r(l+i 2 ) : 2290. 

approx, to when n is large : C.9,50: 
J.25,27 : L.39. 

n ! = ? 2 -”e-”v/( 2 /i 7 r) (Stirling): Q.15. 

CM.3. 

* I ~ theorem: 339. 

•J • T? • ... 

C{n,r) when ?2 = a+i^: J.43. 

Factors: 1—27. 

in analysis of integral functions: M. 
15. 

application to rotations to indicate 
direction: J.23. 

* of composite numbers : 274 : J.ll. 
complex : C.24. 

equal, of integral polynomials : 0.42 : 
L.56. 

* of an equation : 400 : J.3 : condition 

for a factor of the form u”, 
A. 55,63. 

iiTeducible, of an integral function ac¬ 
cording to a prime modulus p 
0 . 86 . 

linear, resolution into: K. 822 . 
of polynomials and geo.ap : J.29,89. 
product of an infinite number of : A. 
59. 

cos ^ coscos: ]Sr.70. 

2 4 0 

radical, of numbers : 0.24,25. 
of Ai«3+i]y2+Oz2, th of Lagrange: 
AJ.3. 

of x^—fgy''^ = ±1 : A.33. 
of {x-\- 7 j)n —a’»—: thQ.15,1 6 - 2 . 

* of 2a;"//”cos n^+y-”: 807. 

of aj”— 2 a cos n 6 -)-x~^ : OP.11 : Me.76. 
(1-a;) (1-032) {l-a;3)...: 0.96. 

* tables of (Burchardt’s) p.7 : to 4100, 

J.46. 

geo. properties : J.22. 
transformation of: A.57. 
of 100...01 : Me.79. 

Faculties, analytical : J.7,11,334,35,40, 
44,51. 

coefficients of: A.9,11 : At.75. 
divisibility of: A.48. 
numerical, of 2nd order : Mem.38. 
series : Z.4. 

*Fagnani’s theorem : 6088: A.26 : LM. 
5,13,23 : Z.l. 

curves having Fagnanian arcs: LM.l 1. 
stereometric analogy: Z.17. 
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Faisceaux :-of binary forms having 

the same Jacobian : C.93. 
of circles : C.76. 
of conics : Z.20. 
curvature relations: Z.15. 
formation of : C.45 : CM.‘3. 
intersections of: N.72 : degree of the 
resulting curve, J.71. 
of lines and surfaces : IS^.63,83. 
plane : N.53 : defined by a first order 
d.e, C.86. 

of tortuous cubics in connection with 
ray-complexes : Z.19. 

Fan of Sylvester : E.33. 

Faure’s theorems : G.1,19 : and Pain- 
vin’s, ISr.61. 

Fermat’s theorems :-of {N^~^ —1) 

-hp : 369 : A.32 : AJ.3 : J.8. 
ofa;”+^"=«’‘ being insoluble when 
11 is an odd prime, &c ; An.57: 
C.gz84 and 905,91 : J.40,87 : TE. 
21. 

analogous theorem: J.3. 
case of 71 = 14 : J.9. 
and periodic functions : ]\Ie.76. 
x-\-y = O^: Mem.26. 

of the semicircle: A.27,30,31: gzA.31. 
method of maxima: O.50o. 
Feuerbach’s : th of the triangle, Me.84: 
circle, A.59. 

Fifteen girl problem : E.34,35 : Q.8,9. 

“ Fifteen ” puzzle : AJ.2o. 

*Figurate numbers : 289: A.5,69. 

^Finite differences, calculus of: 3701 — 
3830: A.13,18,24,63: C.70: J.lh:, 
12 , 133 , 1 F>, 15 o, 16 : Me.82 : Mcl.5 : 
Mem.l3: N.69: thsP.16,17. 
ap. to complex variability: An.82: 
ap. to i.eq. An.50. 

* first and 7ith differences : 3706. 

A2it = 0 : An.73. 

* A"0"‘: 3744: Q.5,8,9: Ilerschel’s table, 

N.54. 

A“ 0’'‘-MI {m), table of : CP.13. 

8tig, &c., in a function of AMo, 
A^Moj : N.61. 

* A"7t ill successive derivatives of u: 

3761 : N.73. 

Al^ and Bernoulli’s numbers : An.59. 
hUr = AUj.— A AUx-\- AuJ— &c. : 
Ac.5. 

A sin a; and Acos .r: Cl\I.l. 

Finite difference equations : AJ.4: An. 
59: CD,2: CM.1,3,4: CP.6 : JP. 
6: L.83: P.60: Pr.lO. 
of integrable form : C.54. 
of mixed differeuces: Q.IO. 


Finite difference eqs.— {continued): 
of the kind It.r-y.r + y: CM.4. 

linear: AJ.7: An.50: At.65: Q.l. 
first order, constant coefficients : 

0 . 8 . 

determination of arbitrary con¬ 
stants : A.27 : At.65 : G.7. 
integration to differences of any 
order: J.12. 

with variable coefficients : 0.17. 
partial;- 

constant coefficients: 0.8. 
linear of 2nd order : 0.98. 
of physics: C.73. 

Finite differences :-exercises : No. 

44,47. 

formula): CD.9 : Q.2. 

sum and difference: J.58. 
of functions of zero : TI.17. 

II f?i, r) value of: Q.9. 
integrals: 0.39,57: JP.43 : L.44. 
expressed by definite integrals: 
An.53. 

: A.6 : No.44. 

inverse method : 0.74 : P.7, 
involving l/\ ; Me.78. 
of powers converted into d.i: JP.17. 
Flefiecnodal planes of a surface: Q.15. 
Flexure : AJ.2o: Me.2. 
of ruled surfaces : An.65. 
of spaces : LM.9. 
of spherical surfaces : Me.77. 
^Fluctuating functions: 2955a: LM.5: 

M.20: T1.19. 

Fluents: P.1786, 
of irrational functions: P.16. 

*Focal: chords of conics: 1226, 4235, 
4339. 

circle of conics : Mel.2. 

* distances: 4298: N.64. 
pedal of a conic : N.66. 

*Focal properties:-of conics; 1163, 

1167—9, 1181, 1286-8, 4298- 
4306, 4336—45, 4378, 4382, 4516, 
4550—58, 4719 — 21, 5008 — 16: 
CD.7. 

of curves: CD.7. 
of homographic figures : N.71. 

* of a parabola: 1220,1223—6,1230—4, 

4231, 4235-8 : G.22. 
of a quadric surface : An.59: N. 58. 
Focal quadrics of a cyclide: Me.85. 
Foci: J.64: N.42,44,53,85; Q.2,a.c9. 

* of conics : 1160: trA.25,63,64,cn69: 

gzC.22andL.39: CP.3 : N. 69,74, 
78,81,82: t.cQ.8,13,12and45: gen. 
eq, N.48. 

analogous points in higher plane 
curves: J.IO. 
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Foci:-of conics— {continued): 

* coordinates of: 4516. 
eq. of: LM.ll: o.cE.40. 
exterior: N.79. 

* to find them: Q.25: from gn.eq,5008. 
through four points : N.SSj. 

* of four tangents : 5029 : N.83. 
locus, a cubic : ]\1.5. 
negative: A. 642 . 

under three conditions : Q. 8 . 
of curves: C.82; 7 ithclass, 86 : i^.59,79. 
of cones : N.79. 

of differential curve of a parabola: 

of in-conic of an n-t\c, locus of: E. 21 . 
of lines of curvature of an ellipsoid: 
Z.26. 

of quadrics: lSr.42,66,74,75,78. 
of quartics : J.56. 

of the section of a quadric by a plane : 
N.64,70. 

by another quadric : N.47. 
of surfaces : C.74 : of revolution, N. 
74. 

*Foliuin of Descartes : 5360 : ISr.44. 
Forms, theory of: M.18; of higher de¬ 
gree, Mo.83 : Pr.38. 
reciprocity principle: An,56. 

Formula: G.15,19. 
for log 2, &c.: Me.79. 
in the Fund. I^^ova : Me.76. 

* of reduction in i.c : 1965 : Me.3. 

Four colors problem : AJ. 22 . 

Four-point problem : E. 5 , 6 , 82 . 

Four right lines not 2 and 2 in same 
plane: J.5. 

Fourier-Bessel function : J.69: M.3. 
^Fourier’s formula in i.c ; 2726 — 42: 
CM.3: J.36,69: L.36: M.4: Me. 
73 : Q .8 : gzZ.9. 

ap.to calculationof differentials: J.13. 
^Fourier’s theorem: 518 : 528 ; An.50, 
75: J.13: M. 192 : Me.77,82,83. 
ap. to a function of a complex varia¬ 
ble: M.2L 

Fractions : AJ. 32 : G.9,prl0 : J .88 : L.IO. 
continued, decimal, partial, vanishing, 
&c.: see each title, 
number expressible by digits n : 
C.96. 

reduction to decimals : A.1,25. 
transformation into decimals : A.11. 
*Frullani’s formula: 2700: LM.9. 
Fuchsian functions: 0 . 927 , 93 , 943 , 95 , 96 . 
Fuchs’s theorem on F{'/.,y,yz) = 0 : 0.99. 
Functional equations : CM.3: J.90 : 
TE.14. 

f.<px=fe: 0 . 88 . 

f.<px = l-^fx: 0.99. 

<p . fx = F. <px, to find <p : Mem.31. 


Functional eejuations— {continued) : 
(px-\-<t>y = <i>{a'fy-\-yfx) : J.2. 
fiU • • ‘p2<r+&c. 

= /uv • • 1 >- 2 y-\-Szc .; J.5. 

*P‘^-\-*Py = : J.46. 

X i^y) 

I f{x, 6) <p{x-\-d) dO = F{x), to find <p : 
Pr.8. 


= Q.15. 

cx-\-d 

/W=/(sm^): 0.88. 


Functional images in ellipses : Q.17. 
in Cartesian ovals : Q.18. 

Functional powers: Mem.38, 
symbols: Q.4. 

Functions : A.28: AJ .6 : An.79 : 0.43, 
91 : OP.l : J.16,pr.s71,74,84,87, 
91: L.45 : Me.7 : Mo.80,81 : P.15, 
16,17,62: Pr.lls: prsZ.26. 
algebraic, alternating, analytical, cir¬ 
cular, circulating, conjugate, con¬ 
tinuous, curvital, cyclotomic, de¬ 
rived, discontinuous, elliptic, even 
and odd, exponential, Fuchsian, 
gamma, generating, hyperbolic, 
implicit, infinite, imaginary, in¬ 
tegral, irrational, irreducible, 
isotropic, iterative, mouodrome, 
monogenous, monotypical, non- 
uniform, periodic, polyhedral, 
quantitative, rational,representa¬ 
tive, transcendental, trigono¬ 
metrical : see the respective 
headings. 

analogous:-to algebraic functions : 

0.89. 

to circular functions : 0.84. 
to Euler’s : 0.89 : M.19. 
to functional determinants : J.75. 
sine and cosine : Q.16, 
to modular functions : Ac.2 : 0.93. 
connected by a linear eq.: 0.17. 
condition of/(.r, being a function 
of (p (.r, y) : A.21. 

development of: see “ Expansion.” 
defined by d.e : JP.21,28. 
differiug very little from zero : L.74. 
errors of geometricians : J.16. 
expressed by other functions, remain¬ 
der : 0.98. 

fractional: J. 8 : the variable being 
the root of an equation, X.56. 
from functional equations : M.24. 
from Gauss’s equation : 0.92. 
withlacuuse: 0.96. 

Lagrange, tr; JP.5,7. 

5 u 
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Functions— (continued) : 
linear: C.90. 

with linear transformations inter se : 
M.19,20. 

whose logarithms are the sums of 
Abel’s integrals of the 1st and 
3rd kind : 0.92. 

with non-interchangeable periods: 

M.20i,21,25. 

number of values of; 0.48. 

do. through permuting the variables : 

JP.102,18 : L.50,60. 
of two variables : Ac.3 : 0.90,902. 
made constant by the substitution 
of a discontinuous group : 0.97. 
which arise from the inversion of 
the integrals of two functions: 
0.920. 

whose ratio has a fixed limit: G.5. 
/ (x, y) such that / {zf(x, ?/)} is sym¬ 
metrical : J.l. 

of three variables satisfying the d. e, 
AF = 0: Ac.4. 

of three angles, th. re 1st derivatives : 
J.48. 

of 4 and 5 letters : L.50. 
of 4, 5, and 6 letters : L.50. 
of 7 letters : 0.57,953. 
of 6 variables which take only 6 diffe¬ 
rent values through their permu¬ 
tation, not including 5 symmetri¬ 
cal permutations : A.68. 
of n variables : 0.21 : j\Io. 83 : with 
2u systems of periods, 0.97. 
analogous to sine and cosine : Q.16. 
number of values: J.85.: do. by 
permutationofthevariables: O.2I4. 
obtained from the inversion of the 
integi’als of linear d. e with 
rational coefficients: O.9O2: J.89. 
of an analytical point, ths : 0.952. 
of a circular area from a given inte¬ 
gral condition : Z.26. 
of imaginary variables : 0.32,48: JP. 
21: L.58,593,603,613,62 : LM.geo 
8 . 

of large numbers, approx.: O.2O3. 
of a real variable, connexion with 
their derivation : M.23,24. 
of real arguments, classification ac¬ 
cording to their infinitesimal 
variation: J.79. 

of the species zero and unity: 0.95. 
of a variable analogous to the poly¬ 
nomials of Legendre: 0.95. 
allied to Pfaffians: Q.16. 
rationally connected: L.59. 
with recurring derivatives : LM.4: 
TE.24. 


Functions— (continued): 
which relate to the roots of the equa¬ 
tion of division of a circle or of 
wP—1 =0: J.l7. 

representation of: 0.923: M.17 : one¬ 
valued, Z.25. 
approximate: Z.3. 
by an arbitrary curve : M.22. 
by Bessel’s functions : M.6. 
by definite integrals : Ac.2. 
by elliptic functions: An.82. 
by Euler’s sum-formula: J.56. 
by Fourier’s series : Mo.852. 
by graphic methods : A.2: imag., 
J.55. 

by infinite products : Z.24. 
y = constant and r a positive 
integer: A.42. 

7 /= kV"'* : A.52. 

reproduced by substitution : 0.19. 
resolution into factors : Ac.65 : 0.19, 
30: OP.ll: J.18. 
satisfying the eq. aF= 0 : 0.96. 
singularities of: M.19. 
whose successive derivatives form an 
arith. prog.: An.71. 
systems of: Mo.78: of two inter¬ 
connected, 0.98. 

of two systems of quantities, cor¬ 
relative and numerically equal: 
0.98. 

which are neither rational nor reduci¬ 
ble to irrational algebraic ex¬ 
pressions : O.I82. 

which are of use in elliptic functions 
and logarithms : No.58. 
which take a given value in a given 
position: An.82. 

which have no derivative throughout a 
certain interval: An.77. 
which vanish with their variables: 

TI.I62. 
a3*: An.63. 

and so on, and the corres¬ 
ponding inverse function : J.42. 
arising from a/( 4—2.x’z-|-z^): J.2. 

= LM.9. 

c>c-\-d 

f(u,z), u being an implicit function 
of an imaginary variable z: Pr.42. 
/(.v), formula of analysis : J.53. 
f(x) =0,y=f (x), th. re <p (y) : E.36. 
x/^(x-)=dxlogr(.r): 2743. 

of Jacobi: J.93. 

Q{x): Ac.2. 
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Functions— {continued): 

Bessel’s, I{«) = — [ cos {x cos 6) dd 
TT Jo 

_, _ a ;6 . 

■^■'"23 ,43 23.43.62’^ 

Cauchy’s numbers ; N.kjjj 

(e‘*‘— e~*^‘)^du. 

cosine integral; Ciq = [ dx : 

taP.70. ^ 

Dirichlet’s function, 

F(cc) = 2 (-^'1 — : Z.27. 

\ n J oi' 

elliptic; 

j 5 (^cP)}^^Pdx : J.23. 

* Euler’s; B a, m): 2280. 

expon-iutegral; Ei q = \ - — dx : A. 

10:taP.70. 


E„ = jpy- j sin-'*w cos (e cos «) d<o: An. 
70. 


E {x) : Mel.6. 

G ^ rd.« = 1 -4; + 4 

Jo X o- o- 

= -915965,594177 ... : Mem.83. 
r (a’): see “ Gamma function.” 
Jacobi’s 


C.592.60 : L.47,50. 

Laplace’s : M.14. 

log-integral; Liq= 

* Jologa; 

£”( 1 +*) = ®-- 

Legendre’s X„ : see “ Legendre.” 
P,wherej^esp(-“*)<i^ = '^: 
Q.10. 

P'* (cos y), n — 0: G.22. 

: Z.14. 

Va'^y / 

n ( 2 ) s |* x^e-^dx ; ^ (z) = dz log n (z): 

Q.i" 

sine-integral; dx : taP. 

70. 


2 J e exp {—z^) F{z) dz = 0 : C.93. 


Functions— (continued): 
Jy{l + ««^} dx : 3.9-2. 


Y{p, 0)^r 

Jo 


E (p, <l>) d<f> 

\/{l—p3 sin3 (l>Y 


X, Y, &c., such that SXYda = 0 and 
and that any function can be ex¬ 
panded in theform aX-fi3F+&c.: 
LM.IO. 


*Gamma function, T (n) : 2284: A.4,6,61: 
An.69 : 0.35,92,96 : J.35,82,90, 

ap57: L.42,46,52,55: Q.9: Z.l, 
25. 

application of this and other trans¬ 
cendents : 0.86. 
of a complex: Me.84. 

* curve y = T{x): 2323. 

* deductions ; "2286—2316 : A.IO. 
derivatives of: Q.6. 

of equidifFerent products : J.36. 
of an infinite product; J.39. 

* = limt. of : 2293 : A.30. 

* logarithm of : 2294,2768: 0.9. 

* numerical calculation : 2771. 

* as a definite integral: 2768. 
n, negative : CD.3. 

* numerical calculation of: 2317. 

* the function rjr (x) = dx log V (x) : 2743 

—70. 

reciprocal of: Z.25. 
reduction of: J.40. 

* transformation of: 2284,2318: J.57. 
r(}i+l) = y (27r) e-”w"^^l + e) (Stir¬ 
ling) : O.SOo. 

*r{m)r{l-m)= : 2313: Ac.3. 

sm mw 

*r{*) r (*+A).,.r(»!+!i^):2316: 
L.55,56. 

r{x) = P(sc) + Q{x): Ac.2. 



Gauche cubics : 0.82 : J.60 : N. 623 . 

3rd class, theorems : J.58. 
number of common chords of two: 
An. 70. 

through five points : N.83. 
through six points, cn : N. 66 . 

Gauche curves : 0 . 70 , 77 , 903 . 

Mo.82: thsN. 53 . 2 . 
classification of: JP.32. 
on a cubic surface : 0.62. 
of a developable surface, singulari¬ 
ties : An.70. 

differential invariants of: JP.28. 
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Gauche curves— {continued): 
intersection of two surfaces having 
common multiple points, singu¬ 
larities of; C.80. 

on a one-fold hyperboloid : An.l : C. 
52,53. 

metric properties of, in linear space of 
n dimensions : 

representative curve of the surface of 
principal normals of: C.86. 
of the zero species : C.80. 

Gauche helicoids : rad. of curv.: ]S[.45. 
in perspective; JP.20. 

Gauche :-in-polygons of a quadric : 

C.82o. 

perspective of algebraic curves: 0.80. 
projection: N.65. 

quadric : oST.G?: and orthogonal tra¬ 
jectory of generatrices : thN.48. 
qnartic : A.62 : C.82: L.70. 

9 points of, 7 points of a gauche 
cubic and 8 associated points: 
C.98. 

nnicursal, a class of : C.83. 
surface: N.61. 
sextic curve: C.76. 
surface: JP.17: L.37,72. 
deformation of: C.57. 
which can be represented by a p.f .d.e 
of the 2nd order: C.61. 

Gaussian periods of congruent roots 
corresponding to circle division: 
J.53. 

^Gauss’s function: see “ Hypergeometric 
function.” 

Gauss’s theorems: J.3. 

^General methods in anal, geometry: 
4114. 

General numerical solution of any 
problem: LM. 22 . 

^Generating functions: 3732: J.81: N. 
81: Pr.5 

and ground-forms of binary quantics 
of first ten orders : AJ. 23 , 3 . 
do. of binary 12-ic and of irreducible 
syzygies of certain quantities: 
AJ.4. 

of some transcendental series : At.55. 
for ternary systems of binary forms, 
ta: AJ.5. 

^Geodesics : 5775, 5837—55 : A.39 : C. 
40o,41,9G.p.c97: rD.5: G.19: J. 
50,91: l\r.20 : l\re.7l: N.45,G5 : Q. 
1,5:Z.18,26. 

of cubic surfaces, loci: CD.6. 
curvature: 5846: C.42,80: D.12. 
on an cllip.soid: M.20. 

* radius of: 5776, 5846. 
duals of: Q.12. 

* equations of: 5837. 


Geodesics— {continued): 
flexure of: C. 66 . 

forms from cn of their polar systems: 
Z.242. 

* geometry: 5855. 

problems: A. 8 : An.65: CP. 6 : J. 532 : 
L.49: TX.73o. 

on a quadric or ellipsoid: C. 222 : CD.4: 
J.19: L.4^,41,44.48,57: M.35 : N. 
76. 

Joachimsthal's theorem: J.42. 
and corresponding plane curves 
C.50. 

and lines of curvature: L. 463 : 

82. 

* I'id constant along such : 5842. 
shortest lines: J.26. 

* through an umbilic: 5850. 
on a right cone : A.69. 

* radius of torsion of: 5848: EjB'Pzpfl- 

P = 0, Me. 75. 
sections : Z.2. 

* shortest lines on surfaces : 5838: J. 

20 . 

on a spheroid: J.43. 
triangles: Mo.82. 
best form of: N.55. 
reduction of arc of a small one : An. 
50. 

Geodesy, spherical problems : A.25o,63. 
representation of one surface upon 
another: An.70. 

Geodetica, integration of its eq: An. 

53. 

Geography, comparative : A.57. 
^Geometrical conics: 1150 —1292 (see 
Contents p. xviii): G.l: Me.62, 
64,71,73 : Q.IO. 

Geometrical:-constructions: LI\I.2. 

definitions: J.l. 

dissections and transformations : Me. 
75. 

drawing : A.23. 

figures, general affinity of: J.l2. 
forms : G.l : of 2nd species, G.3,4. 

* mean: 92: CD. 8 : Pr.29. 

approx, to by a scries of arith. and 
harm, means : X.79. 
paradoxes : Z.24. 

* progression : 83 : A.pr2,6 : G.l 1 : X. 

54. 

a property of 1,3.9.27... : A.33. 
proportion, theory of pure : A.62. 
quantities and algebraic eqs : C.29. 
reckoning (Abziihlenden): i\[.lP. 
relation of the 5th degree: I\l.2. 
relations, ap of statics : J.21.> 
signs : Z.14. 

* theorems and problems ; 920—1102. 
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Geometrical— {continued): 
theorems; J.ll: L.46 : N. 743 : Law¬ 
son’s, Man.13. 

method of discovering : J.8. 
from a principle in alg.: LM.ll. 
problems; At.25,32. 
transformations : A.32. 
and ultra-geometric quantities : C.52, 
55. 

Geometry :-of the Ancients ; At.22. 

comparative, ap. to conics : N.dSs. 
of derivation : An. 543 . 

* elementary: 920—1102 : J.6,10 : A.2 : 

N.623. 

principles of: A.40 : 0.56: G.11,14, 
20: LM.16: Me.62: Z.20. 
enumerative : Ac.l. 
higher : A.20 : lSro.73 : prsA.56. 
instinct of construction : IST.SO : Q.2. 
der Lage: Z.6. 

linear: A.27: ap. to quadrics, M.IO. 
linear and metrical: M.5. 
of masses: JP.21. 

and mechanics, on their connection : 
L.78. 

organic, of Maclaurin ; L.57. 
plane, new anal, foundation : M.6. 
plane and solid, analogies ; L.36 : N. 
653. 

plane and spherical, ths : Mem.15. 
of position : J.50 : Q.l : analTE.9. 
theorems: An.55: J.31,34,38,412 : 
TE.28. 

5 points in space: CM.2. 
in lieu of proportion : CP.IO. 
of space, abstract: Pr.14,18: aphor¬ 
isms, J.242. 

* of three dimensions : 5501—6165: N. 

63. 

Glissettes :-problem; Q.ll. 

centre of curv.: JP.21: rad. of curv., 
L.45. 

Golden section : A.4. 

Goniometrical problems : Q.7,16. 
Graphic calculus: 0.89. 

Graphs (Clifford’s): LM.IO. 
application to binary quantics: LM. 

172- 

to compound partitions : AJ.96. 
Grassman’s life and works : M.14. 
Greatest common measure: see “Highest 
common factor.” 

Greatheed’s theorem, D.C : CM.l. 
Grebe’s point: A.58. 

Green’s theorem, &c.: J.39,44,47 : TE. 
26. 

^Griffith’s theorem (Conics): 6096. 
Ground figures, single and double rela¬ 
tions ; J.88. 


Groups: AJ.l: LM.9: M.13,20,22. 
cyclic, in Cremona’s transf. of a plane 
An.82. 

in a quadratic transformation : An. 
82. 

discontinuous : C.94. 

of linear substitutions : Ac.l. 
of finite order contained in a group of 
quadratic substitutions: C.97,98. 
of finite order contained in the seini- 
cnbic groups of Cremona: C.99. 
Fuchsian: Ac. 13 . 

formed from a finite number of 
linear substitutions: C.83. 
of interchangeable elements : J. 862 . 
introduction to the theory of : Me. 622 . 
Kleinean : C.93. 

of many-valued functions : Man.62. 
modular eqs. (Galois) : M.14,18. 
non-modular: Mau. 652 . 
of points G '4 on a sextic with 5 double 
points: M. 8 . 

primitive: C.72,78,96 : L.71. 
for the first 16 degrees : C.75 
degree of, containing a given sub¬ 
stitution : J.79. 

(P) 36 o ( 11)360 of the figure of six linear 
complexes of right lines two and 
two in involution : An.83. 
principal, classification of ; C.73. 
of substitutions: C.67,84,94: M.5: 

isomorphism of, G.16. 
of 168 substitutions and septic equa¬ 
tions ; M.20. 

transitive: G.22 : J.83 : lSr.84. 
*Guldin’s theorems : 5879 : Me.85. 

Harmonic axes : of curves : C. 743 . 
of a system of right lines and planes : 

G.4. 

Harmonic centre for a system of 4 points 
in relation to a given pole: Z.20. 

Harmonic division :-of a conic : G.IO. 

of a quadric : G.IO. 

^ of a right line by a circle and chord of 
contact : 948. 

Harmonic:-hexhedron and octahe¬ 

dron : Z.18. 

* pencils and ranges : 933, 4649 : Q. 6 . 

* of 4 tangents to two conics, locus of 

vertex : 4984. 

* points, system of four : 1063 : H.51. 
polar curves : A.50 : M.2. 

* progression or proportion : 87: ext 

of th, A.31,43,tr41: C.43 : Me.82 : 
K85 : Z.3,14 : sum of, Pr.20. 
divergency of: A.l. 

* section by a quadric and polar plane : 

5687.^ 

Harmonics in a triangle : A.57, 
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Hermitc’s <p function, linear transf. of : 
M.3. 

*Helix : 5756 : A.64. 

conical: jST. 13,53 : rectif. of : N.45. 
on a twisted cone: A.16. 
relation with cycloid : C.51. 
^Hemisphere, volume, Ac.: 6061. 
Herpolode of Poinsot: C.99. 

Hesse’s surfaee, Ac.: Z.19. 

*Hessian : 1630 : J.80 : eurve, M.13. 
covariant of binary quintic form : M. 
21 . 

of a quaternary function: Q.12: 

cubic, Q.7. 

of a surface: nodes of, J.59 : con¬ 
stant of, M.23. 

Hexagon; thN.65. 

Pascal’s : see “ Pascal.” 
in space: J.85,93. 

^Hexahedron : 907. 

Higher algebra : An.54 : N.55.2 (Serret): 
Q.45. 

Higher :-analysis ; A.25 : G.14. 

arithmetic : J.6,9 : H.81. 
geodesy; Z.19: trZ.132. 
geometry: A.IO: N.57: Z.6,17. 
planes: A.47. 

variation of simple integrals : Z.22. 
^Highest common factor : 30: A.3 : M. 
7.: N.42,44,452. 

of 2 complex numbers: no. of divi¬ 
sions : L.46,48. 
of 2 polynomials : GM.4. 
remainder in the process : C.42. 
Holditch's theorem: see “ Closed 
curve.” 

Holomorphic functions : C.99 : G.22. 

development in series : C.94: M.21. 
Homalographic projection: N.61. 
Homaloidal system, n-tic surface and 
an (h— l)-ple point: G.13. 

Homofocal:-conics: thN.492: loci 

relating to parallel tangents, C. 
62,632. 

quadrics: C.50: L.th51,60: H.th64, 
79; Pr.332. 
paraboloids: A.35. 
and conjugate surfaces, tr : Z.73. 
common tangents of: C.22: L.46. 
quartic surfaces, triple system of, in¬ 
cluding tlie wave surface : N.85. 
sphero-conics: L.60. 
surfaces, and n sm-i'-\-v sm^i" =■ : 

C.22. 

Homogeneity of formulm : C.96 : thsN. 
49. 

Homogeneous coordinates: G.l3,8: Z.15. 

metrical relation : G.ll. 
Homogeneous functions ; see “ Qnan- 
tics.” 


^Homogeneous products, U (n, r); 98— 
9: Q.6,9,10. 

* and sums of powers : 538 : E.39,40. 
Homographic division of three tangents 

to a conic : Mcl.2. 

Homographic figures : threcC.94 : tliQ. 
3: N.58,68,pr61. 
corresponding points, th : L.45. 
focal properties: LM.22. 
relation of roots : H.73. 

*Horaographic:-pencils: 4651. 

* systems of points: 1058—73. 

on quadric scrolls : Q.9. 
theorem of a conic : H.48,49. 
transformation: N.70: of angles,Q.14. 
Homography: Me.62 : N.60: Z.21. 
and perspective: H.69. 
and rotations, correspondence of : M. 
15. 

Homological polar reciprocal curves: 
ET 44 

*Homology : 975 : G.8,8: N.41: E.24. 
conic of: C.94. 
of sets: Q.2. 

* of triangles : 975: Me.73. 
*Homothetic conics : 4523 : H.64,th68. 

with the same centre : C.66. 
*Horograph : 5826. 

^Hyperbola :-theorems : A.27,46 : 

CD.l : N.42,. 

* with asymptotes for coord, axes: 

4387: Me.73. 

* asymptotic properties : 1182. 

* conjugate : 1160. 

* construction ; 1247, 1289. 
eccentric circles: A.44. 

* quadrature of, Ac.: 6118 : A.25,26,27 : 

N.44 : TI.7 (multiple areas). 

* rectangular : 4392 : Z.26 : under 4 

conditions, A.3. 

* segment of : 6118 : N.61. 
*Hybcrbolic arc, rectification of: 6115: 

J.55 : P.2,11,59. 

* Landen’s theorem : 6117: LM.11,132. 
^Hyperbolic functions: 2180: A.19 : G. 

15: Mem.30: N.64. 
analogy with the circle: An.51. 
ap. to evolution and solution of eqs.: 
A.38. 

construction of tables of: J.16. 
generalization of: A.35. 
*nyperboloid : 5605 : J.85; Me.66. 
theorems : gcoG.4: J.24,86. 

* one-fold : 5605: of rotation, A.70: 

L.39 : M.18 : N.58. 
parameter of a parabolic section of : 
N.75. 

* two-fold: 5617: A.18,tlis27. 
conjugate: CD.2. 

equilateral and of revolution : Ac.5. 
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Hyperboloid— {continued) : 

* generating lines of: 5607. 

and relation to ruled surfaces : Z.‘23. 
of revolution: lsr.72. 

Hyperboloidic projection of a cubic 
“ gobba ” : An.63. 

Hypercycles: 0.945. 

Hyperdeterminants : CD.9 : J.342,42. 
Hyper-elliptic functions : A.16 : AJ.Sa, 
7: An.70 : 0.408,62.2,67,92,94,97 : 
CD.3 ; J'.2.5,27,30,40,47,52,54,75, 
76,81,85: L.54: M.3,11,13: Q.15,19. 
of 1st order : J.12,162,35,98. 

containing transcendents of 2ud 
and 3rd kind : J.82. 
multiplication of : Ac.3 : M.17,20. 
transformation of: Ac.3: {p = 2), 
M.15. 

transf. of 2nd degree : M,9 : Mo.66. 
transf. of 3rd degree: M.1,193. 
transf. of 6th degree : M.16,17,20. 
of 3rd order (p = 4) : M.12. 
of 1st order and 3rd kind : J.65,68,88. 
of 1st and 2ad kind : Au.582: J.93 : 
in series, M.9. 

of 3rd kind, exchangeability of para¬ 
meter and argument: J.31. 
of nth order, algebraic relations : 0. 

993. 

Gopel’s relation : An.82. 
addition theory : M.7. 
addition th. for 1st order in a system 
of confocal quadrics : M.22. 
approximation to: P.60,62, 
choice of moduli: 0.88. 
division of : 0.68,98 : L.43 : M.l. 
bisection: C.7O2 : trisection. An.76 : 
M.2. 

generalisation of: 0.84,98. 
geo. representation : L.78. 
inversion of : 0.99: J.70. 
in logarithmic algebraic functions : 
M.ll. 

and mechanics : J.56. 
periodicity moduli: A.68 : An.70. 
periodic: J.32 : of the 1st class, LM. 

12; with four periods. An.71. 
with quartic curves, 4 tables : M.IO. 
reduction of, to elliptic integrals: 
Ac.4: 0.855,93,99: J.55,76,79,86, 
89: M.15: TI.25. 

transformation of 2nd order, which, 
applied twice in succession, pro¬ 
duces the duplication : 0.88. 
transformation: M.7,prl3. 
of two arguments, complex mult, of: 
M.21. 

Hyper-elliptic ^-functions, alg. charac¬ 
teristics : M.25. 


Hyper-Fuchsiau functions from hypcr- 
geometric series of two variables: 
0.99. 

Hyper-Fuchsian groups : 0.980. 

Hyper-Jacobian surfaces and curves : 
LM.9: P.77: Pr.26. 

Hyper-geometric functions or series: 
291: A.55,57 : J.15.2,75 : M.3: Q. 
16: Z.8,26,27. 

as continued fractions : 291—2 : J.66. 
of two variables : O.90o,91,95 : L.822, 
84. 

extension of Riemann’s problem: 
0.90. 

of 9ith order: 0.96: J.71,72 : M.2. 
and Jacobi’s polynomials : 0.89. 
square of: J.3. 

Hyper-geometric integrals : J.73 : Z.22. 
*Hypocycloid: 5266. 
with 2 cusps : Z.19. 
with 3 cusps : J.64 ; Me.83 : K.703,75. 
Hypsometric tables of Bessel: Pr.l2. 

^Icosahedron : 907: M.12,25 : and star 
dodecahedrons, Z.18. 

Tcosian game: Q.5. 

^Imaginary :-quantities : 223 : A.20, 

22 : 8 square, AJ.4 : 0.18,24,25, 
882,94: JP.23: N.63,64: P.1,6,31, 
ap. to primitive functions of some 
derived functions : A.63. 

* conjugates : 223 : modulus of, 227. 

* logarithm of : 2214: LM.2. 
curves : Q.7. 

exponents: A.6. 
integrals of d. e : 0.23. 
prime factors of complex numbers 
formed from the roots of irreduci¬ 
ble rational equations: Z.IO. 
transformation of coordinates : Q.7. 
variables: 0.960: polygons of, 0.92. 
V^/a-^-ib in the form x+iy : A.55. 
tau"^ in the form x-\-iy : A.49. 

(x, y) = F {x-\-ly), to deter¬ 
mine (p and 4: A.IO. 

* geometry : 4916 : A.322,61 : 0.61 : 

CD.7,8: J.55,70: M.ll: Me.Sl : 

K702,72o; TE.16. 

of Lobatschewski: G.5: J.17 : N. 

683. 

of Standt: M.8. 

use in geometrical drawing : J.l. 

* circiilar points at infinity : 4717,4918, 

4935 : tg.eq4998, 5001 : Me.68: Q. 
3,8,32. 

* coordinates : 4761 : 0.75 : Man.79 : 

homog.Q.18. 

elements in geometrical constructions, 
and apparent uncertainty there¬ 
from : Z.12. 
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Imaginary— (continued) : 

* lines through imaginary points: 1761, 

4722—3. 

problem, Newton-Fourier : AJ.2. 

* tangents through the focus of a conic: 

4720—1,6008: A.22. 
variables, generating polygons of a 
relation between several: JP.30. 
cC+iy = yX-fiF, and the lemnis- 
catic coordinates of the nth order. 
Implexes of surfaces : C.8O2. 

^Implicit functions :-of one independ¬ 

ent variable, (f> (xy ); values of <t)jr, 
: 1700—6. 

* the same when if/ (x,y) = 0 is also 

given : 1718—9. 

* y-r> yix, y-ix when (p {x,y) = 0: 170 7— 

16 : ijnx, An.58. 

* {u,y,‘z) : 1720—1. 

* (■*’> y> $) when 3 eqs. connect 

1723. 

* of two independent variables :- 

2/« when (p (.r, y,z) — 0: 1728. 

* ^-r (‘V y z), ^2^, <pxz, when ^ (x, y, z) 

= 0: 1729—32. 

* <P (‘f’> y> v) when 3 eqs. connect 

V • 17'35. 

* of n independent variables : 1737: 

An.58. 

transf. into isotropic means and trig, 
series : 0.38. 

transf. into explicit functions : 0.38. 
defined by an alg. eq.: 0.47. 
determined by the infinitesimal cal¬ 
culus : 0.34. 

* Increment: 1484. 

Incommensurable :-numbers : JP. 

15 : N.43. 

limits of numbers : N.81. 

lines : N.44 : in ratio ^'3 I 1, A.3. 

* Indeterminate coefficients: 232,1527: 

A.3 : J.5. 

^Indeterminate equations (see also 
“ Numbers ” and “ Partition ”): 
188—94: 0.10,th78,88 : 0.5: J.9o. 
Mem. 44 : N.44,45,pr57,59.2,71,78“, 
81,prs81,85 : TE.2. 

ap. to a geo. problem : ]\Ietn.20 : Z.20. 
impossible class of: N.63. 
linear: JP.13: L. 41 : N.43: P.61: 
Z.19. 

* with 2 unknowns : 188—93 : A.3,7 : 

J. 42 : L.63,69 : M(5m.31. 

* with 3 unknowns: 19 4: G.2. 
with n unknowns : 0.94 : N.52. 

X\ -f- 2.t:2 +...-}- uXn — in : 0.1. 


Indeterminate equations— (continued): 
and congruences: Pr.ll. 
quadric : J.45 : in 11 unknowns, N.84. 
quartic : geo.cnL.63. 
quintic: J.3. 

quadratics in two unknown integers : 
x-—ay- = ±1: A.12,52 : E.23,28 : 
J.17 ; by trig.: L.64—66 : N.78. 
x-—aif=h: 0.69: L.37,38 : Mem. 
28. 

xP—-ay~ = ± 4, « = 5 (mod 8) : J.53. 

+ = (a?+h-Y: 0.36: An.53. 

x“ + y- = 0 : geoA.55. 

{11 + 4) x-—ny- = 4 : N.83. 
ax?-¥hx = y" •. L.76. 
iu^+hx + c==^if: O.7. 

2.t’2 + 2..’ + l =?/: N.78. 
ax’^ + hxy + cy^ =-0 \ geoO.9. 
x^ + nxy — ny- — \'. N.83. 
x^ — y^=:xy impossible: N.46. 
ax^ + bxy + cy^+ dx + cy +/= 0 : 0.87. 
quadratics in three tmknown integers: 
a;" +• 7/2 + = 0 : geo A. 55. 
a:2-t-?/2,^22. a. 22,33 ; E.30: 0.19: 
solution prior to Diophautus, 
0.283. 

x^ + ay- = z^: N.78. 
ax^+hif=z^: 0.8 
X‘ + a}f=.z : N.78. 
x-±ay‘=‘iiZ : N.72. 
x- + a (x + hY = y: N.78o. 

(x^ + Inf) z = ax + hky : J.49. 

(a, h, c, dy e,f\xyz)- = t : Pr.l3. 
x^ + if+\Qz''^=n‘^: Mel.4; =4J^ + l, 
L.70. 

quadratics in four unknown integers : 
x^ + y-^z""- — t-: 0.66 : N.48 ; x^ + 2?/‘^ 

+ 3.^2=/^ L.(39^ 

7/ = z2 + i(-+^)L N.78o. 
quadratics in five unknown integers : 
x“ + hif + cz“ + dt" == Uy with the follow¬ 
ing values of h, c, d : 1,1,1 ; 2,3,6 ; 
L.45: 1,1,2; 1,1,4; 1,1,8; 2,2,2; 
2,4,8 ; 4,4,4 ; 3, 4,12 ; L.61 : 1,2,4 ; 
1,4,8; 2,2,4; 2,4,4; 2,8,8; 4,4,8; 
4,4,16; 4,16,16; 8,8,8; 8,8,16; 
8,16,16; 16,16,16; L.62: 2,3,3; 
3,(1,3(1; L.66 : 1,3,3 ; L.6O3, 63 : 
1,1,3; 1,2,6; 2,2,3; 2,4,6; 4,4, 
12 ; 1 , 1 , 12 ; 2 , 2 , 12 ; 1 , 4 , 12 ; 1 , 
3,4; 3, 4,4; 4,12,16; 3,6,6; 3,3,3 ; 
3,3,12; 3,12,12; 12,12,12; L.63: 
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Indeterminate equations— {continued): 
1,1,5; 2,3,6; 5,5,6; L.G4; 1,5,5; 
1,6,6; 1,9,9; l,n,n-, 2.n;2)i-, L.65, 
69: with c = ah, C.42 and L.56. 

+ cz^ + dt-=u,vfith the follow- 
ingvalues of a, h,c,d: 2,2,3,4 ; 2,3, 
3,6; 3,3,3,4; 1,2,6,6; 2,3,4,4; 

L.66: 2,2,3,3; L.65: 3,4,4,4; 

3,4,12,48; L.63. 

+ y^ + z'^ += AiU ; L.56. 

+ cz^ + dt^ + exy +fzt = it, with 
the following values of a, h, c, d, 
e,f‘. 1,2,-2,2,1,2 ; L.63: 1,2,3,3, 
1,3;2,2,3,3,2,3;1,1,6,6,1,6; L.64 : 
2,3,2,3,2,2; 2,5,2,5,2,2 ; L.64: 1,1, 
2,2,0,2; 1,1,1,1,0,1; 1,1,1,1,1,1; 
2,2,3,3,2,0; 1,1,3,3,1,0; L.63; 3,5, 
10,10,0,10; 2,3,15,15,2,0; 2,3,3,3, 
2,0; L.66. 

+ 2^3 + 2^2 + 3^2 -^2yz = u: L.64. 

2x^ + dif+dz^ + dt2+2yz = u: L.66. 

?c2 + ?/3 + ^2 + 2it2 + 2uv + 2v- + 1- = 10 : 

l.64. 

»2 + 2/2 + 2^3 + 2zt + 2^2 + 3lt2 + 3y2= 2 tJ: 
L.64. 

2 (»2 + a;?/ + 2/^) + 3 {z3 + <2 ++1>2) z=.iv ; 
L.64. 

xy + yz + zt + tu = v: 0.622: L.67. 

2/2 = ^1 + 852+...: G.7. 
quadratics in seven unknown inte¬ 
gers : 

a;3 + ay^ + 6z2 + + d it3 + ey2 = to, with 

the following values of a, 6, c,d,e: 
4,4,4,4,4; 1,4,4,4,4; 2,2,4,4,4; 1,1, 
4,4,4; 1,2,2,4,4; 1,1,1,4,4; 1,1,2, 
2,4; 1,1,1,1,4; 4,4,4,4,16; L.65: 
1,1,1,1,1; 1,1,1,1,2; 1,1,1,2,2; 
1,2,2.2,2; 2,2,2,2,2; 2,2,2,2,4; 3,3, 
3,3,3: L.64. 



x^ = y^->ra: lSr.782,83 : with a = 17, 
N.77. 

x^-\-y^ = uz^ : N.782,80. 
x^-\-y^-{-z'^-\-u^ = 0 i A.49. 
axi^hyi = z^: C.87,91,94: N.79: 

a = 7, 6 = -5, L.79. 
x^±2”'y^ = z2 and similar eqs : L.53. 
x^-\-axhj^-\-y^ = s2 ; Mera.20. 

ax^-\-hx^y-+c}j^+dx^y-\-exy^ =fz ^: 

C.883. 

x^-\-y^ = az^: L.43. 
fc7-f 2/7 = Z-, impossible : 0.823 : 

L.4O4. 


Indeterminate equations— {continued ): 
ti-tic solution by alg. identities : 
0.873. 

impo.ssible if 11 >2 (Fer¬ 
mat’s last th.) : A.26,58 : An.64: 
C.24,89,90.:,98: J.17. 
x^>^—y^-n=:2x’^: L.40. 
are™ + 6?/"* = cz'‘: jSr.794. 
x”'- = ^“+1» impossible : N.50,70,71. 
u’2—a?/2 = 2” : 0.99. 
simultaneous : 

x = u^l re-M=2y3; 2:<5 + l=3iv2: 

N.78. 

x^-\-a = y^; y^—a — z^^x An.55: 0.78. 
x^-{-x-\-2 = ?/-; 832—85—2 = ^2: N.76. 
ax-{-hy-\-cz =0 \ Ayz-\-Dzx-\-Gxy 

= 0: A.28. 

i(32 + 2/2—z2 = □ ; x^—if+z-= □ ; 

,32+2/2 + 22 = □ : E.20. 

.r2+rta-2/+2/-= □ ; 2/^+ti2/z+z2= □ ; 

z2+flza+«2= □ ; E.20,21. 

a+2/ + S = □ ; 853 + 2/2 + 22 = □ ; 

a3+2/3+2^ = n : E.17. 
six eqs. in nine unknowns : N.50. 
exponential, x^ =y^ : A.6 ; Z.23. 
a- — h'J = l: N.57. 

^Indeterminate forms : 1580—93 : A.26 : 
AJ.l exponential: J.l : Me.75 : 

N.48,77: ^,A.21;Z.l;—iL.41, 

0 00 

* 42: N.46when a = 00 , 1592: 

0°, J.11,12 : Oexp 0^ J.6. 

* with two variables : 1592ft. 
^Indeterminate multipliers : 213, 1862, 

3346: N.47. 

*Index law : 1490. 

Indian arithmetic, th : L.57 : calculation 
of sines, N.54. 

*Indicatrix : 5795 : 0.92 : Mc.72: N.74. 

* a rect. hyperbola, condition : 5824. 

* two coinciding lines : 5825. 

* an umbilicus: 5819. 

to determine its axes : L.7 8,82. 
determination of a surface from the 
indicatrix : A.59. 

^Indices : 29 : N.765,778,78. 
in relation to conics : N.722. 
of functions, calculus of: JP.15. 
^Induction : 233 : 0.39 : G.15 : L.48. 
^Inequalities : 330:—41: A.1,24. 

in integrals: Mel.3: f.d.c. Mcm.59. 
(Jja)2 > 11’*: N.60. 
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Inequalities— {continued) ; 
a^>x: A.14. 

if .a.2-1-2/2 = 22, ^ g’"': A.20. 

geo. mean of n numbers < arith. 
mean : 332 : N.42. 

Infinite :-equalities : M.IO : prG.22. 

funetions : An.71 : J.54. 
from gnomonie projeetion : Me.G6. 
linear point-manifoldness: M.15,17, 
20,212,23. 

point-mass: M.23. 
products: J.27: N.69. 
value expressed by r funetions : 
Ae.3. 

exhibiting eircular arcs, logarithms 
and elliptic functions of the 1st 
kind : J.73 : Ac.4. 
use of in mathematics : C.73. 
^Infinitesimal calculus : 1407 : M.11,18. 
Infinitesimal geometry : An.59 : C.82. 

of a surface, formiilse : G.13. 

Infinity, points at on alg. surfaces : C. 
59. 

^Inflexional tangents : 5789 : A.35. 
of a cubic curve : E.30 : J.38,58. 
Inflexion curves : Z.IO. 

^Inflexion points : 5175: CM.4 : J.41. 
of cubic curves : J.28 : axis, E.31. 
Ilerse’s equation: N.81. 

Inscribed figures : 

In-circle:-of a quadrilateral, locus of 

centre: A.52. 

* of a triangle : 709,953, 4747—50: tg.c 

4889: CM.l. 

* in-centre : 709, t.c4629, tg.e4882. 

In-conic :-of a circle : thJ.91. 

four of a conic : prJ.39. 
of a developable quartic : An.59. 
of a polygon : M.25. 
of a quadric : J.41. 

* of a quadrilateral: tg.e4907: N.63 : 

four, ISr.56. 

* of a triangle : 4739—46, tg.e4887 : 

A.2 : N.50; max,A.8: Q.2 : lat. 
rect., E.34. 

In-cubic of a pencil of six lines : Q.9. 
In-hcxagon :-of a circle : A.22. 

* of a conic: 4781 _: N.57,82. 
In-parabola of a triangle : CD.7. 
In-pcntahcdron of a cubic : Ac.5 : l\1.5. 

*In-polygons:—:-of a circle: 746: CM.l: 
J.35: N.50. 

regular of 15,30,60,120, &c., sides : 
A.62. 

do. 9 and 11 sides : LM.IO. 
do. 17 sides : TI.13. 
do. four of 30 sides : N.78. 
do. 5, 6 and 10 sides, relation : A.40, 
43,45,48. 


In-polygons— (continued ): 

two stars, one double the other: 
A.Gl. 

of a circle and conic (Poncclet): G.l. 

* of a conic : 4822: thsX.47 : cnTN.69. 

* with sides through given points, 

cn : 4823: An.5l2. 
semi-regular: N.63. 
of a cubic (Steiner): M.24. 
of a carve : Q.7. 
of a polygon, th -. CD.5. 
of a quadric with sides through given 
points : LM.22. 

In-quadrics :-of a developable: Q.IO: 

quartic, An.59. 

6 of a quadric, 2 touching 4 ; An.69. 

*In-quadrilateral:-of a circle: 733 : 

A.5: cnE.21 : area, N.44 ; P.14. 

* of a conic : 4709. 
of a cubic : N.SI. 

In-sphere of a tetrahedron: A.Gl. 
Ill-spherical quadrilateral: N.49. 
In-square : of a circle ; J.32. 
of a quadrilateral: A.6. 

In-triaiigles :-of a circle : P.71. 

with sides through given points : 
J.45: N.44. 

of a conic: J.7 : Maccullagh’s th, N.65. 
with given centroid : G.23. 
similar : A.9. 
of a triangle : thsQ.21. 
two (Steiner’s “ Gegenpunkte ”): 
J.62. 

In- and circum-circles :-of a poly¬ 

gon : N.45. 

distance of centres : A.32. 
of a quadrilateral: Fuss’s prMcl.3. 

^ of a triangle: 935 : A.38. 

* distance of centres : 936, 4972 : eq. 


4644. 


In-and circum-coiiics ; of a pentagon: 
N.782. 

of a polygon ; J.64,70 : regular, Z.14. 
of a quadrilateral: 60 theorems, N. 
45.,: ]Si.76. 

of a scif-conjugate triangle: Me.81. 

* of a triangle: 4724, 4739: An.52: 

G.222. 

In- and circum-heptagons of a conic : 

A.3. 


In- and circum-peutagon : of a circle : 
A.22,43. 

In- and circum - polygons (see also 

“Regular polygons”):-of a 

circle: L.16 : N.80: P.ll : Q.ll. 

^ sum of squares of perps., Ac.: ths 


1099. 


dillercncc of perimeters, ths : N.433. 
of two circles, respectively : C.53 : 

G.21: L.78. 
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In- and circum-polygons— (contmued): 
of a conic : A.4 : ellipse An.52 : An. 

57 : J._64 : N.57,84. 
of two conics : 0.90. 
of a curve : 0.78. 
of a homonymous polygon : A.50. 

In- and circum-quadrics of a tetra¬ 
hedron : eqsN.65. 

In- and circum-quadrilaterals :-of a 

circle : A.48. 

of a conic : 4709 : and pentagon ths, 
N.48. 

In- and circum-spheres :-of a tetra¬ 

hedron : N.73. 
of a regular polygon : A.32. 

* of a regular polyhedron ; 910. 

In- and circum-triangles :-of a circle 

(Castillon’s pr) : Q.3. 
equilateral, of another triangle : Me. 
74. 

and square of an ellipse : A.30. 

* of two conics : 4970 : N.80. 

* envelope of base : 4997. 
respectively of two conics having a 

common pole and axis : CD.4. 
^Instantaneous centre : 5243. 

^Interest: 296—301: and insurance, A. 


26. 

Integrability of functions : An.50,73 : 
C.28: J.59,79: JP.17 ; L.492. 
criterion for max. and min. values of 
a primitive : An.52. 

^Integral calculus : 1900—2997 : A.ext 
18,26: Euler’s, A.20: 0.14,42: 
Newton, 0D.8: G.19: L.47: Me. 
72,74,75: Mem.18,36. 
paradoxes : 0.44. 

* theorems, &c.: 2700—42 : A.45 : 0. 

13 : L.geo.ap50,56 : Me.77 : Mem. 
prsl5,30. 

Integral functions : 0.88,89,98 : G.4,222: 
h.c.f of G.2, 

with binomial divisors : J.70. 
and continued fractions : An.77. 
reciprocal relation of: A.67. 
^Integrals or Integration : 1908 : A.1,2, 
4,5,6,10,23 : Ac.1,32,44 : 0.90 : 

0r).9: CP.3: J.2,4,8,17,25,36,39, 
61,92: JP.9,10,11: L.39: M.6,16, 
73,75: Mem.31: P.14,36,37: Pr. 
7,39: Q.11,13: Z.7,11,15,182,222,23. 
^ approximation to : 2127, 2262, 2991 : 
A.9,14: 0.97: CM.2: G.3: J.l, 
16,18,37,48: L.80. 

* Gauss’s: 2997: 0.84: M.25_. 

by the principle of Abel’s derivative : 
J.23. 

* by differentiating under the sign of 

integration: 2258. 
by elliptic functions : G.ll: L.46. 


Integrals or Integration— {continued): 
from orthogonal surfaces’ theory: 
L.38. 

by Pfaff’s method : A.47. 
by series : Me.71. 
by substitution: A.18. 
by Tchebychef’s method: L.74 : M.5. 
comparison of transcendents : Mg.79 : 
Pr.8. 

complex, representing products and 
powers of a definite integral: J. 
48. 

connected with trinomial integrals : 
L.55. 

convergency of: M.13. 

definite :-applied to Euler’s, &c.: 

J.16. 

with finite differences : J.l 2. 
from indefinite: J.41,51,52. 
whose derivatives involve explicit 
functions of the same variable : 
0 . 12 . 

determination of functions under the 
sign j: JP.15. 

difference between a sum and an 
integral: 2230: G.9. 
division into others of smaller inter¬ 
vals : A.4. 

* eight rules for definite integration : 

2245. 

equations for obtaining functions as 
integrals : J.79. 

expressible only by logarithms: An. 
76. 

extended independently of the con¬ 
ception of differentials: A.Ol. 
formulae of: A.l : J.18,19 : M.4: Me. 
76 : Mo.85: N.85 : failure of f, 
CM.2. 

and gamma-function: LM.12: Z.9,12. 
higher, of composite functions : A.20. 
with imaginary limits : 0.23: J.37. 
use of imaginaries in : M.14. 
inverse method: 0M.4: CP.4,5 : L.78. 
involving elliptic functions : Pr.29 : 
Q.19. 

* limits of: 2233—44: L.74. 
multiplication of: Pr.23. 

number of linear independent of 1st 
kind: An.82. 

of alg. differentials by means of 
logarithms: Mo.57: An.75: 0. 
9O2: J.12,24,78,79: Mo.84: N.81 
(see “ Integrals ”). 

of algebraic surfaces: C.OOs: J.26: 
• octic, An.52 : cubatnre, 0.80. 

* of circular functions : 1938—97 : 2453 

—2522: No.1799: LM.4: M.6: 
Mem.9. 
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Integrals or Integration— {continued): 
sine and cosine : G.6 : M.ll. 

* of exponential and logarithmic func¬ 

tions : 2391—2431: E.17,18. 

* of circular, logarithmic and expo¬ 

nential functions : 2571 — 2643 
(see “ Integrals ”). 

of a complex function : A.66: th of 
Cauchy, Ac.84. 

* of a closed curve : 5204 : C.23 : E.28 : 

Z.17. 

of differentials containing the square 
root of a cubic or biquadratic: 
Me.57. 

* of discontinuous functions: 2252: 

C.23: LM.6. 
of dynamics : L.52,55,58. 
of explicit functions, determination of 
algebraic part of result: An.61. 

* of functions which become infinite 

between the limits : 2240 : J.20 : 
JP.ll: Q.6. 

of infinite relations : M.14. 
of irrational alg. curves by loga¬ 
rithms : An.61. 

* of irrational functions : 2110—20 : 

AJ.2: An.56: C.32o,89 : L.53,64: 
Mcm.30. 

* limits of : 1903,-6, 2233, 2775. 

* for quadrature of curves : 5205—11: 

C.68,70: circle, J.21,23 : JP.27. 
triple integrals: J.59. 

* of rational functions : 2021—32, 2071 

—2103 : L.27 : N.73. 

* of rational fractions : 1915 : CD.3 : 

Mcm.33o: N.72. 
of total differentials : C.99o. 
of transcendental functions : JP.26. 
of two-membered complete differen¬ 
tials ; J.54. 

periods of: C.36,38,752: G.753: JP.274. 

* princi])al values of infinite definite : 

2240 : A.68. 

properties by elliptic coordinates: 

L. 51. 

quotient of two d.i of the form 
jdx dy...dz : J.67. 

reduction to elliptic functions : An. 

60: LM.12 : JMe.77,78. 
residues of : JP.27. 
iliemanu’s of first kind : An.70. 
singular values of: A.11. 

* successive: 2118: L.62: 2nd order, 

M. 20 and Z.ll. 

* summation of: 2250 : J.47 : JP.12,21. 
tables of definite, by B. dc llann, note 

on : C.47. 

and Taylor’s theorem : ^Mc.S t. 
theorems: L.48 : P.55; Q,10,12. 


Integrals or Integration— {continued): 

* transformation of; 2245—52 : A.10 : 

CM.4 : J.fl5,22,36 : L.36 : lMcl.3 : 
Q.l. 

* variation of arbitrary constant: 2247 : 

J.33. 

whose values are algebraic: J.IO: 
JP.14: L.38. 

ALGEBRAIC FCNCTioxs. Indefinite: 

unclassified : An.75 : C.OOo: J.12,24, 
78,79 : Mo.84 : N.81. 

* simple functions of : 1926—37 : 

£»”*, A.4 : ^/{a^—x-), A.38 : ^ 

* fractious involving a binomial surd : 

2008—19. 

- 1 -: Mem.13. 

(l+x) 4/(2a33—1) 

_ . Q.18. 

(as”—a) v^(aj”—5) 

: 2015: L.80: Z.8. 

1 — 


Mera.lO. 


(l±i«2)(l-h6a:2+a3-9‘ 

_^_, A 3 

(*3-1-8) • ■ * 

-X — and deductions : 2021—8. 

*“±1 

2035—60: A.36: Mem.ll. 


1 

*2-f a2 


; 2061—5: J.36. 


1 


-: A.40; 


-: 2007. 


{x—a)‘’{x—h)'i' ’ *'*(*— 1 )" 

* functions of (ct+5.T+c*2): 2071—80: 

2103—9. 

-J-A.55. 

l/{a-{-hx-\-cx^)“- 

* functions of (a+5*2: 2081—5. 

* functions of (a + 5*“ + c*-'‘): 2086— 

rational algebraic functions of irra¬ 
tional ones : 

* integrated by rationalizing : 2110— 

20 . 

reducible to elliptic integrals, viz. : 
rational functions of s/A^, \^X-j, and 
^/Ag : 

* where A.| is a quartic in *: 2121 

—41. 

* F{x, ^X ,): 2121: LM.8.: L.57. 

* 2133—6: J.36: LM.lt. 

^/A. 
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Integrals :- algebraic— {continued): 


x-\-a 


L.64: Mel.3. 

: 0.59 : CD.l : E.36 : J.IO. 


\/ X- 

: C.51. 

F {x) y/X\ 

-1^: 2141 : J.17 : Man.79. 

-v/Xa 

JP(V'X3): L.57. 


(1-0)3) 


: Me.82. 


1 


&c., reduced to 


(fc3-l)y(.«3-&3)’ 

Jacobi’s functions : Q.18. 

_- : J.32. 

sundry : CjM.2 : L.47. 

Limits 0 toll 

Euler’s : see “ Euler’s integrals.” 

* (1 _«•)—!: 2280: A.40 : 0.16: 
J.11,173. 

* . 2341: 0.55. 

( 1 +*)'*“ 

* similar forms: 2342—4, 2352, 2356 

—67. 

„ nx” 


1—03 1 — 03’ 


: 2367 : A.IO. 


03"* (1—03)’ 


: L.59. 


Integrals :- algebraic— {continued): 

* 03-'*jF ^ao3—I (Oauchy): 2712: 

A.9. 

-: A.12: E.41. 


1 -b2.rcos^d-a32‘ 

deductions from this involving in¬ 
to grals of the forms 

man 




_2L; A.3.5. 


(l+a*)" 

0-^)1 _: L..57. 

{l + y(l + a»3)r''»“«*^ 

, L 5g_7 

(rt+5*+rf)“*‘ 

_1;-; J.42. 

{a —5a;)”* (1—03)* " as" 

Limits 0 to CO: 

^,&c.:2309—12,2345—55: A.38: 

1 ±05 

J.24: L.41 : Q.12 : Z.19. 

-^ : 2364. 

(o;3-f a-)" 

X'‘a3"’': Me.83. 


l+os"+a3^" 


2n > ft > 0 : N.48. 
&c.: A.16. 


l+a;3+...+032(’*-if 

^ ]^2 similar : A.35. 

1+03^""2 


Other limits: 

^ p F{x)dx p F(x)dx 23^8-9. 

J _i a/( 1—052)’ ] (fc—C)" 

['^^(a-6a;)‘^03”‘-*do;: A.35. 

J 0 

dxz=zf{a): geoX.85. 


_i 1— 2o3 cos a-|-a5‘ 


CIRCULAR functions. Indefinite .- 

sin 03, sin“^a3, &c.: 1938—49: sm"a3,&c., 
1954—7: cos"a3, X.74. 

-i-: 1951: J.9; 

fi+tcosas (ct+ocosas) 

1958: Me.80. 

products and quotients of sine and 
cosine and their powers : 1969— 
80, 2066—70: A.49. 
binom. funcs. of sin and cos: 1982—92. 
ditto of tangent: 1983, 1991. 

F (sin a s, cos as) . ^ |2 : 

a cos 03+5 sin 03+c 
J.19,32. 

(a+25cosa;+ccos 203)-^: 1993; 
__, 2029. 

03-"— 2.f“ cos w^+1 

F (cos as) _. 

(ftl + 5i cos 0-)(fl2 + 52 cos 03)...&C.' 

a function of sine or cosine in a ra¬ 
pidly converging series, and siic- 
cessive integration of it: J.4,lo. 

_sirU^SL—_: A.ll. 

(1 —sin c|))^/{l—k^ cos2(^) 

(sin amx)-’^ : J.81. 

-v/{l—Z32 sin31 (ft+o') sin2 | (d—o’)} : 

J.39. 

sin"® _ Q 7^ 
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Integrals:- circular. Indef. — {conL): 

* (Fourier): 2726—42: 

X or sin X 

A.38.. 

Limits ^ to ~ : 

* sin”aj: 2453-5/2458,2472: E.29: 

w = E.28. 

* 2457. 

* sin" £c cos^ a?: 2459—65. 

* cosP a; 7ia!: 2481, 2484—92 : L.43. 

cos 

cos-la^ sin ^ j ^ ^ 5 g_ 

siiuc 2 

* a3 cos’‘‘2a5 sin na?: 2494. 

* --— and similar: 2496 

a2 cos2a;+62 sin^a; 

—2501, 2344. 

* cos^""“^a5 sin""^ x px ; and 

sin^“^ X sin jia:: 2585—8. 

* X cot ax : A.34 : No.l9 ; 

X tan Itt (1— hx ): 5340. 

Limits 0 to TT : 

* sin”® cos^'aj: 2459. 

* sin naj : 2467—9. 

cos^ 

* ( sin \ sin . 2474—82, 2493. 

\cos / cos 

* siii“"a’-d„j./(cosa;): 2495. 

cos 01 {x—a sin x): L.41: 0 to 2rr, 0.39. 
cos (tt+wa;) cos (6+j^a;) cos {c-\-qx ): 0. 
54. 

* _«sinjK . Pr.^o: with a = 1,2506 
l+a2 cos^aa 

and Q.ll. 

^ aa sinaa or sin a; sin nr; or cosra; ^ —9 

1 —2[i cosa;+ft3 

sin> orco8j« . Q.n : LM.ll :«=!. 

(1—2ft cos 83+a^)" 

L.74. 

a’F(sina3 cosaa) : JP.27. 
about 250 integrals with limits chiefly 
from 0 to TT, some from 0 to oo: 
rr.25o,26,27,29,30,31,322,33. 

Limits t) to OO: 

* , cos aa^, cos (aa;)2 : 2507—9 : Q. 

V'aa 

12: 2602. 

Q.13; a-: Mo.72. 
\cos/ ^ ’ cos 


Integrals:- circular. 0 to oo — {cont.): 


cos 
cos 5.13 


^ hx: 2579-81. 


a3+£t 


also 


r^daa: 

Jot. X 


A.10. 


^ si^ 2510: A.30 : E.26 : Z.5 : n = 2 
x^ 

and 3, 2511—2. 

^ cos qx —cos px 2513—5 
aa or aa2 

sin a» sin_te ^nd similar: 2514-22, 

03 

cos2rtii3 sin^aa 2722_5 

a3’" 

^(sinuaa, cos tre), reduction of: J.15. 
(p (sin ax, cos 5.13) _ j 23 25 

X 

sjnro. 2572: L.49: Z.7,8. 


2573: A.10,11,59: J.33: Me. 

£t2 + a32 

72,76: Z.7,8. 

■" : 2575 : A.IO : J.33. 


a2+a32 
co s rx 

(7t2+^ 

<!>(«) t 


: L.40: Q.18. 


-: A.ll : with ^(aa)=a’”'. 


a^+aaS 

L.46 : <p {x) = tan-*c.T, A.ll. 
(«a’)2 

- — and similar : Z.13. 

ft2+a:2 

sin ax 

(l+aa^) sin hx 

Ac. 7. 

1—cos”* aa 


and related integrals: 


Z.7,8. 

^ 1 or aa sin caa_ 

(l + .i;2) (1—2fi cos c.f' + «2) ’ 

* ton->n.r,^2,gg 

f<a(l+a’2) ^.'2 


2630-2. 


tan" 


2504. 
tan"* ax —tan~* hx 


Other limits : 


: 2505. 


f ' ^—, lim. 0 to 27r: 

Jo a+5 cos aa+c sill aa 


A.55. 


* deduced from (2416): 

Jo 1+1(3 


1 + 
L.69, 
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Integrals :- circular — {continued): 


p tan~^ 
Jo xj{\ 


ax dx 


: 2502. 


) x.y{\—x'^) 

f ^ dXy where F {x) is a rational 
J - so JC** 

integral circular function : CM.3. 
sine-integral, &c.: see ‘‘ Functions.” 

EXPONENTIAL FUNCTIONS. Indefinite : 

a^: 1924; 2004. 

e^ (®)+¥ {^)} 1998. 

e exp ; E.34. 

X being a rational integ. fuuet. of x : 
e^X : J.13; e^, ]!klcm.83 ; e exp 

Q.l. 

c exp i-x-) ^ same X x- or 

^{a+hx^) 

{c + dx^) : L.52. 

Limits 0 to <x : 

Q-kx . 2284—91: sec “ Gamma 
function.” 

e exp {-hx-): 2425 : evaluation by a 
continued fraction, J.12. 
other forms : 2426—31, 2595, ’8, 2601. 

e exp ^ 


l+ajS 


: Z.6 ; ditto X x”\ L.46. 


-- and the same X x : A.10. 

a;2—ft2 

Q-aXQi{x^*bx) . ]\X^P2. 

e exp (a*”) . Ei{± ax**) : Q.18. 

Other limits : 

cxpon-integral: see “ Functions.” 

[ e exp (—»2) [ = Erfc | (Glaishcr)] : 
Me. 76. 

I' e-^^F{x)dx: G.77,. 

i«2'‘eexp(-a:2-^^ : 0.12. 

! F{re'*'')e~**** \ A.15. 

o« 

LOGARITHMIC FUNCTIONS, hidefiinite: 

'* logaJ: 1950; aj’'* (log«)^ 2003—6. 

X*** log (1 +£6), &c.: A.39. 

F^(a!)logaJ: G.12. 

* and a similar form: 2030—2. 

X ±\ 


Integrals :- logarithmic. Indef.— 

(continued): 

(1 several: Mem.l8. 

Limits 0 ^0 1 : 

* log 2284; aj^flog- V', 2291. 

ftC \ tC / 

* involving log x or log (1 ± a’): 2391— 

2403, 2416—22. 

* log(l+a?) . 2416: 0.59; J.6; L.43,4k 

l+»2 

* - : 2636: Q.12; — 

y(l—a;2) l4-aj”‘ 

and many cases, J.34. 

* J_ log : 2403 : L.73. 

X l—x 

; Z.3; A.37. 

logic logo? 

about 540 expressions chiefly formed 
from log(l ± ic) or log (1 ± iCwl 
or log {l + a’+*2) orlogil+ic^+a;'’), 
joined to a single factor of the 

form as"* or (1 ± ®”‘) or ^ 

with integral values of m and n : 
A.39,40. 

about 280 expressions, nearly all 
comprised in the form 

p 

x"*il—x")^ (logic)S 
with integral values of w, n, j>, q, 
and t: A. 10. 

about 130 expressions of the forms, 
a-m (l-aj'O" (logx)^^^^ 

x*'*(l—x")^ logic, and 

X—( x 1) with integral 

a?’’—1 

values of m, n, qj, q, and r : A.40. 

* Limits 0 io GO : 2423—4. 

Other limits: 

* lo^(l-^ J. 2408—12: L.73: Zl. 

X 

* 1 . log limits 0 to v/2—1: 2415. 
X 1 —X 

log-integral: see “ Functions.” 

CIRCULAR-EXPONENTIAL FUNCTIONS. In¬ 
definite : 

* gflX /sin ^ (,Qgn 

\cos } 

2000. 
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Integrals :-ciiiruLAii-ExroNENTiAL— 

{continued) : 

(e*^ sin : L,74. 

Limits, 0 to CO : 

* : 2571.2591. 

X 

* e'^^sintaj: 2583 : 0 to 1, Mem.30. 

* hx : 2577,2589 : J.33 : Z.7. 
cos 

* / sin \ . 2608—11 : A.7 : 

\cos / 

* with limits—2612. 




sin mx, &c.: 2593—2600. 


* 6“*-* cos mx sin” x: 2717—20. 

* e exp (—^2^3) 2hx, and similar: 

2614—8: Z.1,10. 

* c exp I ~ ^ ^ I ^ * 

2606: Q.12. 

* cQS j ^ _e2: ' . ^ .. 2619. 


CmCULAll-LOGARITlOIIC FUNCTIONS : 
xnXogj^ _. 2033. 


a;2“—2»'* cosii^+1 * 

Limits 0 to 1 : 


* (m logaj) / logaj, and similar : 2641 
cos ' ft / ' O’ 

—3. 

l os(l-2/ cos»+a;g) ^ &c., &c.: A.31. 

X 

. l-2.cco3»+a!^ ^^ 13 jjinjiiar; L.TSj. 

a;(l—®s) 

log sina; log cos*, &c. [ limits Oto^y. 
E.22. ^ ‘ 

Limits 0 to 

* logsiiKc: 2635: CM.2 : E.23 : Q.12: 

0 to UTT and similar integrals, A. 

16. 

* lop;(l+ccos«). 2633 : 0 to 77 , 2634. 

cosaj 

tana; log coscca;: E.27. 
l og(l-l-R~ sin2it’) . 

y/{l—k-sui^x) 


Integrals :- circulaii logarithmic— 

{continued): 

log a; and log ^(1—^:2 sin2a!), each 

r> QQg o » V 

with the above denominator: J.92. 
Limits 0 to TT : 

*■ log (1—2(1 cosa;+C(.2).. 2620—2 : L.38 : 

Q.11. 

* cos rx log (1—2«. cos a;d-ct2): 2625 : A. 

13. 

X log sin X : 2637 ; x log sin2 x, 2638. 
Limits 0 to CO \ 
ax 

62-j-a/2 

* log(l—2acos cajd-«-) . 063 l 

l+a;3 • - ^ • 

Other limits : 

A.&3. 

Jo a—6 cos a) 

f F (cos nx) log sin * dx : Z.IO. 

I ^ 

I ^cos*^“"^^a3logtanajd.(}: A.16. 

|L 

I aj’'‘ log (1—2 a cos a;+a;2) dx, and 

J 

similar: J.4O3. 

exponential-logarithmic functions : 


jo 

f: 


— log (a;2-|-it2) dx, &c.: J.38. 


V*' log (1-2(1 cos a 3 -}-a 2 ) (6c: J.40. 

miscellaneous theorems 

* formulm of Frullaui, Poisson, Abcjl, 

Kummer, Cauchy, &c.: 2700 13. 

* !''/'(») =/(!.)-/(a): 1901-3; A.1G. 

^ I* »(aa;)—»(te) j ... ; n=0,2700. 

* (a^) {>//“ (:c)}^”d.c : 2001—2. 

f {0 of Taylor’s th): LM.13. 

Jo a}’’ 

I F{x)dx, approx, to: C.97. 
lf{x-I{)dxz=.\f{y)di,: CD.4. 

I ^ and similar: 

* Me.75,76,77. 

{/ (?') ^ 0^) 

[ iivdx ^ f udx f vdx: AJ.7. 

Jq Jo Jo 
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Integrals :- miscellaneous tii. — 

(continued) : 

{u)ndti: Z.25. 

du = (—1)* j (w)i ^2 du : 

A.38. 

Pm (s’) Pn (x) dx (Pm X = Lcgeudre’s 
coeff.); Pr.23. 

mCi'f ^ ^ P®® integer: 

0.78. 

?> (sin 2x) cos x dx 

° fa 

= (p (cos3 a') cos X dx : A.21 : 

Jo 

L.532. 

J/w sin <B7ra d (log a): Mo.85. 
cos _ ,T. sin^ 


f, 


$ a 3 ^I^ jp transf. of: 

0 r3+a2 sin cos- 

J.36. 


integrals deduced from 

z”-\-Pz -\-Qz — 0, and ^" + 
(P+2E) y + {Q+P (P+P)4-P'} 
?/ = 0 : J.18. 

\ll(x,y)dx: J.61 : Mo.61 : Q.7. 

* if f(x-\-iy) = P+t'Q, th: 2710. 

[Upwards of 8,000 definite integrals have 
been collected and arranged in a 4to 
volume by D. Bierens de Ilaan.; 
Leyden, 1867 (B.M.C.: 8532. ff.)] 

^integrating factors of d.e: pp.468—471, 
3394. 

^Integrator mechanical: 5450. 

Intercalation : C]\1.3. 

^Intercepts, to find : 4115. 

^•Interest: 296 : N.48,61,64. 

Interpolating functions : C.ll. 
^Interpolation : 3762 : A.32,61,62,70 : 
AJ.2: 0.19,48,68,92 : J.5 : L.37, 
46 : Me.78 : N.59,76 : Q.7,8. 
of algebraic functions, Abel’s th: J.28. 
Oauchy’s method: A.2 : 0.373: L.53. 
by circular functions : N.85. 
by cubic and quintic equations : 0.25. 
formulae: J.2 : O.99o: Mo.65. 

* Lagrange’s : 3768*: J.1,84: N.57,61. 
Newton’s : N.67,61,71. 

for odd and even functions : 0.99. 

* and mechanical quadrature : 3772: 

A.20. 


Interpolation—(coiifmited) : 
by method of least squares: 0.373: 
Mcm.59. 

* by a parabolic curve: 2992 : 0.37. 
Stii'liug’s scries : Me.68. 

and summation: I.IL,12,14. 
tables: I.II3. 

of values from observation : Mel.2: 
tr, Mem.59. 

Intersection :-of circles and spheres : 

L.38. 

* of 2 conics: 4916: OD.5,6 : N.66. 

* of 2 curves : 4116, 4133 : 0M.3 : J.15 : 

L. 54: by rt. lines, Me.80. 

* of 2 planes : 5528. 

of 2 quadrics : 0,62 : N.684. 
of right line and conic : see “ Right 
line.” 

of successive loci, ths : N.42. 
of surfaces : J.15: L.54 : by rt. lines, 
Me.80. 

^Invariable line, plane, conic,and quadric: 
5856—66. 

^Invariants : 1628: An.542: 0.853 : E.42 : 
ai,2,15 : J.62,68,69 : L.55,61,76 : 

M. 3,5,17,19 : Me.81: N.58,59o,69, 
70; P.82: Pr.7: Q.12: Z.22. 

of binary cubics : An.65. 
of binary forms : of 8th deg., 0.84: 
G.2 : M.5 : simultaneous, M.l. 
of higher transformations : J.71. 
superior limit to number of irre¬ 
ducible : 0.86. 
of a binary quadric : M.3. 

* of a binary quautic: 1648: E.40: 

Me.79 : of two, 1650. 
of a binary quartic : M.3 : Q.IO. 
of a binary quintic, table of in’educi- 
ble: AJ.l. 

of a bi-ternary quadric : J.57. 

* of a conic : 4417 : 4936—5030. 

* of two conics : 4936: N.75. 
of three conics: Q.IO. 

* of particular conics ; 4945. 
of a correspondence : G.20. 
differential: M.24: of given order 

and degree belonging to a binary 
10-ic, 0.89. 

of d.e linear: 0.88 : of 4th order, Ac. 
3. 

and covariants oi f{ic^,y^) relative to 
linear transformation: G.17. 
of linear transformations : M.20. 
mutual relation of derived invariants : 
J.85. 

of an orthogonal transformation: J. 
65: LMJ3. 

of a pair of homog. functions ; Q.l. 
partial: LM.2. 

of points, lines, and surfaces : Q.4. 

5 Y 
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invariants—(contimied): 
of a quadric: J.8(3: of two, M.24 ; Q.6. 
of a quintic : of 12th order, Q.l: of 
18tli order, 0.02 : J.59. 
related to linear equations : 0.94. 
of sixth order: G.19. 
skew, of binary quintics, sexties, and 
nonies, relations : AJ.l. 
of ternary forms : G.lOg. 
transformation theorem : M.8; Me.85. 
Inverse calculus of differences : N.51. 
^Inverse equation of a curve or inverse 
method of tangents: 5160: No. 
1780: J.26: Mem.9,26. 
^Inversion : 1000, 5212 : An.59 : 0.94,pr 
90: LM.5 : Me.66 : thsN.61: Pr. 
34: problems by Jacobi, J.89: 
geo. tbs, Q.7. 

formulae: An.53: Lagrange’s, J.42,54. 
of arithmetical identities : G.23. 

* of a curve : 5212 : G.4 : J.14 : Pr.l4. 

* angle between radius and tangent: 

5212, 5219: E.30. 

of 2 non-intersecting circles into con- 
ceritric circles; E.39. 

* of a plane curve : 5212 : G.4 : Pr.l4. 
of a quadric : J.52,76 : Q.ll. 

of a system of functions : An.71. 
and stereographic projection : E.35. 
^Involute: 5149,-53,-66. 

of a cii’cle : 5306 : 0.26 : successive, 
E.34. 

and evolute in space : 0D.6. 
integrals of oblique : 0.85. 

* of a tortuous curve: 5753. 
^Involution: 1066: A.55,63 : gzAn.59 : 

At.63: 0D.2: thOP.ll: thE.33: 
G.10,20 : J.63: N.53,64,65. 
and application to conics : A.4,5. 
of a circle : Mc.66. 

of a cubic space and the resulting 
complex: Z.24. 

of higher degrees : O.OOg : JM.72 : of 
3rd and 4th, An.84: Z.19. 
of numbers, machine for : P.15, 
of 7i-tic curves : 0.87. 
relation between a curve and an n-tic, 
the latter having a multiple point 
of the n —1th order : 0.96. 
pencils with problems in conics and 
cubics: N.85. 

of points on a conic : N.82. 
of 6 lines in space: 0.52. 
of right lines considered as axes of 
rotation : (h52. 

* systems of points in : 4826,4828. 

ditto, marked on a sui-facc : 0.99. 
Irrational fractions: decomposition of, 
J.19: irreducibility of, Mem.41; 
rationalization of, A. 18. 


Irrational functions : M.4 : of the 2nd 
degree, 0.98. 

Irreducible functions with respect to 
a prime modulus : 0.70,90,93 : L. 
73.. 


Isobaric:-calculus, N.85 : homog. 

functions, G.22 : algorithm, N.84. 
Isogonal relations : A.60: Z.18, 20. 
do. represented by a fractional func¬ 
tion of the 2nd degree : M.18. 
representation of a; = ”/X and 

; Z.26. 

V cX'‘+cZ 


transformation of plane figures: N.69. 

Isomerism, pr : AJ.l. 

Isoperimeters, method of: N.47,74,82. 
problems: J.18: M.13: Mcl. 5. 
triangle with one side constant, and 
a vertex at a fixed point: 0.84. 

Isoptic loci: Pr.37. 

Isosceles figures : 0.87 : JP.30. 

Isotherms, families of: Z.26. 

Isotropic functions : 0.260,27.. 

Iterative functions: L.84. 

*Jacobian: ths 1600—9: AJ.3: thZ.lO. 

* of3 conics: 5023: LM.4. 

* formulae: d.c.l471: J.84o: Mo.84. 
function : one argument, G.2. 

of sev’eral variables : Mo.82o. 
modular eq. of 8th degree : M.15. 
and polar opposites : Me.64. 
sextic equation : Q.18. 
system, multiplicator: M.12. 


Jacobi-Bernoulli function : J.42. 


Kinematics: A.61: AJ.3: G.23: L. 
53,80: LM.thl7: N.82, ths 83 
and 84. 

of plane curves : A.55 : N.82 : caus¬ 
tics, Z.23. 

paradox of Sylvester : ]\re.78. 
of plane figures : Mel.26 : N.78,800: 
of a triangle, N.53. 

of a point: N.49,82: barycentric 
method, Mel. 5. 

of sliding and rolling solids : TA.2. 

Kinematic geometry:-of space: J. 

90. 

of similar plane figures: Z.19o,20,23. 
Knight’s move at chess: 0.3*1,52,74 : 

CI).7: CM.3: E.41: N.54: Q.142. 
Knots : TE.28 : with 8 crossings, E.33. 
*Kumnier’s equation, i.c.: 2706. 
rational integrals of: M.24. 
an analogous eq.: 0.99. 

Kummer’s 16-nodal quartic surface: 
0.92: J.81. 
figures of: M.18. 
lines ofeurv. of: J.98. 
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Lam6’s equation: An.79 : C.86,90,91, 
ths92. 

Lame’s functions : 0.87 : J.56,60,62 : 

M.18. 

^Lagrange’s theorem (d.c) : 1552: 

0.60,77 : 0D.6: 0M.3: Mcl.2: 
gzO.96 and Me.85 : gzQ.2. 
^Lambert’s th. of elliptic sector : 6114: 
of a parabolic sector, A.l6,33,48 : 
Me.78: Q.15. 

^Landen’s th. of hyperbolic arc: 6117: 
E.21. 

Laplace’s coefficients or functions : see 
“ Spherical harmonics.” 

Laplace’s equation: and its analogues, 
0D.7 : and quaternions, Q.l. 
Laplace’s th. (d.c): 1556. 

Last multiplier, Jacobi’s th. of : L.45. 
Lateral curves : A.58. 

*Latns rectum: 1160. 

*Law of reciprocity : N'.72 : d.e,3446. 

ext. to numbers not prime: 0.90. 
*Least divisors, table of, from 1 to 99000 : 
page 7. 

Least remainder (absolute) of real 
quantities: Mo.85. 

Least squares, method of: A.ll,18,19 : 
AJ.l: 0.34,37,40: CP.8,11 : 

G.18: J.26: L.52,53,67,75: 

Me.80,81: Mel.1,4: gzZ.18. 

Legal algebra (heredity): N.63. 
^Legendre’s coefficient or function, X,j: 
2936: C.47,91: L.76, gz79: 

Me.80: Pr.27. 

and complete elliptic integral of 1st 
kind: Me.85. 

rth integral of and log integral of: 
Mo.83. 

product of any two expressed by a 
series of the same functions: 
Pr.27. 

Legendre’s symbol ^ Mel.4,5. 

Leibnitz’s th. in d.c: 1460 : N.69 : a 
formula, Mo.68. 

*Lemniscate: 5317: A.55,cn3: At.51 : 
thsE.4 : L.46,47 : Me.68: N.45. 
chord of contact, cn : Z.12. 
division of perimeter : 0.17: L.43 : 
into 17 parts, J.75 : irreducihility 
&c. of the partition equation, 
J.394. 

tangents of: J.14 : cnZ.12. 
Lemniscatic geometry: Z.2I2: coordi¬ 
nates, Z.12 ; of wth order, J.83. 
Lemniscatic function : bi([ua(lratic 
theorem, multiplication and 
transformation of formiilm, J.30. 
Lexell’s problem: LM.2. 


*Lima9on : 5327 : 0.98 : N.81. 

Limited derivation and ap. thereof: 
Z.12. 

Limiting coefficients : 0.37. 

Limits : theory of. Me.68. 

of functions of two variables : M.ll. 

of ^1 + -^^ when 35 = 00: L.40: 

K85 : Q.5. 

Life annuities : A.42: cn of tables, P. 
59. 

Linear :-associative algebra : AJ.4. 

construction: Man.51. 
coordinates in space : M.l. 
dependency of a function of one vari¬ 
able : J.55. 

dependent point systems : J.88. 
forms: L.84: with integral coeffi¬ 
cients, J.86,88. 

function of n variables : Gf.l4. 

]j 2 z=z F- whore U, V are products of n 
linear functions of two variables : 

CD.5. 

geometry, th : M.22. 
identities between square binary 
forms: M.21. 

systems, calculus of : JP.25. 

Linear equations: A.5l2,70: Ac.4: 0. 
81,th942: G.14: J.30 : JP.29 : L.f 
39,66: Mo.842: N.51,75,802: Z. 
15^,22. 

analogous to Lame’s : 0.98. 
with real coefficients : M.6. 
similar: N.JSo. 

solution by roots of unity; 0.25. 

* systems of : 582: A.10,22,52,57 : 0. 

15: 0.81,96: L.58: N.462. 
in one unknown : 0.90 : G.9. 
of nth order: J.15. 

* standard solution : 582: Q.19 : gen. 

th, A.12.,. 

symbolic solution in connexion with 
the theory of permutations: 0.21. 
whose number exceeds the number of 
variables: N.46. 

Lines :-alg. representation of : 0.76. 

“ de fails et do thalweg ” in topo¬ 
graphy : L.77. 

generated by a moving plane figure : 

0 . 86 . 

of greatest slope: A.29: and with 
vertical osculating planes, 0.73. 
loxodromic : J.ll. 
six coordinates of : OP.11. 

^Lilies of curvature: 5773 : A.34,37 : 
Au.53 : 0.74j: 0D.5 : L.46: M.2, 
30,76: N.79: Q.5. 
of alg. surfaces : Z.24. 

* and conics, analogy : 5851': Me.62. 
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Lines of curvature— {continued ): 
dividing a surface into squares : C. 

74: LM.4: Mo.83. 
of an equilateral paraboloid : N.84. 
of an ellipsoid: A.38,18 : An.70: ths 

CD.3: CM.2,3,4: JP-l : N.81. 

comparison of arcs of, by Abel’s th : 
An.C9. 

and of its pedal surfaces : Q.12. 
projection of: Z.2. 
rectification of : An.73. 
generation of surfaces by : J.98: N. 
77. 

and geodesics of developables : L.59. 

* near an umbilic : 6822 : A.70 : Q.IO. 

* osculating plane of ; 6835. 

* plane, condition for: 6843: An. 68 : 

C. 363 , 42 o, 9 G : G.22 : Me.64. 
plane or spherical: An.67 : C.46 : JP. 
20: L.63. 

* of a quadric : 6833—4 : C.22o,49,61: 

G.ll: J.26: Me.l: K63o:‘Pr.32: 
TI.14. 

* pd constant along it: 6836. 
projected from an umbilic into con- 

focal Cartesians : E.19. 

* quadratic for yx, giving the direc¬ 

tions : 6810. 

of two homofocal quadrics : L.45. 
of quartic surfaces : C.69 : L.76. 
of ruled surfaces : C 78. 
spherical: 0.36.2,42.2. 
and shortest distance of 2 normals 
one of which passes through an 
umbilic : L.55. 

of surface of the 4th class, correlatives 
of cyclides which have the circle 
at infinity for a double line: C.92. 
of the tetrahedral surfaces of Lame, 
&c.: C.84. 

and triple orthogonal systems : M.3. 
^Linkage and linkwork : 6400—31 : E. 
28,30 : Me.75 : N.76,78. 

* 3-bar: 6430, E.34; 4-bar, Me.76. 
conjugate 4-piece: LM.9. 

* for constructing :-an ellipse: 6426. 

a Icmniscate : AJ.l. 

* a lima 9 on : 6427 : Mo.76. 

and a;”': AJ.l and 3. 

* root of a cubic equation : 6429. 

'* Hart’s: 6417: LM. 6 , 8 . 2 . 

* Kempe’s : 6401 : Pr.23. 

* Pcaucellier s : 6410 : E.21 : LM .6 : N. 

82. 

the Pail of Sylvester : E.33. 

* the Invertor: 6419. 

* the IMultiplicator : 6407. 

* the Pentograph : 5423. 

* the IMagiograph : 6424. 

* the Planimcter : 6462. 


Linkage and linkwork— {continued): 

* the Proportionator : 5423. 

* the Quadruplane : 5422. 

* the Keciprocator: 6419. 

* the Keversor: 5407. 

* the Translator: 5407. 

* the Yersor-invertor : 6422. 

* the Versor-proportionator: 642.1.. 

Lissajoils’ curves: A.70 : M. 8 . 

*Lituus : 6305. 

Loci, classification of: C.83,86 : P.78: 
Pr.27. 

Locus of a point;-the centre of a circle 

cutting 3 circles in equal angles: 
N.63. 

the centre of collineation between a 
quadric surface and a system of 
spherical surfaces : A.65. 
dividing a variable line in a constant 
ratio; gzAJ.3. 

of intersection of common tangents 
to a conic and circle : K.63,79. 
of intersection of curves : Cj\ 1.2. 
ditto of two revolving curves : N.64. 
on a moving right Hue : L.49. 
on a moving curve : J\Icm.l 8 . 
the product of 2 tangents from which, 
to 2 equal circles is constant: 
An.64. 

at which 2 given lengths subtend 
equal angles : A. 68 . 
whose sum of distances from 3 lines 
is constant: A.17,46: from 2 
lines, lSr.64 : from lines or planes, 
A. 192 ,prs and ths31. 
whose distances from 2 curves have a 
constant ratio : An. 68 : or satisfy 
a given relation, A.33 symbolic f. 

Locus:-of pole of one conic with 

respect to another : K.42. 
of remarkable points in a plane tri¬ 
angle : A.43. 

of vertex of constant angle touching 
a given curve: N.61. 
of vertex of quadric cone passing 
through 6 points : N.63. 

^Logarithmic :-curve, 6284: quadra¬ 

ture, K.45. 

integral: A.9„,19 : J.17 : Z. 6 . 
numerical determination : A.ll. 
of a rational differential : J.3. 
parabola: Cl).7. 
potentials : JM.3,4,8,13,16 : Z.20. 
rational fractious : A. 6 . 
systems: A.14. 
transcendents: P.14, 
waves : LM. 22 . 

^Logarithms : 142: P.1792, 1787, 1806, 
17: TE.26. 

and anti-logarithms, cn : I.12.„24. 
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Logarithms— {continued ): 

* calculation of: 688 : A.24,27,42: LM. 

1,5: Me.74: N.51 : rr.31.2,32 : 
TE.6,14 : TL 6 , 8 . 

Huyghen’s method : C. 662 , 682 . 
and circular functions from definite 
integrals: A.65. 
common or Briggean : A.24. 
constants in integral : L60. 
of different orders of numbers : L.45. 
higher theory of : trA.15. 
impossible: CM.l. 

natural, or Napierian, or hyperbolic : 
A.25,26,57. 

of commensurable numbers or of 
algebraic irrationals : C.95. 
base of: see “ e.” 

* modulus of : 148 : A.3. 

of negative numbers : No.l784. 
new kind of : J.70. 
powers of: OM.2. 

of sum and difference of 2 numbers : 
A.45. 

with many decimal places : N.67. 
of 2, 3,5, 7,10 and e all to 260 decimal 
places: Pr,27. 

of 2, 3, 5, 10 and e to 205 places : Pr. 

6 , 20 . 

* of primes from 2 to 109: table viii.,p. 6 . 
tables of log sines, &c. cn : Q.7. 

Logic, algebra or calculus of: A.6 : AJ. 
3 , 72 : CD.3 : M.12 : Man.71,76,823: 
Q.ll. 

of equivalent statements : LM.ll. 
Logic of numbers : AJ.4. 

Logocyclic curve : Pr.9: Q.3. 
Longimetry applied to planimetry; J.52. 
Loto, game of: L.42. 

Loxodrome : eqA.21 : N. 6 I 2 : Z.5. 
of a surface of revolution : N.74. 
of cylinder and sphere : A.2. 
of ellipsoid and sphere : A.32. 
of paraboloid of rotation : A.13. 
Loxodromic triangle upon an oblate 
spheroid : A.27. 

Lucas’s th : G.14 : analogous f., G.13. 
Ludolphian number: Mo.82. 

Lunes : J.21. 

^Maclaurin’s th. (d.c): 1507 ; A.12 : 

CM. 32 : J.84: N.70. 
symbolic form: CM.4. 
Maclaurin-sum-formula : J.12. 

Magical equation of tangent: Q.6. 

Magic :-cubes, Q.7 : OD.l. " 

cyclovolute : TA.5,9. 
parallelepiped: A.67. 
rectangles : A.65,66. 
squares: A.21,57,66: CD.l : CM.4: 
E.8: J.44: Me.73: Pr.15,16: Q. 
6,10,11 : TA.5,9. 


Malfatti’s problem, to inscribe 3 circles 
in a triangle touching each 
other: A.15,16,20,55: J.]0,45o,76, 
77,84,89 : LM.7 : M .6 : P.52 Pr. 
6 : Q.l: TB.24: Z.21. 

Malfatti’s resolvents of quintic eqs : A. 
45. 

Malm’s surfaces, th : J.84,88. 
Mannheim, two theorems : G. 8 . 
Martin’s measure of distance : A.19. 
Matrices : E.42 : LM.4,16 : thMe.85 : 
P.58,66 : Pr.9,14. 

and function/(«) = ~ : 

\ c,d\ ' cx-\-lI 

Me. 804 . 

Cayley’s th: LM.16: Me.85. 
equation, px = xq : C. 992 . 
of 2 nd order ; linear eq., 0 . 992 : quad¬ 
ratic, Q.20. 

of any order : linear eq., C. 994 . 
notation of : J.50. 
persymmetrical, th : E.34. 
product of: G.5,11. 
roots of a unit matrix : C.94. 
whose terms are linear functions of x : 
J.50. 

^Maximum or minimum : 58, 1830 : A.4, 
13,22,35,49,53,60o,70 : C.17,24 : J. 
48: JP.25: Me.l,geo5,72,76,81, 
83 : N.43 : Z.13. 

* problems on : 1835—10, 1847 : A.2, 

geol9,38,39 : geoL.42: Mem.11, 
a paradox, N.63. 

of an arc as a function of the abscissa: 
J.17. 

* continuous : 1866. 

of a definite integral: Z.21. 
discontinuity in : CD.3. 
distances between points, lines, and 
surfaces, geo: At.65. 
duplication of results : Me.80. 
ellipse which can pass through 2 
points and touch 2 right lines : 
A.14. 

elliptic function method : Mcl.5. 
of figures in plane and in space : CM. 
3: L.41 : J.242: Z.ll. 

* functions of one variable: 1830 : ditto. 

with an infinity of max. and min. 
values : J.63. 

* functions of 2 variables : 1841: Mem. 

31 : Q.5,6 : Lagrange’s condition, 
CM.2. 

* functions of 3 variables : 1852 : CD.l: 

prs 1860—5. 

* functions of n variables : 1862 : L.43 : 

Mem.59 : Q.12 : symmetrical, 

Mel.2. 
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Maximum or minimum—{continued): 
of in- and circiim-polygon of a circle : 
A.29,30: do. of ellipse, and analo¬ 
gous th. for ellipsoid, An.50. 
indeterminates : CM.4. 
in-polygon (with given sides) of an 
ellipse: A.30. 
by interpolation, f : A.25. 
method of substitution : A.23. 
of multiple definite integrals : Mel.4. 
planimetrical groups of: A.2. 
of single integrals between fixed 
limits : J.54,69 : M.25. 
of the sum of the distances of a point 
from given points, lines, or 
planes : J.62. 

of the sum of the values of an integral 
function and of its derivatives ; 

L.68. 

solids of max. vol. with given surface 
and of min. surface with given 
vol.: C.63. 

* of \ F{x, y)ds, &c., to find s : 3070—2. 

* of II -P (le, y, z) dS, &c., to find 8: 3078 

—80. 

Maximum :-ellipse touching 4 lines : 

A.12. 

ellipsoid in a tetrahedron : Z.14. 
of a factorial function : Me.73. 
polyhedron in ellipsoid : A.32. 
of a product: ]Sr.44. 
of a sphere, th : N.53. 

* solid of revolution ; 3074. 

tetrahedron :-in ellipsoid, A.32 : 

whose faces have given areas, C. 
54,6G:N.G2a. 

* volume with a given surface : 3082. 

of A. 362 : or tyx, &c., A.42. 

X 

of ax + hy &c., when x^-\-y'^-\-&'C. — l: 
N.4G. 

Mean centre of segments of a line cross¬ 
ing three others: A.40. 

Mean distance of lines from a point: Z. 

11 . 

]Mcan ciTor of observations : A.25 : 0. 
377 : TI.22. 

in trigonometrical and chain measure¬ 
ments : A.4G ; Z.G. 

IMean proportionals between two lines : 
A.31,31.. 

Mean values: C. 18,20,23,20,272: L.G7 : 
LM.8 : M.G,7 : Z.3. 

of a function of one variable: G.IG : 

of 3 variables, C.29. 
and probabilities, geo : G.87 : L.79. 


^Measures of length &c.: page 4. 

exactitude of: Z.G: do. with chain, 

Z.l. 

Mechanical calculators : 0.28 : I.IG : 
P.85. 

for “ least squares ”: Mdl.2. 

IMechanical construction of :-curves: 

M.G : N.5G. 

Cartesian oval: AJ.l. 

conics : An.52 : three, lSr.43. 

ellipse: A.G5: Z.l. 

lemniscate : A.3. 

conformable figures : AJ.2. 

cubic parabola : N.58. 

curves for duplication of roots : A.48. 

(a2—*2)/^ ; E.18. 

surfaces of 2nd order and class : J.34. 

Mechanical;-division of angles : Q.4. 

measurement of angles : A.Gl. 

* integrators : 5450: 0.92,94,95 : Pr.24i. 

for Xdx+Ydy: Me.78. 
involution : AJ.4. 

* quadrature : 3772: A.58,59 : J.G,G3 

gzA.GG and 0.99. 

solution of equations : Me.73 : N.G7. 
linear simultaneous : Pr.28. 
cubic and biquadratic, graphically: 
A.I. 

Mensuration of casks : A.20. 
Metamorphic method by reciprocal 
radii: N.64. 

Metamorphic transformation : N.46. 

Metrical:-system : E.30. 

properties of figures, transf. of: N. 
582,_59,G0 : J.4. 

properties of surfaces : AJ.4. 
^Meunier’s theorem : 5809 : gzO.74. 
Minding’s theorem : Quaternion proof : 
LM.IO. 

Minimum :-theory of : L.5G: prM.20. 

angle between two conj. tangents on 
a positive curved surface : A.G9. 
area: J.G7. 

of circum-polygon : CD.3. 
of a hexagonal “ alveole,” pr : N. 
43. 

circum-conic of a quadrilateral : A. 
13: An.54. 

circum-tetrahedron of an ellipsoid : 
Z.25. 

circum-triangle of a conic : Z.28 : of 
an ellipse, Z.25. 

curves on surfaces : J.5 ; sec “ Geo¬ 
desics.” 

distance of 2 right lines : G. t; of a 
point, tlis : A.8, 

ellipse through 3 ])oints and ellipsoid 
through 4: L.42. 
ellipsoid, til: Mo.72. 

N. G. F. of a binary septic : AJ.2. 
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Minimum :-theory of— (continued) : 

numerical value of a linear function 
■with integral coefficients of an 
irrational quantity : C.53,54. 
perimeter enclosing a given area on a 
curved surface : J.86. 
questions relating to approximation : 
Mel.2 : Mem.59. 

* sum of distances from two points : 
920-1. 

sum of squares of distances of a point 
from three right lines : Z.12. 
sum of squares of functions : N.79. 

Minimum surfaces:-eqA.38 : 0.14, 

22: J .81,85,87,ext78: Mo.67,72 : 
projective, M.14 : metric, M.l5. 
algebraic : M.3 : lowest class-number, 
An.79. 

not algebraic and containing a succes¬ 
sion of algebraic curves : C.87. 
arbitrary functions of the integral eq. 
of: 0.40. 

between 2 right lines in space: C.40. 
generation of: L.63. 
representation of by elliptic functions: 
J.99. 

of a twisted quadric : At.52. 
limits of (Calc, of A^ar.) : J.80 : on a 
catenoid, M.2: determined by 
one of the edges of a twisted 
quadrilateral, Mo.65. 
variation of surface, capacity of : Mo. 
72. 

Minimum value of 

j" : N./3. 

of j when the varia¬ 

bles are connected by a quadric 
equation : J.43. 

Models: LM.39: of ruled surfaces, 
Me.74. 

Modular :-equations : An.79 : of 8th 

degree, 59 : C. 483 , 493,66 : M.1,2 : 
Mo.65: see also under “ Elliptic 
functions.” 

degradation of: M.14. 
factors of integral functions : 0.24. 
functions and integrals : An.51; J. 

184,193,20,21,23,25: M.20. 
indices of polynomials which furnish 
the powers and products of a 
binomial cq : 0.25. 
relations : At.65. 

Modulus:-of functions, principal: 

0 . 20 . 

of series; 0.17. 

* of transformations : 1604 : A.17. 

*Momental ellipse: 5953. 


*Momental ellipsoid : 5925, 5934; for a 
plane, 5936. 

^Moment of inertia : 5903 : An.63 : At. 
43 : M.23. 

^ of ellipsoid : 6150: CD.8 : J.16. 
by geometry of 4 dimensions : Q.16. 

* principal axes : 5926, 5967, 5972 : At. 

43. 

* of a quadrilateral: 5951 : Q.ll. 

of solid rings of revolution : Q.16. 

* of a tetrahedron : 5957. 

* of a triangle: 5944: Me.4: Q.6: 

polar, N.83. 

* of various laminae and solids : 6015— 

6165. 

Monge’s theory “ des Deblais et des 
Remblais ” : LM.14. 

Monocyclic systems and related ones : 
J.98. 

Monodrome functions : C.43 : G.18. 
Monogenous functions (Laurent’s th) : 

Ac. 42 : C.32,43. 

Monotypical functions : C.32. 
Monothetic equations : C.99. 

Mortality : A.39. 

“ Mouse-trap ” at cards : Q.lS-j. 
Movements : JP.15. 

elliptic and parabolic: JP.30. 
groups of: An.69o. 

of a plane figure : thAu.68: JP.20, 
28: LM.3. 

of an invariable system : C.43. 
of a point on an ellipsoid : AJ.l : J.54. 
relative : JP.19 : of a point, L.63. 
of a right line : C.89 : IS^.63. 
of a solid : JP.21. 

transmission of and the curves result¬ 
ing : JP.3. 

of “ ahnlich - veranderlicher ” and 
“ affin-veranderlicher ” systems : 
Z.24 and 19. 

^Multinomial theorem : 137 : Me.62. 
Multiple-centres, geo. theory : L.45. 
Multiple curves of alg. surfaces : An.73. 
Multiple Gauss sums : J.74. 

^Multiple integrals ; 1905, 2825 : A.64 : 
An.52 : C.8,11 : thsCD.l: thE. 
36: J.69: L.39,433,452,46,th48,56: 
LM.8.: Me. 762 : Z. 13 , 3 . 

* double: 2710, 2734—42: A.13 : Ac.5: 

An.70 : J.2 72 : G.IO : L.58..: Mcm. 
30. 

approximation to : J.6. 

Cauchy’s theory, ext. of : C.752. 

* change of order of integration : 

2775: A.19. 

expressing an arbitrary function : 
J.43. 

reduction of : J.45 : Z.9. 
residues of: C.752. 
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Multiple integrals, double— {continued)'. 


rr- 

hh-s/ 


V { 60(c"—a;2) (6-—?/) (c^—r)} 

=T 

same with log of numerator: L.50. 
{x'—x){ di/ dz'—dz dy’) -|-sym 

v/{(./-*)2+...}3 

= 4»i7r ; C.66. 


IJ 


v/(siu 2 j/—sin 20 cos 2 \j>)' 


transf.of [f- 

J.20. 

1 COS i x cosjx dx dy 

TT^Jo Jo v/{l4-a2 + 2a(^cosa-|-i/COS^)}* 

|j F {a-{~hxl-cy) dx dy : A.37. 

JJ F' i^c-i-iy) dx dy : J.42. 

{ax”*±hi/^) dx dy : J. 

“ 37 . 


evaluation: A.5: by Fourier’s th, 
CM.4. 

expansion of: Q. 8 . 

Frullanian : LM.15. 
limits of: LM.16. 
reduction of: An.67 : L.41,39. 
by transf. of coordinates : C.13. 

fj- (.x^+if+...)<p(,ae+ly + ...) dxdij 
...: L.57. 


of theory of attraction : CD.7. 

* transformation of : 2774 : A.IO : An. 

53: No.47: OM.4: Mel.2: Mem. 
38: Q.4,12. 

an indef. double: J. 82 , 10 . 

* a triple integral: 2774—9 : J.45. 
ijidxi 4 -... -\-yndXn : LM.l 1. 

* triple: 2774: A.30: J.45. 

which arc unaltered in form by trans¬ 
formation of the variables: J.15, 
91. 

jjj ...dxdydz...: Q.23. 

* III... dxdy dz ... with 

different limiting equations : 
2825: CM.2: L.51. 

* some other integrals evaluated by r 

functions: 2820—34. 

IIJ F {ax -f- by 4- cz, a'x 4- h'y -f c'z, 

a"x-\~h”y-\~c"z) dxdy dz, limits 
± 00 : A.30. 


]\Iultiplc integrals— {continued): 
volume integral of 


Z.14. 


IIJ e exp (—a; 3 — 1 / 2 — 32 )^ x’^}fz dxdy dz: 
N.54. 

Ill ...(p{ax---\~hy^-\-&c.) x^y'^ ...dxdy... 
with limits 0 to 00 in each case 
(Pfaff): J.28. 

continuous functions: TI.21. 


II 


do. with n — ^^ and with a numerator 

(a-*)F(g + || + ...) : CM.3. 

II... F {x, y, z...) PQ dx dy dz ... where 
P e)-i(l_2/)^.- ... 

Q ya^a^bia^b^c ^ 59 ^ 

arising from (2604), viz : 

j" e exp dx : Pr.42. 

^Multiple points: 5178: CM.2: thG.15: 
Me.2: Q.2,6. 

on algebraic curves : An.52 : L.42 : 

N.51,59,81, at oo 643. 
on two curves having branches in 
contact: C.77. 
on a surface : J.28. 

^Multiplication : 28: J.49 ; abridged, N. 
79. 

by fractions : ]\Ie. 68 . 

Multiplicator equations : M.15. 
Multiplicity or manifoldncss : J.84;,80 : 

thAc.5: Z.20. 

Music: E.273,28 : Pr.37. 


Nasik squares and cubes.- Q.8,15o. 
Navigation, geo. prs. of use in : A.38. 
Negative in geometry: No.l792. 
Negative quantities: At.55: N.443,67 : 
TE.1788. 

Nephroid : LALIO. 

Net surfaces: J.1,2: M.l : any order, 
An.64. 

quadric: J.70,82 : M.ll. 
quartic: J\L7. 
and series : C.62. 
trigonometrical : Z.14. 
having a 3-point contact u’ith the 
intersection of two algebraic sur¬ 
faces : G.9. 

Newton, autograph ra.s.s of : TE.12. 
*Ninc-point circle: 954,4754: A.41 : PI. 
7,30,th35,pr39: C.l.thsJ: Me.64, 
68 : Q.5— 8 . 
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NiiiG-poiiit circle— {continued) : 
an analogous circle : A.51. 

* contact with in- and ex-circles : 959 : 

Mc.82: Q.13. 

and 12 -point sphere, analogy: N.63. 
Nine - point conic of a tetrahedron : 
Me.71. 

Nonions (analogous to Quaternions) : 
0.97,98. 

Non-uniform functions : 0.88. 

Nodal cones of quadrinodal cubics : Q. 
10 . 

Node cusps: Q. 6 . 

Nodes, two-plane and one-plane : M.22. 
^Normals: 1160: 4122—3,5122: A.13, 
53: LM.9: p.eMe. 66 : Z.cn2aiid3. 
of envelopes : Me.80. 
plane of a surface : 5772. 

* principal: 5722: condition for being 

normals of a second curve, 0.85. 
of rational space curves : J.74. 
section of ellipsoid (geodesy): A.40. 

* of a surface : 5771, 5785 : 0.52: 0D.3: 

0M.2: L.39,47,72 : M.7. 
coincident; L.48. 

transformation of a pencil of : O. 882 . 
^Notation (see also “ Functions ”): 
A,B,G,F,G,H: 1642. 

* A.P., G.P., H.P.: 79,83,87. 

* {a,hc3 ): 554. 

(n) Jacobi’s function (see 

“ Functions ”). 


* ol or a”/*; 2451. 


* 

* 

* 


a+j-A, : 160. 

5+c-|- 

B 2 n, Bernoulli’s nos.: 1539. 

C {n,r) or 0,i,,-: 96. Otherwise 
C (1^,3) = number of triads of n things, 
&c. 


^= rth coeff. of nth power of (1 +x ): 

also Jacobi’s function (see “ Func¬ 
tions ”). 

* D : 3489 : (G,dnx, &c.: 1405. 

* dhj,dx\*^,&c.: 1407. 

clotj 

* d i'^w) . 
d {xyz) ’ 

*A : 582, 1641, 3701 ; A', 1645. 

*£;: 902, 3735. 

150,1151. ^ ^ 

1 1 11 <+4 

cexpjrH-or e pr-l-=e 

X 1 aj I 

*f{x ): 400, 1400 ; {x), 430. 

*f{x)E(Sc): 424, 1405. 


Notation— (continued ): 

'^(p (afSy) = u : 4656 ; ‘I> (^fir) or U, 4665. 
*Gu.: 3732. 

*II (n, r) : 98. 

1600. 


* 

* 


# 

# 

* 


JV.G.F^ numerical generating func¬ 
tion. 

N=h{modr) signifies that N—h is 
divisible by r. 

Iji = = n! : 94, 3713. 


TT as operator : 3500. 

P (n, r) or P„,,. = : 95. Also, 

P (n, r) = number of triplets of n 
things, &c. 

rp (a;) or Z'ix) = dr log r (*) : 2743. 

P, r, r„ : 909—13. 

Sm,S.n,p: 534; 2940. 

siii'^ &c.: 626 ; sinh, &c., 2180. 

2 : 3781—3. 
ttn : 3499. 

^1 (n) = sum of divisors of n. 



^ or E = integer next 


n 

d' 


1 ^ 1 = integer next > 

^ —j =rth coeff. of (Id-®)”- 


<j: = not less than ; "jp = not greater 
than. 

(-i-) = denominator to be stated after¬ 
wards. 

( J ) and ( X ) : 1620. 

algebraic : OP.3. 
for some developments : 0.98. 
continuant = contd. fraction determi¬ 
nant. 

median ~ bisector of side of a triangle 
drawn from the opposite vortex. 
subfactorial : Me.78. 
suggestions: Me.73. 

^Numbers (see also “ Partition of,” and 
“ Indeterminate equations”): 349: 
A.2,16,26,58,59 : Ac.2 : AJ.4,6 : 
O.fl2,43,4F,454,f60: OM.l: G.16, 
32 : J.9a,39,40^,48,77 ; tr,273,28and 
292: JF-9 : L.37—39,41,45,586,59, 
60: LM.4: Mcm.22,24; tr(Euler), 
30: N. 443 ,62,79: Q.4: TE.23.^ 
ap. of algebra, JP.ll ; of r function, 
N 0 . 8 I; of infinitesimal analysis, 
J.19,21. 

formulm : L.642,652. 

relation of the theory to i.c : 0.82. 

5 z 
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Numbers— (continued ); 

approximation:- to ^N, E.17; to 

functions of large numbers, 0.82. 
binomial eqs. with a prime mod : C.62. 
cube : Q.4. 

cubic binomials : ‘ O. 6 I 2 . 

determined by continued fractious : 
LM.29. 

digits, calculus of, th : J.30. 
digits terminating a power: A.58 : 
N.46. 


Dirichlet’s th. r = C(m): L.57. 


Dirichlet’s f. for class numbers as 
positive determinants: L.57. 
division of: A.26: J. 13: Mel.3 : Pr. 
7,10 ; by 7 and 13, A.25,26; by 
Mem.l5 : P.17,88: Q. 

19,20. 

divisors of y^+Az^ when A = 471+3 
a prime : J.O. 

divisors arising from the division of 
the circle : L.60. 

4»i+l and 4ai+3 divisors of a num¬ 
ber : LjM. 15. 
factors of: Mera.41. 

Gauss’s form ; L.56. 
integral quotients and remainders: 
An.52. 

large, analysis of : A.2 : C.2,29. 
method with continuous variables : 
J.41. 

multiples of: C.2. 
non-pentagonal th : J.31. 
number of integers prime to n in 
nl = <p (n) : L.57. 

odd: A.l.n: and prime to all squares, 
0.67. 

Pcllian equation : prA.49 ; LM.15 : 

sol. by ell. functions, ilo.63. 
perfect: 0.81: N.79. 
polygonal, Fermat’s th. of : P.61, 
polynomials having determinate prime 
divisors : 0.98. 


powers of, 12 theorems : N.46. 
prime to and < N: A.3,29 : E.28.,: 
J.31: N.45. 

prime to and < the product of the 
first primes : A. 66 . 
l)rirac with resjjcct to a given ar.p: 
0.54. 


prime to the radix having multiples 
made uj) of repeating digits: 
Mc.76. 

products of divisors of: Q.20. 
(juadratic forms of : Mem.53. 
rational linear functions taken with 
respect to a prime modulus, and 
connected substitutions: 0.48;,. 


Numbers— {continued ): 

representation of by forms : 0.92 ; by 
infinite products, A.l. 
square having prime factors of the 
form 4?j-+l : N.78. 
squares of : J.84 : M.13 : Pr. 63 , 7 . 

three in ar.p : N.62. 
sums depending upon E (.r) : L. 6 O 2 . 
sums of digits : Me .66 : TE.16. 
sura and difference of two squares: 
thsN.63. 

* sums of divisors : 377 : Ac .6 : G.7 : 

L. 632 : Mel.2: Mem.50. 

* sums of powers of (see also “ Series ”): 

276, 2939: An.61,65 : thGD.5 : 
Me.75 : N.42,56,70 : Q. 8 . 
of cubes: A 11.65: L .66 ; of the odd 
nos., A.64. 

of n primes: N. 792 ; 4th powers, 
A.54. 

of squares: A.67. 
of uneven orders : Mo.57. 
symmetrical functions of: Q.7. 
systems: Z.14: history of, by Hum¬ 
boldt, J.4. 

theoi’ems : A.7,10,20,49: An.70: 0. 
2.52,43,83: CM.2: G. 8 : L.48,52: 

N. 75; Cauchy’s, gzC.53; Eisen- 
stein’s, J.27,50,83 : LM.7 : Q.5,6. 

Gauss’s on X = ~—^ : 0.98. 

x—y 

Lagrange’s arithmetical: A.47. 

iu terms otpq: N.75. 
on 2'‘±1 : C.85,86 : Me.78. 

2, biquadratic character of: 0.57, 
66 : L.59. 

on ()i+l)'"—id" : N.41; p 2 L.69. 

* on if—n (?i—!)'■ + , &c.: 285 : A.oO. 
on 2ia positive numbers : N.43. 

ou P(m)+E ( P(l)+ : Q.S. 

\m—l/ 

on the greatest product in whole 
numbers of given sums : J.57. 
on an odd sum of 12 squares : L.60. 
on jirodiicts of suras of squares: G.2. 
on 4 s((uares : N.57. 
on 2, 4, 8, and 16 squares : Q.17. 
on (a) + </) (a) + > <fcc. = 11 , where a, 
a', etc., arc the divisors of n: Cm.3. 
Numeration, ancient decimal: 0.6,8.,. 
Numerical approximations : N.42;„53. 
Numerical functions: L.57: Mc.62. 
simply periodic : AJ.l. 
sums of, aiiproximately : 0.96. 
which express for a negative deter¬ 
minant the number of classes of a 
((uadratic form, one at least of 
whose extreme cocllicicnts is odd: 

O . 62.. 
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Obelisks: A.9,11. 

Oblique :-bevilled wheels, cn : J.2. 

* coordinates : 4050, 5511—9 : fN.54. 
cyclic surface : TI.9. 

and osculating circle of a conic : G.22. 
Octahedron function : Q.16. 

Octahedron, centroid of: LM.9. 

Octic equations : G.7,10; and curves, 
M.152. 

Octic surface: G.13: M.4 : Q.14. 
^Operative or symbolic calculus: 1483, 
3470—3628: AJ,4: 0.17: G.2O2: 
J.5,59: LM.I23: Me.82,85: P.37, 
44,60—63: Pr.l0.,llo,122,134: Q. 
4,5,8. 

applications : G.19: Me.82. 
algebraic: TE.14; ap. to geometry, 
OM.1,2; ±,0M.3. 
expansions : Pr.l42. 
formulm: 0.393. 

* index symbol : 1485 : 0D.6. 
integration : 0D.3 : exMe.76. 
representation of functions : 0.43 : 

0D.2. 

seminvariant operators : Q.20. 
on the symbols logta’, sin x, cos x, 
sin’’<r, cos'^a?: A.9,11. 
theorems: A.57: 00.8.: LM.ll: Q. 
32,15,163 ; from Lagrange’s series, 
Q.16; from irpu—pmi = pu, 0D.5. 
^Operators : dx, 1405; 1520—1, Q.92. 

* {de-m)-\ &c.: 3470-85 ; gz of 3474, 

0.43. 

* X>(D-1) ... (D-h+1): 3489. 

* TT = xdx-\-yd,j-\-&c.: 3500. 
expansions and formulm for : 

* F {xdx) U, where U=f{x) = a-\-hx+ 

cx'^-^ : 3486. 

* /(D) M-y, 3494 : 'i(f{D)v, 3495, with/ 

as above. 

E^f{xD)U: E.36. 

* {<p{D)e>-^YQ: 3491. 

&c.: E.34. 

e^"^F(x) = '^F{x-\-l): E.36. 

X 

Q,F{a,x): Q.13. 

: 0.96. 

f{x-i-liD).l: E.39. 

* V' 0a3 = 0 {dy-\-x) yp-y : 3498. 

* reduction of F (tti) : 3503. 

* E (tt) and F-'^ (tt) U : 3509—10. 

* C {u,m) Uiipn I : 3514. 
transformation of Vdx . Udx..., &c : G. 

21 . 

Orthocycle: Q.17. 


Orthogonals, algebraic system of: 0.69. 

^Orthogonal:-circles : 4170, 4182—4; 

of in- and circum-circles of a tri¬ 
angle, Q.18. 
circle and conic : E.7. 
coefficient system : A.2,61. 
coordinates : 0.60; curvilinear, JP. 
26. 

conics : N.84 ; families of, A.63. 
curves: J.35 : N.52,81. 

system from logarithmic repre¬ 
sentation : Z.16. 

* lines of a triangle : 4633. 
lines and conics : 0.72. 

* projection : 1087. 

in metrical projective geometry: 
GM.14. 

of a circle into an ellipse : A.2. 
of a triangle : E.30,31,36,37. 
substitution : J.67 : M.13 : Z.24. 
surfaces : 0.29, spheres 36,542,59,72, 

79,87,thsl7 and 21 : J.84: JP.17 : 

L. 43,44,46,47,63 : N.51 : P.732: 
Pr.21: Q.19. 

cubic eq. for : 0.762. 
with elliptic coordinates : 0.53: 

J.62. 

and isothermal; 0.84: JP.18: L. 
43,49. 

systems : 0.67,754: M.7 ; condition, 
J.83 ; quadric, J.76 ; parallel, 

M. 24. 

triple: A.55 — 58: An.63,77,85 : 

0.alg58,67; cyclic, G.21,22 : J.84 ; 
quartic, 82: Z.23. 
trajectories: L.45 : Me.80 : Z.17. 
of circles : Me.85. 

of circular sections of an ellipsoid : 
L.47. 

of a moveable plane : Pr.41. 
of a moveable sphere : 0.42. 
of a surface : Mem.20. 
Orthomorphic projection of an ellipsoid 
on a sphere : A J.3. 

Orthomorphosis of a circle into a para¬ 
bola; Q.20. 

Orthoptic :-lines of a conic: A.57. 

loci of: LM.13 : Pr.37 ; of 3 tangs. 

to a quadric, E.40. 
surface of a quadric ; J.50. 
Orthotomic circles : Me.64,66 ; Q.2. 

^Osculating :-circle : 5724 : L.39. 

of conics ; A.70 : N.60. 
of a family of curves : N.70. 
of a parabola, ths : N.66. 
of quadric curves N.43. 
of tortuous curves : N.81. 

* cone : 5727 : angle of, 5752. 
conic : L.39 : triply, A.69 : Z.19. 

of a cubic curve; J.68:: Z.17. 
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Osculating— (continued): 
curves: 
helix: N.71. 

Hue of a surface : C.82 : J.81. 
parabola: X.81. 

paraboloid: J P.15: N.82: of a quadric, 
L.38.,. 

* plane: 5721, eq 5733; and radii of 
curv. at a multiple point of a 
gauche curve : An.71 : 0.68. 
of a tortuous curve : 0.96 : J.41,63. 

sphere:-M6m.20: N.70: of curve 

of intersection of two surfaces, 
cn : 0.83. 

of two curves having a common 
principal normal: LM.16. 
surfaces : 0.792, degree of 98 : L.41, 
80 : of quadrics, N.60. 

Oval of Oassini: see “ Oassinian oval.” 

Oval of Descartes: see “ Oartesian 
oval.” 


Pangeometry : G.5,15. 

^Pantograph : 5423 : Mem.31 : TE.13. 
Paper currency : A.42. 

Pappus, prs in plane geometry : A.38 : 

^Parabola: geo. 1220—44: anal. 4200— 
39: cqOM.2: N.424,54,70: geo 
0M.4: Me.71 : cnl249 ; thsN.60, 
63,71,76,802. 

circum-hexagon and triangle: OM.l. 

* circle of curvature of : 1260: A.61. 

* chords of: 1239, 4224. 

* two intersecting: 1242. 
determination of vertex and axis: 

N.58. 


* eq. deduced from eq. of ellipse : 1219. 
focus and directrix: N.49. 

* focal chord : 4235—9. 

* latus rectum : 1222 : Me.75. 

* normal, length of: 4233—4. 
plane and spherical: A.60. 

* quadrature of : 1244 : A.32. 

* and right line : see “ llight line.” 

* segment of : 6078 : A.26,29. 

solid generated by it: N.42. 
sector : E.30 : N.57 : Lambert’s th, 
J.16. 


in space : A.3. 

* tangents : see under “ Conics.” 
through 4 points, cn ; 4837: J.26. 

* triangle of 3 tangents : 1237,-68 : A. 

47: Mc.75. 

trigonometry of: CD.8. 

•^Paraboloid : 5621, 6126-11 : N.Ol : Q. 
13. 

* generating lines of : 5624. 
of eight linos : C.81. 

* elliptic: 5622: A.ll : L.5S: P.96. 


Paraboloid— (continued) ; 

* quadrature of: 6127: An.55. 

* segment of : 6127—33 : A.29. 

* hyperbolic : 5623 : A.ll. 

* of revolution : 6134. 

Paradoxes of Do Morgan : J.ll 3 , 124 , 13, 
16. 

Parallels : A.8,47 : At.51 : J.11,73 : Mel. 

I, 3 : Mcm.502: Z.21,22: Thibaut’s 
proof, A.15. 

in analytic geometry: A.44. 

Parallel curves : J.55,ths32 : LM.3 : Q. 
11: Z.5. 
closed : A.66. 

* of ellipse : 4960 : A.39 : An.60: N.442: 

Q.12. 

Parallel surface: C.54: LM.12. 
of surface of elasticity : An.57. 
of ellipsoid: A.39 : An.50,60: E.17 : 

J. 93. 

Parallelogram with sides through four 
given points : A.39. 
Parallelogram of Watt: A.8 : L.80. 
*Parallelopipeds : on conjugate diame¬ 
ters : 5648. 
diagonals, &c.: CM.l. 
equality of: A.4. 

analogues of parallelograms: LM.2: 
Me.68.^ 

on a spherical base : 11.45. 
system of: LM.8. 

Partial differences: question in analysis: 
J.16. 

^Partial differential equations (P.D.E.): 
3380-3445: C.34,11,16,78,95,96: 
thsCD.3 : J.58,80,prs26 : JP.7,10, 
11: L.36,80,83 : M.ll: Z.6,8,18. 
*P.D.E., first order : 3399-3410 : A.33, 
tr50 : An.55,69 : 0.14^,533,545 : 

CD.7: CM.L: J.2,17: trJP.22: 
L.75: M.9,ll,th20: Z.22. 

* coin])lete primitive connected with 

any solution: 3405. 

* derivation of the general primitive 

and singular solution from the 
complete primitive : 3401. 

* derivation of a singular solution from 

the differential ccpiation : 3403. 
with a general first integral: Me.78. 
integration by:-Abelian func¬ 

tions : C.94. 

Cauchy’s method: C.81. 

* Charpit’s method: 3399. 

Jacobi’s first mctliod: C.79,82 : and 

ap. to Pfall’s pr, J.59. 
Jacobi-Hamilton method: M.3. 
Lie’s method: ]\r.6,8. 

Weiler’s method: M.9. 

* law of reciprocity : 3146. 
and Poisson’s function : C.OD. 
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P.D.E., first order— (continued) ; 
simultaneous: C.68,76 : L.79 : M.4,5. 

* singular solution : 3401—3 : J.66, 
systems of: A.56: M.11,17. 
theorem of Jacobi: 0.45. 

3 variables: J.64. 

* n variables : 3409 : A.22 : J.60: LM. 

10 , 11 . 

with constant coefficients : Mel.5. 
integration by calc, of variations: 
C.14. 

z=px-\-qy-\-F (p, q): Z.5. 
a" 'if A: CM.l. 

{l+P,A...-\-Pn'Sd.,dy)-Z= Q: Z.13. 
*P.D.E., first order, linear: 3381—95: 
reduction to, C.15 : J.81 : Me.78. 

* Pz;c + = P : 3383 : extension to 

n variables, 3384. 

L(pxAPJ—^)-^^Ip—Nq-\-P = 0 : 
0.83. 

a i'ljUz —^Uy )+6 (zUj;—xu.)A- c(xuy—ytir) 
= 1 : Q.8. 

* PL.AQfy+ ... +Pt, = S: 3387. 


**+2'”'=3390-1. 

(»—ft) 2x+0y—5) = c—z : 3392. 

x3-}~y2-\-z^ = 2ax: 3393. 
simultaneous: 3396 — 7 ; ex. 3398 : 

J.81. 


« = Vy and Uy=: — Vjc: J.70. 

*P.D.E., second order : 3420—45 : A.33 : 

O. 544,702,78,98 : JP.tr22 : L.72 ; 
M.15: Me.762,77: Mel.3: 17.83: 

P. 46 : transf. of, 0.97. 

in two independent variables: trA. 
54: trNo.81 : 0.92 ; transf. of, 97 : 
M.24. 

in 4 and 5 variables : Mem.13. 

* Pr-\-Ss-)-Tt= V, Monge’s method: 

3423 : 0M.3: N.76: Q.6. 

* ET-\-Ss-\-TtAU{rt-s^) = V: 3424, 

3434—40: J.61. 


* 8s-\-Tt-\-Pp-[- Qq-^Zz — U : 

3442. 


r+^ = 0: A.2: OM.l : J.59,73,74 : 
L.43. 

r-\-t-\-h^z = 0: M.l. 

=» r-aH = 0: 3433. 

* r — aH = {x,y), &c.: 3565. 

X (r—a'^t) = 2n2i : E.13. 

e.27,28. 

0.98. 

r = q: J.72. 


P.D.E., second order— (continued): 
dx (j) sin x) 9^ + 1) z sin2 aj = 0 : 

L.46. 

T (l-\-q2) = t(l-\-p^-): J. 582 . 

q^r-AHA ^^r}yq = 0: E.22. 

V 

dx (]3x)-\-dy (qx) = 0 : Z.28. 

construction of explicitly integrable 
equations of the form s = zX (x,y): 
JP.28. 


{f(^)+F(y)r- 


z : 


0.81. 


tiMxy log X ±X = 0 : L.53. 
s-j-Pp-i-Qq+Z = 0: Me.76. 
s+uja + ig-l-aZ/a = V: 3444. 
(axAhy+c) s+aXq + hfjLjJ = 0 : A.33. 
(x+y)3 s+a (x+y)p-}-h (x+ij) q+cz 
= 0: A.33,38. 

(zs—pq)^Aq = F (y): A.70. 
rt—s^: geoQ.2. 

P = (rt—s^y^Q., Poisson’s eq.: 3441. 
(14-r) f 4- (1 + 0 r—2pqs = 0 : An.532. 
q (1+2) i’+P (1 +P) t—(p-\-q-\-22xj) 
s=0: 3432. 


4s2+(r—^)2 = 4A:2 : approx, integn., 
0.74. 


As^BqAylr(r,2^,q,x,y,z) =0 : 0.93. 
{[ogz)xy-\-az = 0 : 0.36. 


u-u = Pr — where t 


_r r dr 

“J A/(2Pr2+A2) 


L.38. 


* U 2 x -^noyAUiz = 0 (see also “ Spherical 
harmonics ”) : 3551, 3626, J.36 : 

Mo. 78. 


* Ux-{-^ly-\-Uz = xyz : 3552. 

* ftWjj+irty+cit^ = &c.: 35.54. 

* xuox+aux — = 0 : 3618. 

* a^('ii2x-\-u-2y-{-U2z) = 'iht 3629: 0.7: 

LM.72. 

integration bv change of variables: 
0.7+. “ 

P.D.E., third order, two independent 
variables : LM,8: 17.83. 

P.D.E., fourth order : AAu = 0 : C.69. 
P.D.E., any order: 17o.73 : 0.80,89: 
M.l 1,13. 

x'^Z,ix = Zny: Z.7. 

two independent variables: 0.75: 
0P.8. 
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P.D.E., any order— {continued) •. 

any number of functions and inde¬ 
pendent variables : C.80. 
and ap. to physics : JP.13. 
of cylinders: Me.77. 
and elliptic functions: J.36 : hyper- 
ell., J.99. 

integration by definite integrals; An. 

59 : C.94 : L.54. 
of dynamics ; C.5 : J.47. 
Hamiltonian: M.23: Z.ll. 
of heat: L.48 ; of sound, L.38. 
integi'ated in series : C.15,16. 
of Laplace; G.23. 

linear: An.77 : C.13,90 : CD.9o: CM. 

2: J.69: JP.12o; L.39. 
of orthogonal systems of surfaces: 
Ac.4: C.77. 

with periodical coefficients : C.293. 
of physics : L.72,47. 

P.D.E., simultaneous: C.92,th78: LM.9: 
M.23 : Z.20. 
linear: J.65. 

P.D.E., system of: C.13,74,81. 
a”^Zmt = : A.30,31, by a = 

z,ijc = K*”Z{„i+,i)y-\-F-[{y)-{-xF2iy)-\- ... + 

: A.51. 

+ = 0: c.94. 

dz = IId.e-lKdy-\-Ldp-\-Mdq-\-Ndr-\- 
&C.: J.14. 

Partial differentials of : J.ll. 

*Partial fractions: 235, 1915: A.30,GO : 
C.46,490,783: (^M.l : G.2: J.1,5,9, 
10,11,22,32,50o: JP.3: L.46: Mchn. 
9: N.452,64,69: Q.5. 

Partition of numbers (see also “Num¬ 
bers ” and “ Indeterminate eqs.”): 
AJ.2,5,6 : An.57,59 : At.65: C.80, 
86,90.91: CP.8: J.13,61,85: M. 
14: Man.55: Me.78,79 : Mem.l3, 
geo.ap20,44; Mcl.l : N.69,85 : P. 
50,56,58 : Pr.7,8 : Q.l2,2,7,15 : Z. 
20,24. 

by Arbogast’s derivatives : L.82. 
of complex numbers in Jacobi’s th : 
C.96. 

by elliptic and hypcr-clliptic func¬ 
tions : J.13. 

formula of verification : Pr.24. 
into 2 s(piares: An.50,52,54: C.87 : J. 
49: LM.8,9; N.54,78,alg65: odd 
squares, Q.19. 

into 3 s(}uarcs : J.40 : L.59,60. 
into4 squares : C.99 : L.G8 : Pr.9 : Q.l. 

4 odd, or 2 even and 2 odd : Q. 19,20. 
into 5 squares : C.97,98 : J.35. 


Partition of numbers— {continued ): 
into ten squares : C.60 ; L.66. 
into p squares: C.39,90 : L.61 : N. 
54. 

and an integer: L.57. 
into the product of two sums of sqs.: 
L.57. 

into parts, the sum of any two to be a 
sq.: Mem.9. 
into 2 cubes : L.70. 
into sum or difference of 2 cubes : 
AJ.2. 

into 4 cubes : N.79. 
into maximum nt\\ powers : C.95. 
into 10 triangular numbers: C.62. 
formation of numbers out of cubes : 
J.14. 

2 squares whose sum is a sq.: E.20 : 

N.50. 

3 squares, the sum of every two being 

a sq.: B.17. 

4 squares, the sum of every two being 

a sq.: E.16. 

3 nos., the sum or diff. of two to be a 
sq.; Mem.18. 

2 sums of 8 sqs. into 8 sqs.; Me. 

78. 

a sum of 4 sqs. iuto the product of 2 
sums of 4 sqs.: TI.21. 
n nos. whose sum is a sq. and sura of 
sqs. a biquadrate : E.18,22,24. 
a quadric into a sum of squares : N. 
80,81. 

into 3p2-j-/^2. N.49. 
a square iuto a sum of cubes : N.67. 
a cube into a sum of cubes : E.22, 
23. 

into 4 cubes: N.77; into 3 or 4 
cubes, A.60. 

9wl- or its double into 2 cubes : 
N.81. 

3 nos. whose sum is a cube, sum of 

sqs. a cube, and sum of cubes a 
S(|. ; E.26. 

5 biquadrates whose sum is a square 

E.20. 

of n into 1, 2, 3, &c. different num¬ 
bers : E.34. 

of pentagonal numbers : C.96. 
a series for the : AJ.6. 
tables, uon-unitary : AJ.7. 
theorems: AJ.G : C.40,96 : Me.76.80, 
83 : pr. syinm. functions, G.IO. 

Partitions:-in theory of alg. forms ; 

G.19. 

number of for n things : E.IO. 
in planes and in space: J.l. 
Sylvester’s theorem: Q.4. 
trihedral of the N-ace and triangular 
of the X-gon : Man.58. 
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^Pascal’s theorem : 4781: AJ.2 : CD.3, 
4: CM.4: J.34,41,69,84,93 : LM. 
8 : Me.72: N.44,52,82: Q.1,4,5,9: 
Z.6,10. 

extension of and analogues in space : 
C.82,98: CD.4,5,6: G.ll: J.37,75: 
M.22: Me.85. 

ap. to geo. analysis : A.18. 
on a sphere: A.60. 

Steiner’s “ Gegenpnnkte ” : J.58. 
Pascal lines: E.30. 

Pedal curve: A.35,36,52 : J.48,50 : M .6 : 
Me.80,81 : Q.ll: Z. 52 , 21 . 
circle and radius of curvature : C.84 : 
Z.14. 

of a cissoid, vertex for pole : E.l. 
of a conic : A.20 : LjM. 3 : Z.3. 
central: A.9 : Me.83 : N.71. 
foci and vector eq.: LM.13, 
negative central: E.20,29 : TI.26. 
negative focal: E.16,17,20. 

»ith and TO—1th: E,18. 
of evolute of lemniscate : E.30. 
inversion and reciprocation of: E.21. 
of a parabola, focal and vector eqs. : 
LM.13. 

rectification of difference of arcs of : 

Z.3. 

which is its own pedal: L. 66 . 

Pedal surfaces : A,22,35,36 : M .6 : J.50 : 
Z. 8 . 

counter: AJ.5. 

volumes of: C.55 : A.34 : An.63 : J. 
62: Pr.l2. 

Pentagon, ths : A.4 : J.5,66: N.53. 

diagonals of: A.57. 

Pentagonal dedecahedron : A.25. 
Pentahedron of given volume and mini¬ 
mum surface : L.57. 

Periodic continued fractions : A.62,68 : 
0.968: J.20,33,53: N .68 : Z.22. 
closed form of : A.62. 
representing quadratic roots : A.43. 
with numerators not unity : 0.96. 
Periodic functions : A.5 : J.48 : N.67 : 
gzC.89 : Mo.84. 

cos a.’—|cos 3i«+| cos 5 a 5 : OD. 32 . 
doubly: 0.322,40,70,90: J. 88 . 3 : L.54. 
of 2nd kind: 0.90,98: gzL.83. 
of 3rd kind; 0.97. 
monodromic and monogenoiis: 
0.40. 

with essential singular points: 0.89. 
expansion in trig, series: N.78. 
4-ply, of 2 variables : J.13. 

2?i-ply, of TO variables: Mo.69. 
multiply: 0 . 57 , 582 . 
integrals between imaginary limits: 
A.23. 

real kind of: Mo.66,84. 


Periodic functions— {contimied) : 
of 2nd species : M.20. 
of several variables : 0.43: J.71. 
in theory of transcendents : J.ll. 
of 2 variables with 3 or 4 pairs of 
periods: 0.90. 

with non-periodic in def. integrals: 
0.18. 

Periodicity theory: M.18. 

Periods :-cyclic, of the quadrature 

of an algebraic curve : 0.80,84. 
of the exponential 0.83. 
of integrals : see “ Integrals.” 
law of: 0 . 963 . 

in reciprocals of primes : Me. 733 . 
^Permutations: 94: Al.: 0.22: 0D.7: 
L.39,61: LM.15: Me.64,66,79 : K 
44,71,763,81: Q.l: Z.IO. 
alternate: L.81. 

ap. to differentiation and integration 
A.21. 

of TO things ; 0.95: ISr.83; in groups, 
L.65. 

of 3g and 2^ letters, 2 and 2 alike: 

N. 74 , 753 . 

number of values of a function 
through the permiitations of its 
letters: 0.20,21,46,47: L.65. 
successive (“ batteraent de Moiige ”): 

L. 82. 

with star arrangements : Z.23. 

^Perpendicular from a point:-upon 

a line : length of: 4094, t.c4624: 
eq4086, t.c4625 : sd5530. 

* upon tangent of a conic; 4366—73. 

* upon a plane: 5554. 

* upon tangent plane of a quadric: 5627. 

* ditto for any surface : 5791—3. 
Perpetuants: AJ.72. 

^'Perspective: 1083 : A.692: G.3 : thsL. 
37: Me.75,81. 
analytical: A.ll. 
of coordinate planes : 0M.2. 

* drawing : 1083—6. 

figures of circle and sphere : A.57. 
isometrical: CP.l. 
oblique parallel: Z.16. 
projection: A.16,70. 
relief: A.36,70: N.57. 

■* triangles: 974: E.29 : J.89 : M.22,16: 
in a conic, Al. 

Petersburg problem : A.67. 

Pfaff’s problem: A.60: C.94 : J.61,82 : 

M. 17 : th of Jacobi, J.57. 
Pfaffians, ths on : Me.79,81. 

77 (see also “ Expansion of”): 0.95 : E. 
30 : N.42,45. 

calculation of: A.6,18: E.27 : G.2: 
cnJ.3: Me.73,74: K50,56,66. 
by equivalent surfaces : N.48. 
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TT :-calculation of— {continued): 

by isoperiraoters : N.46. 
by logarithms: lSr.56. 
to 200 decimal places : J.27 ; to 208, 
P.41 ; to 333, A. 2 I 2 ; to 400, A.22 ; 
to 500, A.25 ; to 607, Pr.6,11,22. 
formula) for, or values of : A.12: 

J.17 : L.46 : M.20. 

a/9 

TT = 3 + ~ approx.; Me .66 
= ^ log i, J.9. 

functions of : p .6 : A.l : C.56,74. 

7 r“^ : E.27; to 140 places, LM,4. 
hyperbolic logarithm of : LJM,14. 
powers of TT and of : LM. 8 . 

* incommensurable: 796. 
series for : Q.12 : TE.14. 
theorem on tt and e : Q.16. 

n(a:)=l(l+a;) ... {l + ( 9 i-l)a} : A.12: 
J.43,67. 

II {x) and imaginary triangles and 
rpiadrangles: A.51. 

Piles of balls and shells : N.72. 

Pinseux’s theorem : Mo.84. 

Plane ; J.20,45 : Mera.22. 

* equations of: 5545, q.c 5550, p.c 5652 : 

Z.l. 

* under given conditions : 5560—73. 

* condition for touching a cone: 5700. 

* ditto for a quadric : 5635, 5701. 
cond. for intersection of two planes 

* touching a quadric : 5703. 
figures, relation between : A.65 : J.52 : 

M.3. 

kinematics of: Q.16. 
and line, problems : CD.2 : J.14. 
motion of : JP.2 : LJM.7. 
point-systems : J.77; perspective, 

Z.17. 

representing a quadric: N.71. 

*Plane coordinate geometry : 4001—5473. 
Planimetcr : A.58 : Mel.2,3 ; Amsler’s, 
5452, C.77; Trunk’s, A.44; polar, 
A.51: N.80. 

Planimctrical theorems: A.37,60. 
Pliickor’s complex surfaces : M.7. 
Pliickerian characteristics of a curve 
discriminant: Q.12. 

Pliickerian numbers of envelopes : C. 782 . 
Point-pair, absolute on a conic : Q. 8 . 

harmonic to two such : Z.13. 
Point-plane system : M.23.>. 

Points :-in a plane, relation between 

four: A.2,26. 

* tg.eej of two : 4669, 4013. 

on a circle and on a sphere : N.82. 
of eepial parallel transversals : A.61. 


Points—(cow/mneeZ): 

four, or lines, ths : CD.8. 
at infinity on a quadric; N.65. 
roots in a closed curve : N.68. 
in space, represented by triplets of 
points on a line : LM.2. 
systems : JP.9 : IM.6,25: 1^.58. 

of cubic curves : Z.15. 
three : coordinates of, N.42; pr, A.8. 
*Polar: 1016,4124: A.28: J.58: gzLM.2 : 
Me.64,66: N.72,79. 

* of conics : 4762 : ths]S’.58. 

of cubic curves : J.89 ; L.57 : Mel.5 : 
Q.2. 

curves, tangents of : N.43. 

* developable ; 5728. 
inclined: 17.59. 

line of two points with respect to a 
quadric : 5685. 
plane: Q.2 : Z.22. 

* of a quadric : 5678, 5687 : An.71; 

of four, LM.13. 
of a qnartic : L.57. 
of 3 right lines : A.l. 
subtangent: 5133. 

Polar surface;-of a cubic: J.89; 

twisted, Z.232,24. 
of a plane : C.60: 17.66. 
of a point: 17.65. 
tetrahedron : J.78 : N.65 : Z.13, 
of a triangle: A.59; perspective, J. 
65. 

Pole:-of chords joining feet of nor¬ 

mals of conic drawn from points 
on the evolute: N.60. 

* of the line Xa-fry; 4671. 

* of similitude: 5587. 

*Pole and Polar: 1016, 4124. 

Political arithmetic : trA.36—38. 
Pollock’s geo. theorems : Q.l. 

Poloids of Poiusot: CD.3. 

Polyacrons, A-faced : Man.62. 
Polydrometry : A.38,89. 

"^Polygonal numbers: 287: Pr.10,11,122, 
13. 

Polygonoractry: thsAn.52 and J.2,47: 
Mcm.30. 

Polygons (see also “ Eegular poly¬ 
gons ”): An.cn53,63: J P.4,9: N. 
74: Z.ll ; theorems: A.1,2 : C. 
263 : prsCD. 52 ; Mel.2: N.58. 

* area of: 718, 4042 : J.24 : N.48,52. 
articulated and pr. of configuration, 

tr: An.84. 
centroid: N.77. 

of circular arcs, cn : A.3 : J.76. 
classification : Q.2. 
division into triangles ; A.l,8: L. 382 , 
39: : LM.13 : Pr.S. 
of even number of sides : LM.l. 
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Polygons— {continued ): 
family of : ISI’.SS. 

maximum with given sides : J.26. 
of ?i+2n sides, numbers related to: 
A.62. 

of Poncelet, metrical properties: L.79. 
semi-regular: JP.24; star, A.59 and 
L.79,80. 

sum of angles of: A.52 : IS’.50. 
Polyhedral function (Prepotentials): 
CP.13o. 

^Polyhedrons : 906 : O.40o,6O—62 ; J.3 : 
JP.4,9.,,15,24: L.66 : Man.55 : N. 
83 : P.56,57 : Pr.8,9,112,12 : Q.7 : 
Z.11,14; theorems : E.39-42 : J. 
18: N.43; F+S = E-I2, 906: 
A.24: E.20,272. 
classification of: C.51,52. 
convex: angles of, C.74 ; regular, A. 
59. 

diagonals, number of : iSr.63. 

Euler’s theorem : J.8,14; Mem.13 : 

Z.9. 

minimum surfaces of : A.58. 
maximum : regular, O.OU ; for a given 
surface, M.2 : Mel.4. 
regular: ellipsoidal, C.27; self-con j., 
A.62 ; star, A.62 : thsG.26o. 
symmetrical: J.4 : L.49. 
surface of: A.53 ; volume, J.24 : lsr.52. 
Polynomials : geometry of, JP.28 : th 
Q.14. 

determined from its partial differen¬ 
tial : A. 4, 

product of two : ]Sr.41. 
system of : L.56. 

of two variables analogous to Jacobi’s: 
A.16. 

value when the variable varies be¬ 
tween given limits : 0.98. 
Polyzonal curves, v/U’+v^F+ = 0 : TE. 
25. 

Porisms : L.59 : P.1798 : Q.ll : TE.3,4,9. 
of Euclid: 0.29,48,56—59 : L.55. 
of two circles : Me.84. 

Fermat’s fourth : A.46. 

of in- and circum-polygon : Me.83 : 

P. 61. 

of in- and circum-triangle: LM.6,9 : 

Q. I. 

Poristic equations: LM.4,5. 

Poristic relations between two conics : 
LM.8. 

Position, pr. relating to theory of num¬ 
bers : Mel.2. 

Potential: thsAn.82: 0.88: G.15: J. 
20,32,63,70,th81,85: M.2,3: N.70..: 
Z.17. 

of a circle : J.76. 


Potential— [continued) : 
of cyclides : 0.83 : J.61; elliptic, Me. 
78. 

cyclic-hyperbolic, tables : J. 4 , 63 , 72 , 83 , 
94 . 

of ellipsoids: J.98: Me.84 : Q.14; 

two hoinog., J.63,70. 
elliptic: J. 472 . 

of elliptic disc, law, : Q.14. 

Gauss’s f. and theory ; Z.84. 
gz. of first and second : L.79. 
history of: J. 86 . 

of homogeneous polyhedra : J.69. 
Jellett’s eq. and ap.: Q.16. 

Newton’s : M.11,13,16. 
one-valued: J.64. 
p.d.e of: 0.90. 

Poncelet's ths : Z.3. 
a related integral: L.45. 
of a right solid : J.58. 
of a sphere : Me.81; surface of. Me. 
83: Q.12 : Z.7. _ 

surfaces : J.54; conicoids, &c., 79. 
vector : Me.80. 

Pothenot's problem of the sphere : A. 
44,47,542. 

Powers:-angular functions, &c.: J. 72 ' 

and determinants, relation : Z.24. 
of negative quantics : Me.73. 
of polynomials: JP.15. 

Power remainders : M.20. 

Prepotentials: P.75. 

Prime divisors of quartics : J.3. 

Prime factors of numbers: J.51: N.71,75. 
Prime-pail’s : Me.79. 

^Primes : 349—378: A.2,19 : AJ.7 : fAn. 
69: O.thsl 3 , 49 , 50 ,f 63 , 962 : G.5: 

J.thl2,thl4,20 : L.52,54,th79 : 

LM.2 : M.21 : Me.41: N.46,56:Pr. 
5 : Q.5 : up to 10 ^, M.3. 
in ar.p: Z. 6 . 

calculation of: J.IO: in 1st million, 
M.25. 

in a composite nnmber: 0.32. 
distribution of,ap.of recurring series: 
0.82. 

division of a prime 4)i+l into sum of 
squares: J.50 : ditto of 8)i-l-3, 
7n-\-2, and 7 ) 1 + 4 , J.37. 
even number = sum of 2 odd primes 
(?) : E.IO : N.79. 

Fibonacci’s problem : LM.ll. 
of the following forms and theorems 
respecting them: 4^; + l,4^+3; 
L.60 : 6 /c+l; J.12: 8A;+1; L. 6 I 3 , 
62: 8fc+3; L.58,60,614,622: Sk-\-S 
or 7 ; Li. 60,61 : 12fc+5 ; L.bl,63 : 
16A;+3; L.61 : 16&+7 ; L.60,61: 
16A;+11; L.60—62: 16fc+13; L. 
61 : 20A;+3, 20fc+7 ; L.63,64 : 

6 A 
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Primes— {continued ): 

247^+1, 5, or 7 ; L. 6 I 4 : 247^ + 11 
or 19; L.60: 247.:+13; L.61 : 
407b+3; L.Cl: 407^+7 or 23; L. 
603 , 6 X 3 : 40A:+11 or 19; L.60: 
40A:+27; L.6I3: 1207^+31, 61, 79, 
or 109; L.61: 1687^+43,67, or 163; 
L.63: w2+A:n2 with A; = 20,36,44, 
56, or 116, and n an odd number; 
L.65 : 4 w 3 _|_ 5 ^i 2 with m odd; L. 
66 . 

general formula for: C.63. 
of a geo. form, limit of : C.74. 
irredueibility of l + a?+...+ft!P“*, when 
]p is a prime : j.29,67: L.50: N.49. 
law of reeiprocity between two, ana¬ 
logue : J.9. 

* logarithms of (2 to 109): page 6 . 

* number infinite : 357 : Mo.7k 
number within given limits : A.64: 

C. 953 : M.2 : Z.5. 

number of digits in their reciproeals : 

Pr.222,23. 

number in a given quantity : Mo.59. 
product of n, th : N.74. 

* relative : 349—50, 355,— 8 , 373 : J.70: 

L.49. 

tables of : from 10^ to 100001699 : of 
153 of the 10th million : 
of cube roots of to 31 places: Me.78. 
of sums of reciprocals and their 
powers : Pr.33. 

M = for a prime or composite 
modulus : Q.9. 

totality of within given limits : AJ.4: 
L.52. 

transformation of linear forms of into 
quadratic forms : C.87. 
on that prime number X for which the 
class-number formed from the 
Xth roots of unity is divisible by 
X ; Mo. 74. 

Primitive numbers: thC.74. 

Primitive roots: C.64: JP.ll : fL.54: 
taJ.45. 

of binomial cqs.: thsL.40 : N.52. 
of primes : J.49. 

product of, for an odd modulus : J.31. 
of unity: C.92. 

Abel’s theorem : An.56. 
divisors of functions of periods of : 
C.92. 

period, Jacobi’s method : C.70. 
of primes ; J.49: and their residues, 
Me.85. 

sum of, for an odd modulus: J.31. 
table, for primes below 200: Mem. 
38. 

table of, for primes from 3 to 101: 
J.9. 


^Principal axes of a body: 5926,’60, 
’72,’77: J.5: JP.15: L.47: N.46. 
Prisraatoids : A.39 : volume of, Z.23. 
Prismoids : A.39. 

Prism : volume of, A.6. 

^Probability: 309: A.L,19,47 : C.65,97 : 
CP.9: E.274,30: a.l7: 1.15: J. 
26o,302,33,34,36,42,50 : L.79 : K 
51,73: Z.2. 

theorems : Bernoulli’s : LM.5 ; P.62 ; 
TE.9,21. 

problems : A.61,64 : CD.6 : E. all the 
volumes : G.16 : L.37 : Me.4,6 : 
Q.9. 

de I’aiguille, &c.: L.60. 
in analysis : J.6. 

on decisions of majorities : L.38,42. 
duration of life : CM.4. 
rouge et noir : J.67. 
drawing black and white : 1.14: L.41. 
errors in Laplace, p. 279, and Poisson, 
p. 209: CP.6. 

games: A.ll: head and tail; C.94. 

* of hypothesis after the event: 324: 

M61.3. 

local: P.68 : exE.7. 
notation : LM.12. 
position of double stars : Pr.lO. 
principal term in the expansion of a 
factorial formed from a large 
number of factors : C.19. 
random lines : Pr.l6 : E. frequently. 

* repeated trials : 317—21: C.94. 
statistics: L.38. 

testimony and judgment: TE.21. 

Products :-continued: Me.772. 

of differences : thQ.15. 

of 4 consecutive integers : N.62. 

* of inertia : 5906. 

infinite, convergency of: A.21 : transf. 
of, C.17. 

of linear factors : C.9. 
of n quantities in terms of sums of 
powers: Me.71. 

of 2 sums of 4 squares (Euler): Q. 
16,17. 

systems of: L.56. 

^Progressions : 79—93 : An.64 : C.20 : 
G. 62 , 7,11 : of higher order, G. 122 . 
with 11 = a fraction : N.42. 
^Projection : 1075, 4921: A.3,6,12: prsJ. 
70: Q.21,prl3. 
and new geometry : A.l. 
central: G.13 : derivation from or¬ 
thogonal, A.62. 

central and parallel, of quadrics into 
circles : A.52. 

* of conics : 4921—35: A.66; J.37,86. 
of a cubic surface : M.5. 
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^Projection— (continued ): 

of curves : J.66: Z.lSo: loci of cen¬ 
tres, A.6. 
enspheres: Q.14. 
tangents to : cnL.37. 
of a curved surface on a plane : J.67. 
of an ellipsoid on a plane : J.59. 
of figures in one plane : A.l. 
gauche: ISf.66. 
of Gauss ; Mel.2. 

* map : Mercator’s, 1093 : A.50 : G.18 : 

JP.24: N. 793 . 

* of one line on another: 5529 : on a 

plane, A.6. 

* orthogonal: 1087. 
plagiographic: A.8. 

of ruled quartics : M.2. 
of shadows : N.66. 
of skew hyperboloid : Me.75. 
of solids : Man.84. 

* of the sphere : 1090 : AJ.2. 

* stereographic ; 1090: A.30—32 : L. 

42,54. 

of surfaces on a plane : M.5. 
of surface of tetrahedron on a sphere : 
J.70. 

* of two rectangular lines : 4934. 

Projective :-correspondence between 

two planes and two spaces : G.22. 
equations of a surface, relation to 
tg.e: E.2. 

figures on a quadric: A.18. 
generation of alg. surfaces : A.l,2 : of 
curve forms. An.14: J.54: M.25 : 
Z.18. 

geometry: A .8 : An.75: At.750,78: 
G.12—14,17: J. 84 : M.17,18: ths 
N.77: ths of Cremona, G.13o,14: 
thZ.ll. 

loci and envelopes : G.19. 
and P.D. eqs.: A.l. 
point series: J.91. 

and perspectivity of higher degree in 
planes: J.422. 

^Proportion : 68 : A. 8 : G.6,13 : TE.4. 
Pseudosfera: G.IO. 

Ptolemy’s theorem : A.2,67 : At.l9 : J. 
13: LM.12. 

ext. to ellipse : A.30: inverse of, A.5. 
Pure mathematics, address by H. J. S. 

Smith, E.E.S.: LM. 8 . 

Pyramid : triangular : A.1,3,21,28,32, 
36 : J.3 : volA.14. 
vertices of: A.2. 
and higher n-drons : prsA.9. 
and prism sections, collineation, &c.: 
A.9. 

Pythagorean theorem: A.11,17,20,24: 
gzJ.26 and N.62. 
spherical analogue : A.44 : N.52. 


Pythagorean triangles : taA.l : E.20. 
^Quadratic equations : 45 : A. 242 : with 
imaginary coefficients, A. 8 . 
graphic solution : Me.76. 
real roots of : J.61. 
solution by continued fractions : L.40. 
by successive approximation : N.74. 
Quadratic forms (see also “ Quadric 
functions ”): trA.15 : Ac.7 : C. 
85 : J.27,f39,54,56,76,86 : L.Slo, 
73: M.6,23: Mo. 68 . 2 , 743 : thsAn. 
54: J.53 : M.20 and Z.16,19. 
Dirichlet’s method : Mo.64. 
having one at least of the extreme 
coefficients odd: L.67,69. 
Kronecher’s: L.64. 
multiplication of: An.60. 
number of the genera of: J.56. 
number which belong to a real deter¬ 
minant in the theory of complex 
numbers : J.27. 

odd powers of sq. root of 1— 2r)U-\-rj'^i 
Mel.5. 

positive: A.ll>. 
reduction of: J.39 : L.48,56,57. 
relation, anal, investigation : Z.14. 
Quadratic loci, intersection of: AJ.6. 
*Quadratrix: 5338. 
tangent, cn : N.76. 
of a curve : C. 763 . 

Quadrangle: prA.55: C.95. 
of chords and tangents : A.2. 
differential relation of sides : Me.77. 
dualism in the metric relations on the 
sphere and in the plane : Z.6. 
and groups of conics : A.l. 
of two intersecting conics, area: 
LM.8. 

metrical and kinematical properties : 
C.95. 

^Quadrature : 5871—83: A.26 : An.SO-j: 
CD.ths5,9: E.6: J.34: L.54: 

Mem.24,41: N.42,f55,54: N.75: 
TI.l. 

approximate: C.95 : M.58. 
of the circle: Me.74: Pr.7,20. 

Cote’s method: N.56. 
with equal coefficients, f.: C.90. 
Gauss’s method: A.32 : C.84,902: 

J.gu55,56. 

from integrals of differentials in two 
variables: M.4. 

* Laplace’s formula, f.d.c : 3778. 

of a small geodesic triangle. Gauss’s 
th: J.16,58. 

* by lines of equal slope : 5881. 
quadrics : CD.l: L.63 : formed by 

intersecting cylinders, An.65. 
sphero-conic: J.14. 
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Quadratures— (continued ): 

vrhich depend upon an extended 
class of d.e with rational coeffi¬ 
cients: C.92. 

*Quadric cones : 5590,5618/54/97 : N. 66 . 
locus of vertex : C.52. 
through six points : 0.52. 

Quadric functions or forms : A. 132 , 38 : 
0.44,55.78,89o,95: J.47o: JP.28, 
arith 32, positive 99 : algL.74 : 
Mo.58 : see also “ Quadratic 
forms.” 

bipartite: P.58. 

in coefficients and in indeterminate 
complexes : J.24. 
equivalence of: 0.93. 
in n variables : Me .2 : disappearance 
of products, N.55. 

quaternary : An.59 : L.54 : M.5,13 : 
whose det. < 0, 0.96; and corres¬ 
ponding groups of hyperabelians, 
0.98. 

reduction of: 0.91,93,96: G.5: to 
sum of squares, Mel.5. 
represented by others : 0.93. 
transf.of : 0.86 : CD.4 : G.l : LM.16 : 
K 66 : Q.17. 
reciprocal: J.50. 

invariability in number of pos. and 
neg. squares : J.53. 
with two series of variables : 0.94. 
^Quadric surfaces : 5582—5703 : A.3.,,4, 
12,16,45,56: An.52,geo60: At.51 : 
0.76: 0D.3: G.13,14: J.1,18,38, 
f42,63,69,89 : JP .6 : L.39,43,50: 
M.2,23: geoMe.74: N.56,57,58-., 
593,60,61,77: Z.5,cnl3. 
theorems : An.54 : 0D.5 : J.54,85: 

L.43 : Mo.79 : N. 632,642 : Q.2,4. 
problems : An.61 : 0.60: J.73 : K. 
58: Q.IO. 

analogy with conics : Me.72. 
anharmonic section of : G.l2. 
bifocal chords of : 0D.5. 

* central equations : 5599—5672. 

* central sections : 5650: area, 5650 : 

axes, 5651. 

locus of focus : N. 66 . 

* non-central sections : 5654. 

* centre : hi.75 : area, 5655. 

* centre, coordinates of: 5690: A.16. 

* circular sections : 5596, 5601,’6/19 : 

0.43: CD.l : OM.l : E.30: J.47, 
65,71,85: N.51. 

common enveloping cone : G. 6 . 

* condition for a cone: 5699. 

* conjugate diameters : 5637 : N.42,61 ; 

parallel, G.l; rectangular sys¬ 
tem, L.58. 


Quadric surfaces :-conjugate diame¬ 

ters— (continued) : 

* parallelepiped on them : vol. 5648 : 

sum of squares of areas of its 
faces, 5645 ; do. of reciprocals of 
the perpendiculars on its faces, 
5644. 

* sum of squares of their reciprocals: 

5643: ditto of their projections 
on a line or plane, 5646. 
construction and classification by 
projective figures : A.9. 
correlation of points and planes on : 
CD.5. 

* cubature of: 6126—65 : A.14. 

* diameters : 5677,-88. 

* diametral plane : 5636; gn.eq, 5689. 
of constant sectional area: !N.43. 
director-sphere of: Q.8. 
duplicate: CD.6. 

* enveloping cones of : 5664—72,5697. 
equation between the coeffs.: J.45. 
without foci: L.36. 

focales, a property from the theory 
of: L.45. 

* general eq.: 5673 : CD.6 : CM.4: LM. 

12,13: M.l: Me.64. 

* condition for a cone : 5699. 
condition for a sphere: Q.2. 
coefficients: A.l. 

* generation: 5607—24, N.47,75; Ja¬ 

cobi’s, J.73. 
homofocal: L.60. 

indices of points, lines, and planes, 
theory: N. 7 O 4 . 

* intersection of two: 5660, C.64..: G. 

6 : M.15 : Q.IO; ruled, N.83 ; with 
a sphere, ths, N.64. 
parameter representation of: M.15. 
tangent to: LM.13, 

* intersection of three: 5661, J.73: 

TN.69. 

loci from : A.27. 

* normals of: 5629—32: 0.78: J.73,83: 

N.63,78: Q.8. 

oblique coordinates : ^.82. 

* polar plane of: 5681—8. 

Pliicher’s method : L.38. 

of revolution : A.72,81; through 5 
points, 66 and 79. 
self-reciprocal: M,25 : Z.22. 
sections of: J.74. 
similarit}’ of two : CD.8. 
with a “ Symptoseii-axc”: A.60,61. 
system of: Q.15; rcduc. and transf., 
L.74: Z.6.^ 

* tangents : 5677 : G .12. 

* tangent planes : 5626,—78 : OM.l : 

cuJ.42: LM.ll: N.46. 
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Quadric surfaces— {continued ): I 

locus of intersect, of three : LM.15. 
through 9 points or under 9 condi¬ 
tions : A.17: CD.4.,: J.24,62,68: 
L.58,59: Q.8: Z.25. 
under 8 conditions : C.62. 
through 12 points : G.17,22. 
through a twisted quintic curve: E. 
38. 

transformation of two, by linear sub¬ 
stitution into two others, in which 
the squares only of the variables 
remain: J.12. 

principal axes : see “Axes.” 
principal planes of: L.36 : N.67,71: 
Z.24. 

and their umbilics : C.54. 
volume of segment: A.27; of oblique 
frustum, E.19. 

Quadricnspidals: L.70. 

Quadrilateral: A.6,48; Me.66 : thG.6: 
prs]Sr.43. 

area: N.48; as a determinant, 17.74. 
between two tangents to a conic and 
the radii to the points of contact: 
A.632. 

bisectors, a property : 17.75. 

* and circle, geo.: 733 : Q.5. 

* complete: 4652 : A.24,69 : At.63; mid- 

points of 3 diagonals, collinear, 
Me.73. 

* and conic: 4697 : ISr.75,76. 

* and in-conic : tg.c 4907 : Q.ll. 

cn. with given sides and equal diags.: 

A.5. 

convex : A.66; area, Q.19. 

Desargues’ theorem; Z.24. 
plane and spherical: A.2 ; Z.6. 
and quadrangle: A.l. 
right-angled: A.2,3. 
with sines of angles in given ratio: 
A.2. 

* sum of sqs. of sides: th 924. 

th. extended to 3 dimensions : J.56. 
Quadruplane: LM.14. 

^Quantics : 1620 : C.47 : J.56 : LM.6 : 
lSr.48: Cayley P. 54,56,58,59,61, 
67,71 and 78: Pr.72,8,9.,11,15,17, 
18,23 : thsCD.6 : J.53 : K53 : 
Q.14; Cauchy, Pr.42. 
derivatives, relation between 1st and 
2nd: E.39. 

derivation from another by linear 
substitution: 0.42. 
of differentials : J.70,71 : Mo.69. 
index symbol of : CD.5. 
integration of a rational: C.97. 
in linear factors : C.50: L.thsOl: Q.6. 
transf. oiax^-\-hij^-\-cz'^+div^,hy\mear 
subst.: J.45. 


Quantitative function, transf. of: CD.B. 

Quartic equations : see “ Biquadratic.” 

Quartic curves : An.76,79 : At.52 : G.37, 
ths64,65,77,98: CD.5: 61.14,16: 
J..59: M.thl,4,7,12: prK56. 
al7+6/yff = 0: M.l. 
and Abel’s integrals : M.ll. 
binodal, mechanical cn. of : E.18. 
characteristics of a system : C.75. 
chord of contact, eq. : M.l 7. 
classification by inf. branches : L.36. 
with cuspidal conics : M.l9. 
with 3 cusps of 1st kind : An.52. 
degenerate forms : LM.2. 
developable reciprocated : Q.7. 
with a double line : A.2 : C.75. 
witha double point: M.19; two, C.97. ; 
three, Q.18; three of inflexion, 
N.78. 

with double tangents : J. 66 . 
and elliptic functions : J.57,59. 
of 1 st kind and intersections with a 
quadric: An. 692 . 

generation of C.45 : J.44 ; 3rd class, 
J .66 and Z.18. 

16 inflexion points of 1 st species of : 

trZ. 282 : E.32. 
and in-pentagon, th : M.13. 
oblate: C.74. 

parameter representation of: M.13. 
penultimate: Me.72. 
with quadruple foci: Q.I 82 . 
rectification : 0 . 872 . 
and residual points : E. 342 . 
and secants : M.12. 
singularities of: L.75: M.14. 
synthetic treatment of: Z.23. 
through which one quadric surface 
only can pass : An.61. 
triuodal: thE.30. 
unicursal twisted : L]\L14. 

Quartic surfaces : A.12 : C.70 : G.11,12 : 
LM.3,19: M.l,7,13,18,20 : M 0 . 66 , 
72: N. 70,873 : Q.10,11. 
containing a series of conics : J.64. 
with a cusp at infinity : LM.14. 
with double conic: A.2: M.l,2,4: 
M 0 . 68 . 

with eq. Sym. det. = 0 : Q.14. 
generated by motion of a conic : J.61. 
Hessian of: Q.15. 

and 2 intersecting right lines : M.3. 
with 12 nodes: Q.14. 
with 16 nodes : J.65,73,83,84,85,86,87, 
88 : Mo.64; principal tangent 

curves of, M.23 and Mo.64. 
Steiner’s : C. 86 : J. 642 . 
with a tacnode at infinity at which 
the line at infinity is a multiple 
tangent: LM.13. 
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Quartic surfaces— {continued) : 

with triple points : M.24. 

Quaternions: C.86,98.>: CD.4: G.20 : 
M.11,22: Me.62,,64,81: P.52: Q. 
G: TE.27,28: TL21. 

ap. to linear complexes and congru¬ 
ences : ]\Ie.83. 

ap. to tangent of parabola: AJ.I 2 . 
elimination of aj3y from the conditions 
of integrability of Suadp, &c.: 
TE.27. 

equations: C.98 ; linear, 99-2: of sur¬ 
faces, Joachimstahl’s method, 
E.43. 

pp<pp = 0: TE.28: qQ—qQ' = 0, 
Me.85.>. 

finite groups: AJ.4. 
f. for quantification of curves, sur¬ 
faces, and solids : A J.2. 
geometry of: CD.9. 
integration ths: !Me.85. 
transformations : Man.82. 

*Quetelet’s curve : 5249. 

Quintic curves: cnM.25. 

Quintic equations: AJ.Gj,7 : An.65,68.2: 
C.46o,48,50,61,629,73,80.2,85 : J.59 : 
M. 13 ‘ 2 , 14 , 15 : P.64: Pr.ll: Q.3: 
TI.19 : Z.4. 

auxiliary eq. of : Man.lSo: P.61: Q.3. 
condition of transformability into a 
recurrent form: E.35. 
irreducible : AJ.7 : J.34. 
functions of difference of roots: An. 
69. 

reduction of: Q.6. 
resolvents of: 0.632. 
whose roots are functions of a varia¬ 
ble : Q.5. 

solution of : An.79 : J.59,87 : X.42 : Q. 
2,18, 

Descartes’ method: A.27. 

Malfatti’s: An.63. 
in the form of a symmetrical deter¬ 
minant of four lines : An.70. 
Quintic surfaces : LM.3. 

having a quintic curve : An.76. 
Quintics, resolution of : Q.4. 
liadial curves : LAl.l: of ellipse, Q.18. 
of conics, catenary, Icmniscate, Ac.: 
E.24. 

Kadiants and diameters of a conic: C. 

*ltadical axis (sec also “ Coaxal Cir¬ 
cles”): 958,984—99,4161: LM. 
2: Me.66. 

of syrara. circle of a triangle: A.63. 
of two conics : Q.15. 

^Radical centre : 997. 

^Radical plane: 5585. 


Radii of curvature of a surface: A.ll, 
55 : Q.12 : Z.8. 

principal ones : L.47,82 : M.3 : Me.80 : 
!N.5o. 

*Radii of curvature of a surface : 5795— 
5817: A.ll,55: Q.12: Z.8. 

* ellipsoid: 5831. 
flexible surface: L.48.2. 

* principal: 5814—6: L.47,82: M.3: 

]\Ie.80: N.55. 
constant: Me.64. 

* for an ellipsoid: 5832. 

equal and of constant sign : C.41: 
JP.21 : L. 462 , 50 . 

* Euler’s theorem : 5806. 

one a function of the other : An.65 : 
C.84: J.62. 

product constant: An.57. 
reciprocal of product: An.52. 
sum constant: An.65. 
sum = twice the normal: C.42. 
^Radius of curvature of a curve : 5134; 
A.cn4,9,31,33 : CD.7 : J.2,45: ths 
M.17: N.62,74: q.c and t.c Q.12 : 
Z.3. 

absolute: CM.l. 

* circular: 5736 ; ang. deviation, 5746, 

* of conics : 1259 ; A.9 : CM.l : J.30 : 

L.36: Me.66: _Mel.2N. 45 , 682 . 
at a cusp or inflexion point: N.54. 
in dipolar coordinates : Me.81. 
of evolutes in succession: ]Sr.63. 
of gauche curves : N.66, 
of a geodesic: L.44 : on an ellipsoid, 
An.51. 

and normal in constant ratio: N.44. 

* of normal section of 0 (>i’, y,z)=0 : 

5817. 

* of a parabola : 1261,4542. 

of polar curves : A.51 : CM.2. 
of polar reciprocal: K.67. 
of projection of a curve: N.61 ; of 
contour of orthogonal projection 
of a surface, C.78. 

* of a roulette: 5235 : N.73. 

transf. of properties by polar recipro¬ 
cals : L.66. 

of tortuous curves: Mem.lO. 
of circum-sphere of a tetrahedron in 
terms of the edges : X.74. 
^Radius of gyration : 5904. 

Radii of two circles which touch three 
touching two and two : A.55. 
Radius vector of conic: J.30 : IS". 470 . 
Ramifications: E.302,33,10,pr 37,th27. 

sol. by a diophantine C(p : ^Io.82. 
Randintcgral: J.71. 

*Ratio and proportion : 68; compound, 
74. 

I of a'*: 5'’: gco.cuN.44. 
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Eatio and Proportion— (continued): 
of differences of geo. quantities : 0.40. 

* limits of; 753. 

* of segments of lines and triangles, 

geo.: 929—32. 

* of two distances, geo.: 926—8. 

Eational:-derivation, cubic curve: 

AJ.Ss. 

divisors of 2nd and 3rd degrees : N. 
45. 

functions, development of : AJ.5. 

Eationalisation of:-alg. fractions: 

A.13,33,35. 

alg. equations: A.13: CD.8: J.14: 

P.14: TI.6. 
alg. functions : A.69. 
a series of surds (Fermat’s pr.): A.35. 

Eational functions :-of 7i elements : 

M.14. 

infinite form systems in; 1M.18. 

Eay systems (see also “ Congruences”): 
J.57: L.60,74: Me.66: K60,6l3, 
622: Z.16. 

of 1st order and class and linear pen¬ 
cils: J.67,692: Z.20. 

1st and 2nd order: Mo.65 : M.15,17. 
2nd order and class : J.92. 

3rd order and 2nd class : J.91. 

6th order and 2nd class : J.93. 

2nd class and 16 nodal quartics : J.86: 
Mo.64. 

complex of 2nd degree and system of 
2 surfaces : M,21. 

and refraction theory: Q.Me: TI.15 
—17. 

forming a group of tangents to a sur¬ 
face : Z.18. 

infinite geometry of : Z.17. 
*Eeciprocal polars: 4844, 5704 : A.36; 
gzE.24: J.77: LM.2: N.48,49: 
num.fG.21. 

*Eeciprocal: of a circle: 4845. 

* cones : 5664, 5670. 

* of a conic: 4866—8. 

* of a quadric surface : 5717—8. 
radii: M.13. 

relations ; J.48,79,90 : M.19,20. 

* spiral: 5302. 

* surfaces : 5704—19: J.79 : M.4,10: P. 

69. 

curvature of: L.77. 
degree of: CD.2 : TI.23. 
ofMonge: C.42. 

* of quadrics: gn 5705; central, 5706. 
of surface of centres o a quadric : 

Q.13. 

of the same degree as their primi¬ 
tives : Mo.78. 

theorems on conics and quadrics : L. 
61. 


Eeciprocal— (continued) ; 
transformation, geo.: L.71. 
triangle : th Q.l; and tetrahedron, 

Q.l. 

Eeciprocants: LM.172. 

Eeciprocity : anal., A.7 : geo., CD.3. 
*Eeciprocity law: 3446: AJ.l,th2: C. 
90.: J.28.,39 : LM.2 : Mo.58 : d.e, 
3446 and A.33. 
in cubics : M.12. 
history of: Mo.75. 

for power residues: C.84; quadratic, 
C.24,88: J.47: L.472 and Mo.80, 
84,85 ; cubic, in complex numbers 
from the cube roots of unity, J. 
27,28. 

quadratic system of 8th degree : 
J.82. 

supplementary theorem to : J.44,56. 
^Rectangle : M. I. of, 6015. 

*Eectangular hyperbola : 4392 : Me.62, 
66,72: N.42,65. 

*Eectificatiou of curves : 5196: A.26 : 
Ac.5: An.69: CE.95: CD.9; G. 
11: J.14: L.47: N.ths 53,64. 
approximate: M.4: Mel.4. 
by circular arcs : C.77,85 : L.50 : Mem. 
30.. 

by elliptic arcs or functions : J.79 : 
Mem.30. 

by Poncelet’s theorem : C.94. 
mechanical: Z.16. 
on a surface: Mem.22. 

*Eectifying :-developable : 5727. 

* line : 5726,-51 : N.73. 

* plane: 5726. 

* surface: 5730. 

Eefiexion :-from a revolving line : 

TE.28. 

from plane surfaces : A.60. 
from quadric surfaces : J.35. 
Refraction curve: A.51. 

Regie a calcul: C.58 : N.69. 

^Regular polygons: 746: A.21,cn24,39: 
L.38 : M.cn6,13 : N.42,44,47. 
convex : Me.74. 

eqs. of and division into eqs. of lower 
degrees, tr. : A.46. 
in and circum ; lSr.45: Q.2. 
in space : Me.75. 
spherical: N.60,67. 
star: J.65 : Me.74; N.49. 

funicular: N.49. 

5-gon: M.83. 

7-gon : A.l 7. 

7- gon and 13-gon : M.6. 

8- gon: A.6. 

12-gon : complete, C.95. 
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Regular Polygons— {continued) : 

17-gon: A.t): J.cu24,75: N.74j and 
division of the circle, A.42. 
eqs. for sides and diagonals : A.40. 
^Regular polyhedrons : 907 : A.l 10,47 : 

Pr.:34: Me. 66 : Q.15. 

* relation of angles : 9o9 : Me.74. 
volumes by determinants : A.57. 
Related functions: M.25. 

Relationship problems : E. 35 , 380 . 
Relative motion : ISr. 66 . 

Rents : A.40. 

Representative functions: M.18. 
Representative notation : Q. 6 . 
Reproduction of forms : C.97. 

Rcptation: N.54. 

Residues: A.26: C.12o,13,32,ap32o,41,44, 
49: CM.l: J.25o,31,89: L.38: Mel. 
4: N.46o,Mem 70. 
ap. to infinite products : 0.17. 
ap. to integrals whose derivatives in¬ 
volve the roots of alg. eqs.: C.23. 
ap. to reciprocity law of two primes 
and asymptotes: 0.76. 
of complex numbers : Mo.80. 

primes of 5th, 8 th, and 12th powers: 
J.19. 

biquadratic: 0.64: J.28,39: L.67. 
cubic : A.43,63 : 0.79 : J.28,32 : L.76. 
quadratic: Ac.l : J.28,71: Q.l. 
ext. of Gauss’s criticism : Mo.76. 
of primes, also non-residues: L.42 : 
Mel.4. 

and partition of numbers : J. 6 I 2 . 
quiutic: 0.76: Z.27. 
septic : 0.80. 

of 9exp.(9exp.9) by division by 
primes : A.35. 

Residuation in a cubic curve: Me.74. 
Resultant alg.: M,16 : ext O. 583 . 

and discriminants and product of dif¬ 
ferences of roots of eqs., relation : 
Me.80. 

of two equations : J.30,50,53,54: M.3 : 
P.57,68. 

of two integral functions : Z.17. 
of n equations : An.56. 
of covariants: M.4, 
of 3 ternary quadrics : J. 572 : N.69. 
Reversible symbolic factors : Q.9. 
Reversion of angles : Lj\I. 6 . 

Rhizic curves : Q.ll. 

Rhombus: quadrisection by two rect¬ 
angular lines: Mom.11. 
circumscribing an cquil. triangle: A. 
45. 

Ricraanu’s surfaee: LM .8 : M. 6 , 182 : 

thsZ.12. 

of 3rd species : M.17. 
new kind of: M.7,10. 


Rieraann’s surface— {continued) : 

irrationality of: M.17. 

Riemann's function: A .68 : J.83: M.21. 
ext. to hyper-geo.-functions of 2 vari¬ 
ables : 0 . 952 . 
d-formnla, gz : Ac.3. 

*Right-augled triangles : 718: prs A.2. 
with commensurable sides : E.33. 
Right cone : Me.72,73,75,76. 

Right line: A.49,57 : fQ.15 : t.cMe.62. 
and circle : ths N.56. 
coordinates of: G.IO. 
and conic : Q.7 ; cn. for points of sec¬ 
tion, A.59,66: N.85. 

* quadratic for absciss® of the points: 

4319. 

* tg.e of the points : 4903. 

* condition of touching: 4315,4323, 

t.c 5017. 

* drawn from x'y' across a conic : quad¬ 

ratic for the segments in an el¬ 
lipse, 4314; parabola, 4221; gen. 
eq., 4494; method, 4134. 

* joining two points, coordinates of 

point dividing the distance Ju a 
given ratio: 4032, t.c4603, 5507. 

* tg. eq. of the point: 4879. 

* joining two points and crossing a 

conic : quadratic for ratio of seg¬ 
ments in an ellipse, 4310; para¬ 
bola, 4214; gu. eq.,4487, t.c 4678 ; 
method, 4131. 

* constants, relations between: sd. 

5515. 

* coordinates of, relation between the: 

4897. 

* and curve : 4131—5 : ths. in which 

pairs of segments have a constant 
length, 0.836; a constant product, 
0.822,83.2; a constant ratio, 0.83; 
ths. in which systems of 3 seg¬ 
ments have a constant product, 
0 . 863 . 

crystallography: A.34. 

* equations of: 40.52—66, p.c 4107, t.c 

4605—8 ; sd 5o2o, q.c5541. 
geometry of: A.64 : thsJ. 8 . 

* at infinity : 4612—4, tg.c 4898. 

* cond. for touching a curve: 4900. 
pencils of: 0.70: 1 j. 72 ; quadruple, 

J.67. 

and plane: prsOD.l and 0M.2 : t.c 
and q.c Q.5. 

])olo of: t.c 4671: tg.e 4674. 

* and quadric: 5676; harmonic divi¬ 

sion, 5687. 

and quadric of revolution: N.82. 
six coordinates of: OP. 11 . 
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Right line— {continued) : 

system of : At.68 : G.9,10,16. 
of 1st degree, G.6 ; of 2nd, G.7. 
in space : G. 113,12 : L.46. 
and planes, geo. of 2nd kind : At. 
65. 

* three, condition of intersection: 4097: 

t.c4617. 

* three points lying on, cond.: 4036, 

t.c 4615. 

* through a point: 4073, 4088—9, 4099, 

t.c4608. 

* condition: 4101. 

* and perp. or paral. to a given line : 

sd5538—9. 

* through two points : 4083, sd5537 ; 

t.c4616, 4789 ; p.c4109 : on a 
conic, equation of, ellipse 4324, 
parab. 4225. 

through four lines in space: A.l : 
CM.3 : Gergoune’s pr. J.2 and 
N.17. 

* touching a surface : condition, 5786. 

* quadric: 5703. 

planes or points through or on given 
points, lines, or planes, number 
of such: Z.6. 

* two:-angle between them: 4112 j 

sd5520,6653: 0P.2: N.66. 

* bisector of the angle : 4113, sd5540, 

q.c5543. 

* cond. of parallelism : 4076 ; t.c4618; 

sd5531. 

* cond. of perp.: 4078 ; t.c4620 : sd 

5532. 

* cond. of intersecting on a conic, gn. 

eq: 4962. 

* cond. of either touching the conic : 

4964. 

* cond. of intersection : sd5533. 
coordinates: 4090, t.c4611. 

* shortest distance : sd5534—6. 
drawn to the points of section of a 

right line and conic, eq. of : A.69. 

* through origin, eq. of : 4111. 
under given conditions : C.73,74 : 

under four, C.68. 

*Right solid : M. I. of, 6018 : thA.34. 
Rodrique’s th. : Me.80,84o. 

Rolling cones : L.53. 

Rolling and sliding solids : geo thsC.46. 
Rosettes: N.48. 

Rotation : CM.3 : LM.32 : infinitesimal, 
C.78. 

of system of lines drawn through 
points on a directrix, modulus 
of: 0.21. 

Roots of algebraic fractions : ]Sr.46. 


*Roots of an equation (see also “ Equa¬ 
tions ”) = : A.l4 : CM.2 : 

CP.8 : E.36 : J.20,31 : N.42,56 : 
P.1798,37,64: Q.1,5,6. 
of a biquadratic, cn : N.44. 
by parab. and circle : N.87. 

* commensurable : 502 : N.45,th57. 

limits to the number : N.59. 

* common: 462: C.80,88 : IS[.55,69. 
as continued fractions : CM.3. 
continuity of: lSr.76. 

in a converging series: C.23,38. 
of cubic : L.44 : N.42. 
of cubic and biquadratic : An.55 : L. 
55. _ 

as definite integrals : J.2. 

?/”——1 = 0 : Me.81 : P.64, 
as determinants of the coefficients : 
A.59,61. 

* discrimination of: 409 : A.46. 

* equal : 432-47 : CD.5 : E.33 : Mel.l : 

P.1782: Q.9,18. 
with equal differences : G.152. 
existence of: A.l 5: CD.2 : CP.IO : 
E.36; G.2: J.5,44,88: LM.l : Q. 
11 : TI.26. 

expanded in power series : J.43. 
of the form (i+ ^/b-\- : N.45. 

forms for quadrics, cubics, and quar- 
tics: Z.24. 

* functions of the roots of another eq. : 

425,430 ; products in pairs, Q.13. 

* squares of differences: 541 : ap,N. 

50: E.40. 

as functions of a variable parameter : 
C.30. 

functions of : similar, L.54; relation 
to coefficients, TE.28. 
geo. cn of: JP.IO. 
in g.p : N.89. 
in a given ratio : J.IO. 

* imaginary: 408: geo.cn,A.15,45 : C.21, 

86 — 88 : JP.ll: L.50: K.46,47, 
682 : approx. N.45,53 : Q.9. 
between given limits : A.21 : L.14. 
Newton’s rule : Me.80 : N.67 : Pr. 
13. 

Newton-Fourier rule: Q.16. 

* Newton-Sylvester rule: 530; C. 

994 : LM.l : Me.66 : Pr.l4: Q.9 : 
TI.24. 

* incommensurable : 506 (see “ Sturm’s 

th.”) 

infinite: N.442,45. 
in infinite series : A.69. 

* integral, by Newdon’s method of 

divisors : 459. 
least : M.9 : TE.28. 

* limits of : 448 : C.58,60,93: geo CP. 

12: N.43,45,59-2,72,802,81. 

6 B 
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Eoots of an equation— {continued) : 

number between given limits : A.l : 
G.9: J.52: L.40. 

the eq. containing only odd powers 

* Eo^lle\’ th'.: 454: A J.4 : N.44 : ext 

L.64. 

Eolle, Fourier, and Descartes ; A.l. 
number satisfying a given condition : 
0.40. 

product of differences: Me.80: P.61. 

* of a quadratic: 50—3. 

of a quartic and of a Hessian, rela¬ 
tion: E.34. 

of quintics : 0.59,60: LM.14 : TI.18. 
rationalization of : P.1798,14, 
real: A.36,58: 0.61: J.50: JP.IO: 
N.50 : P.57, 
of a cubic : ]Sr.72 : Z.2. 

Fourier’s th. : N.44. 
developed in a series : L.78: N.56. 
limits of: J.l: N.53,79. 
series which give the number of: 
Z.2. 

to find four : An.55. 

* rule of signs: 416—23: A.34: 0.92, 

982 , 99 . 2 : N.43,46,47,67,69,79. 
separation of : A.28,70 : J.20: N. 680 , 
72,74,75,802. 
by differences ; N.54. 
for biquadratics : A.47. 
for numerical: 0.89,92 : G. 6 . 
simultaneous eqs.: 0.5. 

* squares of differences : 541: OM.l: 

N.42,44: Q.4. 

* sums of powers : 534: E.38 : thJ.9: 

N.53,75 : gzMe.85 : Q.19. 
in sums of rational functions of the 
coefficients: Ac. 6 . 
surd forms of : 0M.3. 

* symmetrical functions of: 534 : A.16 : 

AJ.l : An.54.,,55,60: 0.44,45: G. 
5,11: J.19,54,81: Me.81: N.48, 
50,55,66,84: P.57: Pr. 8 : Q.4: 
TI.25. 

do. of the common roots of two eqs.: 

N. 60: Z.15. 

do. of differences of roots : 0.98. 
which arc the binary products of the 
roots of two eqs.: An.79. 
with a variable parameter : 0 . 12 . 
which satisfies a linear d.e of 2 nd 
order: 0.94. 

*Eoots of numbers: 108: A.17,26,35; 

O. 58: E.36: Me.75 : N.61,70. 

* S(iuare root: 35: 0.93: N. 452 , 46 , 61 , 

70. 

* as a continued fraction : 195: A. 6 , 

12,49: 0M.2o; L.47: Mo.85: 

Mcm.lO: TE.5: Z.17. 


Eoots of numbers— {continued) : 

to 25 decimal places : Me.77. 

* cube root : Horner’s method: 37: 
A.67. 

of 2 to 28 decimal places : Me.76,78. 
and sq. root, limit of error : N.48. 
fourth root: A.30. 
uth root as a fraction : A.46. 

*Eoots of unity : 475—81: 0.38 : J.40 : 

L. 38,54,59: Me.75: N.43o: TE. 
21: Z.22. 

cubic roots, alg. and geo. deductions : 
0.84. 

function theory: Z.22. 

23 roots, composition of number 47 : 
J.55,56. 

*Eoulettes: 5229; Ac.63 : 0.70; 0P.7 : 
J.65 : L.80,81: N.56: TE.16: Z.28. 
area.s of, and Steiner’s transf.: E.35. 
generated by a circle rolling on a 
circle: JP.21. 

by focus of ellipse rolling on a right 
line: A.48. 

by centre of curvature of rolling 
curve: L.59. 

Euled surfaces : An.68 : 0D.8 : G.3 : 
J.8 : L.78 : N.61. 
areas of parallel sections : Z.20. 
and guiding curve : A.18. 
of minimum area: L.42. 
octic with 4 double conics: 0.60. 

P. D.eq. of: Me.77. 
quadric: Me.68. 

quartic : A.65; with 2 double lines, 
A.65. 

qiiintic: J.67. 

represented on a plane : 0.853. 
of species, p = 0: M.5. 
symm. tetrahedral: 0.62. 
torsalline: M.17. 
transformation of: 0.88. 

^Scales of notation : 342: J.l : L.48,5ry, 
10ry,20ry: Phil. Soc. of Glasgow, 
vol. 8. 

Screws: TI.25. 

Scrolls : A.53 : GD.7 : OP.ll : J.20,67 : 

M. 8: cubic, M.l : P.63,64,69: 
Pr.12,13,16; Z.cn28. 

condensation of: LM.13. 
cubic oii a quadric surface : Me.85. 
flexure and equilib. of : LM.12. 
ruled: A.68 : s = mxy^, A.65. 
tangent curves of : M.l2. 

^Sections of the cone : 1150. 

^Sectors and segments of conics and 
conicoids : 6019 — 6162: G.l: 
thsZ.l. 

Secular cq. has real roots : J.88. 
*Self-conjugato triangle : 4755, 4967 : 
G.8 : N.67 : Q.5,10. 
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Self-conjugate triangle— {continued ): 

* of 2 conics : Me.77 ; of 3 conics, 5025. 
and tetrahedron in conics and quad¬ 
rics : Z.6. 

Self - enveloping curves and surfaces : 
Z.22. 

Self-reciprocal surface; Mo. 78. 

*Self-reciprocal triangle : 1020. 
Seminvariants : AJ.7: E.th42,6 : Q. 
19—21. 

critical and Spencian functions: Q.4,6. 
and symm. functions : AJ.6. 
Septic equations : Mo.58. 

^Series : (see also “ Summation ” and 
“ Expansions ”): 125 — 9, 149— 
59, 248—95, 756—817, 1460, 1471 
—2,1500—73, 2708—9, 2743—60, 
2852-64, 2880, 2M1—68, 3781, 
3820 : A.4,52,9,14,18,23,60 : ^0.39, 
472: C.29,pr92: Cr.9: G.IO: J. 
3,17 ,34,38,th53 : L.th56,8l2: Me. 
64: ISr.59,th62,70 : Q.3: Z.15,16, 
23. 


Useful summations: 


156. 


* 


* 

* 


”“1 155. 



= ilogl±3?: 157. 

1—33 

, 03^ 

aJ-^ + -;;-... 

= tan~^33: 791. 

3 D 


■+s+a+- 

332 ajS 

= e^^-l: 150. 

= 1-1: 

c-' 

. x^ ,335 , 

*+in + 5! + - 

e*—e"-* 

~ 2 ■ 

x^ , x^ 

"“3!+ 5!“- 

= sin 33: 764. 

332 03^ 336 

2!'^4!'^6! *“ 

_ e'^+e”-' 

~ 2 

332 33^ 336 

^ 4]“^^ " 

= 1—cosa:: 765. 

lP_j_2P+ ... +nP 

: 2939: A.65:Me.78. 


'p = 1,2,3, or 4 : 276 : A.64 : E.34. 
1P_2P-|-3P— ... &P—3'’+5'’— ... : 

J.7. 


2 nV : A.27. 


2 (a-fw)V*: ISr.56. 

2 (a„ a?*"’*: Z.15. 

1 _ ^^—3 , ( n—i) (n-5) _ . j 20 

2 2.3 . 


Series— {continued ): 

a±7i6-i-C (w, 2) c±&c.: J.31. 

* m—n{n—\Y-\-C{n,2){n—2y—...x 
285: r=5i,CM.l. 


. . a , « (u+1) 

5 ^+5(5+1)^^+• 
33=1, J.2. 

1 


J.37; with 


: N.59. 


{a-\-ndY 

deductions from 




LM.9. 


l±i + i±...andl±3i+l-±...: 

2940—4 : A.41: LM.8 : Q.7 : with 
n = 1,2...8; 2945 ; E.32,39 ; G.IO ; 
1^.79; Z.3. Note that by (2391), 


i_ 1 4 . 1 _&c.=-ri 5 &s. 


32 


0 1+832 


dx. 


2 —: Mem.11 : with a = 1, J.5. 


■ : A.61. 


2 ii-, A.41 


aj—~ "^ith a 3 = l, 

J.5. 

2 ( 7 ^ — 1 ) 33 '* 

n ! a”“^ 

2 (-!)« 


: A.50. 


(a+2>i) (1—a’)" 


Q.6. 


* 2 a„a3^"^: 2709. 


2 (- 1 )” 
^1.3.. 


w+1! 

2w—1 


: A.26. 
: L.60. 


?i!2" (2n + l) 

i + (iZ!=iIl4!=D„ + 

+ ...; J.32,70. 




aw’"+aiw”‘"^+ ... +a,„ 


: A.35. 
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Series— {continued ): 

2 Kn ^ pos. integer < a, 

Kn = the general term of some 
recurring series : C.86. 

2 -f- : A.34. 

^1+rt 

E : C.50. 

* ^ (co^ j/n*: J.54; with Z; =2, 

2960-1, J.8. 

2 sin3(2/i+l)(^ / (2>i+l)4: E.39. 

and 

L.73. 

* 2922-3. 

= L.40. 

* 2 2962: M.5. 

a»+w2 


2 An cos** Z.l. 

sin 

* S^j,“(a+»^)= 800: Q.3; 


* 


2 ^ sill 
n ! cos 


(a-}- 11 / 3 ), 788. 


2/(a)p^“«d: J.42: L.62. 


2 JI (m,n) a:’* n<h : J.41. 

COS ^ 

2 ~ tan : A.44. 

2/(11*) : L.51. 2A„ (ji (ii) *«, J.25,28. 

2r/(a5+-) : A.22. 

\ 111 / 

from J * (1—*)" iZ.c : A.47. 


from [ ^ cos2 x log : G.IO. 

Jo 1—sin* 

of Abel: C.93 : N.85. 
apiilication : thA.48 ; to arith, G.7. 
in a.p: see “Arithmetical progres¬ 
sion.” 

analogous series: K.69. 
a.p and g.p conibiiiocl: A.9. 
with Bernoulli’s nos.: Aii.53 ; and bi¬ 
nomial cocfliciciits, A.23. 


Series— {continued): 
binomial (see “ Binomial theorem”); 
analogous series : E.35 : J.32 : N. 
82 ; with inverse binomial eo- 
eflficients, Me.80. 

coefficients independently deter¬ 
mined : A.18. 

whose coefficients are the sums of 
divisors of the exponents, sq. of 
this series: Me.85. 
combination : A.26. 

* convergent: 239: A.2,6,8,14,26,41,67, 

69: No.44: C.10,112,282,40,43.2: J. 
2,3o,11,13,16,22,42,45,76 : L.39— 
42: M.10,20—22: Me.64: N.45, 
46,67,69,70-2: P.87: Z.10,11. 
and of d.i with a periodic factor: 
L.53. 

power-series; A.25. 
representing integrals of d.e : C.4O2. 
representing functions : M..5,22. 
in Kepler’s problems : Ac.l799. 
multiplication of: M.24. 
and products, condition : M.22. 
whose terras are continuous func¬ 
tions of the same variable : C.36. 
with constant ultimate differences : 
Pr.52. 

converted into continued fractions : 
J.32,33 : Mera.9 ; into products 
of an infinite no. of factors, J.12: 
L.67 : N.47. 

in cosines of multiple angles : C.44: 
Mem.15. 

and definite integrals : L.82 : Man. 
46. 

derived: A.22; from tan“* A.16. 
developed in elliptic integrals of 1st 
and 2nd kind : An.69. 

* difference : 264 : A.23,24. 
differential transf. and reversal of: 

Pr.7. 

and differentiations: A.10: J.36. 

Dirichlet’s f. for 2 f ^ : C.21 : L. 

46. 

discontinuous: CP.6: L.54: Mc.78, 
82 : K.85. 

divergent: A.64 : lSro.68: C.17.20: 

CP.8,10: J.11,13,41: M.IO: Z.IO. 
division of: AJ.5. 
double: 0.63. 

doubly infinite: CD.6 : M.24. 
ext. of by any parameter : A.48. 

* factorial; 268 : Mem.20 : N.67 : TE. 

20 . 

of fractions : L.40. 

Fourier’s: A.39 : C.91,92,96 : C:M.2 : 
Z.27. 

of Gauss and Heine : C.73 : G.9. 
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Series— {continued ): 

* Gregory’s : 791. 
harmonic periodic : J.23,25. 
of Hermite, a th.: E.29. 

from infinite products : Me.733. 
integration of infinite : A.3. 
irrationality of some : J.37. 
involving two angles : L.74. 

Klein’s higher: An.71. 
of Lagrange: C.23,343,522: L.57 : N. 
76,gz85 : Q.2 ; remainder, 0.53. 
an analogous series : 0.99. 

of Lambert; S: A.IO : An.68 ; 
1 — 

J.9 : Z.6. 

Laplace’s (d.c): 0.68. 
of Laplace’s functions: SY,,, O.882; 
Y„, 0.44. 

in Legendre’s function : An.76: 
0.44. 

of Leibnitz ; J.89. 

limits of : A.20: Me.76; remainders, 
0.34; by the method of means, 
J.13. 

from log(l+a’), (1+a:)" and by in¬ 
termitting terms in the expan¬ 
sions : A.21. 
modular: 0.19. 

multiple: O.lOsj “ regulateur ” of, 
0.44. 

neutral: CP.11. 

obtained by inversion from Taylor’s 
series: Mem.ll. 
of odd numbers : A.64. 
a paradox: Me.72. 
periodic, critical values of: CP.8. 
of polynomials : 0.96. 
of posterns: G.6. 

* of powers (see also “ Numbers ”) : 

277 : 0.87 : G.2 : cubes, L.64and 
65 : M.23 : Mo.78 : Q.8 : Z.l. 
approximate fractions : J.90. 
of a binomial: Mem.l3. 
in a convergent cycle, constants 
^ in : M.25. 

like numbers : N.71,77. 
or multiples of 3 : A.272. 
of terms in ar.p : L.46. 
products of contiguous terms of: 
Mem.18. 

of reciprocals: Q.8. 

* recurring : 251: doubly. An.57 : J.33, 

38: Me.66 : Mera.24,26 : N.84 : of 
circles and spheres, N.62 : f,Z.14. 
represented by rational fractional 
functions : J.30. 

* reversion of: 551: J.52,54: LM.2 : 

TL7. 

of Schwab: lSr.59. 


Series— {continued ): 
self-repeating : CP.9. 
of spherical functions : An.75. 
of Sterling, for transformation: .1.59. 
with terms alternately positive and 
negative : 0.64. 

whose terras are the coefficients of 
the same power of a single vari¬ 
able in a multiple integral: 0.20. 
in theory of numbers : O.89o. 
transformation of : 0.59 : J.7,9 : into 
a continued fraction, Mem.20, 
Z.7 ; of 2 \f{x,t)dt and others, 
0.13. 

in a triangle problem : A.64. 
trigonometrical (see above) : A.63 : 
Ac.2: 0.95,97: M.4—6,16o,17,22, 
24: J.71,722: representing an 
arbitrary function between given 
limits, J.4; conversion in mul¬ 
tiples of arc, L.51; symbolic 
transf. of, Q.3. 
triple: G.9. 

two infinite, multiplication rule : J.79. 

*Seven-point circle: 4754c. 

Seven planes problem ; N.56. 

Sextactic points of plane curves : Pr. 
13,14. 

Sextic curves : = 0, Q.15; 

mech.cn, LM.2. 
bicursal: LM.7. 
and ellipse, pr: J.33. 

Sextic developable: Q.7,9. 

Sextic equation : 0.64: M.20. 
irreducible : J.37. 

solution when the roots are connected 
by i^—y) (c—a)+ 

{a—h) (/3-c) {y-a) = 0 : J.41. 

Sextic torse : An.69-2. 

Sextinvariant to a quartic and quart- 
invariant to a sextic : AJ.l. 

^Shortest distance :-between two 

lines : 5534_: A.46 : G.5 : N.49,66. 
between two points on a sphere: A. 
14: N.14,67,68. 

from the centre of a surface : A.63. 
of a point from a line or plane : N.44. 

Shortest line on a surface : A.23,37,64; 
in spheroidal trigonometry, A.40. 

Signs: OP.2,11: J.12 : Me.73; (=), 
Me.75; (±), OD.6,7: Me.85 : N. 
48,49. 

Similarity:-of curves and solids: 

A.13. 

Similarly varying figures : LM.16. 

Simson line of a triangle: E.29. 

^Simpson’s f. in areas : 2992 : 0.78. 

Sines of higher orders: O.9l4,92o; ap. 
to d.e, 0.903,91. 
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Sines, natural, limit of error: N.433. 

Sin ^<<9-^: geo.N.75. 

4 

Sm-^{x+iy): Q.15. 

Sine and cosine:-extension of mean¬ 

ing: A.31 : C.863. 

* in factors : 807 : A.27 : J.27 : L.54. 
of infinity : CP.8 : Me.71 : Q.ll. 

of multiple arcs (see also “ Expan¬ 
sions ”): CM.4 : TI.7. 

* of particular angles: 690; 3°,6°,...to 

90°, N.53. 

sums of powers : An.l. 

* tables, formation of: 688 : A.66 : N, 

422. 

values near 0 and 90°: G.9. 

* of (a±&) : 627; A.6,21,36. 

Six-point circle of a triangle: ]\Ie.82, 

882. 

Six points on a plane or sphere : LM.2. 
Skew surfaces : see “ Scrolls.” 

Sliding rule: LM.6. 

*Small quantities of second order : 1410. 
Smith’s Prize questions, solutions: Me. 
71,723,-4, 77. 

Solid angle: A.42 ; section of, ISTo.lO. 
Solid harmonics : Me.80. 

Solid of revolution : A.60,67. 
between two ellipsoids : A.2. 

* cubature and quadrature of: 5877— 

80: A.68: N.42. 

Space homology : G.20. 

Space theories: An.70: LM.14: P.70: 
Z.17,18. 

absolutely real space : G.6. 
continuous raanifoldness of two di¬ 
mensions : LM.8. 

space of constant curvature: An.69, 
73 : J.86 : M.12. 

Pliicker’s “ New geometry of ” : G.8: 

L.66: P.ll: Z.11,12. 
Grassmann’s “ Ausdehnungslehre ” : 
AJ.l: CP.13: M.7,12: Z.24; ap. 
to mechanics, M.12. 
non Euclidean or n-dimcnsional: A. 
6,29,58: thsG4: A J.4,5 : An.71: 
C.75: G.6.10,12,23: M.4,5o-7: 

Me.ths68,72: Pr.37. 

3-dim., J.83; 4-dim., J.83, M.24; 6- 
dira., G.12. 

angles (4-diracn.): A.69. 

areas and volumes : A.69 : CD.7. 

bibliography of: AJ.1,2. 

circle: G.12,16,18. 

conics : AJ.5. 

curves ; C.79 : M.18. 

Feuerbach’s points: G.16. 
hyperboloid: Z.13. 


Space theories— {continued): 
imaginary quantities : Z.23. 
loci (anal.): C.24. 
planes (4-dimen.): A.68. 
plane triangle: A.70. 
point groups : thsAc.7. 
polars and alg. forms : J.84. 
potential function : Au.82,83. 
projection; M.19 ; 4-dim. into 3-dim., 
AJ.2. 

quadric, super lines of (5-dim.): Q.12. 
quaternions : CP.13. 
regular figures : AJ.3. 
reversion of a closed surface: AJ.l. 
representation by correlative figures : 
C.8l2._ 

simplicissimum of nth order : E.44. 
screws, theory in elliptic space : LM. 
15,16. 

21 coordinates of: LM.IO. 

Sphere : geo,C.92 : ths and prs M.4: 
q.c Me.62. 

and circle: geo,A.57. 
cn. from 4 conditions : JP.9. 
cutting 4 spheres at given angles: 
An.5l: N.83. 

cutting a sphere orthogonally and 
touching a quadric, locus of cen¬ 
tre : TI.26. 

diameters, no. of all imaginable: A.24. 

* equation of: 5582. 

5 points of: J.23 : N.84. 

illumination of: Z.27. 

kinematics on a : LM.12. 

sector of (eccentric): A.65. 

small circle of: Me.85. 

touching an equal sphere: E.31,32 ; 

as many as possible, A.56. 

4 spheres, pr.: L.46. 

4 touching a 5th : At.l9. 

8 touching 4 planes : E.19 : N.50. 

16 touching 4 spheres: J.37 : JP.IO : 
Me.cn82 : Mem.10 : N.44,47,65, 
66,84: Z.14:. 

* volume, &c. of segment and zone: 

6050 : A.3,32,39 : An.57 : P.l. 

^Spherical :-areas : 902. 

catenaries : J.33. 

class cubics with double foci and 
cyclic arcs : Q.15. 

conics : thQ.3; and quadrangle, Q.13; 
homofocal, L.60. 

coordinates: CD.l : CM.l,ap2; ho¬ 
mogeneous, G.6. 

* curvature : 5728,’40,’47 : thE.34. 
curves: A.35,36 : jMem.lO. 

of 3rd class with 3 single foci: Q. 

of 4th class with quadruple foci: 
Q.18. 
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* Spherical:-curves— {continued ): 

of 4th order ; J.43. 
with elliptic function coordinates : 
J.93. 

equidistant: An. 71 : J.25. 
and polars: No.63. 
rectification of: An.54. 
ellipse: t.cQ. 8 . 

quadrature, &c.: L.45 : N. 484 , 54 . 
epicycloid : G.12. 
excess : Mel.2 : cn,N.46 : f,Z. 6 . 

of a quadrilateral i Me.75. 
figures, division of: J. 22 . 
geometry : G.4 : J. 6 , 8 , 132 ,thsl 5 and 
22 ; M.15 : N.48,585,59 : Q.4: TI. 8 . 
harmonics or “ Laplace’s functions ” : 
An. 682 : C.86,99: CD.l: CM.2: 
J.26,56,60,geo 68,70,80,82,90 : L. 
45,48 : LM‘.9 : Me. 77 , 782 , 85 : P.57 : 
Pr.8,18: Q. 72 : Z.24. 
analogues of: J .66 : LM.ll. 
and connected d.i: Q.lO-j. 
as determinants : Me. 77. 
and homogeneous functions : CM.2. 
and potential of ellipse and ellip¬ 
soid : P.79. 

and ultra-spherical functions : Z.12. 
P" (cos y), -w. = 00 : J.90. 

I P,/i.”* d/x, &c. : Q.17. 

6 ^*^ by continued fractions : JP.28 ; 

P.70. 

loci in spherical coordinates : TE. 122 . 
oblong : An.52 ; area, J.42. 
polygonometry: J.2. 
polygons in- and circum-scribed to 
small circles of the sphere, by 
elliptic transcendents: J.5. 
quadrilateral: A.4,40 : th,E.28 : N.45. 

surface of: A. 342 , 352 . 
quartics: foci, Q.21 ; 4-cyclic and 
3-focal, LM.12. 

representation of surfaces: C.68,75, 
944,96 : M.13. 

surface represented on a plane: Me.73. 
triangle: A.9,11,20,ths50,65: E.f30 : 
J.10,pr28: JP.2. 
ambiguous case: Me. 77 , 852 . 
angles of, calculated from sides : 
A.51. 

by small circles, area : N.53. 

* and circle : 898 : A.29,33. 
cos(A-|-P+0),f.: Me.72. 
and differentials of sides and 
angles: A.IO. 
and ex-circles : 898 : E.30. 
graphic solution : AJ. 6 . 


Spherical:-triangle— {continued) : 

and plane triangle: A.l; of the 
chords, A.33 : An.54 : Z.l. 

* right angled : 881; A.51 ; solution 

by a pentagon, A. 11. 
of very small sides : N.62. 
two, relations of sides and angles: 
A.2. 

* trigonometry: 876: A.ths2,11,13,28, 

37: J.prs6,132: LM.ll: N.42: 
Z.16. 

d.e of circles : Q.20. 

* cot a sin h : Me.64; mnemonic, 895: 

CM.3. 

derived from plane : A.26,27. 

* formulaj: 882 : A.5,16,24,26 : N.45, 

46,53 : graphically, A.25: ap. in 
elliptic functions, A.40. 
geodetic reduction of a spherical 
angle: A. 5 I 2 . 

* Cagnoli’s th.: 904. 

* Gauss’s eqs.: 897 : A.13,17 ; J.7,12 

LM.3,13. 

Legendre’s th.: C.96 : J.44 : L.41 : 
M.1 : N.56: Z.20. 

* Llhuillier’s th.: 905 : A.20. 

* Napier’s eqs.: 896: A.3,17: CM.3: 

LM.3,13. 

* Napier’s rules: 881. 
supplement to, and geodesy: A.36. 

*Sphero-conics: 5655a: tg.c,Q.8,92: Me.3: 
Z:6,23. 

homofocal: C.50. 
mechanical cn: LM.6. 

Sphero-conjugate tangents : An.55. 
Sphero-cyclides : LM.16. 

Spheroidal trigonometry: J.43: M.22. 
Spheroidic transformation f. of Bessel: 
A. 53 

^Spheroids : 5604, 6152 ; cubature, 6158, 

A.2. 

Spieker’s point: A.58. 

Spiral: A.28 : L.692 : N.79 : Z.14. 

* of Archimedes : 5296 : A.65,66. 
conical: N.45. 

* equiangular: 5288. 

* hyperbolic: 5302. 

* involute: of circle, 5306 ; of 4th order, 

C. 662 . 

Squares ; J.22. 

whose diagonals are chords of given 
circles: A.64. 

maximum with given sides : J.25. 
maximum in a triangle : J.15. 
whose sides and diagonals are 
rational: J.37. 

whose sides pass through 4 points: 
A.43. 

64 transformed into 65, geo.: Me.77. 
sum of three : G.15 ; of four, L.57. 
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Standards of lon^tli: Pr.8,21. 

Statistics : Z.26. 

Steiner’s ths. and prs.: A.53 : J.13,14,16, 
18,23,25,36,71,73: N.48,562,593,62: 
Hexagon, A .6 : Ray - systems, 
CD. 6 . 

Stereographic projection ; A.39 : JP. 
16: L.46. 

Stereograms of surfaces : L'M.2. 
Stereometry : JP.I 4 : thsA.10,31,43,57 ; 
J.1,5. 

multiplication : J.49. 
quadric and cubic eqs. and surfaces : 
J.49o. 

Sternpolygon and stcrnpolyhedron : A. 
13. 

Stigmatics : see “ Clinant.” 

Stewart’s geo.ths. : CM.2 : L.48 : TE. 
2,15. 

Striction lines of conicoids : Z.28. 
Strophoids : AJ.7 : H. 752 . 

*Sturra’s functions : 506: A.62 : C.36, 
62 , 682 : G.1,20: J.48: L.46,48, 
67: Mo.58,78: N.43,46,52,54,66, 
67,81: Q.3. 

and addition th. for elliptic functions 
of 1st kind : Z.17. 
ext. to simultaneous eqs.: C.35. 
and H. C. F.: Pr. 6 . 
and a quartic equation : A.34. 
and their reciprocal relations: Mo. 
73. 

remainders : J.43,48. 
tables : P.57 : Pr. 8 . 
ap. to transcendental eqs.: J.33. 
ap. to transf. of binomial eqs.: L.422. 
Subdeterminants of a symm. system : 

J.93: M.82. 

Subfactorial n: Me.78. 

Subinvariauts = serainvariants to bin¬ 
ary quautics of unlimited order : 
Aj.5. 

^Subnormal: 1160. 

'^Subsidiary angles : 726, 749. 
Substitutions ; A.62 : C.ths 66 and 67, 
74,76,79: G.9,102,11,14,19: L.65, 
72: M.13. 

ap. to functions of six or fewer vari¬ 
ables : C.21. 
ap. to linear d.e : 0.78. 
by approximation, of the ratio of the 
variables of a binary qnantic to 
another function of the same 
degree: 0.80. 
canonical forms of: L.72. 
and conjugate substitutions: 0 . 215 , 22 . 

of the form 0 (r) = e (r'*"^-bur ) : 

M.2. 

linear: 0.98: J.84 : M.19,20:. 


Substitutions :-linear—(continued) : 

of a determinant: An.84. 
and integral: M.24. 
powers and roots of: 0.94. 
reduction of : 0.90 : JP.29. 
for reduction of elliptic functions 
of 1st kind : An.58. 
successive : A.38. 

which transform quadric functions 
into others which contain only the 
squares of the variables : J.57. 
of n letters : geo. for n = 3,4,5,6, and 
mystic hexagram: An.83. 
no. of in a given no. of cycles : A.68. 
permutable amongst themselves: 
C. 2 I 2 . 

of equidistant numbers in an integral 
function of a variable : iSr.51. 
of systems of equations : K.81. 
of six letters : C.63. 
a th. of Sylvester: AJ.l. 
which admit of a real inversion : J.73. 
which do not alter the value of the 
function : C. 2 I 2 . 

which lower the degree of an eq. in 
two variables and their use in 
Abelian integrals : C.15. 

Sum and difference calculus : A.242. 

Sura of squares of lines drawn from a 
point to cut a curve in a given 
angle : J.ll. 

^Summation of series (see also 
“Series*’ and “Expansions”): 
3781: A.IO—13,26.,,30,55,62 : No. 
84: C.87,88: J.10,31,33: LM.4, 
7o: Mem.20,30:P.1782,1784—7,— 
91,-98, 1802,—6,—7,—11,—19 : 
Pr.l4. 

* approximate: 3820: J.5: 1.24. 
of arcs : A.63. 

Bernoulli’s method : J.31. 

Cauchy’s th. -. M.4. 

G {n, r) products of a, a-\-b, ... a + 
(7i-l) h : Q.18. 

by definite integrals : A.4,6,38 : J.17, 
38,42,46,74: Man.46 : Mcm.ll. 
of derivatives and integrals : C.44:. 

* by differences : 264: ]\Icin.30. 

by differential formulm : L.31 : Mem. 
15. 

by (.f): 2757. 

formulm : A.47 : An.55 : J.30. 

Maclaurin’s, C.86.,: f{A,D)DF{n), 
Q.8: Lagrange's, J.34: P.60: 

Vandermonde's, L. ll. 
of terms of a high order : C.32. 
Kuramcr’s method: C.6f. 

Lejcnne Dirichlct's : CD.9. 
periodic : J.15. 
selected terms : Me.75. 
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^Summation of series—(co?^/m^iec?) : 
of sines and cosines : J.4. 

* theorem re j Xf{x,lv)dx:2708. 

of transcendents in alg. differentials : 
J.19. 

trigonometrical and infinite : Me.64. 
Superposition: TE.21,23. 

* of small quantities : 1515. 

'^Supplementary :-angles : 620. 

* chords : 1201. 
cones : thN.48. 

* curves: 4917—20: Man.54. 
Supplement integrals : J.98. 

*Surds: 108: N.47. 

quadratic (see “ Boots of numbers.”) 
V (a2-j-63), v' (a2—53) approximately : 
J.13. 

* A/(a±A/6): 121: A.3,13: J.17,20: 

Mem.10 : ISr.46,48. 

* 1/ {a± Vb ): 122 ; y (a± Vh), 124. 
^Surface of centres: 5774: A.68.^: An. 

57: C.70,71o: E.30: LAI,58: 
LM.4: M.5,16. 

curvatures of the two ; relation : C. 
74,79. 

the two focal conics of a system of 
homofocal quadrics : C.53o. 
of a quadric : Q.2. 
bitangents of: Q.13. 
model of: Mo.62. 
principal axes of: ]S[.48. 

Surface curves : A.39,60 : An.54 : C.21, 
80.: L.66: G.19 : J.2: N.54,84. 
an an alg. surface : An .63. 
on cubic surfaces : M.21. 
curvature of: N.65. 
on a developable : An.57; the oscu¬ 
lating plane making a constant 
angle with it, L.47. 
on an ellipsoid: An.51: CD.3: geoL,50. 
groups of rational: M.3. 
of intersection : M.2: N.68; of 2 

quadrics, A.16. 

multiple : G.IA.; singularities of, M.3. 
on a one-fold hyperbola: CD.4. 
on quadrics : N.70. 
rectification of : A.36. 
relation to their tangents : C.82. 
on surfaces of revolution : Z.18,28. 
and osculating sphere : C.73. 

^Surface or surfaces : 5770 : A.14,f32,41, 
59,60,62 : An.51 — 3,55,60.,61,65, 
71 : At.57 : C.l7,33,37,49“ths58, 
61,64,67,69,80,86,99.,: G.3,21 : J. 
9,thsl3,58,63,64,85,98 : JP.19,24, 
25,33: L.44,47,5l2,60: M.2,4,7,9-., 
cnl9: Mo.82,833,84 : N.53,65.,68, 
72: TI.14: Z.74,8,20. 


^Surface or surfaces— {continued ): 

4. 5! = 1 . a.35 ; 

a h c 

a=h=:c = l, A.21. 
areas of: G.22 : lSr.52. 
argument of points on : LM.16. 
complex: M.5; of 4th order and 
class, M.2. 

whose coordinates are Abelian func¬ 
tions of two parameters : 0.92 : 
M.19. 

of corresponding points: M.4. 

* cut orthogonally by 'spheres : 3393 : 

0.36. 

deficiency of: M.3. 

* definitions: 5770. 

determined from two surfaces of cen¬ 
tres: A.68, 

Dirichlet’s problem : An.71. 

Dupiu’s theorem : 0.74 : 0M.4 : Q.12. 
doubly circumscribing an ?i-tic sur¬ 
face : J.54. 

of elliptic cone : An.51. 
of equal slope : 0.98 : N.OS. 

* equation of: gn5780 : A.3; for points 

near origin, 5803. 
of even order : A.70. 
families of : 0.70 : Me.72. 
flexure of: J.I82. 

Gaussian theory of: LM.12 : ^.52. 
generation of : 0.94,97 : G.9 : J.49. : 

L.56,83: M.18. 
implexes of: 0.79,82. 
of minimum area : 0.57 : J.8,13 : 
L.59: Q.14. 

of wth order : cnM.23 ; 2nd, 3rd and 
4th, Mel.6. 
of normals : K.59. 

whose normals all touch a sphere or 
conical surface : JP.4 ; do. for 
surface of revolution, JP.5. 
number under 9 conditions : 0.62. 
octic of zero kind : G.12. 
order determined: Me.83. 
one-sided: A.57. 
parabolic points of: 0D.2. 
andp. d. e: 0.13: 0D.2 : Z.7. 
and plane curves : J.64,72: M.7. 
and point moving on it: L.76,77. 
and point at 00 on it: J.65. 
relation of in Eiemann’s sense : M.7. 
representation of: J.83. 
on a plane : An.68,71,76. 
one upon another: An.77. 
of revolution: 0.86 : G.4. 

^ areas and volumes : 5877,—9 : A.48. 

of a conic about any axis in space : 
JP.23 : L.63. 

of constant mean curvature : L,41o. 

6 c 
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^Surface or surfaces— {continued) : 

meridian of: a lemniscate, G.21 ; 

generation of, 0.85. 
meridian and contour curves of: 
Z.21. 

oblique: Q.6. 

passing through a given liue, tan¬ 
gent plane of: N.84. 
in perspective: JP.20. 
of reg. polygon about a side, vol.: 
A,57. 

quadric : A.55 : L.60. 
shortest line on; A.38. 
superposable: 0.80: K81. 
Riemann’s symmetrical; and perio¬ 
dicity modulus of the related 
Abelian integral of the 1st kind : 
Z.28. 

ruled, with generators part of a linear 
complex: 0.84. 

ruled octic with 5 quartic curves : 
0.61. 

screw, parallel projection of : cnZ.18. 
section of, homogeneous eq.: LM.15. 
self-reciprocal: LM.2; quadric, E.36. 
sextic of first species : M.21. 
singularities of: A.25: An.79 : 0D.7: 
0M.2: J.72: M.9: N.64: Q.9. 
cubics: M.4; and quadrics, A.17. 
16 singular points : 0.922. 
solutions by infinites of 3rd order: 
geoO.802. 

Steiner’s : LM.5,14 : M.5. 
touching a plane along a curve: 
0D.3 : 0M.2. 

touching a fixed surface always : G.20. 
transformation of: M.19. 
and transversal, th.: N.49. 
trapezoidal problem : Z.14. 
two series of: prsAn.73. 
web-system : J.82. 

which cuts the curve of intersection 
of two alg. surfaces in the point 
of contact of the stationary oscu¬ 
lating planes: L.63. 

Surveying : N.SOo: geo. th.A.37. 
Symbolic geometry: (Hamilton), CD. 
1-4. 

Symbolical language; E.282. 
Symmedian line : E.42 : N.83—5: Q.2O2. 
*Symmedian point: 4754c. 

Symmetrical:-conics of triangles : 

A.59. 

connections by generating functions : 
J.53. 

* expressions ; 219. 
figures: J.4t. 

functions: C.76 ; J.69,93,98 : LM.13: 
Q.20 : Z.4. 

Brioschi’s th.: C.98. 


Symmetrical—(coK^mwed): 

of the common sol. of several eqs.: 
An.58. 

multiplication of: Me.85. 
of any number of variables : C.82. 
simple and complete : M.18,20. 
tables of : AJ.5 ; of 12-ic, AJ.5. 
points: of 1st order: A.60: cnA.64. 
of tetrahedrons : A.60. 
of a triangle : A.583. 
products : P.61 : Pr.ll. 

with prime roots of unity ; Me.85. 
tetrahedral surfaces: Z.ll. 

Symmetry ; plane and in space : lSr.47. 
Synthesis : C.18. 

^Synthetic division : 28; evolution, 
Me.68. 

*Syntractrix: 5282. 

Tables ; mathematical; Sect. I., con¬ 
tents, p. xi. 

of Bernoulli’s nos., logarithms, &c., 
calculation of: J.2. 
for empirical formulas : AJ.5. 
in theory of numbers : Q.l. 
of e*, e“*, logioe^ logioe"'®: CP.13. 
Tac-loci: Me.83. 

Tamisage: LM.14. 

*Tangencies (circles, points, and lines): 
937 : Pr.9 : Q.2,8. 

Tangential eq. with the intercept and 
angle of inclination for coor¬ 
dinates of the line: P.77. 
^Tangent coneat a singular point; 6783. 
^Tangents : 1160: cnA.4,33 : J.562,73: 
N.42: Z.23. 

and contact-point in loci and en¬ 
velopes : C.85: cnN.57. 
conjugate (and Dupin’s th.): An.60. 
construction of: M.22 : JST.SO. 
double: Q.3. 

* eq. of; to find it: 4120,—32; Me.66. 
faisceaux of: N.60. 

cut by lines at a constant angle: A.43. 
locus of intersections of three : LM. 
15. 

at a multiple point, cn.: JP.13. 

* and normals : 5100; relations, A.51. 
parallel: N.45. 

* segments of; 4307; equality of, C.8I4. 

* of a surface: 5781; at singular points : 

5783: M.U,15. 

^Tangent planes: 5770,—82 ; p.c5790 : 
C]\t.4: N.46. 

* and surface; intersection of: 5786 

—9: L.68. 

to equidistant surfaces : cnZ.28. 
triple: 0.77. 
tan 120°: P.8,18. 

tan X as a continued fraction: Z.16; 
do. tan?ia*, Mc.74. 
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tan me : f. in N.53. 
tan*^ {x-\-iy): Z.14. 

*fcanh S': 2213. 
tantochrone : L.44 : An.53. 

^Taylor’s theorem: loOO,—20,-23: A. 
8,13 ; AJ.4, extl: C.58 : CM.l: 
J.ll: L.37,38,45,58,gz64: M.21.., 
23: ^Ie.724,73,75: Mem.20: N. 
52,63,70,743,79: TA.7,8: Z.gz 2 
and 25. 

analogues of: J.6. 

convergence of : C.60,74—6 : J.28 : 

L. 73. 

Cox’s proof: CD.6. 
deductions : G.12. 
for an imaginary variable : Me.79. 
kinematic meaning of : J.36. 
reduced forms of : C.84. 

* remainder: 1503 : Au.59 : C.13 : J.17 : 
K60,63: Z.4. 

a transformation of : C.78. 
Terminology: LM.14. 

Ternary bilinear forms : G.21. 

Ternary cubics: AJ.2,3 : C.56,90 : CD.l: 
J.39,55 : JP.31,32 : L.58 : M.1,4,9. 
in factors : An.76 : Q.7. 
as four cubes : LM.IO. 
parameter of the canonical transf. : 
LM.12. 

reduction to canonical form: C.81. 
transformation of: J.63, 

Ternary forms : At.68 : G.1,9,18. 
order of discriminant: LM.3. 
with vanishing functional deter¬ 
minants : M.18. 

Ternarv quadric forms: At.65o ; C.92, 
94,96: G.5,8: J.20,40,70,77; transf. 
of, 71,78 and 79 : L.59,77 : P.67, 
and corresponding hyperfuchsian 
functions : Ac.5. 

indefinite : J.47 ; with 2 con jug. inde- 
terminates, C.68. 

representation by a square : An.75. 
simultaneous system : J.80. 
table of reduced positive ; J.41. 
Ternary quartic forms: C.563: An.82 : 

M. l 72,20. 

Terquem’s th.: Q.4. 

Tesselation pr.: LM.2. 

Tesseral harmonic analogues : CP.13. 
Tetradrometry, differential f. : A.34: 
Z.5. 

Tetragon, analogue in space : CD.7. 
Tetrahedroid : J.87. 

^Tetrahedron : 907 : A.3,16,23o,51,56 : 

J.65 : LM.4: Me.62,66^82 : Mel. 
2: _N.pr74,80,81: Q.5 : geoZ.27. 
determined from coordinates of ver¬ 
tices : J.73. 


Tetrahedron— {continued ): 
of given surface : J.83. 
with opposite edges; equal, N.79; 

at right angles, Me.82. 
with edges touching a sphere : 1^.74. 
and four spheres : LM,12.2. 
homologous : J.56. 

and quadric: CD.8: thX.71 ; 2 quad¬ 
rics, Q.8. 

6 dihedral angles of, eq. : lSr.46,67. 
theorems : A.9,10,31 : N.OUdOo: Q.3,5. 
two : M.19. 

* volume : 5569 : A.45.,,57 : LM.2 : N. 
67: Z.ll. 

v'olume and surface in c.c and g.c : 

A.53 : CD.8 : N.68. 
volume and normal, relation : X.54. 
Tetratops : A.692. 

Theoretical value function: J.55. 
Theta-functions: Ac.3 : C.ths90 : J.61, 
66,74: M.17: Me.ap78: P.80,82: 
thsZ.12. 

analogues of: C,93. 
addition theory : J.88,89 : LM.13. 
ap. to right line and triangle : A.3. 
argument: J.73: 4thM.14: M.16. 
characteristic of: complexAJ.6: C. 
882: J.28. 

th. of Riemann : J.88. 
as a definite integral: Me.76. 
double : LM.9 : Q. transf. 21. 
and 16 nodal quartic surface : J.83, 
85,87,88. 

formula of Riemann : J.93. 

Jacobian, nura. value : M.7,11. 
modular integrals : trAn.52,54: J.71. 
multiplication of : LM.l : M.17. 
quadruple : AJ.62: J.83. 
reduction of, from two variables to 
one: C.94. 

representation of: M.6 : Z.ll. 
transf. of: A.l : An.79 : J.32 : L.80 : 
M.252. 

linear: Me.S4: Q.21. 
triple : J.87. 

in two variables: C.92.^: J.84: M. 
14,24. 

Theta-series : constant factors of, J.98: 
Me.81. 

?i-tuple: J.48. 

3-c-e = a- (c—a?) / (c (c—a*)—52} : Q.15. 

*Three-bar curves: 5430: LM.7,9 : 

Me.76. 

triple generation of: Me.83. 

Toothed wheels : cnTE.28. 

Topology with tables : M.19,24. 

Tore : section of: G.IO : ^.59,61,642,65-2 
circular, 56 and 65. 
and bi-tangent sphere : N.74. 
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Toroid ; A.8 : recti f. Ac., A.9 : N.44. 
Toroidal functions : P.81; Pr.31. 

Torse : sextic : (JP.II2 : Q.14. 

eircumscribin," two quadrics : Me.72. 
depending on elliptic functions: Q.14. 
and curve; Q.ll ; and sphere, G.12. 
^Torsion : A,19,62,65 : J.60 : angle of, 
5725; of involute, 5753 ; of ovo- 
lutc, 5754. 

* inflected, infinite and suspended: 

5739 : N.45. 
constant: L.423. 

^Tortuous curves: 5721: Ac.2 : C.19,43, 
58,cn62 : G.4,5,21 : J.16,59,93: 

JP.2,18: L.502.tli51,522: M.5,19, 
th25: Mo.82: N.eO: No.79: Q. 
4,5,7. 

* approximate coordinates of a point 

near the origin in terms of the 
arc : 5755. 

* circular curvature of: 5722 : An.60 : 

CD.9: J.60: JP.15.: Q.6. 

* locus of centre of do.: 5741, 5748 

—50. 

with circular and spherical curvature 
in a constant ratio : L.51. 
cn. upon ruled cubics and quartics : 
0.53. 

with coordinates rational functions of 
a parameter: M.3. 
cubic: J.27,802: M.20: Z.27. 

* definitions: 5721. 

determined from relation of curva¬ 
ture and torsion: A.65. 
cubics : An.58,59 : C.45 : L.57 : of 
3rd class, J.56; four tangents, 
M.13. 

and developable surfaces ; CD.5 : 

L.45: M.13. 
elements of arc : N.733. 
generation of: C.94: L.83; by two 
pencils of corresponding right 
lines, G.23. 

with hoinog. coordinates : Q.3. 
the loci of similar osculating ellip¬ 
soids ; d.e of same: C.78. 
with loops: M.18. 

with a max. or min. property; Mem.13. 
on a one-fold hyperboloid : C.53. 
with the same polar surface, d.e ; 
C;783. 

fiuadrics : J.20. 

quarties : 0.543*, 1st species, J.93. 
cn. of two : C.53. 
intersection of quadrics : C.54. 
quintics : C.543,58. 

* radii of curvature and torsion : 5739 : 

L.48: Mcm.l8. 

* and right line method : 5743. 
sextics, classification of : C.76. 


^Tortuous curves— {contimied ): 
singularities of; 0.67 : J.42. 

* spherical curvature : 5728,—40,—47 : 

A.19. 

triple, and their parallels : A.65. 
*Tractrix : 5279; area, E.35. 

^Trajectory : 5246 : M0.8O. 

of a displaced line; oscul. plane, &c.: 
C.70,76. 

of 3 horaofocal conics : An.64. 
of meridian of surface of revolution : 
L.46. 

surface of points of an invariable 
figure W'hose displacement is 
subject to 4 conditions : C.76,77. 
of a tortuous curve : L.43. 
Transcendental :-arithmetic: J.29. 

* curves : 5250 ; An.76 : M.22. 
equations: C.5.59,72,94: G.6,10: J. 

22 : L.38 : N.55,56. 
mechanical solution : CP.4. 
separation of roots by “ corapteurs 
logarithmiques ”: C.44. 
without a root: J.73. 
^Transcendental functions (see also 
“ Functions ”): 1401 : A.37 : C. 
86: J.3,tb9,20: L.51. 
of alg. differentials : J.23 : L.44. 
arithmetical properties : M.22. 
classification of: L.37. 
connected with elliptic: C.17. 
decomposition into factors by calcu¬ 
lus of residues : C.32. 
and definite integrals : P.67, 
expansion of: J.16. 
integral: C.94.95 : G.23 : J.98. 
reduction of: Me.72. 
squares of: Me.72. 
theorem of Sturm ; L.36o. 

%vhose derivatives are determined by 
cubic eqs. ; summation of the 
same : J.ll. 

which result from the repeated integ¬ 
ration of rational fractions : J.30. 

Transformation :-bilinear: ]\[.2. 

birazionalc: G.7; of 6th deg. in 3 
dimensions, LM.15. 
contact: M.8. 

* of coordinates : pl.4048 ; cb.5574—81 : 

A.13: A.26: CM.lj: J.2: JP.7 : 
N.63. 

in 3 dimensions : A.13: Q.2 : J.8. 
rectangular into elliptic : Mcl.4. 
Cremona’s : M.4. 
of curves : L.49,50. 
of differential equations : ]Me.82. 
of equations: A.40: N.64.,; 3 vari¬ 
ables, G.5. 

of a characteristic C(j. by a discri¬ 
minant: All.56. 
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Transformation— {continued ): 
quadric : CM.2 : N.75 : M.23. 
simultaneous: Q.ll. 
of figures in a plane : A.4: N.64,774. 
in space : 0.94,952,96 : lSr.79,80-2. 
double reciprocal bj normals to a 
sphere : 0.56. 
formulse : J.32. 

of functions : An.50; in an inf. series, 
A.3. 

by substitution : Mem.31. 
quadric : Q.2; quadric differential, 
J.70. 

{ay—hx)^->riJ)z—cy)^-\-{cx—az)^ : 
OM.1,2. 

two variables: Mem.ll. 
liomographic plane : L.61. 
in geometry: 0.71 : J.67 : JP.25. 
descriptive : G.13 : Z.9. 

* linear: 582, 1794: CD.1,6: CM.3,4: 

M.2: Mo.84. 
groups of: ]\I.12,16. 
methods of : 0.92 ; which preserve 
an invariable relation between 
derivatives of the same order, 
0.82: L.76. 

which preserve the lines of curva¬ 
ture : 0.92. 

* modulus of : 1604. 

* orthogonal: 584, 1799. 

for equations of dynamics : 0.67. 
plane : M.5 ; and in space, G.16. 
of powers into binomial coefficients : 
^7o.75. 

of product of n factors : An.51. 
quadratic, of an elliptic differential: 

M.7. 

in rational space : An.73 : LM.3. 
rectangular : LM.14, 
reciprocal: 0.92: G.17: N.64,82,83. 
of rectilineal space coordinates : J.63. 
by series doubly infinite: An.56. 
space, for representation of alg. sur¬ 
faces : M.3. 

of surfaces : M.21: N.69 : Q.12. 
of symbolic functions into isotropic 
means : 0.43. 

of tan"^ . / -j- symmet. y, z : 

CD.9. 

Tschirnhausen’s : An.58 : P.62,65 : 
Pr.ll,lA 

ext. to quintics and higher : E.lo,4 : 
J.582. 

* unimodular: 1605. 

of variables : G.5: ]Sro.78. 

Transitive function : of 24 quantities : 
L.73. 

doubly, of 5 or 6 variables : 0.21,22. 


Transitive function— {continued) : 
reduction to intransitive: 0.21. 
^Transversals: 967—74: A.13,18,27,30, 
56: CD.5: CM.l: ^84: G.22 : 
Me.t.c682,75: N.432,48: TE.t.c24. 
orthogonal: AJ.3. 
of plane alg, curves : Z.19. 
of two points : A.66. 
parallel: A.13,57. 

of spherical triangle and quadrangle : 
A.4o. 

Trees, analytical: AJ.4. 

Triads of once-paired elements : Q.9. 
^Triangle: 700: A.l7,19,22,29,33,36,43, 
cn46,61: G.21: J.50 : M.geol7 : 
Me.q.c62: K422,43. 

* angles of: 677 : 738—45 : A.65 : P.28 : 

division, A.51,58: sum, geo960 : 
0.69,70 : difference, Q.8. 

* area : 707,4036—41 : A.45,57 : CM.2 

Mem.13. 

* bisectors :-of angles : 709, 742, 

932, 4628,-30. 

* of sides : 738, 922i, 951, 4631 : 

Mem.prl0,13. 

* central line : 957,4644. 

and circle, tbs.: A,9,40,47,60 : Q.7,8, 

10 . 

and 3 concentric circles : Me.85. 
of 3 intersecting circles : Q.21. 
circle and parabola: Q.15. 
and conic: N.70. 

* of constant species: 977. 

* construction of : 960. 

* equilateral, sum of sqs. of distances 

of any point from its vertices : 
923 : A.69 : gzl094. 
formed by joining the feet of bisec¬ 
tors of a triangle : A.64o. 

Gauss’s equations for a plane tri¬ 
angle : A.5. 

* notation : 4629: E.44. 

* orthocentre : 952, 4634. 
pedal line of: Me.83. 

* perpendicular bisectors of sides : 713, 

4639. 

* perpendiculars on sides : 952, 4633 : 

Mem.l3. 
and point: Q.5. 

and polars: circle, G.ll; conic, Q.7. 

of mid-points of sides, t.cQ.8. 
quadrisection of: Mem.9. 
rational: A.51,56. 

* remarkable points of (see also “ In- 

centre,”&c.): 955—9 : A. four, 47 ; 
two, 48; five, 52; 66,67 : E.28, 
30,40 : LM. nine, 14.2: N.70,73,83 : 
Z.11,15. 

* of reference in t.c : 4006. 
and right line : A.59. 
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Triangle— {continued ); 
scalcnity of: Me.66,68. 
sides of: bisectors : A.17, 
division of : A.63 : ^.83. 
containing conjugate poles with 
respect to four conics : An.69. 
cubic eq. for in terms of A, R, and 
r: J.20. 

similar; 0.79.2; under 3 or 4 condi¬ 
tions, 0.78.,. 

* solution of : 718, 859 : A.3,51 ; J.44.,: 

TE.IO. 

six-point circle • Q.4,5. 
symmetrical properties : A.57 : Pr.ll, 
theorems • A.9,43,45,55,67,60,613,63, 
^8 : J.t)8 71,pr28: Q.9,t.c7 and 8, 
geoi,2, and 4. 

relating to triangles of same peri¬ 
meter under four other condi¬ 
tions : 0.84. 

^Triangular:-numbers : 287: E.30 : 

J,69: L.ths63. 
prism : thN.42, 
pyramid : At.19 : No.pr32. 

Tricircular and tetraspheric geometry : 
An.77. 

*Trigon. in t.c : 4006. 

^Trigonometry: 600: A.lo,2,8,l 1,13,30 : 
G.13 : extM.35. 

formulae ; A.27,65 : Me.81,gzl ; N.77: 
geoQ.5,10. 

* £ormula3: 627,700,823 : A.33 : N.46,80. 
functions : P.1796 ; in factorials, 

A:43. 

in binomial factors : L.43. 
in partial fractions and products ; 
Z.13. 

functions closely allied to : A.27. 
tables, cn : A.l,230,25. 
theorems : A.2,50,51 ; Q.pr7. 
on product of 4 sines : Me.81. 

cos2asin^<^-l-2 sin a cos a sin </> cos(^ 
+ sm^ a cos'^ (f) = 0 : 

Trihedron :-about a parabola, locus 

of vertex: ISr.63. 
and quadric : N.71. 
and tetrahedron: A.57. 

Trilinear forms : C.92,93. 

Trilinear relation of plane systems: 
J.98. 

*Triplicate-ratio circle : 4754b : E.40,42, 
436,44. 

Twisted surface : see “ Scrolls.” 

Twist of a bar : Me.80. 

*Umbilics : 5777, 5819—23 : J.65 : JP. 
18 : M.9 : Q.3. 

* of quadrics: 5603,5834: 0.96. 


Underdeterminants of a symm. deter¬ 
minant (i.e., successive first 
minors) : J.91. 

Undetermiuants, &c. : A,592. 

Unicursal curves; A.60; 0.78,94,96: 
L]M.4. 

cubics, ths. re inflexion : E,28. 
quartics : LM.16: N.84: Z.28. 
surfaces, transf. of: M.66. 

Uniform functions ; 0.92,94^,95,963. 
with an alg. relation : 0.912. 
of an anal, point xy : Ac.l: 0.94. 

two points : 0.96,97. 
with “ coupures ” : 0.96. 
with discontinuities : 0.94. 
doubly periodic: 0.94. 
from linear substitutions : M.19,20. 
with a line of singular points, decom¬ 
position into factors : 0.92. 
monogenons : Ac.4. 
in the neighbourhood of a singular 
point: 0.89. 

of two independent variables : 0.94,95. 
*Units of elasticity, electricity, and 
heat: p.2. 

^Vanishing fractions : 1582; M.15 : Q.l. 
Vanishing groups; OD.2,3,6,7,8. 

ap. to quantics : OI).2,3,6. 

^Variation: 76; 0.17. 

of arbitrary constants : L.38. 

* calculus of: 3028—91 : A.3,prs42 ; 

Au.522: 0.16,50: 0D.3: 0M.2: 
J.13,prl5,41,54,65,prs74,82 : JP. 
17: L.41: M.2 o, 152: Me.prs72: 
Mo.57 : N.83 : Q.prlO : and d.e, 
L.38 and 0.49. 
history; N.51. 

* immediate integrability : 3090. 
and infinitesimal analysis : 0.17,40. 

* relative max. and min.: 3069: L.42. 
of multiple integrals : J.15,66,f59 : 

Mem.38. 

transformations: 3.55.,. 

* two dependent variables : 3051. 

* two independent variables : 3175. 
integral, of functions : O.4O3. 

* of parameters : th2714, 3243 : N.77. 

* of second order : 3087 : A.4 : J.55 : 

Q.14: Z.23. 

* of higher order : 3089 : A.27 : Z.26. 

*Vcrsiera or Witch of Agnesi: 5335. 
^Volumes:-of solids: 5871—83: A. 

31,32,36: J.34; N.f57,80. 
approximate: 0.95. 
of frustums: A.33 ; of coiiicoids, 
J.44. 

of right cylinders and cones in abso¬ 
lute geometr}^: A.59. 
of surface loci of connected points : 
LM.14. 
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Volumes— (continued) : 
and surfaces by curvilinear coor¬ 
dinates : C.16. 

^Wallis’s formula : 2456 : A.39,gz39: 
JP.28. 

Waring’s identity : N.49,62 : extMe.85. 
Wave surface; C.13,47,78,geo82,92 : 

CD.7,8: CP.6: L.46: Me.662,73, 
76,78,79 : N.63,82: Pr.32 : Q.2,33, 
4,5,9,152,17. 
asymptotes: C.97. 
and cone : Q.23,26. 
cubature of: An.61. 
generation and cn : C. 9 O 2 . 
lines of curvature : An.59 : C.97. 
normals and centres of curvature : 
geoC.64. 

umbilics, geo : C. 882 . 


Wear of gold coins : E.43. 

Web surfaces : see “ Net surfaces.” 

Weierstrass’s function 2 n 6 ’‘cosa”a; 7 r 
0 

with a > 1 and 6 < 1 : G.18 : J. 
63,90. 

expansion in powers of the modulus : 
0.822,85,86: L.792. 

^Wilson’s theorem : 371: A.48 : CD.9 : 
J.8,19,20 : Me.83 : N.43. 
generalisation : J.31: Me.64: Mel.2 : 
N.45. 

Wronski’s methods : C.92 : L.82,83. 
formula of 1812 : N. 742 : Q.thl2. 

Zetafuchsian functions : Ac.5. 

Zonal conics of tetrazonal quartics : 
Q.10. 
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